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Energy loss of a heavy fermion in an anisotropic QED plasma
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We compute the leading-order collisional energy loss of a heavy fermion propagating in a QED plasma with
an electron distribution function which is anisotropic in momentum space. We show that in the presence of
such anisotropies there can be a significant directional dependence of the heavy fermion energy loss with the
effect being large for highly relativistic velocities. We also repeat the analysis of the isotropic case more
carefully and show that the final result depends on the intermediate scale used to separate hard and soft
contributions to the energy loss. We then show that the canonical isotropic result is obtained in the weak-
coupling limit. For intermediate coupling we use the residual scale dependence as a measure of our theoretical
uncertainty. We also discuss complications which could arise due to the presence of unstable soft photonic
modes and demonstrate that the calculation of the energy loss is safe.
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I. INTRODUCTION violate unitarity bounds. As a result the gluon distribution
function saturates at a scal®; changing from ]l{f
An understanding of the production, propagation, and—log(Q¥k?)/as. Luckily, despite this saturation, due to the
hadronization of heavy quarks in relativistic heavy ion colli- factor of 1k in the second scaling relation the occupation
sions is important for predicting a number of experimentalnumber of smalk gluonic modes in the nuclear wave func-
observables including the heavy-meson spectrum, the singtéon is still large enough to determine their distribution func-
lepton spectrum, and the dilepton spectrum. The first experiion analytically using classical nonlinear field the$8y. In
mental results for the inclusive electron spectrum have beethe weak-coupling limit the assumptions above have been
reported[1] in addition to the first measurements &  used by Baier et al. in an attempt to systematically describe
production at the BNL Relativistic Heavy lon Collider the early stages of quark-gluon plasma evolution in a frame-
(RHIC) [2]. The measurement of the inclusive electron specwork called “bottom-up” thermalizatio4].
trum allows for a determination of heavy quark energy loss The resulting picture which emerges from using these as-
since it is primarily due to the semileptonic decay of charmsumptions is one in which the initial gluonic distribution
quarks. The heavy fermion energy loss comes into play sinctinction is extremely anisotropic in momentum space having
it is necessary in order to predict the heavy fermion energy ahe form
the decay point. It is therefore important to have a thorough
theoretical understanding of heavy fermion energy loss for a
proper comparison with the experimental results. In this pa- f(p.x)=F(p.)d(p,). @
per we will show that in QED there is a modification of the

leading-orde(collisiona) heavy fermion energy loss if there Thjs is, of course, an idealization. In a more realistic scenario
is & momentum-space anisotropy in the electron distributiogne delta function above would have a small but finite width
function. The motivation for this work is to provide a testing which increases as a function of time, but despite this finite
ground for techniques that can be applied to QCD in order tQyidth, the distribution function would still be extremely an-
make predictions of the directional dependence of the CO'“]‘sotropic in momentum space during the early stages of the
sional energy loss of a heavy fermion propagating through ago|jision. In anisotropic systems it has been shown that the
anisotropic quark-gluon plasma. _ physics of the QED and QCD collective modes changes dra-
In the last few years a more or less standard picture of thghatically compared to the isotropic case and instabilities are
early stages of a relativistic heavy ion collision has emergedyresent which can accelerate the thermalization and isotro-
In its most simplified form there are three assumptiqis: pization of the plasm&5—11]. In fact, the paper of Arnold,
that the system is boost invariant along the beam directiorLenaghan, and Moore points out that the presence of
(2) that it is homogeneous in the directions perpendicular tgynisotropies in the early stages of QGP evolution requires
the beam direction, an() that the physics at early times is mgogification of the bottom-up thermalization scendtd].
dominated by gluons with momentum at a “saturation” scale | our previous papeirl0] we derived a tensor basis for
Qs which have occupation numbers of ordead/ The first  the photon/gluon self-energy and calculated the correspond-
two assumptions are reasonable for describing the centrghg structure functions for an anisotropic system in which the
rapidity region in relativistic heavy-ion collisions. The third djstribution function is homogeneous and obtained from an

assumption relies on the presence of gluonic “saturation” ofistropic distribution function by the rescaling of only one
the nuclear wave function at very small values of thegjrection in momentum space

Bjorken variablex [3]. In this regime one can determine the
growth of the gluon distribution by requiring that the cross

section for deep inelastic scattering at fix@f does not f(p,X)=N(&)Fiso(pVL+E(P-N)2), 2
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where N(&) is a normalization constanfy is the particle Any symmetric 3-tensof can now be decomposed into the

3-velocity, the unit vecton specifies the anisotropy direc- 22SIS spanned by the four tensérs8,C, andD,

tion, and —1<£{<ow. Note that the distribution function T=aA+bB+cC+dD. 7
given by Eq.(1) is obtained in the limig— %« assuming that
Eq. (2) is normalized in the same way as Ed).

