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Inflationary cosmology and quantization ambiguities in semiclassical loop quantum gravity
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In loop quantum gravity, modifications to the geometrical density cause a self-interacting scalar field to
accelerate away from a minimum of its potential. In principle, this mechanism can generate the conditions that
subsequently lead to slow-roll inflation. The consequences for this mechanism of various quantization ambi-
guities arising within loop quantum cosmology are considered. For the case of a quadratic potential, it is found
that some quantization procedures are more likely to generate a phase of slow-roll inflation. In general,
however, loop quantum cosmology is robust to ambiguities in the quantization and extends the range of initial
conditions for inflation.
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[. INTRODUCTION scalar spectral inde)L4] and the avoidance of a big crunch
in closed model$15].

Loop quantum gravitfLQG) or quantum geometry is at Despite these successes, however, it is known that the
present the main background independent and norguantization procedure itself is not unique. In general, quan-
perturbative candidate for a quantum theory of graviige tization ambiguities arise when composite operators are con-
for example[1,2]). Key successes of this approach have beerstructed from the corresponding classical expressions. Some
the prediction of discrete spectra for geometrical operatorsf these ambiguities are more fundamental from a theoretical
[3], the existence of well defined operators for the mattetpoint of view than others. Nevertheless, it is possible that the
Hamiltonians which provides a cure for the ultraviolet diver- range of different choices that lead to a viable cosmological
gences[4], and the derivation of the Bekenstein-Hawking model might be significantly narrowed by employing not
entropy formulg5]. only theoretical considerations but also by confronting phe-

Given that LQG effects are likely to have important con- nomenological predictions with observations. Two immedi-
sequences in high energy and high curvature regimes, earlfe questions arise in this connectiéii:do some or all am-
universe cosmology provides a natural environment to tesljqjities of this kind lead to observable predictions or
these new feature's. In recent years, considerable mtere;t hﬁgnsequences aridl) are some predictions of LQGuch as
mgzﬁszg[gﬁgﬁggré\?fwéoagnéntﬁiipfgprzﬁhfggn\:;rl%%ga stablishing the correct initial conditions for inflatjabust

with respect to these ambiguities? For example, if a particu-

difficulties encountered in conventional Wheeler-DeWitt S . .
lar ambiguity were to result in observational effects that were

?nuo&:jnéigﬁltﬁn for isotropic model$9,10] and anisotropic subsequently detected, this could provide an observational

From the loop quantum cosmologyQC) perspective, basi's fo.r_invoking t.haF particular choice. On th.e other _hapd,
the evolution of the universe is comprised of three distinctN€ inability of ambiguities to produce observationally distin-
phases. Initially, there is a truly discrete quantum phasgwshable consequences would maI§e |t.d|ff|cult to discrimi-
which is described by a difference equatif?10]. A key nate between them without theoretical input. Whatever the
consequence of this discretization is the removal of the initiaPutcome, a study of these questions would demonstrate the
singularity[9]. As its volume increases, the universe entersange of phenomenological possibilities allowed by LQC and
an intermediate semi-classical phase in which the evolutioiould thus enable a clearer comparison to be made between
equations take a continuous form but include modificationghe theoretical predictions and observations.
due to non-perturbative quantization effe¢t?]. Finally, A study of the effects of quantization ambiguities on the
there is the classical phase in which the usual continuousQG's capacity to remove singularities was recently made
cosmological ordinary and partial differential equations[16], where it was found that the removal of the big-bang
(ODEs and PDBsare recovered and quantum effects vanishsingularity is robust with respect to a number of different

The above intermediate phagehich is demarcated by ambiguities. Our aim here is to study the effects of quanti-
two scales, as discussed in detail in Segidlthe most im-  zation ambiguities on the evolution of the very early uni-
portant as far as phenomenological studies of LQC are conerse. In particular, we shall study the way both kinematical
cerned and will be the subject of our study here. Key result&nd dynamical ambiguities can affect the ability of LQC to
arising from this phase include the setting up of suitableset up the appropriate conditions for inflation. We focus pri-
initial conditions for inflation 12—14], possible signatures in marily on the possibility that in LQC inflation may arise
the cosmic microwave backgrout@MB) spectrum such as naturally even when the inflaton is initially located near to a
the loss of power at largest scales and the running of theninimum of its potential. As we shall see, there are two
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mechanisms that affect the setting of the initial conditions for

conventional slow-roll inflation. First, there is an anti-friction 12
effect induced by the semi-classical modification of the sca- 10
lar field equation of motion which can, in an expanding uni-

verse, accelerate the field away from its initial value. Second, 8
there are effects due to the quantum mechanical uncertainty 6
relations. Since these mechanisms are in principle unrelated,

each is treated separately in order to maintain a clear distinc- 4
tion between the two. Finally, in phenomenological studies 2
of this nature, there are constraints, in addition to the obser-
vational bounds, that arise from the requirement that the re- 0 B

gion of parameter space under consideration should be con-
sistent with the approximations that apply in the semi-
classical and classical epochs. We shall see that these alsoFIG. 1. Smalla behavior of the effective geometrical density
provide strong constraints on the set of ambiguities that leafld; ,(a)] for different values ofl and j=1. The monotonically
to appropriate initial conditions for the onset of inflation.  increasing dotted line corresponds to the classical expectatidn

The plan of the paper is as follows. In Sec. I, the ambi-
guities that arise in LQC are discussed, including a compari- In the Wheeler-DeWitt quantization procedure, the Hamil-
son of such ambiguities from the perspective of the fulltonian operator diverges in the lim&—0. LQC provides
theory. Section Il considers issues relevant to the setting afmajor insight into this issue. Near=0 the concept of space-
initial conditions in inflation. Section IV presents an approxi- time does not exist and one is in a full quantum gravity
mate analytical scheme for following the evolution of the domain. The information about spacetime is encoded in the
field during the semi-classical phase and Sec. V presents tlgpantum stateépin networks on which geometrical opera-
numerical results. We conclude with a discussion and contors have discrete spectra. Moreover, one can quantize even
sider future directions in Sec. VI. inverse powers of metrical expressions, which diverge clas-
sically, and obtain well-defined resu[&]. In the cosmologi-
cal context this implies that eigenvalues of inverse powers of
the scale factor also have a finite bounded specfi@mAt
larger volumes, where the universe is in a semi-classical

