
PHYSICAL REVIEW D 70, 044001 ~2004!
Holographic Weyl entropy bounds
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We consider the entropy bounds recently conjectured by Fischler, Susskind, and Bousso, and proven in
certain cases by Flanagan, Marolf, and Wald~FMW!. One of the FMW derivations supposes a covariant form
of the Bekenstein entropy bound, the consequences of which we explore. The derivation also suggests that the
entropy contained in a vacuum spacetime, e.g., Schwarzschild spacetime, may be related to the shear on
congruences of null rays. We find evidence for this intuition, but in a surprising way. We compare the covariant
entropy bound to certain earlier discussions of black hole entropy, and comment on the separate roles of
quantum mechanics and gravity in the entropy bound.
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I. INTRODUCTION

Various authors have put forward the idea that a ‘‘ho
graphic principle’’ should be incorporated into any attempt
construct a quantum theory of gravity. This principle, whi
was first developed in papers by ’t Hooft@1# and Susskind
@2#, is on the surface a radical statement about how m
degrees of freedom there are in nature. In essence, the
ciple asserts that a physical system can be completely
scribed by information which is stored at the boundary of
system, without exceeding one bit of information per u
Planck area. Much study has been devoted to the rel
topics of black holes, entropy bounds, and holography,
we will not be able to do justice to the bulk of prior work i
the field. For reviews see, for example,@3–6# and references
therein.

For some time, there was no precise covariant statem
of the holographic principle; however, this situation was re
tified in a series of elegant papers by Fischler and Suss
@7# and Bousso@8–10#. In particular, by choosing appropr
ate lightlike surfaces~called ‘‘light sheets’’! where the en-
tropy of a given system can reside, Bousso was able to
velop a mathematically precise covariant entropy conject
Bousso defined a light sheetG associated with a spacelik
two-surfaceB as a null congruence orthogonal toB. The
light sheet is terminated at caustics, spacetime bounda
and singularities. A Bousso light sheet has the further pr
erty that the expansionu ~see@11#, for example! is every-
where nonpositive. The covariant entropy bound is then
statement that the entropy contained in a Bousso light s
is bounded by the area of its initial boundaryB, or simply
~suppressing\ and Newton’s constantG),

S~G!<A~B!/4. ~1!

Soon after the work of Fischler, Susskind, and Bou
~FSB!, a proof of various classical versions of Bousso
bound was provided by Flanagan, Marolf, and Wald~FMW!
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@12#. In order to make a mathematically precise stateme
which could consequently be proven, they took the step
introducing an entropy flux vector, denotedsa. The total en-
tropy through a given light sheetG is then defined to be the
integral of sa over the surface of the light sheet. The
showed that FSB-type bounds could be proven, provided
entropy flux vector satisfied one of the following two sets
criteria:

Either,

sG•k<~12l!~pkaTabkb1sabs
ab/8!, ~2!

or

~saka!2<Tabk
akb/~16p!1sabs

ab/~128p2!,

ukakb¹asbu<pTabk
akb/41sabs

ab/32, ~3!

whereka denotes the tangent vector to a given null geode
generating the light sheet in question,Tab denotes the stress
energy tensor, andsab denotes the shear tensor of the n
congruence@13#. The affine parameterl is normalized to
range from 0 to 1 over the light sheet. The first condition~2!
is defined for each light sheetG, while the second set o
conditions ~3! are defined pointwise. The condition~2! is
reminiscent of the Bekenstein bound,

S<2pER, ~4!

whereE is the energy contained in a system of sizeR. ~Ref-
erence@14# also discusses the Bekenstein bound and its
lation to the Bousso bound. In particular, a version of t
Bekenstein bound is derived from the Bousso bound, rev
ing the logic discussed here.! We will refer to the relation~2!
as the covariant Bekenstein bound. Indeed, we will note
the next section that for spherically symmetric systems
condition ~2! is quite similar to Eq.~4!. A stronger form of
the Bousso bound follows from Eq.~2!, but not Eq.~3!. If
the light sheetG is terminated on some spacelike 2-surfa
B8, then given Eq.~2! the entropy in the light sheet wa
shown in@12# to satisfy
©2004 The American Physical Society01-1
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A. CHAMBLIN AND J. ERLICH PHYSICAL REVIEW D 70, 044001 ~2004!
S<
A~B!2A~B8!