Using classical kinetic field theory we were then able to
numerically determine the photon/gluon self-energy structure Converting the result of Ref10] from QCD to QED the
functions for this tensor basis in the entire complex energypacelike components of the high-temperature photon self-
plane for arbitrary. In this paper we will use these structure energy for particles with soft momentunk{eT) can be
functions to determine the leading-ordepollisiona) energy  written as
loss of a heavy fermion propagating through an anisotropic

B. Self-energy structure functions

QED plasma. This calculation will allow us to determine the i 5 dp N i piK!
dependence of the collisional energy loss on the angle of [IM(K)=—4e f 27,)3p Ite(p)| o7+ w—k-p+ie/’
propagationd,,, the parton velocity, the coupling constant P ®)

e, and the temperaturd. We will show that for large

anisotropies and velocities the directional dependence of thghere the electron distribution functidg(p) is, in principle,

heavy fermion energy loss is large and could therefore leadompletely arbitrary. In what follows we will assume that

to a significant experimental effect. During the development (p) can be obtained from an isotropic distribution function

we will also discuss some technical details related to thQ)y the rescaling of only one direction in momentum space. In

cutoff dependence of the isotropic and anisotropic results. practice this means that, given any isotropic distribution
The organization of the paper is as follows. In Sec. Il wefunctionf, i p), we can construct an anisotropic version by

review some of the notation and results from R@]. In  changing the argument of the isotropic distribution function

Sec. Il A we calculate the contribution to the energy loss

coming from the exchange of soft photons with momenta on fo(p)= N(f)fe,iso(‘/p2+ &(p-n)?d), 9)

the order ofeT. In Sec. Il B we discuss complications which

could arise due to the presence of unstable soft photonighereN(¢) is a normalization constan, is the direction of

modes and show that the soft energy loss calculation is safghe anisotropy and> — 1 is an adjustable anisotropy param-

In Sec. Il C we calculate the contribution to the energy losseter. Note that>0 corresponds to a contraction of the dis-

coming from the exchange of hard photons with momenta ORkibution along then direction whereas—1<£<0 corre-

the order ofT. In Sec. IV we combine the soft and hard . T n

contributions to obtain the final isotropic and anisotropic re-SPONdS to a stretching of the distribution along  the

sults. In Sec. V we list the limitations of the treatment pre-direction.

sented here and provide a short description of how the result | "€ normalization constani(¢), can be determined by

contained here can be extended to QCD. normalizing the distribution function to a fixed number den-
sity for all values ofé

Il. SETUP _
pre,iso(p)= J’pfe(p)zN(g) pre,iso( \/p2+§(p' n)z)-

In this section we will review some of the findings from
our previous papdrl0] which we will use in the subsequent (10
sections. _ _ ~

By performing a change of variables o
A. Tensor basis

. _ . p*=p1+£(p-n)7], (11)
For anisotropic systems with only one preferred direction
we construct a basis for symmetric 3-tensors that depends am the right hand side we see that the normalization condi-

a fixed anisotropy 3-vectar with n2=1. Note that here and tion given in Eq.(10) requires that

in the remainder of the text vector quantities with hats indi- _17¢
cate unit vectors. We first define the projection operator N(&)=V1+é. (12)
All = 5l — KiKl /K2 (3)  Making the same change of variablekl) also in (8) it is
possible to integrate out tHe| dependence giving
and use it to construct' = A'n} which obeysn-k=0. With 2B
+ nn'
this we can construct the tensors T (K) = mD\/le — Fi+ p: o
Lo n
B =K'ki/k? (4) (1+&(p-n)?)
' plK
i i e2 Nt —], 13
C'=n'n'/n (5) w—K-ptie (13
DU =k'ni+kin'. (6)  where
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2e? (= dfeiso(P)
2_ e,iso
e = ?Ldppz—dp . (14)
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A(K)=Ap[A—C]+Ag (K~ w+a+y)B
+(B—w?)C— D], (20)

Note that in the analysis which follows we will assume thatyhere

feisd(P)=Ne(p)=[exp@T)+1]"% in which case m3
=e’T?/3.

AN K) =K — w?+ a, (21)

We can then decompose the self-energy into four structure

functions

= «A+ BB+ yC+ 6D, (15)

which are determined by taking the following contractions:

k-TI-k= B,

-k=n2ks,

S

Jd-n=n?(a+7y),

S

TriI=2a+ B+ . (16)

All four structure functions depend anp, o, k, &, and
k-n. In the limit &—0 the structure functions and g re-

duce to the isotropic hard-thermal-loop self-energies @and

and § vanish

lim a(K)=1I+(K)+O(§),
&—0

a)2
lim B(K) = 17 TTL(K)+ O(8),
&—0

lim ¥(K)=0(¢),
¢—0

lim 6(K)=0(§), (17)
&—0

with

0’—k®>  w+k

m3 w21 I
2wk ng—k

H+(K)=—~ 17

2 K : (18

w+k
—k—1}. (19)

w—

I (K)=mj

2
2k 99

The O(&) terms in Eq.(17) were determined analytically in

Ref.[10].1

At (K)= (K= w’+a+y) (B~ w?)

—kZn2s2. (22

Ill. ENERGY LOSS CALCULATION

In this section we compute the collisional energy loss of a
heavy fermion propagating through an electromagnetic
plasma which has an anisotropic momentum space electron
distribution function. The starting point for the calculation is
the same as in the isotropic cd4€]. In these papers Braaten
and Thoma calculated the energy loss of a heavy fermion for
both QED and QCD. Here we will concentrate on QED but
the extension to QCD is relatively straightforward. Note that
there were previous calculations of the in-medium partonic
energy los$13—15; however, the calculation of Braaten and
Thoma was the first to present a systematic method for per-
forming the complete ordey calculation of this quantity.