There are various freedoms in any quantization schemestate, the quantum behavior can be approximated by a con-
In particular for LQG a number of ambiguities arise in the tinuous spacetime which retains some of the quantum geo-
derivation of the quantum evolution and of the effective cos-metric properties. It is these semi-classical effects that pro-
mological field equations from the quantum difference equavide potentially observable consequences.
tions. In fact, quantum cosmological field equations require
the appearance of operators that are not fundamental in a A. Ambiguity parameters

loop quantization, but are composite expressions constructed . . . .
: ' . Since the main reason for the occurrence of classical sin-
from basic ones in more or less complicated ways. In gen-

eral, a quantization of composite objects does not have gu_larmes is the diverging matter Hamiltonian, it is not sur-

unique realization and possible consequences of differert o9 that the main ar_nblgwnes that are relevant for our
urposes are contained in the quantization of the geometrical

choices have to be studied. The operators affect the sermh,

classical behavior which can be modeled by considerinq(:]ensny’d(a):=a73’ that is present in the kinetic term of the

their expectation values in the semi-classical domain, and aosfa,ttrfgr He?)mlelztt? E:IndeAr?;': qg;:tézeagon’rézsmd;tsgéei zpce;;t[lijnmu-
we will see it matters which choice of quantum operator is 9 y bp

taken. Among the wealth of ambiguities there are some witlPus function ofa carrying quantum effects. Its precise form

the strongest influence on the effective classical behavioﬁﬁgsk;ﬁ Cr(;rsnupltlf;[\edir?g%eei F;:;tggrl]ard?;rzggigg SCT\?vg]e alls
which we will discuss in this section in more detail and then ' 9 P Y P

use in the rest of the paper. rametersj, |} [8,16]
We chus on the spatially isotropic and topologically com- dj(a)= D/(q)a 3, q= azlai , ai =4l lZDIj 3, (2
pact Friedmann-Robertson-Walker models sourced by a
single scalar fieldg, that is minimally coupled to Einstein \yhere y~0.13 is the Barbero-Immirzi parameter ahglis
gravity and self-interacting through a potentid{¢). The  the Planck lengtiisee Fig. 1 As we will see, the scala,
classical Hamiltonian for this matter degree of freedom is getermines the size of the scale factor below which the geo-
metrical density is significantly different from its classical
11, form, which cannot be captured even perturbatively on
Hy=5 ZPpta’Vie), (1) smaller scalesa<a, . The size ofa, is determined by the
a half integerj, which is our first ambiguity parameter, and is
so far unrestricted by considerations in the full the@yen
Whereg is the scale factor of the universe and ClaSSica”ythough one can argue that smaller values appear more natu-
p¢,=a3¢ is the momentum canonically conjugate ¢o ral; see the following subsectinrirhe functionD, character-

II. QUANTIZATION AMBIGUITIES IN LOOP QUANTUM
COSMOLOGY
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iZing the modified denSity is SUbjeCt to further ambiguities.tions of h|gher order |ra, but they p|ay a role 0n|y close to

Here we focus on only one parametewhich determines the  the scales; . More important is the presence of the modified
behavior of the density on scales small compared,td8].  geometrical density in the kinetic term of the matter Hamil-
The parametet can take any value between zero and oneonjan. The main modification of the constraint is obtained,

and leads to the function therefore, by replacing 2 in the matter Hamiltonian with
3 the modified densityl; |(a). In this way, the effective semi-
Y B -1 42 |q_q[1+2 classical dynamics from the constraint
Di(a) [Zlq (<|+2> [(a+1)"*?=|q-1["*?] _ A
H:=—3a’a+8mG(H,)=0 (7)
——al(g+1)'*? . o .
1+1 can also become sensitive to the same quantization ambigu-
3i(2-21) ities as the matter Hamiltonian. For a scalar field, we have
_ _ _q|l+1 i
sgriq—1)[q—1| ])] : © Hi=—34%a+87G[d; (a)p/2+aV($)]=0. (8)
Common features for all values pandl are thatd; (a) So we see that for our study there are two different scales

approaches the classical behawor® for a>a, , that there ~ which are important. The first is defined hy, above which
is a peak value aroura, where the density is maximal, and we assume a classical spacetime, but below which the full
that fora<a, the density approaches zero in a power-lawdifference equations must be employed. The second scale is

behavior whose exponent, 3/1), is determined by: defined bya, , below which the modifications to the behav-
ior of the geometric density become important. We see that

d; (a)~[3(1+1)]¥* D (a/a, )*@V1"Da=3 (4  whenj is larger than three, there is an overlap between the
two scales, so spacetime can be considered as continuous,
So far we have discussed only the kinematical properties dhut quantum effects in the density are still important. This
the density operator, which already give us a taste of theegion of overlap then defines the semi-classical regime in
quantum properties to expect. Since loop quantum gravity isvhich our study is based.
a canonical quantization, its dynamics are encoded in the After dividing by a® (which will not be modified since it
Hamiltonian constraint equation which in the cosmologicalis just a classical manipulatipnwe obtain the effective
context is a difference equation for the wave funcfidd]. It Friedmann equation
is a quantization of the classical expression
, 8wy 1 .

H:=—3a’a+8mwGH,=0 (5) Ho=—3— (M) 9

which, upon dividing bya®, is nothing but the Friedmann

equation. From the point of view of the quantization, how—WhICh for a scalar field is of the form

ever, the primary object i&{; there is no direct quantization 8ml2 11
of the Friedmann equation. Moreover, the classical constraint H2=—" =Dy tp?+V( ¢)}_ (10)
‘H plays the role of the Hamiltonian of the whole system, 3 [2

gravity plus matter, which determines the full dynamics via
the Hamiltonian equations of motion. For the matter part,
this results in the equations =

g p,=a’D; '¢ (11)

Here, the scalar field momentum,

¢:{¢*H}* b¢={p¢ M} is different from the classical momentum due to the modified

. . . . matter Hamiltonian and Eq11) follows from the Hamil-
which can be combined to form a second order dn’“ferentlarn q11)

equation fore, the scalar field equation. In addition to the tNian equation of motion fop, ¢=JH/dp, . The effective

Friedmann equation, there is also a second order equation f§Falar field equation is then derived from the second Hamil-

the scale factor, the Raychaudhury equation, which is obtonian equationp,= —dH/d¢, and takes the form

tained via a Poisson bracket of the gravitational degrees of

freedom(but follows also from the continuity equation for b+

the matter together with the Friedmann equation

We can now look at how quantum effects can occur in an

effective, semi-classical expression of the constraint. For This derivation of the effective classical equation is the

scales above original one of[12,13, and we will refer to it as HAM since
here the Hamiltonian is the primary dynamical object.

ai~\ylp, (6) At this point there is the possibility of additional ambigu-

ities since we can now consider the full Hamiltonian as a

we assume the spacetime can be approximated by a contincemposite object. It is, for instance, possible to insert arbi-

ous manifold. Since the full quantum operator is a differencerary positive powers oh3dj,|(a) into the expression be-

operator, the discreteness will lead to perturbative correceause this factor would just be equal to unity at the classical

3H- 2
D,

é+D\V'($)=0. (12
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level. In particular, we can modify the right hand side of theas FRIED since the dynamical law is obtained from a form
Friedmann equation by multiplying the matter Hamiltoniananalogous to the Friedmann equation.

with such a power, The quantum theory provides further freedom for deriving
Friedmann equations and results in further ambiguity. We
just mention one other example, namely that of writing the

8l
nf — —6,2
[2 Dia"py+V( d’)} 13 Hamiltonian in Eq.(1) in a classically equivalent form as

3

2:

wheren>0 is a new ambiguity parameter. In the same way _ 2, 3
as before we can then compute the scalar equations of mo- Hy= 2 ;pfra V(¢)

tion, where nowg=a *D{"""p,,. Thus,

1 1 1
8l _ - 3Nn2 ., = 3(m+1)
He= gpl[le - ”¢>2+D”V(¢>>} 14 2t Pet gV (19
and where{n,m} are arbitrary, semi-positive definite constants,
{m,n}=0 [for m=n we obtain HAMQ)]. The HAM
) Hubble equation(9) thus yields
b+ 3H—(1+n)5: d+DHV ($)=0. (15

D| ‘”“>¢2+Dmvw>ﬁ (20)
This more general scheme will be called HAM(in what
follows. Forn=0, the equations reduce to those of HAM. ' \yhereas adopting the FRIED quantization procedure begin-

Forn=1, on the other hand, the Friedmann equatt®  ning with Eq.(16) implies that
could also have been obtained by replacing bothath& in
the kinetic term and thea 3 explicit in H? _ 87
=8ml2@a 3H,/3 with d; . When starting with the Hamil- = p
tonian constraint, however, this replacement would happen
only at the matter side but not in the gravitational pd#t  In these extended schemes the scalar field equation becomes
=a3%a”a obtained from Eq(5) by dividing by a®.

