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Energy loss of a heavy fermion in an anisotropic QED plasma

Paul Romatschke and Michael Strickland
Institut für Theoretische Physik, Technische Universita¨t Wien,Wiedner Hauptstrasse 8-10, A-1040 Vienna, Austria

~Received 10 October 2003; published 11 March 2004!

We compute the leading-order collisional energy loss of a heavy fermion propagating in a QED plasma with
an electron distribution function which is anisotropic in momentum space. We show that in the presence of
such anisotropies there can be a significant directional dependence of the heavy fermion energy loss with the
effect being large for highly relativistic velocities. We also repeat the analysis of the isotropic case more
carefully and show that the final result depends on the intermediate scale used to separate hard and soft
contributions to the energy loss. We then show that the canonical isotropic result is obtained in the weak-
coupling limit. For intermediate coupling we use the residual scale dependence as a measure of our theoretical
uncertainty. We also discuss complications which could arise due to the presence of unstable soft photonic
modes and demonstrate that the calculation of the energy loss is safe.

DOI: 10.1103/PhysRevD.69.065005 PACS number~s!: 11.15.Bt, 04.25.Nx, 11.10.Wx, 12.38.Mh
n
lli-
ta
ng
e
ee

r
ec
s

rm
in
y
g
r

pa
e

e
tio
g
r t
ll
a

th
e

io
r t
is
le

nt
d
’ o
he
e
ss

n

e
on
c-
c-

een
ribe

e-

as-
n
ing

rio
th
ite
-
the
the
ra-

are
tro-

of
ires

r
nd-

the
an
e

I. INTRODUCTION

An understanding of the production, propagation, a
hadronization of heavy quarks in relativistic heavy ion co
sions is important for predicting a number of experimen
observables including the heavy-meson spectrum, the si
lepton spectrum, and the dilepton spectrum. The first exp
mental results for the inclusive electron spectrum have b
reported@1# in addition to the first measurements ofJ/c
production at the BNL Relativistic Heavy Ion Collide
~RHIC! @2#. The measurement of the inclusive electron sp
trum allows for a determination of heavy quark energy lo
since it is primarily due to the semileptonic decay of cha
quarks. The heavy fermion energy loss comes into play s
it is necessary in order to predict the heavy fermion energ
the decay point. It is therefore important to have a thorou
theoretical understanding of heavy fermion energy loss fo
proper comparison with the experimental results. In this
per we will show that in QED there is a modification of th
leading-order~collisional! heavy fermion energy loss if ther
is a momentum-space anisotropy in the electron distribu
function. The motivation for this work is to provide a testin
ground for techniques that can be applied to QCD in orde
make predictions of the directional dependence of the co
sional energy loss of a heavy fermion propagating through
anisotropic quark-gluon plasma.

In the last few years a more or less standard picture of
early stages of a relativistic heavy ion collision has emerg
In its most simplified form there are three assumptions:~1!
that the system is boost invariant along the beam direct
~2! that it is homogeneous in the directions perpendicula
the beam direction, and~3! that the physics at early times
dominated by gluons with momentum at a ‘‘saturation’’ sca
Qs which have occupation numbers of order 1/as . The first
two assumptions are reasonable for describing the ce
rapidity region in relativistic heavy-ion collisions. The thir
assumption relies on the presence of gluonic ‘‘saturation’
the nuclear wave function at very small values of t
Bjorken variablex @3#. In this regime one can determine th
growth of the gluon distribution by requiring that the cro
section for deep inelastic scattering at fixedQ2 does not
0556-2821/2004/69~6!/065005~13!/$22.50 69 0650
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violate unitarity bounds. As a result the gluon distributio
function saturates at a scaleQs changing from 1/k'

2

→ log(Qs
2/k'

2)/as. Luckily, despite this saturation, due to th
factor of 1/as in the second scaling relation the occupati
number of small-x gluonic modes in the nuclear wave fun
tion is still large enough to determine their distribution fun
tion analytically using classical nonlinear field theory@3#. In
the weak-coupling limit the assumptions above have b
used by Baier et al. in an attempt to systematically desc
the early stages of quark-gluon plasma evolution in a fram
work called ‘‘bottom-up’’ thermalization@4#.

The resulting picture which emerges from using these
sumptions is one in which the initial gluonic distributio
function is extremely anisotropic in momentum space hav
the form

f ~p,x!5F~p'!d~pz!. ~1!

This is, of course, an idealization. In a more realistic scena
the delta function above would have a small but finite wid
which increases as a function of time, but despite this fin
width, the distribution function would still be extremely an
isotropic in momentum space during the early stages of
collision. In anisotropic systems it has been shown that
physics of the QED and QCD collective modes changes d
matically compared to the isotropic case and instabilities
present which can accelerate the thermalization and iso
pization of the plasma@5–11#. In fact, the paper of Arnold,
Lenaghan, and Moore points out that the presence
anisotropies in the early stages of QGP evolution requ
modification of the bottom-up thermalization scenario@11#.

In our previous paper@10# we derived a tensor basis fo
the photon/gluon self-energy and calculated the correspo
ing structure functions for an anisotropic system in which
distribution function is homogeneous and obtained from
isotropic distribution function by the rescaling of only on
direction in momentum space

f ~p,x!5N~j! f iso~pA11j~ p̂•n̂!2!, ~2!
©2004 The American Physical Society05-1
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where N(j) is a normalization constant,p̂ is the particle
3-velocity, the unit vectorn̂ specifies the anisotropy direc
tion, and 21,j,`. Note that the distribution function
given by Eq.~1! is obtained in the limitj→` assuming that
Eq. ~2! is normalized in the same way as Eq.~1!.