The technique used by Braaten and Thoma was to con-
sider independently the contributions from soft photon ex-
change ~mp~eT) and hard photon exchangg+T).
Each of these quantities is divergent with the soft contribu-
tion having a logarithmic UV divergence and the hard con-
tribution having a logarithmic IR divergence. In their paper
Braaten and Thoma found that if an arbitrary momentum
scaleq* was introduced to separate the hard and soft regions
then the dependence on this arbitrary scale vanished when
the contributions are combined and the result obtained is
finite.

Below we will use the same technique as Braaten and
Thoma but we will show that if the resulting integrals are
treated more carefully then the final result obtained by add-
ing the soft and hard contributions does dependdonHow-
ever, in the weak-coupling limi<1 the dependence art
is small as long amp<q* <T and the Braaten-Thoma re-
sult is reproduced. Since the full result does dependjon
we will need a prescription for fixing it. Here we will fig*
using the “principle of minimal sensitivity” which in prac-
tice means that we minimize the energy loss with respect to
g* and evaluate at this point. We can then obtain a measure-
ment of our theoretical uncertainty by varying by a fixed
amount around this point. Note that we have not attempted to

With these structure functions in hand we can construcestimate the uncertainty coming from the higher-order con-
the propagatoA' (K) using the expressions from the previ- tributions to the heavy fermion energy loss. We present this

ous section

INote that the normalization used in REFQ] is different than the

variation in order to quantify the error made at leading order
using the effective field theory approach which implicitly
assumes a large scale separation.

In Secs. 1l A-Ill C we derive integral expressions for the

normalization used here. The weak-anisotropy expansions for thgoft and hard contributions to the energy loss and present
normalization contained here can be obtained from the expressiorgome results for these in the limit of small anisotropies. We
contained in Ref[10] by takingm3— 1+ £m3 and re-expanding Will also discuss complications which could arise due to the
in & presence of plasma instabilities.
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v viAijvj=vz—((i-v)2,
0, v'Blvi=(q-v)?,
vIClivi=(n-v)?4/n?,
v'DYv!=2(g-v)(n-v), (28
so that together witldW/dx=v ~tdW/dt we obtain
FIG. 1. Iso-surface for an oblatet#0) electron distribution _( le) e f d*q w( A Q)
function showing the unit vectan, the particle three-velocity, dx soft Y (277)3 A q2—w2
and the angle, defined by co®,=v-n. 5
w? (n-v)?
A. Sof R
. Soft part q 72
For calculating the soft energy loss one can use classical 5
field theory methods. The classical expression for parton en- o,
ergy loss per unit of time is Twlds(Q) 92 ("o raty)
dw ~ N2
E) ~Re f I¥xJexd X) - End(X), 23 + (8- 50w
soft n2
where X=(t,x), and Jg is the current induced by a test 1 w? . Z(H.V)Z
fermion propagating with velocity: + m az‘(q —0%)-w w2
Jex( X)=evs®(x—vt), (29)
Jex(Q)=(2m)evé(w—q-V), (24)  Wwith @=q-v. Performing some algebraic transformations
and scaling out the momentum gives
with Q=(w,q). R
In order to make the geometry of the problem explicit in dw e? d3q )
Fig. 1 we show an isosurface for an oblat}:>(0) electron dx Soﬂzj (2m)3 q(1-a?)
distribution function along with the unit vectar, the particle
three-velocityv, and the anglef, defined by co%,=V- n. o —a P (n-v)?
Using (qz_q2&2+a) T2
Eing(Q)=10[A7(Q)—AJ(QIIL(Q), (25 ,_@A+B 0
- , _ gq*C+q?D+¢&|’
whereAj is the free propagator, and Fourier transforming to
X we obtain where
. d3q N =~ N2
[ —i - ~.(n-v R o~ n
i =ie (2mp IVIAQ A= (15224 01 (0 - 20(1- ) (R0,
—Ag(Q)]vjei[q'Xf(q"’)t]. (26)
=2
_ ~2%2 ~2 (n-v)
The above equation allows us to write Eg3) as B=[(aty)B—n"5]| 1- 0"~ Tz |
_<div> —e2|mj 9 qnatQ-alQ C=—0*(1-0?
- * 0 . H
dt soft (277)3
@D pe et pr1-ad,
The propagator can be expanded in our tensor basis and the .
contractions on the right hand side give E=(a+vy)B—n?s, (31
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with @=q-v and 5=qgé. With all the momentum depen-
dence made explicit we can now perform thtegration to

obtain
dw) € do, o
~\ldx =—Imf 3 "2
X soft U (2m)° (1—0)
~. (n-v)?
n
2(1- 0?)

XIn

*x2/1_ "2
wmq*%ﬁo) |

(32
where
‘A 4 2
F(q)=Rln(—4C(Cq +Dqg°+¢&))

N AD—-2BC | VD?—4CE+D+2Cq?

n 1

4C\D?—4CE \D?—4CE—D-2Cq?
(33

and we introduced an UV momentum cutaff on theq

integration. Note that, in principle, the presence of unstable

modes would make thgintegration divergent; however, this

is not the case for the soft energy loss as we will discuss i

Sec. |l B.