4
. ~5!

In fact, we will find that this bound can never be satura
unlessA(B8)50.

Flanagan, Marolf, and Wald chose to consider somew
stronger conditions on the entropy flux vector than Eq.~2! or
Eq. ~3! by suppressing the terms proportional tosab

2 , al-
though the neglected terms can be included without viola
the Bousso bound. It is suggested in@12# that the neglected
terms might be related to gravitational entropy, an idea wh
we will explore further in this paper. The possible relati
between the shearing of null congruences and gravitatio
entropy is reminiscent of Penrose’s suggestion that the s
should be interpreted as a measure of gravitationalenergy
@15,16#. The Weyl tensor acts as a source for the shear ten
and hence the shearing of null rays can naturally be in
preted as due to a gravitational contribution to the ene
Amusingly, some of the ideas in Penrose’s paper are ta
lizingly similar to those of Fischler, Susskind, and Bousso
one replaces the concept of entropy with energy. Inde
quoting from@15#:

‘‘...it is suggested that the resultant focusing power
spacetime curvature along a null ray is a good measure
the total energy flux (matter plus gravitation) acro
the ray ... .’’

In other words, Penrose was interested in the idea of m
suring the total energy~as opposed to entropy! which can
flow through a given light sheet. Generically there are t
different types of focusing which may occur along a Bous
light sheet: anastigmatic focusing due to the stress-en
tensorTab , and purely astigmatic focusing due to the she
tensorsab . Here, Penrose borrowed the terminology fro
elementary optics. Anastigmatic focusing means that
conjugate points will appear before the central point at wh
the rays would ordinarily have focused~in the absence of any
stress-energy!. On the other hand, if we fire a gravito
through a light sheet then we will see astigmatic focusi
The congruence of curves will acquire shear. Physically,
means that an initially spherical ingoing array of photo
will be deformed into an ellipsoid towards the center of t
regions bounded by B. The magnitude of the distortion a
the angle of the ellipse measure the amplitude and polar
tion properties of the incident graviton@15#.

According to Penrose, astigmatic focusing is to be int
preted as due to gravitational energy, and indeed a rela
similar to Eq.~4! would then imply a relation between th
shear and gravitational entropy. The intuition that the W
tensor should somehow count gravitational degrees of f
dom is also reflected in@17#.

The physical interpretation of the entropy flux vector
somewhat obscure, and in general it is certainly not clear
a quasilocal entropy current should exist. However, if
entropy flux vector can be suitably defined, both sets of c
ditions ~2! and~3! are reasonable under a large class of s
ations @12#. It should also be noted that these conditio
could be violated in situations in which the number of sp
cies of matter is large enough. Hence, by assuming eithe
the above sets of conditions the species problem is sw
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under the rug. Be that as it may, in the hope that it w
indeed follow from a fundamental theory including gravit
at least in a large class of situations, we would like to ta
the Bekenstein-like relation~2! seriously and further explore
its consequences.

In particular, we will investigate how the shear tensor o
given light sheet might be a measure of the number of gra
tational degrees of freedom. On the surface, this seems c
terintuitive because many null geodesic congruences
have vanishing shear, even though the spacetime may
large curvature. Indeed, spherically symmetric light sheet
Schwarzschild spacetime are shear-free. As a result, the
tential relationship between shear and entropy isa priori
dubious, and leads us to consider less symmetric Bou
light sheets. We introduce the concept of a maximal entro
light sheet, and are led to a type of ultraviolet-infrared du
ity between matter and gravitational entropy.