Using classical kinetic field theory we were then able
numerically determine the photon/gluon self-energy struct
functions for this tensor basis in the entire complex ene
plane for arbitraryj. In this paper we will use these structu
functions to determine the leading-order~collisional! energy
loss of a heavy fermion propagating through an anisotro
QED plasma. This calculation will allow us to determine t
dependence of the collisional energy loss on the angle
propagationun , the parton velocityv, the coupling constan
e, and the temperatureT. We will show that for large
anisotropies and velocities the directional dependence of
heavy fermion energy loss is large and could therefore l
to a significant experimental effect. During the developm
we will also discuss some technical details related to
cutoff dependence of the isotropic and anisotropic result

The organization of the paper is as follows. In Sec. II
review some of the notation and results from Ref.@10#. In
Sec. III A we calculate the contribution to the energy lo
coming from the exchange of soft photons with momenta
the order ofeT. In Sec. III B we discuss complications whic
could arise due to the presence of unstable soft phot
modes and show that the soft energy loss calculation is s
In Sec. III C we calculate the contribution to the energy lo
coming from the exchange of hard photons with momenta
the order ofT. In Sec. IV we combine the soft and ha
contributions to obtain the final isotropic and anisotropic
sults. In Sec. V we list the limitations of the treatment p
sented here and provide a short description of how the re
contained here can be extended to QCD.

II. SETUP

In this section we will review some of the findings fro
our previous paper@10# which we will use in the subsequen
sections.

A. Tensor basis

For anisotropic systems with only one preferred direct
we construct a basis for symmetric 3-tensors that depend
a fixed anisotropy 3-vectorn̂i with n̂251. Note that here and
in the remainder of the text vector quantities with hats in
cate unit vectors. We first define the projection operator

Ai j 5d i j 2kikj /k2, ~3!

and use it to constructñi5Ai j n̂ j which obeysñ•k50. With
this we can construct the tensors

Bi j 5kikj /k2 ~4!

Ci j 5ñi ñ j /ñ2 ~5!

Di j 5ki ñj1kj ñi . ~6!
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Any symmetric 3-tensorT can now be decomposed into th
basis spanned by the four tensorsA,B,C, andD,

T5aA1bB1cC1dD. ~7!

B. Self-energy structure functions

Converting the result of Ref.@10# from QCD to QED the
spacelike components of the high-temperature photon s
energy for particles with soft momentum (k;eT) can be
written as

P i j ~K !524e2E d3p

~2p!3
p̂i] l f e~p!S d j l 1

p̂ jkl

v2k•p̂1 i e
D ,

~8!

where the electron distribution functionf e(p) is, in principle,
completely arbitrary. In what follows we will assume th
f e(p) can be obtained from an isotropic distribution functio
by the rescaling of only one direction in momentum space
practice this means that, given any isotropic distributi
function f e, iso(p), we can construct an anisotropic version
changing the argument of the isotropic distribution functi

f e~p!5N~j! f e, iso„Ap21j~p•n̂!2
…, ~9!

whereN(j) is a normalization constant,n̂ is the direction of
the anisotropy andj.21 is an adjustable anisotropy param
eter. Note thatj.0 corresponds to a contraction of the di
tribution along then̂ direction whereas21,j,0 corre-
sponds to a stretching of the distribution along then̂
direction.

The normalization constant,N(j), can be determined by
normalizing the distribution function to a fixed number de
sity for all values ofj

E
p
f e, iso~p!5E

p
f e~p!5N~j!E

p
f e, iso„Ap21j~p•n̂!2

….

~10!

By performing a change of variables top̃

p̃25p2@11j~ p̂•n̂!2#, ~11!

on the right hand side we see that the normalization con
tion given in Eq.~10! requires that

N~j!5A11j. ~12!

Making the same change of variables~11! also in ~8! it is
possible to integrate out theu p̃u dependence giving

P i j ~K !5mD
2 A11jE dV

4p
p̂i

p̂l1j~ p̂•n̂!nl

~11j~ p̂•n̂!2!2

3S d j l 1
p̂ jkl

v2k•p̂1 i e
D , ~13!

where
5-2
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mD
2 52

2e2

p2 E
0

`

dpp2
d fe, iso~p!

dp
. ~14!

Note that in the analysis which follows we will assume th
f e, iso(p)5nF(p)5@exp(p/T)11#21, in which case mD

2

5e2T2/3.
We can then decompose the self-energy into four struc

functions

P5aA1bB1gC1dD, ~15!

which are determined by taking the following contraction

k̂•P• k̂5b,

ñ•P• k̂5ñ2kd,

ñ•P•ñ5ñ2~a1g!,

Tr P52a1b1g. ~16!

All four structure functions depend onmD , v, k, j, and
k̂•n̂. In the limit j→0 the structure functionsa and b re-
duce to the isotropic hard-thermal-loop self-energies ang
andd vanish

lim
j→0

a~K !5PT~K !1O~j!,

lim
j→0

b~K !5
v2

k2 PL~K !1O~j!,

lim
j→0

g~K !5O~j!,

lim
j→0

d~K !5O~j!, ~17!

with

PT~K !5
mD

2

2

v2

k2 F12
v22k2

2vk
log

v1k

v2kG , ~18!