1. Small<£ limit
Using a linear expansion in the limit of smallone can

obtain analytic expressions for the structure functianss,
v, and é as given in Ref[10]. A subsequent expansion of
Eq. (32) to linear order iné gives

dW - (dW) e
soft, small- ¢ dx soft,iso

dw
|4 i

dx

) soft,¢;

+(V'ﬁ)2(dw) (34)
l)2 dx soft,§2 ,
where
(dW) e2| f do -
—| = =—1Im )
dx soft,iso v? v (277)2
02— w? | (1— ) q*2+11;
2(1-w?)? My
T, q*z_HL
—7“'1_—1_['_ (35)

PHYSICAL REVIEW D69, 065005 (2004

q*/mp

FIG. 2. Isotropic energy loss of the soft pdfull line) as a
function of g*/mp for v =0.5 compared to the result from Braaten
and Thoma(dashed ling

is the isotropic result, which—assuming
g* >mp—corresponds to the result from Braaten and Thoma
when inserting the explicit form dfl (@) andIl, (w) from
Egs. (18 and (19. The form of the contributions
(dW/dx)Soft,§1 and (dW/dx)SOﬂ,g2 resembles that of

(dW/dX)sottiso: DUt since they consist of many more terms
than the isotropic contribution we refrain from giving them
here explicitly.

Note that by scaling out the Debye massg, from the
self-energy functions, the contributionsd\{/dX) st isos

IgdW/dx)Soﬁé1 and (dW/dx)Soft,sc2 depend on the particle ve-

locity v, the ratiog*/mp, and an overall multiplicative fac-
tor of ezmé only. The direction of the heavy fermion enters
the whole result Eq(34) only through the explicit termy

-n)?/v? in the small¢ limit.

2. Behavior of the soft part

The isotropic result for the soft part, E(@5) (correspond-
ing to the result obtained in Ref14]), is shown in Fig. 2
together with the Braaten-Thoma result from Ref2] for
v=0.5. As can be seen, the results are identical for large
g*/mp, while for small g*/mp the Braaten-Thoma result
becomes negative whereas the full result obtained by nu-
merical integration of Eq(35) is positive for all values of
q*/mp.

In Fig. 3 we show the function- (dW/dX)sof¢, Which
controls the directional dependence of the soft part of the
energy loss for smalf. As can be seen from this figure the
function is negative for smatj* /mp but becomes positive at
a velocity-dependent value gff/mp . The value ofg*/mp
where @W/dX)sorre,=0 is of special interest here since it

signals the point at which the directional dependence of the
energy loss changes. The valueqdf/mp obtained using the
principle of minimal sensitivity is a function of the velocity
and coupling constant and therefore we expect a non-trivial
dependence on these parameters.&Fob this means that as
the coupling constant is increased from zero for fixethat
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0.15 T
1 L
.1 il osf
:B§ 0.1
‘)N
S—”’
~ 06}
J:’ 0.05 5
g Q o4
— <|F
%Ig 0
~— 02}
|
107 10 7 0 1¢ 907 10° 107 10" T 0 10°
q*/mp 1+¢
FIG. 3. The contribution—(dW/dX)soe, as a function of FIG. 4. CoefficientD as a function of for 6,=1.5.

g*/mp for v=0.5.

dw ) ]
at first the energy loss will be peaked alomdput will even- &)A ﬂ~|mf dﬂf qdq(l_ o) (-l ta)
tually become peaked transversentoThe value of the cou- =0 37)
pling at which this change in the directional dependence oc-
curs increases as the velocity of the fermion increases. Fdarhe possibility of singularities arise because in the static
the exact expression given by H§2) the results obtained in limit the structure functionr is negative-valued which can
the small¢ limit hold qualitatively but quantitatively the pre- result in singularities along the integration path which are
dictions differ considerably oncé becomes large. unregulated. However, in the limit— 0 the structure func-
tion « has the form
3. Large< limit R
lim a(w,q)=M?(—1+iDw)+O(w?), (39

w—0

In the limit &~ one finds that the anisotropic distribu-
tion function turns into a specific case of E®),

whereM and D depend on the angle of propagation with

lim V1+ 1+ £(p-N)2 respect to the anisotropy vector and the strength of the an-
gflv Ene(pV1+&(p-n)9) isotropy.
Ignoring theO(w) contribution above we see that a sin-
_ 5(ﬁ'ﬁ)f dxnp(pm), (36) gulanty in the |nte.grand. can arise at the pom:t:M when
— w—0. However, including thed(w) contribution we see

that the combination of the power af in the numerator and

where the remaining integral representif@p, ) in Eq. (1)  the presence of a contribution proportionaktdn « together
can be evaluated analytically to be a sum over Bessel funaender the singularity finite at this point as long Bsis
tions. Following Ref[11] it is then possible to evaluate the non-vanishing

structure functions analytically. The result for the soft part of

the energy loss is then given by E@2) with the general im 1 )
structure functions replaced by their lar§expressions. For im fim ~ =
large values of¢, the general result for the soft part con- —0 ¢-MG*—Pw*+ M?(~1+iD w)
verges towards the limiting result, as it should.