II. CONSEQUENCES OF THE COVARIANT BEKENSTEIN
BOUND

In this section we will consider the properties of the c
variant Bekenstein bound~2! and its relation to the Bouss
bound. Flanagan, Marolf, and Wald@12# derived the Bousso
bound ~1! from the covariant Bekenstein bound~2!. It is
interesting that saturation of the inequality~2! does not imply
saturation of the Bousso bound~1!. We begin by studying the
conditions for saturation of the Bousso bound. Black ho
are expected to saturate ‘‘useful’’ entropy bounds, and
black holes provide the motivation for most of these ide
we would like to learn what we can about them from reas
able assumptions like the covariant Bekenstein bound.
this end, we first review the derivation of the Bousso bou
from Eq. ~2!, following @12#.

A. Saturation of the Bousso bound

The area factorA(l) is given by

A~l!5expE
0

l

dl̄u~ l̄ !, ~6!

whereu is the expansion along a null ray in the congruen
~see, for example,@11#!. A(l) measures the ratio of the are
of the spacelike slice of the light sheet at affine parametel
to the area of the boundary 2-surface,A(B). It is helpful to
define, as in@12#,

G~l!5AA~l!. ~7!

The entropyS(G) is given by@12#

S~G!5A~B!E
0

1

dlsakaA~l!. ~8!

From this and Eq.~2!, the generalized Bousso bound~5! is
equivalent to the statement that along each null rayk in the
congruence,
1-2
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I g[
1

8E0

1

dl~12l!~s218pkTk!A~l!,
1

4
@12A~1!#.

~9!

Using the Raychaudhuri equation,

2
du

dl
5

1

2
u218pkaTabkb1sab

2 , ~10!

and integrating by parts, we can rewriteI g as

I g52
1

4
dl~12l!G9~l!G~l! ~11!

52
1

4E0

1

dl~12l!G9~l!

1
1

4E0

1

dl~12l!G9~l!@12G~l!# ~12!

5
1

4
@G~0!2G~1!1G8~0!#

1
1

4E0

1

dl~12l!G9~l!@12G~l!#. ~13!

But G(0)51 andG(1)5AA(1), so we can nowwrite I g as

I g5
1

4
@12A~1!#1

1

4
G8~0!2

1

4
~AA~1!2A~1!!

2
1

4E0

1

dl~12l!G9~l!@G~l!21#. ~14!

The term in Eq.~14! proportional toG8(0) is nonpositive
becauseG851/2uG is manifestly nonpositive along ingoin
null rays. The next to last term in Eq.~14! is negative be-
causeA(1),1. The last term is negative if we assume t
null energy condition,

kaTabkb>0, ~15!

because thenG9521/2(s218pkTk)G is manifestly nega-
tive. Equation~9! follows.

This demonstrates that the Bousso bound follows from
covariant Bekenstein bound with the additional assump
of the null energy condition, and also demonstrates un
what conditions the Bousso bound can be saturated. Nam
to saturate the Bousso bound in this situaion it is neces
that:

~1! A(1)50.
~2! uul5050.
~3! s218pkTk vanishes iflÞ1 or A(l)Þ1.

The first requirement implies that the Bousso bound can
saturated only in its weak form, Eq.~1!, and not its stronger
form, Eq.~5! @except when the cutoff 2-surfaceB8 vanishes
so that Eqs.~5! and ~1! are equivalent#. Hence, we conside
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light sheets which are terminated only at caustics. The s
ond requirement is that the expansion vanish at the li
sheet boundaryB. Notice that the second requirement is
condition on the choice of the boundary two-surface, and
violated infinitesimally if a two-surface satisfying the cond
tion is deformed infinitesimally. This will be important whe
we consider the contribution of shear to the entropy boun
Finally, the third requirement necessitates that there be
‘‘source’’ of entropy except at points of vanishing expansio
This is reminiscent of the membrane paradigm@18#, and also
of an operational definition of black hole entropy by Pre
rius, Vollick, and Israel~PVI! @19#. PVI define the entropy of
a black hole as the entropy that must be given to a thin s
of matter brought from infinity to its Schwarzschild horizo
in order to maintain mechanical and thermal equilibriu
~with the local acceleration temperature on the shell! during
the process. It may be possible to formulate such a defini
covariantly making use of these ideas, although we will n
be more precise about such a relation here. We also poin
Ref. @20#, where it was also argued that a thin spherical sh
held in mechanical and thermodynamic equilibrium at
horizon would have entropySBH5A/4.