PL~K !5mD
2 F v

2k
log

v1k

v2k
21G . ~19!

The O(j) terms in Eq.~17! were determined analytically in
Ref. @10#.1

With these structure functions in hand we can constr
the propagatorD i j (K) using the expressions from the prev
ous section

1Note that the normalization used in Ref.@10# is different than the
normalization used here. The weak-anisotropy expansions for
normalization contained here can be obtained from the express
contained in Ref.@10# by takingmD

2 →A11jmD
2 and re-expanding

in j.
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D~K !5DA@A2C#1DG@~k22v21a1g!B

1~b2v2!C2dD#, ~20!

where

DA
21~K !5k22v21a, ~21!

DG
21~K !5~k22v21a1g!~b2v2!

2k2ñ2d2. ~22!

III. ENERGY LOSS CALCULATION

In this section we compute the collisional energy loss o
heavy fermion propagating through an electromagne
plasma which has an anisotropic momentum space elec
distribution function. The starting point for the calculation
the same as in the isotropic case@12#. In these papers Braate
and Thoma calculated the energy loss of a heavy fermion
both QED and QCD. Here we will concentrate on QED b
the extension to QCD is relatively straightforward. Note th
there were previous calculations of the in-medium parto
energy loss@13–15#; however, the calculation of Braaten an
Thoma was the first to present a systematic method for
forming the complete orderg calculation of this quantity.

The technique used by Braaten and Thoma was to c
sider independently the contributions from soft photon e
change (q;mD;eT) and hard photon exchange (q;T).
Each of these quantities is divergent with the soft contrib
tion having a logarithmic UV divergence and the hard co
tribution having a logarithmic IR divergence. In their pap
Braaten and Thoma found that if an arbitrary moment
scaleq* was introduced to separate the hard and soft regi
then the dependence on this arbitrary scale vanished w
the contributions are combined and the result obtained
finite.

Below we will use the same technique as Braaten a
Thoma but we will show that if the resulting integrals a
treated more carefully then the final result obtained by a
ing the soft and hard contributions does depend onq* . How-
ever, in the weak-coupling limite!1 the dependence onq*
is small as long asmD!q* !T and the Braaten-Thoma re
sult is reproduced. Since the full result does depend onq*
we will need a prescription for fixing it. Here we will fixq*
using the ‘‘principle of minimal sensitivity’’ which in prac-
tice means that we minimize the energy loss with respec
q* and evaluate at this point. We can then obtain a meas
ment of our theoretical uncertainty by varyingq* by a fixed
amount around this point. Note that we have not attempte
estimate the uncertainty coming from the higher-order c
tributions to the heavy fermion energy loss. We present
variation in order to quantify the error made at leading ord
using the effective field theory approach which implicit
assumes a large scale separation.

In Secs. III A–III C we derive integral expressions for th
soft and hard contributions to the energy loss and pres
some results for these in the limit of small anisotropies.
will also discuss complications which could arise due to
presence of plasma instabilities.

he
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A. Soft part

For calculating the soft energy loss one can use class
field theory methods. The classical expression for parton
ergy loss per unit of time is

S dW

dt D
soft

5ReE d3xJext~X!•Eind~X!, ~23!

where X5(t,x), and Jext is the current induced by a tes
fermion propagating with velocityv:

Jext~X!5evd (3)~x2vt !,

Jext~Q!5~2p!evd~v2q•v!, ~24!

with Q5(v,q).
In order to make the geometry of the problem explicit

Fig. 1 we show an isosurface for an oblate (j.0) electron
distribution function along with the unit vectorn̂, the particle
three-velocityv, and the angleun defined by cosun[v̂•n̂.
Using

Eind
i ~Q!5 iv@D i j ~Q!2D0

i j ~Q!#Jext
j ~Q!, ~25!

whereD0
i j is the free propagator, and Fourier transforming

X we obtain

Eind
i ~X!5 ieE d3q

~2p!3
~q•v!@D i j ~Q!

2D0
i j ~Q!#v jei [q•x2(q•v)t] . ~26!

The above equation allows us to write Eq.~23! as

2S dW

dt D
soft

5e2ImE d3q

~2p!3
~q•v!v i@D i j ~Q!2D0

i j ~Q!#v j .

~27!

The propagator can be expanded in our tensor basis an
contractions on the right hand side give

FIG. 1. Iso-surface for an oblate (j.0) electron distribution

function showing the unit vectorn̂, the particle three-velocityv,

and the angleun defined by cosun[v̂•n̂.
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v iAi j v j5v22~ q̂•v!2,

v iBi j v j5~ q̂•v!2,

v iCi j v j5~ ñ•v!2/ñ2,

v iDi j v j52~q•v!~ ñ•v!, ~28!

so that together withdW/dx5v21dW/dt we obtain

2S dW

dx D
soft

5
e2

v
ImE d3q

~2p!3
vS DA~Q!2

1

q22v2D
3Fv22

v2

q2 2
~ ñ•v!2

ñ2 G
1vDG~Q!Fv2

q2 ~q22v21a1g!

1~b2v2!
~ ñ•v!2

ñ2
22dv~ ñ•v!G

1
1

v~q22v2! Fv2

q2 ~q22v2!2v2
~ ñ•v!2

ñ2 G ,

~29!

with v5q•v. Performing some algebraic transformatio
and scaling out the momentum gives

S dW

dx D
soft

5
e2

v
ImE d3q

~2p!3

v̂

q~12v̂2!