An alternative to this approach has been advocated in
which the Hubble parameter is viewed as the primary object
in order to derive the effective dynamical field equations
[18]. While the Hubble operator still involves the matter  Thus, freedom at the quantum level, as parametrized by
Hamiltonian, there is an additional difference in its spectrumnon-zero values ofm,n}, results in effective cosmological
arising due to a quantization of thea®/term in Eq.(9) field equations that are radically different from the natural
which thus can be replaced by (minimal) choice corresponding tm=n=0.

In summary, we have briefly discussed the following
5 quantization ambiguities. First, there is the half-integer
<H )= _lPI< ><H¢> (160 \which determines the position of the peak of the effective
density and, consequently, the value of the scale factor at
This results in a Friedmann equation different in form fromwhich classical physics is recovered. Second, we have a pa-
that of Eq.(10), but identical to that of HAML) in terms of ~ rameter 6<|<1 which specifies the initial increase of the

D| "¢+ DM V(). (21)

D,
3H-(n+1) 5 ¢+D("‘+”+1>V(¢) 0. (22

b+

Py: effective geometrical density. How these parameters appear
from the point of view of full loop quantum gravity will be
2 87rl 2 =612 discussed in the following subsection. Moreover, the proce-
3 2 Pyt DIV(P)|. (7 dure for deriving the quantized version of the Friedmann

equation is not unique: differences arise depending upon
In contrast to the scheme HANY), however, it is implicit ~ whether one quantizes the matter Hamilton[d2] or di-
in [18] that the scalar momentum is not changed compared téectly quantizes the Friedmann equation by viewing the
HAM. As a consequence, the scalar field equation still haglubble parameter as an operafd8]. Finally, there is an
the form of HAM(0) while the Friedmann equation in terms additional freedom in writing down the Hamiltonian, and
of p, is that of HAM(1). In terms of, however, the Fried- hence the Friedmann equation. This is parametrized by the

mann equation has a new form, constantsn andn.

8l §| 1. ) B. Comparing ambiguities from the point of view
3 |2? +D\V(¢) (18 of the full theory

) The ambiguities listed in the preceding discussion do not
since the relation betwee# and p, is different. We will  all appear at the same level from a theoretical perspective.
refer to this alternative way of obtaining the Hubble equationFor instance, the parametgrand| emerge when we quan-

2_
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tize the geometrical density and are therefore already preseatit symmetry assumptions, it is much more difficult to re-
at the kinematic level. More specifically, we have to choose avrite the geometrical density in a way which is both suitable
way to write the classically divergerst 2 such that it is for a quantization and still covariant under coordinate trans-
suitable for a quantization. It is not possible to use the scaléormations. That this is possible had been demonstrated in
factor operator directly since it does not have an inverse 4], even before the cosmological calculations had been per-
the loop representatiogri9,20. However, using the canoni- formed. In this case, not all values<0<1 can be used and
cal pair (@%p,2) and the loop Vvariable h, some are preferred, even though there is still no unique
=exp(P27/87yG) with Pauli matricesr;, we can write choice. But instead of a continuous range only a discrete
sequence),=1—(2k) !, ke N, appears(see the Appen-
—3_ o ; -1 dix). Moreover,l,= 3/4 appears most natural and also corre-
a "= 38myGl(+1)(2j+1)] sponds to the quantization of matter Hamiltoniang4h It
sz 20) would rlegkult _irr: ?n ifnitiarll pc(Jjwer_Iaw of the forra'?, or in
A -1 42 generala®™ with I, for the density.
XZ tri(Airitudhy 8% 23 The schemes HAM{) and FRIED can also be distin-
guished by internal considerations. As explained before, the
which is a classical identity and involves only positive pow- Hamiltonian is the primary object in a canonical quantization
ers of the scale factor for<Ql<1. The basic quantities for so FRIED, which puts the emphasis on the Hubble param-
the loop quantization are the squared scale faafoand its  eter, is more specific. In fact, a corresponding quantization in
conjugate momenturp,2 appearing irh, . The trace is taken the full theory is not possible, while the quantization steps of
after evaluating the expression in the irreducible(®Uep- HAM are modeled on those of full loop quantum gravity.
resentation with spif, which is our first ambiguity param- Among the different possibilities in HAMY), it is clear that
eter. In addition there is the parametepecifying the power HAM=HAM (0) is most natural since it corresponds to no
of a? in the expression foa 3. Both parameters are com- additional insertion of3d(a).
mon to all the other schemes discussed above. Additional To summarize, forj there are the weakest restrictions
freedom then arises when we quantize the Friedmann equé&om the theoretical side alone, even though small values
tion, corresponding to ambiguities of the dynamics. look more natural. For the other kinematical parameter
Another difference between the types of ambiguities isthere is a discrete set of preferred choices when we compare
that not all of them appear equally natural, and some valuewith the full theory, such that all values lie in the interval
of the parameters can be preferred compared to others. Thu2<I|<1. Theoretical considerations for the dynamical am-
a choice may be made already from a purely theoretical poiniiguities strongly prefer the original scheme HAM. The rea-
of view by comparing the expressions in loop quantum cosson for the fact that the dynamical ambiguities are much
mology and the corresponding ones in full loop quantummore restricted conceptually can be seen in the different way
gravity. they emerge. We cannot avoid the kinematical ambiguities
For the parameterthere are virtually no internal restric- since the most direct way to quantiae® is ruled out by the

tions, not even when we use the full theory since there theon_existence of an inverse afin the loop quantization. We
same freedom appears. Because it corresponds to choosing@n have to use a more complicated quantization obtained
non-trivial irreducible representation, one may argue that th@ger rewriting the classical expression. This opens the door
most natural value ig=1/2 for the fundamental representa- for ampiguities which are unavoidable. For the Hamiltonian
tion. This is also the smallest allowed value fofAn addi-  constraint, on the other hand, the most direct quantization
tional argument is that from the fundamental perspective W qes work and leads us to HAM. The other choices change
really choose two representations, one for the gravitationgh;g procedure in a similar way to that of the kinematical
part of the constraint and one for the matter part. The graViambiguities, but these changes are no longer forced upon us.
tational part gives us tha® which no longer depends on the Thus, the most direct procedure which works appears as the
representation. Still, one would regard a choice as more natunost natural one.
ral if the two representations are close to each other, which In the remainder of this paper we present the first inves-
points toward smallej.) But once one does not restrict one- tigation of the ambiguities from the point of view of cosmo-
self to this choice, there is no distinction between higherogical phenomenology. In particular, we are interested in
values except that huge onésf the order 18° or large)  whether or not the conceptual expectations discussed so far
would be excluded by particle physics experiments. In thisare also favored by the phenomenological ones. The main
paper we thus keepas the main ambiguity parameter to be focus will be on the parametgy in particular contrasting
restricted with observational input. An interesting question issmall with large values, and on differences between the
whether the cosmological evolution of the early universeschemes HAM and FRIED.
would also point to smaller values pbr require it to be very
large. . o IIl. INITIAL CONDITIONS