1 i
— = — — .
M?(w+iD) M?2D

(39
B. Dynamical shielding of plasma instabilities

As shown previously5-11] in systems in which the dis- Therefore, theq integration can safely be performed. Of
tribution function is anisotropic in momentum space therecourse, the integrand may change rapidly in this region so it
exist unstable modes which could potentially make physicathould be treated carefully when numerically evaluating the
quantities incalculable within a perturbative framew{tg]. integral. Note that this is similar to dynamical screening of
However, we will show in this section that in the case of thethe magnetic sector of finite temperature QCD. In fact, in the
energy loss the singularities induced by the presence of thessotropic limit, the coefficienD approaches the well-known
plasma instabilities are “shielded” and are therefore ren-value of —w/4 which is due to Landau damping. Unfortu-
dered safe. To see this one need only consider the contriburately for anisotropic systems it is difficult to prove that the
tion from the A, propagator to Eq(30) which is schemati- coefficientD is non-vanishing for all values of the propaga-
cally given by tion angle and anisotropy strength. However, we can evalu-
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TN S

FIG. 6. Tree-level Feynman diagrams for the scattering pro-
cessexe pu—e u and yu— yu. Note that the second two dia-
grams cancel with each other so that in QED only the first diagram
contributes to the hard energy loss.

are also dynamically shielded.

—4D/=w

C. Hard part

The expression for the hard contribution to the energy loss
for an arbitrary electron distribution functiofy(p) is ob-

O tained by summing the tree level diagrams shown if Fig. 6.
o ) Assumingv>T/E, performing the Dirac traces, and sum-
FIG. 5. CoefficientD as a function off,, for £=100. ming over spins, the result can be reduced1?)|

cally for generalé and in both cases we find thBtis non-

ate D analytically in the weak-anisotropy limit and numeri- (dw) 47Te4f d3k fe(k)f d3k’ 1—fu(k')
hard (

vanishing. dx v (2m)® K 2w K
In the weak-anisotropy limit we can derive analytic ex-
pressions for all of the structure functions as shown in Ref. % v @ (A % w
[10]. To linear order iné the structure functiorr becomes dw=v-90(a-q )(wZ_q2)2
& _.2
lim fim Ma:mg - 5(1+cos2,) x| 2k—v-K) (K —v-K') + (0>~ |,
w—0
i . 3¢ (41)
e 1+ T(1+00329”) , (40

wherew=k’'—k andq=k’ —k, and we have introduced an
where 6, is the angle of propagation with respect to theinfrared cutoffg* on theq integration. The term involving
anisotropy vecton. Therefore, in the weak-anisotropy limit the productf¢(k)fe(k’) vanishes since the integrand is odd
D is non-vanishing for alt>0. For £<0, theA, mode is under Fhe mterchange dxfand k'. Redefm!ng the origin of
stable so there is no singularity to be concerned about. A€k’ integration so that it becomes an integration oger
higher orders in the weak-anisotropy expansion the picturé/€ have
becomes slightly more complicated but is still consistent
with D beinggnor):-vanishing. P _[aw _ et f d°k fe(k)J"” 24

For large values of we cannot rely on a weak-anisotropy dx /. 212 (2m)® Kk q*q q
expansion so we have to resort to numerical determination of
D. In Fig. 4 we plot the dependence bBfon ¢ for 6,=1.5 S(w—V-q) )
and in Fig. 5 we plot the dependence Bfon 6, for & XJ g4k (@2-P)
=100. As can be seen from these figuigss non-vanishing
for all values of¢ and 6,, shown. Beyond what we have

plotted, we have calculated for numerous values of and X|2(k=Vv-K)(w+k—Vv-k—v-q)

0, and in every case we find thBtis non-vanishing. We are

therefore reasonably confident thatis in general a non- 1-p?2

vanishing quantity and therefore the singularities which + (w?—q?) |, (42
could come from the unstable modes are dynamically 2

shielded and thereby rendered safe in the energy loss calcu-
lation. Note that similar arguments can be made to show thavhere noww=|q+k|—k. Choosingv to be thez axis for
the singularities coming from th&s contribution to Eq(30)  the g andk integration we can rewrite the delta function as

8(¢q— 0)O(k+Vv-q)2|q+K|
4k2SirP 6, sir g — [0(1—v2c0f0g) + 2 cosbq(k costy—kv) ]2

5(|g+k|—k—v-q)= (43

where ¢ is the solution of the equation
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0(1—v2cos 6) + 2 cosby(k cosby,—kv)

Cos b0~ i) =~ 2k sin,sin 6, (44
The ¢ integration is then straightforward and we obtain
(dw) e’ f d3k fe(k)fw 1
- — = qdqf d cos6,40 (k+vqcosfy,)
dx /4 27 (2m)3 k Jo¥ -1 a a
O (4k?sir? 0, sir’ 6, — [ q(1—v2cos f) + 2 cosfy(k cosé—kv)]%) w
X
\4KZSir? 6,sir? 0, — [ (1 — v2cog 0,) + 2 cosby(k cosf—kv) ] (0?=g?)?
_ .2
x| 2(k—v-k)?+ (0’—q?) |, (45

wherew=v( cosé, and we have included a factor of 2 because of the symmry 27— ¢,. Settingf, iso(k) =ng(k) and
scalingk=qgz one can perform theg integration to obtain

(dw) 8e*(q*)2T2\1+ gfoo 1
hard

27 N
— zdz| dcosé, J A F1[q* 2V 1+ E(N,SiN 6,c08b + N,C0S6,)?]
dx (2m)5 -1 0

0

O (42°sir? ,Sir? 6, — [ 1—v2c0os 6+ 2 coshyz(cosby—v) %)

1
X f d cos6y0(z+v cosb,)
-1 \/4zzsin26ksin20q— [1—v2c0s 6+ 2 cosf,z(costy—v)]?

] , (46)

U2
2
(vZcosh,—1)

v COSH,
X—
(vZcosh,—1)?