3F 2a

~q22q2v̂21a!
S v22v̂22

~ ñ•v!2

ñ2 D
1

q2A1B
q4C1q2D1EG , ~30!

where

A5~12v̂2!2b1v̂2
~ ñ•v!2

ñ2
~a1g!22v̂~12v̂2!~ ñ•v!d̂,

B5@~a1g!b2ñ2d̂2#S 12v̂22
~ ñ•v!2

ñ2 D ,

C52v̂2~12v̂2!,

D52v̂2~a1g!1~12v̂2!b,

E5~a1g!b2ñ2d̂2, ~31!
5-4
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ENERGY LOSS OF A HEAVY FERMION IN AN . . . PHYSICAL REVIEW D69, 065005 ~2004!
with v̂5q̂•v and d̂5qd. With all the momentum depen
dence made explicit we can now perform theq integration to
obtain

2S dW

dx D
soft

5
e2

v
ImE dVq

~2p!3

v̂

~12v̂2!

3F 2a

S v22v̂22
~ ñ•v!2

ñ2 D
2~12v̂2!

3 ln
q* 2~12v̂2!1a

a
1F~q!!2F~0!G ,

~32!
where

F~q!5
A
4C ln„24C~Cq41Dq21E!…

1
AD22BC

4CAD 224CE
ln

AD 224CE1D12Cq2

AD 224CE2D22Cq2
,

~33!

and we introduced an UV momentum cutoffq* on the q
integration. Note that, in principle, the presence of unsta
modes would make theq integration divergent; however, thi
is not the case for the soft energy loss as we will discus
Sec. III B.

1. Small-j limit

Using a linear expansion in the limit of smallj one can
obtain analytic expressions for the structure functionsa, b,
g, andd as given in Ref.@10#. A subsequent expansion o
Eq. ~32! to linear order inj gives

2S dW

dx D
soft, small2j

52H S dW

dx D
soft,iso

1jF S dW

dx D
soft,j1

1
~v•n̂!2

v2 S dW

dx D
soft,j2

G J , ~34!

where

2S dW

dx D
soft,iso

5
e2

v2
ImE

2v

v dv̂

~2p!2
v̂

3F2
v22v̂2

2~12v̂2!2
PT ln

~12v̂2!q* 21PT

PT

2
PL

2
ln

q* 22PL

2PL
G ~35!
06500
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is the isotropic result, which—assumin
q* @mD—corresponds to the result from Braaten and Tho
when inserting the explicit form ofPT(v̂) andPL(v̂) from
Eqs. ~18! and ~19!. The form of the contributions
(dW/dx)soft,j1

and (dW/dx)soft,j2
resembles that of

(dW/dx)soft,iso, but since they consist of many more term
than the isotropic contribution we refrain from giving the
here explicitly.

Note that by scaling out the Debye massmD from the
self-energy functions, the contributions (dW/dx)soft,iso,
(dW/dx)soft,j1

and (dW/dx)soft,j2
depend on the particle ve

locity v, the ratioq* /mD , and an overall multiplicative fac-
tor of e2mD

2 only. The direction of the heavy fermion ente
the whole result Eq.~34! only through the explicit term (v
•n̂)2/v2 in the smallj limit.

2. Behavior of the soft part

The isotropic result for the soft part, Eq.~35! ~correspond-
ing to the result obtained in Ref.@14#!, is shown in Fig. 2
together with the Braaten-Thoma result from Ref.@12# for
v50.5. As can be seen, the results are identical for la
q* /mD , while for small q* /mD the Braaten-Thoma resu
becomes negative whereas the full result obtained by
merical integration of Eq.~35! is positive for all values of
q* /mD .

In Fig. 3 we show the function2(dW/dx)soft,j2
which

controls the directional dependence of the soft part of
energy loss for smallj. As can be seen from this figure th
function is negative for smallq* /mD but becomes positive a
a velocity-dependent value ofq* /mD . The value ofq* /mD
where (dW/dx)soft,j2

50 is of special interest here since
signals the point at which the directional dependence of
energy loss changes. The value ofq* /mD obtained using the
principle of minimal sensitivity is a function of the velocit
and coupling constant and therefore we expect a non-tri
dependence on these parameters. Forj.0 this means that as
the coupling constant is increased from zero for fixedv that

FIG. 2. Isotropic energy loss of the soft part~full line! as a
function of q* /mD for v50.5 compared to the result from Braate
and Thoma~dashed line!.
5-5
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at first the energy loss will be peaked alongn̂ but will even-
tually become peaked transverse ton̂. The value of the cou-
pling at which this change in the directional dependence
curs increases as the velocity of the fermion increases.
the exact expression given by Eq.~32! the results obtained in
the smallj limit hold qualitatively but quantitatively the pre
dictions differ considerably oncej becomes large.

3. Large-j limit

In the limit j→` one finds that the anisotropic distribu
tion function turns into a specific case of Eq.~1!,

lim
j→`

A11jnF„pA11j~ p̂•n̂!2
…

5d~ p̂•n̂!E
2`

`

dxnF~pA11x2!, ~36!

where the remaining integral representingF(p') in Eq. ~1!
can be evaluated analytically to be a sum over Bessel fu
tions. Following Ref.@11# it is then possible to evaluate th
structure functions analytically. The result for the soft part
the energy loss is then given by Eq.~32! with the general
structure functions replaced by their large-j expressions. For
large values ofj, the general result for the soft part co
verges towards the limiting result, as it should.