Concerning the parametér the situation is different. It
occurs becausa ™ is rewritten as a Poisson bracket involv-  In this section we study the phenomenological conse-
ing a positive power 0&2. From the point of view of the full quences of various quantization ambiguities discussed in the
theory,a? corresponds to the isotropic component of a denpreceding section. Our main focus will be to determine the
sitized triad, on which the loop quantization is based. With-importance of these ambiguities in establishing appropriate
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initial conditions for slow-roll inflation. Within the context of is the range of appropriate values for the initial conditions

chaotic inflation, it has been argued that the universq(ﬁi,gj,i}_ If one views the inflaton as a localized wave

emerges from a spacetime foam at the Planck scale, whegacket, this has a spread in position and velocity. Such a

the energy density is of the ordEn‘F‘,I [21]. The value of the spread has a lower bound due to the minimal uncertainty

inflaton takes different values in the different regions of therelation, [A¢Ap,|=1. For the extended quantization

universe and inflation proceeds in those regions where thecheme of Eq(19), the momentum canonically conjugate to

field has suitable initial values. In the case of a quadratiche field is given byp,=(a%d; ) "*a®¢, and so the un-

potential, V() =m?$2/2, wherem is the mass of the infla- certainty relation can be written as

ton, inflation is possible in those regions whéggp; > 1/4. )

(For a review, see, e.g., RéR2].) |ApA¢|=[dj,(a)]"" & (24
Inflation is presently the most favored scenario for de- = ) S ] )

scribing the very early history of the universe and has reThis is equivalent to considering a semi-classical state of the

ceived strong support from recent observations of the CMé”fla(:c}n v;/]hen it ekr]nerges ir(;to the glﬁSSiCﬁl regime. Tof pro-
power spectrunf23]. However, the question of whether a ceed further, one has to understand how the transition from a

given set of initial conditions is favored is difficult to quan- wave packet to sharp, classical initial conditions is made. In

tify in the absence of a full theory of quantum gravity. In general, this issue involves the interpretation of the wave
view of these developments, it isyim ?)rtant to ?nves{i. atefunCtion in quantum cosmology and the measurement pro-
P ’ P 98055 and is beyond the scope of the present paper. In view of

physical processes that enable the inflaton field to reach th[ﬂis, we keep our assumptions as weak as possible but take

values required for inflatio'nary expansion. into account the essential effects arising from the uncertainty
Recent developments in loop quantum cosmology ha"‘forinciple.
provided a mechanism for setting up the necessary condi- gince the uncertainty principle only limits quantum physi-

tions for inflation even if the field is initially located in @ caj fluctuations, and not the expectation values, it would cer-
minimum of its potential and has a low kinetic enefd— tainly be consistent to specify; =0= ¢; initially. However,

14]. A.‘t sufficiently small volumg di<a<a,), quantum Me" such an assumption would effectively ignore the uncertainty
(‘thanlcal effects_ cause the un.lvers_e to unde_rgo a SUpe”nﬂﬁ'rinciple and any possible effects originating from fluctua-
tionary expansion,H>0, which is not driven by the tjons of the mean inflaton value. Indeed, a standard probabi-
potential energy of the inflatofi2]. The asymptotic form of |istic interpretation would imply that the most likely values

D, implies that the frictional term in the scalar field equationfor the inflaton are of the order of the sprealig andA ¢

(12) cha_n_ges sign. Hence, the expansmn_of the universe aClohereas very small values would be unlikely. As order of
as a driving term and accelerates the field away from th

. > : . . ‘?‘nagnitude estimates are employed in what follows, we will
potential minimum. Since the potential term in the scalar.

field equation(12) is negligible forD, <1, the kinetic energy |dent|fy th'e |n|t|§1l veIocny.of the inflaton Wl.th the spread in
of the field rapidly dominates the dynamics. velocity (¢i~A.¢)' IIEquatlor)(ZA:) then.prowdes a measure

Once the universe has expanded sufficiendy-@, ), the of the uncertam?y in the fleld_s posmqn on .the potential
conventional classical dynamics is recovered. The field del®i~A ¢, assumings; =0 classically. This provides a mea-
celerates, reaches a maximum displacement and rolls bagiire for choosing¢; , ¢} as initial conditions in the ODEs.
down the potential. If the field is able to move sufficiently far ~ Using thea<a, limit of d;, given in Eq.(4), Eq. (24)
up its potential, the conditions relevant to standard, slow-rolimplies that
inflation may be realized in a natural way. Moreover, if the 32—
. . . . . _ 3 |\ 3(2-2)
field reaches its point of maximal displacement some 60 | by bi| > _) i
e-foldings or so before the end of inflation, the perturbations e 1+1 ay
generated during the turning point could lead to observable (25
effects in the CMB[14].

From a conceptual point of view, this suggests that the s
of initial conditions that leads to slow-roll inflation might be
significantly widened in loop quantum cosmology. However,"""
a crucial question that must be addressed is whether thiith |
behavior is robust under the quantum ambiguities discussed
in Sec. Il. The scalar field equatidd?) has the same func-
tional form for both the HAM and FRIED quantization
schemes and, sind®|<1 for a<a, , we expect the uni-
verse to rapidly enter an epoch of superinflation in both 2% 1P
cases. I . . |1 pigpi| = Rtk e

For a more quantitative analysis we begin at the onset of 1313 6]
the semi-classical regimeata;), where we can approxi-
mate the difference equations as coupled ODEs represented The inflaton is effectively localized around the minimum
by the modified Friedmann and scalar field equations foof the potential within the rangA ¢|, and a given initial
each quantization scheme. An immediate question that arisesndition can be set anywhere within this rangg~

3(2-1)/(1-1)Tn+1

a;

g

e‘[he discrete nature of spacetime becomes significant on
scales belowa,~+/ylp and it is natural to invoke this esti-
mate as the initial value of the scale factor. In this case, and
=3/4,

| ¢i ¢I| = 105n+6.3lj —15(n+ l)/2| };|3. (26)