27%(1—v cosb, )+

whereq* =q*/T, where
x In(1+exp(—x))—Liy(—exp —x)) dQy ,0(e—Vv-q) o
A A _ .2
andn,=n-v with 1=n2+nZ. To obtain the final result for % 2(k—v-k)2+1 v (w2_q2)}
the hard contribution to the energy loss the remaining inte-

grations have to be performed numerically.

dQ . . O(w—V-
1. Small£ limit gz(Q)=fquf 4_7qu2(k.n)2 (0—V-q)

lq+kK| w?—q?
For small¢ we use Eq(42) and scale out thé depen-
. . . 2_) 2 "." 2 1_02
denci us?g Eq(?) Aar;d substltut'mgk .k [1+&(k n? 1 . x| 2(k=v-K)2+ (wz—qz)}. (49)
andgq —qg1+¢é(k-n)“]. Performing a linear expansion in 2
¢ then gives
Taking g as thez direction makes thalQ, integration

dw et (- straightforward but still algebraically intensive for thg
| qv =52 | dkfeisdk) P &

dx hard, sma 27 Jo ' contribution because of the extra dependencé am Next

we rotate the coordinate system so thdtecomes the new

- d _ _ 91(a) direction andh lies in thex-z plane for thed(), integration;
qlg1(a)—§| 92(q) ; o . q
q* 2 the polar integration is then also straightforward whereas for
the azimuthal integration the limits coming from the delta
(48) function in Eq.(49) are somewhat non-trivial. Nevertheless,
by scalingk=qz one can perform thq integration to obtain

X

—gq*gz(q*)],
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dw
S ldx

41r)
-

) hard, smalf

P

2

_e“(q*)zfoc dz

> —Z
2mv Jo 277-2

-
T

- ((il_val:/)hard,iso/ (
&

~ g1(1)
x| F1(g*2) 91(1)_5(92(1)_ >
f ~ 0 . R R
— 5 fisdd¥2)92(1) |, (50
A 10° 10" 7 0 ) 10
whereq* =q*/T,
A%
7 (1 s 3w? p? FIG. 7. Isotropic energy loss of the hard péfull line) as a
01(1)= v \1—2\—zdw®(v —0%)w 4 Z+3Z(Z+ ) function of g* for v=0.5 compared to the result from Braaten and
Thoma(dashed ling
1-v? 1 , 22+ w) -
2 1-o? (1-v 1—w? |’ (51)

(dW/dx)hardgzzo for a velocity-dependent value af*.

Again, in practice, this means that the directional depen-
dence of the hard energy loss changes as the coupling con-
stant is increased.

and the exact form of, is similar tog,; but involves many
more terms so we have refrained from giving an explicit
expression. The integration over can then be performed
analytically using

for the hard part compared to the Braaten-Thoma result from
Ref.[12]. Similar to what we found for the soft part, the two
results are identical for very smajt, while for largeq* the ) ) ,
Braaten-Thoma result becomes negative and our result is 10° 107 ¢ 10
positive for all values ofy*. g

In Fig. 8 we plot the function—(dW/dx)hardgz, which

controls the directional dependence of the hard part of the FIG. 8. The contribution—(dW/dX)hara, as a function ofg*
energy loss. As was the case with the soft partforv=0.5.

fwdzfl ‘ dw@(vz_wz) 3. Large£ limit
0 1-2z|-z
) Using the explicit form(36) for f, one can do thel¢,
_ f(“”) zdsz deot fm dzfv do, integration in Eq.(45) by rewriting
(1-v)/2 1-2z (1+v)/2 -v
2 (k= o) ¢
A A Kk~ Po coson,
but the remaining integral over has to be performed nu- o(k-n)= Nrarser coSto=— - B (54)
merically. The final result to linear order ifi can then be X K *
written as
dw dw dw After scaling cog,—n,cosé, and doing they integration the
— (d— =— (d—) (—) remaining integrals take the form
X hard, smalf X hard,iso hard£,
(v-n)2[dwW 035 "
2 | dx ' (53 03f
v hardé, o
5‘5 025
where @W/dX)parqis0iS given by Eq.(50) with é=0. Nl
~. 02
«fz 0.15
T L 4
2. Behavior of the hard part 3
~~ 01
In Fig. 7 we show the result for the isotropié= 0) result %lg 005
I

o
T
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dw

3264(6]* )2T2
dax /. (2m5

w o R 1
j zdz dxFl(q*z\/1+x2)f d coséy
0 0 -1

1 1
—f d cosé,
V1—cogh’ -1

0 (42%(1—nZcog b)) sir ,—[ 1 —v2coS O, + 2 cos,z(Ncosby—v)1?)

hard (2m) R

X { O(z+v cosby)
[ V4z2(1-nZcog i) Si? 0, —[1—v2coS 0, + 2 coshyz(nycosdy—v)]?

which after evaluation then give the result for the hard parimizing the energy loss with respect 4.