B. Dynamical shielding of plasma instabilities

As shown previously@5–11# in systems in which the dis
tribution function is anisotropic in momentum space the
exist unstable modes which could potentially make phys
quantities incalculable within a perturbative framework@16#.
However, we will show in this section that in the case of t
energy loss the singularities induced by the presence of t
plasma instabilities are ‘‘shielded’’ and are therefore re
dered safe. To see this one need only consider the cont
tion from theDA propagator to Eq.~30! which is schemati-
cally given by

FIG. 3. The contribution2(dW/dx)soft,j2
as a function of

q* /mD for v50.5.
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S dW

dx D
A, soft

;ImE dVE qdq
v̂

~12v̂2!

2a

~q22q2v̂21a!
.

~37!

The possibility of singularities arise because in the sta
limit the structure functiona is negative-valued which can
result in singularities along the integration path which a
unregulated. However, in the limitv→0 the structure func-
tion a has the form

lim
v→0

a~v,q!5M2~211 iD v̂ !1O~v2!, ~38!

where M and D depend on the angle of propagation wi
respect to the anisotropy vector and the strength of the
isotropy.

Ignoring theO(v) contribution above we see that a si
gularity in the integrand can arise at the pointq5M when
v̂→0. However, including theO(v) contribution we see
that the combination of the power ofv̂ in the numerator and
the presence of a contribution proportional tov̂ in a together
render the singularity finite at this point as long asD is
non-vanishing

lim
v̂→0

lim
q→M

v̂

q22q2v̂21M2~211 iD v̂ !

→ 1

M2~v̂1 iD !
→2

i

M2D
. ~39!

Therefore, theq integration can safely be performed. O
course, the integrand may change rapidly in this region s
should be treated carefully when numerically evaluating
integral. Note that this is similar to dynamical screening
the magnetic sector of finite temperature QCD. In fact, in
isotropic limit, the coefficientD approaches the well-known
value of 2p/4 which is due to Landau damping. Unfortu
nately for anisotropic systems it is difficult to prove that t
coefficientD is non-vanishing for all values of the propag
tion angle and anisotropy strength. However, we can ev

FIG. 4. CoefficientD as a function ofj for un51.5.
5-6
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ENERGY LOSS OF A HEAVY FERMION IN AN . . . PHYSICAL REVIEW D69, 065005 ~2004!
ateD analytically in the weak-anisotropy limit and numer
cally for generalj and in both cases we find thatD is non-
vanishing.

In the weak-anisotropy limit we can derive analytic e
pressions for all of the structure functions as shown in R
@10#. To linear order inj the structure functiona becomes

lim
v̂→0

lim
j→0

a5mD
2 F2

j

6
~11cos 2un!

2
ip

4
v̂S 11

3j

4
~11cos 2un! D G , ~40!

where un is the angle of propagation with respect to t
anisotropy vectorn̂. Therefore, in the weak-anisotropy lim
D is non-vanishing for allj.0. For j,0, theDA mode is
stable so there is no singularity to be concerned about
higher orders in the weak-anisotropy expansion the pic
becomes slightly more complicated but is still consist
with D being non-vanishing.

For large values ofj we cannot rely on a weak-anisotrop
expansion so we have to resort to numerical determinatio
D. In Fig. 4 we plot the dependence ofD on j for un51.5
and in Fig. 5 we plot the dependence ofD on un for j
5100. As can be seen from these figures,D is non-vanishing
for all values ofj and un shown. Beyond what we hav
plotted, we have calculatedD for numerous values ofj and
un and in every case we find thatD is non-vanishing. We are
therefore reasonably confident thatD is in general a non-
vanishing quantity and therefore the singularities wh
could come from the unstable modes are dynamic
shielded and thereby rendered safe in the energy loss c
lation. Note that similar arguments can be made to show
the singularities coming from theDG contribution to Eq.~30!

FIG. 5. CoefficientD as a function ofun for j5100.
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are also dynamically shielded.

C. Hard part

The expression for the hard contribution to the energy l
for an arbitrary electron distribution functionf e(p) is ob-
tained by summing the tree level diagrams shown if Fig.
Assumingv@T/E, performing the Dirac traces, and sum
ming over spins, the result can be reduced to@12#

2S dW

dx
D

hard

5
4pe4

v
E d3k

~2p!3

f e~k!

k
E d3k8

~2p!3

12 f e~k8!

k8

3d~v2v•q!Q~q2q* !
v

~v22q2!2

3F2~k2v•k!~k82v•k8!1
12v2

2
~v22q2!G ,

~41!

wherev5k82k andq5k82k, and we have introduced a
infrared cutoffq* on theq integration. The term involving
the productf e(k) f e(k8) vanishes since the integrand is od
under the interchange ofk andk8. Redefining the origin of
the k8 integration so that it becomes an integration overq,
we have

2S dW

dx
D

hard

5
e4

2p2v
E d3k

~2p!3

f e~k!

k
E

q*

`

q2dq

3E dVq

d~v2v•q!

uq1ku

v

~v22q2!2

3F2~k2v•k!~v1k2v•k2v•q!