Forn=0, Eq.(26) simplifies to

(27)
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+A¢. The sign of the field’s kinetic energy at the beginning required.(We do not take into account thefoldings of ac-

of the semi-classical regime is important. If stf;) celerated expansion that arise during the superinflationary
= +1, the field begins moving up its potential immediately. €Poch. This is because standard perturbation theory is un-
If, on the other hand, sgHié;) = — 1, the inflaton rolls back stable during this phadé4]. We therefore implicitly assume

rapidly through the minimum of its potential and up the otherthat anisotropies in the CMB are generated during a conven-
Apidly 9 P P the ONer onal phase of slow-roll inflation.For a quadratic potential,
side. Consequently, there are two separate possibilities if th(—F1 . L
o i o . the Cosmic Background ExploréCOBE) normalization of
potential is an even function of the f'ellq‘f’i%m.d’h‘f’i the CMB power spectrum constrains the inflaton mass to be
>0} or {¢i=—|A¢|,¢;>0}. In the following sections we m~10-%, and, in this case, the horizon problem is solved
concentrate on these initial conditions and also consider thg lpidmas=3 [21,22.

set{¢i=0,¢i>0}, as this represents the midway point be- The second constraint concerns the region of parameter

tween the two extremes. space where the semi-classical and classical approximations
are valid. In this work, we confine ourselves to the regime

IV. ANALYTICAL APPROXIMATION SCHEME where the dynamics is determined through coupled ODEs

and spacetime is effectively viewed as a continuum. Conse-

A. Transition from semi-classical to classical dynamics quently, at the epoch of transition to the classical regime, the

In this section, we develop an approximate analytical apHubble length should exceed the limiting scale consistent
proach to estimating the conditions for successful inflation ifwith such an approximation, i.eH ™ *>/ylp. (This is
LQC when the field is initially located in the vicinity of its €quivalent to the condition that a classical description of the
potential minimum. Both the HAM and FRIED quantization dynamics is consistent only at energy scales below the
schemes are considered, where the scalar field equation Bfanck scalg.Since the Hubble parameter and the inflaton’s
motion is given by Eq(12). The basis of the approximation kinetic energy are monotonically increasing functions during
is to separate the rolling of the field to its maximal valuethe semi-classical regime, this leads to an upper bound on the
dmax iNto two distinct epochs—a semi-classical, super-duration of that phase. An estimate for the limit on the field’s
inflationary phase followed by a classical epoch. Thekinetic energy at the transition epoch follows directly from
asymptotic form(4) of the eigenvalue functionD,(a), is  the Friedmann equation by settibg=1. For both the HAM
invoked throughout the semi-classical era and it is assumeand FRIED quantization schemes, this implies théd
that the transition to classical dynamics occurs instanta~47l2,¢$%3 and hence that
neously whenD, reaches unity. It is further assumed that

once this condition has been attain€2l, remains fixed at _ 3 |12

unity. Numerical simulations confirm this by indicating that |I§,,¢S|s(— , (29
once the eigenvalue function approaches unity it does so 4y

very rapidly.

The field reaches its point of maximal displacement whervhere a subscripg denotes the values of the parameters at
the potential begins to dominate its kinetic energy. Numerithe transition time. We refer to the bouf@P) as thekinetic
cal solutions indicate that a good estimate for the turningoound
point can be determined from the conditid¥]

B. Classical dynamics

1.
E¢ﬁ1ax~v(¢max)- (28) To proceed, let us consider the classical phase. For a
massless scalar field/&0), the Friedmann and scalar field

For concreteness, we consider a quadratic self-interaction p§duations can be expressed in the Hamilton-Jacobi form:
tential,V=m?2¢?/2, wherem represents the mass of the field, dH! 2
although the approach we develop is independent of the par- (_) = 1277|§||-| 2 (30)
ticular functional form of the inflaton potential. A quadratic de

potential may also be viewed as a lowest-order Taylor expan-

sion of a more general potential around a turning point. 5 -

Moreover, since the inflaton is evolving away from the mini- do —47lp, (31
mum, it is expected that its kinetic energy will dominate the
cosmic dynamics until Eq28) applies. We therefore view

the inflaton as a massless fielf£0) until it reaches its where time derivatives are replaced throughout by deriva-

turning point. tives with respect to the scalar field. The general solution to

From a phenomenological point of view, there are tonqs'(SO) and(31) is given by
important constraints that must be satisfied for successful
inflation. First, sufficient inflation must occur to solve the H=Hgexd — V127lp(d—dg)]. (32
horizon problem and this implies that the field must be suf-
ficiently displaced from its minimum when it begins to roll Substituting Egs(31) and(32) into Eg.(28) implies that the
back down. The required amount of inflation is dependent oomaximal value attained by the field for both HAM and
the reheating temperature, althoughesfdldings is typically  FRIED schemes is given by
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scalar field(35) in terms of its initial value. This is deter-
mined from the solution to the field equations for each of the
guantization schemes.

I¢5|

d’ma)ﬁv‘ml PIPmaxa eVTz;l PIds

(33

When the potential is negligible, the scalar field equation

(12) admits the first integral:

C. HAM quantization
The solution to the Friedmann equati¢i0), neglecting

a\3-n
b=l — , (34)  the potential, is
a.
' a\3@-Nhie-2)
where the subscrigtdenotes initial values at the beginning ¢= ¢+ B, - —1}, (42
of the semi-classical regime. Substituting Eg4) into Eq. :
(33) then implies that where
" 3/(1-1)
b T PP ma @ as e T2l pids, (35) 2(1-)[ 6 V2 g )3/(44|) a, | 3@-Ne-2)
mAa 7321\ gaiz) \TF1 a,
As discussed in Sec. Il A, the smallest value for the scale (43

factor that is consistent with viewing spacetime as a con-

is a constant. Since the expressions for gerleaisé cumber-

tinuum is .
some, we focus in what follows on the vallie 3/4 and the
a; (3| limit 1<1. We discuss the limit—1 in Sec. VI. Equation
=\, a, |7 (36 (42) simplifies to
and it then follows from Eq(4) that a2
! $=d+Baq| | 1], (44)
as [1+1\¥¢4-2) i
a, | 3 ’ o 2[5 Y2112\3( a, | 1572 ,
ag [\ M2(1+ 1) -2 15\ gq12) |7/ la, 49
a 5) 3 37
! for |=3/4 and to
Substituting Eq(37) into Eq.(34) then yields an estimate for 3
the initial value of the field’s kinetic energy in terms of its _ a)
. . =+ — | =
value at the transition time: ¢=di+Bo a, 1, (46)
C . [g\3-2)) g \3M(E-2na-D)] 6 |12 s
¢i:¢s(-_) —) (38 o a
I+1 Bo=3""—| |— (47)
] 0 87T||,23| a'*

Imposing the kinetic boun{29) then leads to an estimate

for an upper limit on the combination of parametersfor I<1.

il12,#i12@Y% in terms of a constant with numerical value
determined in terms of the parameterandl:

In general, the total shift in the value of the field induced
by the anti-frictional effect of the semi-classical phase in-
creases for increasing since the duration of the super-

2 a1 @=ni/ 3 \Uz-nH inflationary dynamics is enhanced for higher valuesj.of
jlI3pi| 2 B<3 Ay 150 (39  consequently, the condition for the horizon problem to be
solved can be expressed as a lower limit on the valjdaf
Equation(39) simplifies to given values ofl, ¢;}.
Substituting Eqs(44) and(45) into Eq.(35) and employ-
i< 5 (40 ing the estimate$36) and (37) implies that
N ||§|¢'|1/6 o] . . 5
| i P Plm 140 %15 | € PRt (48)
for |=3/4 and to
whenl=3/4, where it is assumed thpis sufficiently large
_ 64 for (as/a;)'®>>1 [this requiresj=®(3)]. The COBE nor-
J\—||2¢ |2,3 (41) malization constraint on the mass of the inflaton field has
PI%i

for <1.