1-v?

2

v C050q
X—
(v%cosh,—1)?

27%(1—vn,cos6,)’+ (v2cosf,—1)

of the energy loss in the largetimit. In Fig. 11 we compare our result with the result obtained
by Braaten and Thoma fa=0.3. The Braaten-Thoma result
IV. NUMERICAL EVALUATION is shown as a dashed line and our result is shown as a gray

band. The band corresponds to the variation we obtain in our

_ . o _final result when varying the scalg* by a factor of two
In the isotropic case, the total collisional energy loss isaround the central valu@ninimum). Note that the choice of

A. Isotropic case

obtained by adding Eq¢35) and(50) with £=0, varying by a factor of two is completely arbitrary. We could
have easily chosen a smaller variation; however, we have
dw dw dw : -
— =|— + | — . (56) chosen to be conservative here and vafyby a factor of
AX/igo 1A%/ ig0 con iso,hard two. As can be seen from this figure, fer=0.3, the correc-

tions to the Braaten-Thoma result are small; however, for

In general.the isotropic energy Io_ss isa functio_n of the eleCTarger couplings the band obtained by vary@tgby a factor
tromagnetic couplings, the velocity of the particle), the o o can be quite large. The size of these bands gives us an

temperaturel, and the momentum separation scafe estimate of the theoretical uncertainty present in the calcula-
In principle g* should be an arbitrary quantity in the g

rangee<q*/T<1 which is possible in the weak-coupling
limit. Choosinge=0.01 and plotting—dW/dx as a function
of g* =q*/T at fixedv and T we find the result shown in
Fig. 9. From this figure we can see that the energy loss de- In the general anisotropic case we have to numerically
velops a plateau where the value is essentially identical tevaluate the integrals contained in E(2) and(46) and add
the result obtained by Braaten and Thoma; however, outsidéese to obtain the total energy loss

the plateau the function rises logarithmically widfi. For

higher coupling €=0.5) the plateau shrinks rapidly to a (

minimum which can be seen in Fig. 10. We &% by mini-

B. Anisotropic case

dw
dx

dW) N
dx soft

dW) 57
dx hard.

25

N N
Tl s
ol 9l
N—”’ S
~ ~
3k zle
I !
ot 10" T3 10’
A AKX
FIG. 9. Energy loss as a function @f* for v=0.5 ande FIG. 10. Energy loss as a function gf for v=0.5 ande
=0.01. The dashed line corresponds to the result from Braaten and 0.5. The dashed line corresponds to the result from Braaten and
Thoma. Thoma.
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4t i

3

— =

Qe 8

%ﬁ 3t - %'ﬁ

- =
~

5 3he

N 2 i =

Bl
N

1 F T 0.2 L
o 0.5 1 1.5
b
0 1 1 L k3
0 02 04 06 0.8 1 FIG. 13. Scaled energy loss as a function of the angle of propa-
v gation with respect tm for v=0.3 and¢=10.

FIG. 11. Isotropic energy loss as a function of the electron ve-: . b : . e
X e a factor of two around the point of minimal sensitivity.
locity v for e=0.3. The dashed line is the Braaten-Thoma result.q y P Y

The gray band indicates the variation of the result obtained by varyNOte that by using this method the central valueqdf al-

ing q* by a factor of two around the central value. Inset is anWays Serves as a lower-bound on the prediction. _
enlarged version of the region 6:3<0.7. In Figs. 12-17 we plot thé,, dependence of the resulting

anisotropic energy loss for v={0.3,0.5,0.7, e
In addition tov and e the anisotropic energy loss also de- —{0:05.0.3,1.9, and¢={1,10 scaled by the corresponding
pends on the anisotropy paramegeand the angle of propa- isotropic energy Ios_s. Fag=0.05 we see'that for all three
gation with respect to the anisotropy vecty. Note that for ~ Values of the velocity the energy loss is larger along the
every value ofv, e, £ and 6, there is a non-trivial consis- direction of the anisotropy then transverse to it. For the
tency check between the hard and soft contributions, namelghysical value of electromagnetic coupling constaet,

.. A . =0.3, we find that directional dependence of the energy loss
that the coefficients of lag have to be equal and opposite depends on the velocity and the strength of the anisotropy.

for smallq* and largeq™, respectively. In every case that rqr;, —0.3 and¢=1 the result is almost independent of the
we h_ave e>§am|n_ed we find that the_se coeff|C|ent_s match t0 Birection of propagation but if the anisotropy is strongér (
part in 10 “, which can be further improved by increasing — 1) then the energy loss is less in the direction of the
the target integration accuracy. _anisotropy than transverse to it. Note that this is consistent
As in the isotropic case we find that for small coupling yith the results obtained in the smaillimit in Secs. Il A 2

there is a plateau foe<q*<1 and our final result is ob- and Ill C 2. For larger velocities we find that the energy loss
tained by finding the minimum of the energy loss as a funcalong the direction of the anisotropy is higher than transverse
tion of E]*. This corresponds to the point at which the resultto it; however, if the coupling constant is increased to a large
is minimally sensitive tay*. As before, we can then obtain enough value then the trend will reverse, as was the case for

an estimate of the uncertainty in our prediction by varyingSmaller velocities. Note that far=0.5 the coupling constant
required to reverse the trend is extremely large.