1
12v2

2
~v22q2!G , ~42!

where nowv5uq1ku2k. Choosingv to be thez axis for
the q andk integration we can rewrite the delta function a

FIG. 6. Tree-level Feynman diagrams for the scattering p
cessese2m→e2m and gm→gm. Note that the second two dia
grams cancel with each other so that in QED only the first diagr
contributes to the hard energy loss.
d~ uq1ku2k2v•q!5
d~fq2f0!Q~k1v•q!2uq1ku

qA4k2sin2uksin2uq2@q~12v2cos2uq!12 cosuq~k cosuk2kv !#2
, ~43!

wheref0 is the solution of the equation
5-7
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cos~f02fk!52
q~12v2cos2uq!12 cosuq~k cosuk2kv !

2k sinuksinuq
. ~44!

The fq integration is then straightforward and we obtain

2S dW

dx
D

hard

5
e4

2p2v
E d3k

~2p!3

f e~k!

k
E

q*

`

qdqE
21

1

d cosuq4Q~k1vq cosuq!

3
Q„4k2sin2uksin2uq2@q~12v2cos2uq!12 cosuq~k cosuk2kv !#2

…

A4k2sin2uksin2uq2@q~12v2cos2uq!12 cosuq~k cosuk2kv !#2

v

~v22q2!2

3F2~k2v•k!21
12v2

2
~v22q2!G , ~45!

wherev5vq cosuq and we have included a factor of 2 because of the symmetryf0↔2p2f0. Settingf e, iso(k)5nF(k) and
scalingk5qz one can perform theq integration to obtain

2S dW

dx
D

hard

5
8e4~ q̂* !2T2A11j

~2p!5v
E

0

`

zdzE
21

1

d cosukF E
0

2p

dfkF1@ q̂* zA11j~nxsinukcosfk1nzcosuk!
2#G

3H E
21

1

d cosuqQ~z1v cosuq!
Q„4z2sin2uksin2uq2@12v2cos2uq12 cosuqz~cosuk2v !#2

…

A4z2sin2uksin2uq2@12v2cos2uq12 cosuqz~cosuk2v !#2

3
v cosuq

~v2cos2uq21!2F2z2~12v cosuk!
21

12v2

2
~v2cos2uq21!G J , ~46!
te

n

for
lta
s,
whereq̂* 5q* /T,

F1~x!5
x ln„11exp~2x!…2Li2„2exp~2x!…

x2
, ~47!

andnz5n̂• v̂ with 15nx
21nz

2 . To obtain the final result for
the hard contribution to the energy loss the remaining in
grations have to be performed numerically.

1. Small-j limit

For smallj we use Eq.~42! and scale out thej depen-
dence using Eq.~9! and substitutingk2→k2@11j( k̂•n̂)2#

andq2→q2@11j( k̂•n̂)2#. Performing a linear expansion i
j then gives

2S dW

dx D
hard, smallj

5
e4

2p2vE0

`

dk fe, iso~k!

3H E
q*

`

dqFg1~q!2jS g2~q!2
g1~q!

2 D G
2

j

2
q* g2~q* !J , ~48!
06500
-

where

g1~q!5E dVqE dVk

4p
q2

d~v2v•q!

uq1ku
v

v22q2

3F2~k2v•k!21
12v2

2
~v22q2!G

g2~q!5E dVqE dVk

4p
q2~ k̂•n̂!2

d~v2v•q!

uq1ku
v

v22q2

3F2~k2v•k!21
12v2

2
~v22q2!G . ~49!

Taking q as thez direction makes thedVk integration
straightforward but still algebraically intensive for theg2

contribution because of the extra dependence onk̂•n̂. Next
we rotate the coordinate system so thatv becomes the newz
direction andn̂ lies in thex-z plane for thedVq integration;
the polar integration is then also straightforward whereas
the azimuthal integration the limits coming from the de
function in Eq.~49! are somewhat non-trivial. Nevertheles
by scalingk5qz one can perform theq integration to obtain
5-8
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2S dW

dx D
hard, smallj

5
e4~q* !2

2p2v E
0

` dz

2p2
z

3FF1~ q̂* z!Fg1~1!2jS g2~1!2
g1~1!

2 D G
2

j

2
f iso~ q̂* z!g2~1!G , ~50!

whereq̂* 5q* /T,

g1~1!5
p

zvEu12zu2z

1

dvQ~v22v2!vF3v2

4
2

v2

4
13z~z1v!

2
12v2

2

1

12v2 2~12v2!
z~z1v!

12v2 G , ~51!

and the exact form ofg2 is similar tog1 but involves many
more terms so we have refrained from giving an expl
expression. The integration overv can then be performed
analytically using

E
0

`

dzE
u12zu2z

1

dvQ~v22v2!

5E
(12v)/2

(11v)/2

dzE
122z

v
dv1E

(11v)/2

`

dzE
2v

v
dv,

~52!

but the remaining integral overz has to be performed nu
merically. The final result to linear order inj can then be
written as

2S dW

dx D
hard, smallj

52H S dW

dx D
hard,iso

1jF S dW

dx D
hard,j1

1
~v•n̂!2

v2 S dW

dx D
hard,j2

G J , ~53!

where (dW/dx)hard,isois given by Eq.~50! with j50.

2. Behavior of the hard part

In Fig. 7 we show the result for the isotropic (j50) result
for the hard part compared to the Braaten-Thoma result f
Ref. @12#. Similar to what we found for the soft part, the tw
results are identical for very smallq̂* , while for largeq̂* the
Braaten-Thoma result becomes negative and our resu
positive for all values ofq̂* .

In Fig. 8 we plot the function2(dW/dx)hard,j2
, which

controls the directional dependence of the hard part of
energy loss. As was the case with the soft pa
06500
t

m

is

e
t,

(dW/dx)hard,j2
50 for a velocity-dependent value ofq* .