B. Dependence of the Bousso bound on choice of light sheet

It is necessarya priori to distinguish between the Bouss
bound~1! and the area law for black holes,

SBH5Ah/4, ~16!

whereAh is the area of the black hole horizon. In a bla
hole spacetime we would like it to be the case that an
tropy bound somehow be related to the horizon areaAh , as
opposed to the light sheet boundary areaA(B). Note that the
entropy,S5*Gs•kdld2x, can be broken up into sections a
in Fig. 1, so thatS5( iSi , whereSi is the entropy in thei th
section,Si5A(Bi)*G i

s•kA(l)dld2x. Intuitively, if matter

and black hole horizons are confined to a particularG i then
we would expect the entropy in a light sheet which conta
G i to depend only onG i . It would be still better if the maxi-
mal entropy satisfying the covariant Bekenstein bound, a
henceI g in Eq. ~9!, depended only onG i . If we include the
shear in our analysis this is not strictly true, as we will d
cuss, but in the absence of shear this result follows imme
ately from Eq.~2!. To see how this works explicitly in a
specific case, consider a static, spherically symmetric,
shell of matter~Fig. 2!. We will assume the geometry i
Minkowski space inside the shell and Schwarzschild outs
Both geometries have metrics of the form,

FIG. 1. The entropy is additive over the light sheet, so the lig
sheet can be broken up into sections.
1-3
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ds25 f ~r !dt22h~r !dr22r 2dV2. ~17!

We assume the shell of matter is atr 5R, and we require tha
the induced metric be equivalent on both sides of the sh
For the Schwarzschild region we have

f Sch~r !512
2M

r
, hSch~r !51/f Sch~r !, ~18!

and for the Minkowski region we have

f Mink~r !512
2M

R
[ f 0 , hMink~r !51. ~19!

The existence of a Killing vector] t implies a constant of the
motion e, such that

dt

dl
5egtt5e/ f . ~20!

Vanishing ofds2 along the null path then implies that

dr

dl
5

e

Af ~r !h~r !
. ~21!

Suppose the spherically symmetric null congruence reac
the shell atr 5R when the affine parameter takes the va
l5l0 . Thenr goes fromR to 0 whenl goes froml0 to 1.
Hence

e5
RAf 0

~12l0!
. ~22!

The stress tensor has the form

8pTa
b5Sa

b d~r 2R!

Agrr

. ~23!

The Israel junction condition@21# determinesSa
b . If hi j is the

induced metric on the shell, andKi j is the extrinsic curvature
at the shell, we find that the combinationKi j 2Khi j ~where
K5Ki j h

i j ) takes the values

FIG. 2. A thin shell of matter separates regions of Schwarzsc
and flat spacetimes.
04400
ll.
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Ki j 2Khi j

.diagS 2 f

rAh
,0,

2r ~2 f 1r f 8!

2 fAh
,
2r sin2~u!~2 f 1r f 8!

2 fAh
D ,

~24!

in the spherical basis (t,r ,u,f). The Israel junction condi-
tion relates the change in the extrinsic curvature across
shell to the localized stress tensor on the shell:

D~Ki j 2Khi j !5Si j , ~25!

whereD(•••) refers to the difference in the quantity (•••)
evaluated just inside and just outside the shell. Using
~24! we find

St
t5

2

R
~hMink

21/2~R!2hSch
21/2~R!!. ~26!

Note also that the shear vanishes on a spherically symm
light sheet in a spherically symmetric spacetime. We n
have all of the information required to calculateI g defined in
Eq. ~9!, assuming saturation of Eq.~2!. The result is

I g /A~l0!5
1

8E0

1

dl8pkaTabk
b5

1

4
~12Af 0! ~27!

5
1

4 S 12A12
2M

R D . ~28!