We now require the value of the scalar field at the transi-
tion epoch in order to estimate the maximal value of the

also been imposed. The horizon problem is therefore solved
(IPI¢max>3) if

In(j8[12,¢5i]) + V127 pip; = 14.6. (49)
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As discussed in Sec. lll, an estimate for the initial value . 3
of the inflaton field may be derived from the uncertainty In(j 21 3i]) + V127l pip =172, =2
principle. Since we are primarily interested in this section in
determining the influence of the anti-frictional effects, we )
specify ¢;=0 as this provides a transparent measure of the In(i*12¢5i]) + V1277 pih;=10.6, |<1. (56)
overall shift in the value of the field due to the semi-classical
corrections. In effect, the uncertainty principle then changes For the case where; =0, this implies that the horizon

this value by a constant amount for each sefjof, ¢;}. The ~ Problem is solved if
combined effects of the anti-friction and uncertainty prin-

(55

ciple on the constraints are determined by numerical analysis ) 10 3
in the following section. 1= 112,65, |25 =7 (57)
Equation(49) then implies that P
1 (50) = <1 (58)
j=——— 50 j=——0, I<l
|13,bi] M 131"
for ¢;=0 and comparing the limit$50) and (40) for the Comparing the limitg57) and (58) with the correspond-

HAM quantization implies that they are incompatible for this ing kinetic boundg40) and(41) implies that
value ofl. This would seem to indicate that successful infla-

tion within a purely semiclassical description is not possible 10 5 3

with these initial conditions. e < —= , ==, (59
It is worth addressing briefly the question of how different [15i5i] 7S [ER R 4

values of the parametérwould alter this conclusion. Since

lowering the value of leads to superinflationary expansion 35 6.4

that is closer to the exponential limit, it might be expected j I<1. (60)

- <js— ,
that the kinetic energy of the inflaton field would grow less ||E>I¢i|1/3 |||%I¢i|2/3
rapidly during the semi-classical phase. However, &q4)

implies that loweringl does not significantly weaken the As a result, the horizon problem can be solved only if
kinetic bound onj. Furthermore, fol <1, substituting Eq. [12,¢|<10"° when|=3/4 and if |I3¢|<6x10 % when |
(46) into Eq. (35) implies that the horizon problem is only <1,

solved if

(i ¥4I 3i5i]) + V127l pip = 7.2 (51) V. NUMERICAL RESULTS
In this section, we determine the regions of parameter
and for ¢; =0, the constrain{51) reduces to the condition space that lead to successful inflation in the HAM and
FRIED quantization schemes by numerically integrating the
120 field equations, where the complete expressi@nis as-
1z 55 (52 sumed for the eigenvalue function and the inflaton potential
= is included. The results are presented in the form of plots of

the ambiguity parametey, againste; for a given value of.
D. FRIED quantization On each plot a solid line represents the boundary for the

For the FRIED quantization scheme, the solution to thg10rizon problem to be just solvetand consequently for
Friedmann equatiofi8) in the limit of kinetic energy domi- large angular scales on the CMB to correspond to the turning
nation is point in the field’s dynamigs A dashed line represents the

boundary where the kinetic bound is just violated. Shaded
1/2
3
=i+ ( ) In

a areas represent regions for successful inflation.
2
47T| Pl

a

(53

A. {¢=0,¢;>0)=34}
and substituting Eq(53) into Eq. (35) implies that We begin by considering the set of initial conditiof;

=0,¢i>0} with 1=3/4 in order to compare the exact nu-
eTZpdi (54 merical results with the approximation scheme developed in
' Sec. IV. Figure 2 shows the analytic estimates for HAM
guantization without the minimum uncertain{®7) imposed
The method of estimating when the horizon problem isand Fig. 3 shows the results for the same system from nu-
solved is similar to that employed in Sec. IVC for HAM merical integration. The corresponding results for FRIED
guantization. Substituting Eq$36) and (37) into Eq. (54)  quantization are shown in Figs. 4 and 5, respectively. The
and imposing the requirement tHai¢ .= 3 implies that horizon problem is solved above the solid line and the ki-

ag| 3NN

g

Vi2ml PIPmaxa M

Pmak m
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FIG. 2. Analytic results for HAM quantization with=3/4 and FIG. 4. Analytic results for FRIED quantization witk-3/4 and
initial conditions ¢;=0 and ¢#;>0. The solid line corresponds to initial conditions¢;=0 and¢;>0. The horizon problem is solved
the case where the turning point of the inflaton is¢at 315" . in the region above the solid line and the kinetic bound is satisfied

Sulfficient inflation to solve the horizon problem arises in the regionbelow the dashed line. The shaded area represents the region of
above this line. The kinetic bound is satisfied in the region belowparameter space that leads to successful inflation for this set of

the dashed line. The two regions do not overlap. initial conditions.

netic constraint is satisfied below the dashed line. Necessary B. {,#0,¢p, >0, =34}
. . 1 il 1 9!

conditions for successful FRIED inflation a|r|é,|¢i|s10‘8

. We now discuss the consequences of the ambiguities for
andj~100. o . ; e - ;
realizing successful inflation from the initial conditions im-

There is good agreement between the analytic and nu- ) oo i
merical approaches in both schemes. The analytic approx rosed by the uncertainty princip(@7). For the HAM quan

. ! : . ization scheme, substituting E7) into the condition for

mation typically underestimates the maximum value of the . N
. 1 ) . the horizon problem to be solved, E49), implies that the

scalar field by about OlE,~ when ¢~ 3lp~ leading to a condition
small error in the total number @foldings, AN~4. Such
an error is comfortably within other uncertainties that reduce 2% 10
the total number o&-foldings required to solve the horizon
problem. In particular, the required number efoldings
may be as low adl=30 for a reheating temperature at the

In|j®13,¢;| = ———>14.6 (61)
e 2156

electroweak scale. The analytic approximation works We”Iead_s to successiul mflqtlc_)n. Th_e effect_ of starting the dy-
namics away from the minimum is contained within the sec-

because the transition from,«a®? (=1 to D, -1 is dt the left-hand side. Thus. f ven initial ki
very rapid. Numerical results also indicate that the accelera2"¢ €M on he [ef-hand side. Thus, Tor a given inital ki-

tion of the scalar field is initially very strong and that the netic energy, the horizpn F’mb'?m is solved for suffi_cier_nly
non-inflationary phase where the field rolls slowly up theSMalll- The corresponding condition for FRIED quantization
potential is relatively short. follows by substituting Eq(27) into Eq. (55):

600
1000
500},
800f
i 400
i .
600f :
300f
400f 200l
200f 100}
0 0
10 10

FIG. 3. Numerical results corresponding to the scheme shown in  FIG. 5. Numerical results corresponding to the scheme shown in
Fig. 2. Fig. 4.
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FIG. 6. Numerical results for HAM quantization with=3/4,

where the initial value of the inflaton is determined by imposing the,ere the initial value of the inflaton is determined by imposing the

uncertainty principl€27). The horizon problem is solved in regions uncertainty principle(27). The horizon problem is solved for all
above the solid line and below the dotted line. The region below the

dashed line satisfies the kinetic bound. The potential energy of thvalues off and¢; covered in the figure. The conditions for success-

field exceeds the Planck scale below the dot-dashed line. Successﬁ# |mflat|on are therefore limited only by the requirement that the
. S S ) classical phase corresponds to energy scales below the Planck scale.
inflation is possible in the shaded region.