Again, in practice, this means that the directional dep
dence of the hard energy loss changes as the coupling
stant is increased.

3. Large-j limit

Using the explicit form~36! for f e one can do thedfk

integration in Eq.~45! by rewriting

d~ k̂•n̂!5
d~fk2f0!

Anx
22cos2uk

, cosu052
cosuknz

sinuknx
. ~54!

After scaling cosuk→nxcosuk and doing theq integration the
remaining integrals take the form

FIG. 7. Isotropic energy loss of the hard part~full line! as a

function of q̂* for v50.5 compared to the result from Braaten a
Thoma~dashed line!.

FIG. 8. The contribution2(dW/dx)hard,j2
as a function ofq̂*

for v50.5.
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2S dW

dx
D

hard

5
32e4~ q̂* !2T2

~2p!5v
E

0

`

zdzE
0

`

dxF1~ q̂* zA11x2!E
21

1

d cosuk

1

A12cos2uk

E
21

1

d cosuq

3H Q~z1v cosuq!
Q„4z2~12nx

2cos2uk!sin2uq2@12v2cos2uq12 cosuqz~nxcosuk2v !#2
…

A4z2~12nx
2cos2uk!sin2uq2@12v2cos2uq12 cosuqz~nxcosuk2v !#2

3
v cosuq

~v2cos2uq21!2 F2z2~12vnxcosuk!
21

12v2

2
~v2cos2uq21!G J , ~55!
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which after evaluation then give the result for the hard p
of the energy loss in the large-j limit.

IV. NUMERICAL EVALUATION

A. Isotropic case

In the isotropic case, the total collisional energy loss
obtained by adding Eqs.~35! and ~50! with j50,

S dW

dx D
iso

5S dW

dx D
iso,soft

1S dW

dx D
iso,hard

. ~56!

In general the isotropic energy loss is a function of the el
tromagnetic couplinge, the velocity of the particlev, the
temperatureT, and the momentum separation scaleq* .

In principle q* should be an arbitrary quantity in th
rangee!q* /T!1 which is possible in the weak-couplin
limit. Choosinge50.01 and plotting2dW/dx as a function
of q̂* 5q* /T at fixed v and T we find the result shown in
Fig. 9. From this figure we can see that the energy loss
velops a plateau where the value is essentially identica
the result obtained by Braaten and Thoma; however, out
the plateau the function rises logarithmically withq̂* . For
higher coupling (e*0.5) the plateau shrinks rapidly to
minimum which can be seen in Fig. 10. We fixq̂* by mini-

FIG. 9. Energy loss as a function ofq̂* for v50.5 and e
50.01. The dashed line corresponds to the result from Braaten
Thoma.
06500
rt

s
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e-
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de

mizing the energy loss with respect toq̂* .
In Fig. 11 we compare our result with the result obtain

by Braaten and Thoma fore50.3. The Braaten-Thoma resu
is shown as a dashed line and our result is shown as a
band. The band corresponds to the variation we obtain in
final result when varying the scaleq̂* by a factor of two
around the central value~minimum!. Note that the choice of
varying by a factor of two is completely arbitrary. We cou
have easily chosen a smaller variation; however, we h
chosen to be conservative here and varyq̂* by a factor of
two. As can be seen from this figure, fore50.3, the correc-
tions to the Braaten-Thoma result are small; however,
larger couplings the band obtained by varyingq̂* by a factor
of two can be quite large. The size of these bands gives u
estimate of the theoretical uncertainty present in the calc
tion.

B. Anisotropic case

In the general anisotropic case we have to numeric
evaluate the integrals contained in Eqs.~32! and~46! and add
these to obtain the total energy loss

S dW

dx D5S dW

dx D
soft

1S dW

dx D
hard

. ~57!

nd
FIG. 10. Energy loss as a function ofq̂* for v50.5 ande

50.5. The dashed line corresponds to the result from Braaten
Thoma.
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ENERGY LOSS OF A HEAVY FERMION IN AN . . . PHYSICAL REVIEW D69, 065005 ~2004!
In addition tov and e the anisotropic energy loss also d
pends on the anisotropy parameterj and the angle of propa
gation with respect to the anisotropy vectorun . Note that for
every value ofv, e, j, andun there is a non-trivial consis
tency check between the hard and soft contributions, nam
that the coefficients of logq̂* have to be equal and opposi
for small q̂* and largeq̂* , respectively. In every case tha
we have examined we find that these coefficients match
part in 1024, which can be further improved by increasin
the target integration accuracy.

As in the isotropic case we find that for small couplin
there is a plateau fore!q̂* !1 and our final result is ob
tained by finding the minimum of the energy loss as a fu
tion of q̂* . This corresponds to the point at which the res
is minimally sensitive toq̂* . As before, we can then obtai
an estimate of the uncertainty in our prediction by varyi

FIG. 12. Scaled energy loss as a function of the angle of pro

gation with respect ton̂ for v50.3 andj51.

FIG. 11. Isotropic energy loss as a function of the electron
locity v for e50.3. The dashed line is the Braaten-Thoma res
The gray band indicates the variation of the result obtained by v
ing q* by a factor of two around the central value. Inset is
enlarged version of the region 0.3,v,0.7.
06500
ly

a

-
t

q̂* by a factor of two around the point of minimal sensitivit
Note that by using this method the central value ofq̂* al-
ways serves as a lower-bound on the prediction.