As expected the Bousso bound is saturated, i.e.I g51/4,
when the covariant entropy bound is saturated and the m
shell approaches its Schwarzschild radius. The Bousso bo
cannot be saturated for the shell away from the Schwa
child radius. Note also that this result is independent of
size of the boundary of the Bousso light sheet~as long as it
is larger than the matter shell!. This is consistent with our
expectation that only the region ‘‘containing’’ the source
entropy contributes to the entropy in the light sheet.

In this setting, we can also be more precise as to
relation between the original Bekenstein bound and its co
riant version. For the thin static shell the entropy is written
terms of the entropy flux vector as

S

A
5E dlstkt ~29!

5E dr
stkt

kr
, ~30!

where in Eq.~30! we usedkr5dr/dl. Using Eqs.~20! and
~21! we can write

st5
S

A

1

Af

d~r 2R!

Agrr

. ~31!

ld
1-4
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HOLOGRAPHIC WEYL ENTROPY BOUNDS PHYSICAL REVIEW D70, 044001 ~2004!
In the limiting case that the shell forms a black holeR
52M . ComparingSt

t with the black hole energyEBH5M in
that case, we define the energy of the shellE, for any R
>2M , via

St
t5

16pE

A
. ~32!

With this definition ofE, and using Eqs.~20! and ~22!, the
covariant Bekenstein bound~2! integrated over the ligh
sheet can be written exactly as the original Bekenstein bo
~4!. The original Bekenstein bound is saturated precis
when the covariant Bekenstein bound is saturated.

Although it is nice to have rederived some familiar r
sults, we are immediately led to a puzzle. What if there w
no matter shell? In Schwarzschild spacetime there is
stress tensor, and so no source of entropy if we assume
covariant Bekenstein bound. Then where might the entr
be, and how is this situation related to the case of a ma
shell sitting at its horizon? We will suggest a solution to th
puzzle without denouncing the covariant Bekenstein bo
in the next section.

III. SHEAR AND GRAVITATIONAL ENTROPY

At the end of the last section we argued that if we assu
a covariant Bekenstein bound of the form~2! then the en-
tropy contained in a spherically symmetric light sheet
Schwarzschild spacetime vanishes. Thus, the horizon, an
other possible light sheets with the same symmetry, will
main shear-free. One can also imagine arranging a sph
cally symmetric impulsive gravitational wave front@22#
which passes through the light sheet. However, this wa
front would also not impart any shear to a spherically sy
metric null geodesic congruence, and hence could not c
tribute any entropy to a spherically symmetric light sheet
the argument above.

This would be in contradiction to the intuition that such
light sheet which ‘‘contains’’ a black hole should measure
entropy. One might be concerned that the singularity sho
somehow contribute to the Bousso bound in the presenc
a black hole, and indeed whether or not this is the case re
on the interpretation of the Bousso bound in such situatio
One solution to the puzzle would then be to simply define
entropy content of the singularity to beAh/4. We suggest tha
such a modification to the Bousso bound is not necess
One thing which we can immediately check is that the v
ishing of the entropy as calculated above is not an accid
of spherical symmetry. After all, one might worry that th
portion of the light sheet near the singularity might give
large contribution to the entropy for a nonspherical lig
sheet even in the limit of spherical symmetry. One can c
sider a deformation of the spherically symmetric Bous
light sheet which avoids the singularity at all but a fin
number of points, as caustics will generically be reach
before the singularity along nonspherical light sheets.

The easiest way to see that the entropy vanishes in
spherical limit is by using the derivation of the Bous
bound described in the previous section and in@12#. For the
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case of the spherically symmetric light sheet we fi
G8(0)521, which exactly cancels the first term in Eq.~14!.
@We assume thatA(1)50 on our light sheet.# Because
G8(0) varies smoothly as the light sheet is deformed, it m
approach its spherical value of21 in the spherical limit.I g
is manifestly positive, so the last term in Eq.~14! must there-
fore vanish in the spherical limit. Hence, avoiding the sing
larity by an infinitesimal deformation of the light she
boundary does not alter the result that the entropy ‘‘insid
the black hole vanishes assuming the covariant Bekens
bound. Notice that this analysis relied only on the behav
of the light sheet at its boundary, and we were able to eli
nate all reference to the bulk of the light sheet.