Successful inflation arises in the shaded region.

FIG. 7. Numerical results for FRIED quantization withk 3/4,

A3l 3.2x10 .
51n PP+ = - - smaller values of. This follows because the power depen-
3.2x10° ) j*¥313,4 dences on the initial kinetic energy in E(G0) differ to a
greater degree dsdecreases and the intersection of the two

Figure 6 shows the numerical results for the HAM quan-constraints in Fig. 4 is located at higher values jaf$;}. A
tization scheme, where the inflaton field emerges into theower value ofl corresponds to an expansion rate that is
semi-classical regime such théd;,#;}>0. In this case, closer to the exponential limit and therefore the kinetic en-
there are two pairs of constraints. The regions above thergy of the field grows less rapidly. Consequently, the super-
solid line and below the dotted line solve the horizon prob-inflation phase must last longer to ensure the field has suffi-
lem. The upper region solves the horizon problem dug¢ to cient kinetic energy to solve the horizon problem. The full
and ¢, being sufficiently large. The lower region solves the numerical integration supports this generic behavior. The
horizon problem since the inflaton’s starting position is@greement between the analytic and numerical approaches
higher up the potential for smallér The region above the improves at highek, which can be seen from Fig. 8, showing
dashed line violates the kinetic bound. At snjalthere is a  that the peak widens for smallAt lower |, the turning point
further constraint that must be considered. In this region opf the field is underestimated by no more thanlg1to
parameter space, the field may be displaced from its mini0.2|,§|1 when ¢max~3lg|l.
mum to such an extent that most of its energy is in the form For the HAM quantization scheme, the kinetic bound and
of its potential. In this case, the potential is bounded to beéhe horizon problem constraint both take the form
less than the Planck scale. The region below the dot-dashgg 2112 DB~ A, where A,=A((l) is a numerical con-
line violates this constraint. Thus, there exists a region foktant determined bi In this case, it is the numerical factor
successful inflation in HAM quantization.

Figure 7 illustrates the numerical results for FRIED quan-
tization. The horizon problem is solved for all values of

0. (62

1.6

{j,éﬁi} covered in the figure. The kinetic bound and corre-
sponding constraint on the potential limit the region of pa-
rameter space. Successful inflation is possible.

C. Effects of varying |

We now consider how different values lolter the above
conclusions. We have numerically integrated the field equa-
tions wherel varies in the range 0.641=<0.95. (The super-
inflationary expansion is so extreme for highethat the
numerical integration becomes unreliaplln Sec. IV D, it
was found that in the case of FRIED quantization, the region
of parameter space for successful inflation is widened for

14
1.2

1
08
06
04
02

0

0 02

0.4

0.6

FIG. 8. The behavior of the functidn, for different values of.
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Ay which is important and successful inflation requiresnomenological point of view at the semi-classical level, as it
AineiicAnorizon- The analytic approach for the case ¢f  results in a larger region of parameter space for successful
=0, as summarized in Eq$41) and (52), indicates that inflation (this has already been indicated [ih8]). This is
reducingl below | =3/4 strengthens the inequalific  iNteresting given that the HAM quantization scheme is di-
<Arorizon- FOr1>3/4, numerical integration implies that the rectly based on a Hamiltonian whereas FRIED involves ad-
difference in the numerical factors is reduced, but not suffi-ditional multiplication with eigenvalues of the geometrical
ciently for the inequality to be reversed, at least uplto density operator and thus appears less natural conceptually.
~0.95. Hence, the two lines never intersect in Fig. 3 and N HAM quantization, the field needs to be displaced from
there is no region of parameter space which simultaneousfis minimum, for example by quantum uncertainty effects, if

satisfies both bounds. Indeed, for given valueéiﬂaf I}, the it is to move sufficiently far up the potential without violat-
highest value ofj tha't is jus£ consistent with th,e ’kinetic ing the bounds imposed by the semi-classical approximation.

bound tvpically leads to a turni int in the field’ i However, care should be taken in interpreting the kinetic
ound typically leads to a turning point in the field's motion bound(40)—the solution(34) overestimates the value of the

at dma=2.4 Plll- Numerical integration indicates that this fie|q's kinetic energy at the transition since the form of the
holds over a wide range d¢fand implies that the field must eigenvalue functionD,, given in Eq. (4) represents its
be displaced from its minimum for successful inflation to asymptotic form in the limii<a, . Moreover, the estimate
procee_d. o for ag, the scale factor at the transition epoch, given in Eq.
As in FRIED quantization, the agreement between ana37) is not precise, since there is no exact definition for this
lytic and numerical results is good, and improves at hidher parameter. If the kinetic boun@0) were to be relaxed
We conclude, therefore, that varyigloes not significantly  sjightly, then it would become marginally consistent with the

alter the overall qualitative picture in this scenario. horizon problem constrairg50). This indicates thatf suc-
cessful inflation could be realized within this semi-classical
V1. DISCUSSION framework, the conditions would be such that just enough

. . e-folds of accelerated expansion would arise for the horizon
In this paper we have considered some of the cosmologi-

cal consequences of ambiguities that arise in loop quantur‘ﬁmblem to be solved. As a result, astrophysically observable

gravity. We have focused primarily on the importance Ofscales today would correspond to the turning point in the
: field’s dynamics.

these ambiguities in realizing the conditions that lead to a it should be emphasized that failure to satisfy the kinetic

phase of slow-roll inflation when the inflaton is initially lo- . ;
. - : . . -bounds does not necessarily rule out certain parameter
cated in a minimum of its potential. We have invoked a semi-

classical treatment, where the dynamics of the universe ighomes or quantization schemes, but only limits the allowed

: . range where the approximation to ODEs can be employed.
governed by non-linear ODEs. The key requirement for suc: i
cessful inflation within this framework is that sufficient in- When the Hubble length becomes smaller than the funda

flation is possible in the region of parameter space where thi gn(tglsgq'?grgtig?nsii;%ﬁg;geiﬁjgﬁgvsng%issfgzc:??ie d
approximation remains valid. In particular, this implies that y P

the initial kinetic energy of the inflaton must be sufficiently py the full quantum equations, which are a difference equa-
small. tion for the wave function in the case of loop quantum cos-

Our main conclusion is that the initial conditions for m,g\:\aggn%gRlltEg spcohsesrlr?lees wgfjlg]ggfo:;in;evdgﬁk \?igtk?letg?a
slow-roll inflation can be realized in a wide region of param- qually