In Figs. 12–17 we plot theun dependence of the resultin
anisotropic energy loss for v5$0.3,0.5,0.7%, e
5$0.05,0.3,1.0%, andj5$1,10% scaled by the correspondin
isotropic energy loss. Fore50.05 we see that for all three
values of the velocity the energy loss is larger along
direction of the anisotropy then transverse to it. For t
physical value of electromagnetic coupling constant,e
50.3, we find that directional dependence of the energy l
depends on the velocity and the strength of the anisotro
For v50.3 andj51 the result is almost independent of th
direction of propagation but if the anisotropy is strongerj
510) then the energy loss is less in the direction of
anisotropy than transverse to it. Note that this is consis
with the results obtained in the small-j limit in Secs. III A 2
and III C 2. For larger velocities we find that the energy lo
along the direction of the anisotropy is higher than transve
to it; however, if the coupling constant is increased to a la
enough value then the trend will reverse, as was the case
smaller velocities. Note that forv*0.5 the coupling constan
required to reverse the trend is extremely large.

a-

-
t.
y-

FIG. 13. Scaled energy loss as a function of the angle of pro

gation with respect ton̂ for v50.3 andj510.

FIG. 14. Scaled energy loss as a function of the angle of pro

gation with respect ton̂ for v50.5 andj51.
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P. ROMATSCHKE AND M. STRICKLAND PHYSICAL REVIEW D69, 065005 ~2004!
In the most extreme case shown here in Fig. 17 for wh
v50.7 andj510 we see that for all values of the couplin
constant shown the energy loss varies by 20–25 %, dep
ing on whether the fermion is propagating along the direct
of the anisotropy or transverse to it. For larger values of
velocity and anisotropy parameter the directional dep
dence of the energy loss increases.

In Fig. 18 we plot the dependence of the energy loss n
malized to the isotropic result forj51, e50.3, andun
5$0,1.5% as a function of the velocityv. From this figure we
see that for fixede and j the angular dependence~forward
peaked versus transversely peaked! changes as the velocity i
increased with the energy loss being transversely-peaked
small velocities and forward-peaked for large velocities. F
the largest velocity shown in this figure we see that foj
51 the effect is on the order of 10%.

In Fig. 19 we plot the dependence of the energy loss
v50.5, e50.3, andun5$0,1.5% as a function ofj. Addi-
tionally, we have included results obtained by taking t
large-j limit by lines on the right hand side of the plot fram
As can be seen from this figure forj.0 we find that the
difference between the forward and transverse energy

FIG. 15. Scaled energy loss as a function of the angle of pro

gation with respect ton̂ for v50.5 andj510.

FIG. 16. Scaled energy loss as a function of the angle of pro

gation with respect ton̂ for v50.7 andj51.
06500
h

d-
n
e
-

r-

for
r

r

e

ss

saturates at approximately 25% in the largej limit. For j
,0 we see that for both angles shown the energy loss
proaches zero but the difference between the forward
transverse energy loss is still quite large atj520.99. There-
fore, it is possible that the presence of momentum-sp
anisotropies in the electron distribution function could le
to a rather significant experimental effect.

V. CONCLUSIONS

In this paper we have derived integral expressions for
collisional energy loss of a heavy fermion propagati
through a QED plasma for which the electron distributi
function is anisotropic in momentum space. We then num
cally evaluated the resulting integrals and studied the dep
dence of the heavy fermion energy loss on the angle
propagation, degree of momentum-space anisotropy,
coupling constant. We have shown that the techniques u
in the isotropic case can be straightforwardly extended to
anisotropic case. We have also discussed how problems
to unstable soft photonic modes are avoided in the cas
the energy loss.

FIG. 17. Scaled energy loss as a function of the angle of pro

gation with respect ton̂ for v50.7 andj510.

FIG. 18. Energy loss for anglesun5$0,1.5% as a function ofv
for j51 ande50.3.
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ENERGY LOSS OF A HEAVY FERMION IN AN . . . PHYSICAL REVIEW D69, 065005 ~2004!
As a side result we demonstrated that in the isotropic c
the canonical result from Braaten and Thoma@12# has a cor-
rection which comes from the dependence of the result
the scale introduced to separate the soft and hard cont
tions to the energy loss. The residual dependence on
separation scale was then used to estimate the theore
uncertainty of the resulting calculation for both the isotrop
and anisotropic case.

FIG. 19. Energy loss for anglesun5$0,1.5% as a function ofj
for v50.5 ande50.3. Lines on the right hand side of the pl
frame indicate results obtained in the large-j limit.
B
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Our final results indicate that for anisotropic QED pla
mas there can be a significant directional dependence o
energy loss for highly relativistic fermions if there is a stro
momentum-space anisotropy present in the electron distr
tion function. It should be mentioned that we have assum
here that the heavy fermion is infinitely massive. In the
alistic case when the fermion mass is on the order of
muon mass the result obtained here should be reliable
velocities 0.6&v&0.95 @12#.

We have concentrated here on the collisional energy
in QED. In order to extend the result to QCD there will be
modification of the hard energy loss due to the fact that
fermion-boson scattering diagrams do not cancel against
another in this case. Besides this, the only modification
quired will be to adjust the Debye mass so that it correspo
to the QCD Debye mass. One complication will come fro
the fact that the quark and gluon distribution functions c
in general, have different momentum-space anisotrop
however, there should be an independent matching of lo
rithms coming from the quark and gluonic sectors. This wo
is currently in progress.
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