115 T T 115
s i oc- B -
W e-00s 7] e=03 []] e=10
11 /
” =
Z G
I 10s ——— =
E|§ TR
5 faiis e
S RS EENRES SR L e i o
= e
=l
=i
0.95 _
____//
0.9 2 0.95 ;
0 0.5 1 15 0.5 1 15
On bn

FIG. 12. Scaled energy loss as a function of the angle of propa- FIG. 14. Scaled energy loss as a function of the angle of propa-
gation with respect ta for v=0.3 and¢=1. gation with respect tm for v=0.5 andé=1.
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B e-o005

7] e-o03

[ e=10

[ On
FIG. 15. Scaled energy loss as a function of the angle of propa- FIG. 17. Scaled energy loss as a function of the angle of propa-
gation with respect to for v=0.5 andé=10. gation with respect to for v =0.7 andé=10.

. on i -
In the most extreme case shown here in Fig. 17 for Whlchsaturates at approximately 25% in the lagyémit. For £
_ — .~ <0 we see that for both angles shown the energy loss ap-
v=0.7 andé=10 we see that for all values of the coupling .

. roaches zero but the difference between the forward and
constant shown the energy loss varies by 20-25 %, depen Fansverse energy loss is still quite largetat—0.99. There
ing on whether the fermion is propagating along the directio 9y 9 g e

of the anisotropy or transverse to it. For larger values of th:ebr.e 1S po_SS|bIe that the presence of momentum-space
anisotropies in the electron distribution function could lead

gifggﬁﬁﬂg :ﬁé?g;r?ggs ?nag;rgiir_ the directional depenfo a rather significant experimental effect.
In Fig. 18 we plot the dependence of the energy loss nor-
malized to the isotropic result foé=1, e=0.3, and 6,
={0,1.5 as a function of the velocity. From this figure we
see that for fixece and ¢ the angular dependenctorward In this paper we have derived integral expressions for the
peaked versus transversely peakelthnges as the velocity is collisional energy loss of a heavy fermion propagating
increased with the energy loss being transversely-peaked fefirough a QED plasma for which the electron distribution
small velocities and forward-peaked for large velocities. Foifunction is anisotropic in momentum space. We then numeri-
the largest velocity shown in this figure we see that for cally evaluated the resulting integrals and studied the depen-

V. CONCLUSIONS

=1 the effect is on the order of 10%. dence of the heavy fermion energy loss on the angle of
In Fig. 19 we plot the dependence of the energy loss fopropagation, degree of momentum-space anisotropy, and
v=0.5, e=0.3, and9,={0,1.5 as a function of¢é. Addi-  coupling constant. We have shown that the techniques used

tionally, we have included results obtained by taking thein the isotropic case can be straightforwardly extended to the
large<€ limit by lines on the right hand side of the plot frame. anisotropic case. We have also discussed how problems due
As can be seen from this figure fégr>0 we find that the to unstable soft photonic modes are avoided in the case of
difference between the forward and transverse energy logbe energy loss.

116

115 . T
T, B e=o00s

———— B,=15

8 =00
\\ ] e=03 1

[ e=10

_—
&[g
1/ 108
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B

1o b

1 1 1 L 1
e it 1 1 'Y 03 05 07 09
&, v

FIG. 16. Scaled energy loss as a function of the angle of propa- FIG. 18. Energy loss for angle%,={0,1.5} as a function ob
gation with respect tm for v=0.7 andé¢=1. for £=1 ande=0.3.
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FIG. 19. Energy loss for angle%,={0,1.5} as a function of¢
for v=0.5 ande=0.3. Lines on the right hand side of the plot
frame indicate results obtained in the lagdéimit.

As a side result we demonstrated that in the isotropic casg

the canonical result from Braaten and Thofd] has a cor-

rection which comes from the dependence of the result on
the scale introduced to separate the soft and hard contribu-

PHYSICAL REVIEW D69, 065005 (2004

Our final results indicate that for anisotropic QED plas-
mas there can be a significant directional dependence of the
energy loss for highly relativistic fermions if there is a strong
momentum-space anisotropy present in the electron distribu-
tion function. It should be mentioned that we have assumed
here that the heavy fermion is infinitely massive. In the re-
alistic case when the fermion mass is on the order of the
muon mass the result obtained here should be reliable for
velocities 0.6sv=<0.95[12].

We have concentrated here on the collisional energy loss
in QED. In order to extend the result to QCD there will be a
modification of the hard energy loss due to the fact that the
fermion-boson scattering diagrams do not cancel against one
another in this case. Besides this, the only modification re-
quired will be to adjust the Debye mass so that it corresponds
to the QCD Debye mass. One complication will come from
the fact that the quark and gluon distribution functions can,
in general, have different momentum-space anisotropies;
however, there should be an independent matching of loga-
jthms coming from the quark and gluonic sectors. This work
IS currently in progress.
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