: . henomenological level.
eter space in loop quantum cosmology. In this sense, theré” o o
fore, LQC is robust to ambiguities in the quantization and Considering value$<3/4 does not alter the qualitative

enhances the allowed range of initial conditions for inﬂation.b(':‘havI0r of the_ dynamics. In_general, _for agen |n|t|a_I ki-
In particular, kinetic energies many orders of magnitude peNelic energy, this leads to an increase in the lowest valyie of

low the Planck scale can lead to inflation. Moreover, param_conS|stent with successful inflation in FRIED quantization,

eters can be chosen such that the turning point of the inflaton '€ the semrclassmal_phage must 'a§t longer. Con_vg_rsely,
is near to 35|1 corresponding to the largest scales aCcesyvhenl>3/4, successful inflation is possible for lower initial

. . . kinetic energies and lower values pfFor HAM quantiza-
sible to observations. Equati¢ag) shows thathma depends tion, reducingl makes it harder to satisfy the horizon and

only logarithmically onj and ¢; and thus is sensitive only to inetic bounds simultaneously. The kinetic energy of the
the order of magnitude of those valuélmdeed,vlay using the  field increases less rapidly for-0 and it might therefore be
Lambert functiorW(x) defined such that/(x)e"®=x and  expected that it would be easier to satisfy the kinetic bound.
behaving like a logarithm forx>1, we havelpidmax  However, in this case the field lacks the kinetic energy
=W(140\/127rj6|¢iI§,,|e"m'P'¢i).]This verifies what can al- needed to reach a sufficiently high value after the semi-
ready be observed from Fig. 2 of R¢L4]. classical era. Thus, the phenomenological indications| for
For the choicd =3/4, conditions for successful inflation are in agreement with the expectations from the full theory
can be achieved in the FRIED quantization schempif  which lead tol=1/2.
sufficiently high even when the field is located at the poten- In fact, the results allow us to draw further lessons for the
tial minimum. The field tends to move further up the poten-full theory. As discussed in Sec. 11 B, HAM is analogous to
tial in the FRIED quantization than in HAM quantization. In the full quantization procedure whose dynamics is governed
this sense, FRIED quantization might be favored from a pheby a constraint, while FRIED does not have a full analogue.
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From the phenomenological point of view we can separaté¢¢(E) = [ sE for spatial surface$ The important feature of
the range of parameters for different quantizations into threghese expressions is that they are defined in a background
distinct domainsii) values which do not lead to sufficient jyjependent way, i.e., we do not need to choose a metric to
slow-roll inflation; (iia) values which lead to sufficient infla- define the integration. Yet, by integrating the basic fi&s

tion in sughl away .t-hat the scalar ﬁ,EId reache_s_a tu-rning- poinA; are smeared which renders the quantization well defined.
ar.ound 3p g and ,(”b) values. leading to sin‘flment inflation The background independence in particular requires the
with a turning point much higher thanlg™. As we have  gengity weight employed in the tridf . This means that the
seen, FRIED is phenomenologically more robust to ambiguy,, yensitized triag®= E* \[detE] and also the co-triad!,

ities and most cases fall into cla6#). On the other hand, =(efl)ia are obtained by dividing by/[detg] and inverting.

HAM is less robust but has most realizations in cléiss) In ceneral this is ill defined given that there may be possibl
which are more likely to lead to observable effects by putting 9 SISt : g y D€ possibly

the maximal inflaton value just at the borderline for sufficientde%fingrate tr:,?dr?]' tl?l}evt()artf;eless,ngt:s pﬁ]ss'?/\lle ITodCznmdetvs the
inflation. This may indicate that observations of full loop €0-1'ad: Say, Irom the basic quantiies in a well-detined way

quantum gravity are indeed within reach. since[27]
As for j, the lower bounds are larger than unity, as ex-

) 1 )
pected, but not unreasonably large. Thus, the scenario ap- ey(x)= ypre {A'a(x),f d3y\/|detE(y)|] (A1)
pears realistic and does not require fine-tuning, which is also Y

a consequence of the weak logarithmic dependenagi@f  \yhere we have employed the Poisson bracket and integrated
onj. o , over an arbitrary region containing This expression does

A key open question in LQC concerns the evolution of ht jnyolve inverses and can be quantized in a well-defined
scalar(densny_and tenso(grawta_tlonal wavg perturbations way using holonomies, the volume operator, and turning the
generated during the semi-classical epoch. Although standagshisson bracket into a commutator. Such classical identities
perturbation theory is unstable in this regifiiel], it is PoS- e 4t the heart of quantizing expressions as matter Hamilto-
sible that these perturbations may imprint characteristic Signians in the full theon[4] and the geometrical density in
natures of this phase on the CMB power spectrum. 'ndeeqsotropic models.
there have recently been a number of suggestions for ex- o g scalar field Hamiltonian we need a quantization of
plaining the apparent suppression of the CMB power spe detE| Y2 which reduces ta 2 in an isotropic model. The

trum on large angular scales through quantum gravity effect dentity (A1) cannot be used immediately, but we can make
including LQC [14], non-commutative geometry25] and 5. 5ther reformulation:

higher-order curvature terms in string-inspired modeis].
It is important, therefore, to investigate whether observations 1

will be able to discriminate between these different possibili- 1 dete geabceijke;ejbec
ties. Finally, it would also be interesting to extend the analy- = SeE " ]
sis of this work to the regime of the quantum difference V|detE| detE etE

equations of the full theory and to investigate whether any 1
observable effects for the different quantization schemes can i
be uncovered. q = gfabcfijk(477G7)3{A' VY3
X Aj ,V]'/ Aj ,Vl/
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via holonomies, one can easily check that one obté&23
_ with 1=1/2 (in the Poisson brackets we have simpy
APPENDIX: INVERSE METRIC IN THE FULL THEORY =V in both cases

Loop quantum gravity is based on a classical formulation Even taking into account the need for a background inde-

of general relativity using Ashtekar variables. These variabl@endent quantization, there is still some freedom in the full
are the densitized triaB?, related to the spatial metric via tN€ory. For example, we can multiply by any positive integer
power of dek, such that

E2EP=q? detq

1 (dete)*
and the connectioA,=T",— yK! forming a conjugate pair. J|detE|  (detE)Kk+1)72
Here, T, is the spin connection of the triall; the extrinsic 1
curvature, andy the Barbero-Immirzi parameter. = —eabceijk(4wa)3{A;,V(Zk‘l)’3k}
The quantization then proceeds by using as basic quanti- 6
ties holonomies of the connectiom.(A)="PexpfA for _ . k
curves e in space, and fluxes computed from the triad, X{AL,VERDRALAL yy(2k=1)i
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with a discrete rather than a continuous set of the ambiguityhe basic geometrical variable underlying loop quantum
parameter. When evaluating in isotropic variables, we obtainyravity. The analogous reformulation of\ifletE| has been
the form (23) with I,=1—(2k) '=1/2. The valud,=3/4  used in[4] for a full scalar Hamiltoniarisee Sec. Il C of that
results from using ddé to multiply and this seems the most work). Moreover, sincé, is the midpoint of the set spanned
natural choice when we keep in mind ttgtrather thare, is by the valued,, it should give representative results.
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