Given this result, rather than reject the covariant Bek
stein bound we would like to point out that if two light shee
‘‘contain’’ all matter and black holes in a given spacetim
and if for both light sheets the covariant Bekenstein boun
saturated, then the two light sheets need not contain the s
entropy. In this sense, the entropy of a spacetime is obse
dependent. Indeed, a generic light sheet in the Schwarzsc
geometry will be sheared, and may have a nonvanishing
tropy according to Eq.~2!. This line of thinking begs the
question, is there a maximal entropy light sheet, perhaps w
entropy given by the black hole horizon, in the case o
black hole spacetime? In this general sense the answ
clearly no, because even if we only consider Bousso li
sheets with connected boundaries, the light sheet may
back on itself@as in Fig. 3~a!# and overcount the entropy in
given spacelike region. Hence, a poor choice of Bousso l
sheet can have as large an entropy as desired, while
satisfying the Bousso bound. We would like to consider lig
sheets which do not overcount the entropy. Similar conce
also appear in@23#. One choice of light sheet which satisfie
this intuitive restriction is a crinkly light sheet which wrap
back on itself many times, extending out to scri@Fig. 3~b!#.
The light sheet can be approximated by a large numbe
smaller light sheets, which are space-filling in the approp
ate sense as the light sheet becomes suitably crinkled@Fig.
3~c!#. Alternatively, at least for static spacetimes we can c
sider a Bousso light sheet formed from a disconnected se
boundary balls in a space-filling limit. Perhaps such a lig
sheet could have an entropy given by the black hole entro
We will argue that, assuming saturation of the covariant B
enstein bound, the entropy in such a light sheet indeed sc

FIG. 3. ~a! A portion of a folded light sheet boundary. Th
shaded region represents the portion of the corresponding
sheet which is overcounted in the sense described in the text.~b! A
portion of the boundary of a ‘‘crinkly’’ light sheet surrounding
black hole horizon.~c! The crinkly light sheet is approximated by
‘‘space-filling’’ set of smaller light sheets.
1-5
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A. CHAMBLIN AND J. ERLICH PHYSICAL REVIEW D 70, 044001 ~2004!
with the black hole area. Then we will discuss the interp
tation of this result.

Assuming that the covariant Bekenstein bound~2! is satu-
rated for the light sheet, the entropy through the light shee
determined byI g as defined in Eq.~9!. The explicit calcula-
tion of I g for closely packed small light sheets depends
two regulators, and potentially the shape of the light sh
boundaries. The two regulators are the size of the small l
sheets, and how close to the black hole horizon the li
sheets should be allowed to probe. We will choose both re
lators to be Planck size in the ordinary Schwarzschild co
dinates. Note that this is different from taking the corr
sponding proper sizes to be Planck scale, as we
comment on later. For notation, we take the size of the sm
light sheets to beL, and we will integrate over such ligh
sheets to the positionr 52M1d in Schwarzschild coordi-
nates. In that case, as an order of magnitudekt;L because
each null ray traverses a distance on the order of L when
affine parameter goes from 0 to 1. In Schwarzschild met
the tensorBab[¹akb , which contains the shear, contains t
term

Btr;
LM

r 2

1

~122M /r !
. ~33!

The leading term in the shear squared is

~sab!
2;BtrBtrg

ttgrr 5Btr
2 . ~34!

Multiplying this by the number of balls in a shell of radiusr
gives a factor ofr 2/L2, and integrating over the size of a ba
gives a factorL2, so assuming the covariant Bekenste
bound is saturated for the light sheet we then have

Sshell;~sab!
2

r 2

L2
L2;

L2M2

r 2~122M /r !2
. ~35!

Now we want to integrateSshell out to infinity. If we regulate
the light sheets as suggested above, then integrating
shells gives

S;E
2M1d

` dr

L
Sshell ~36!

5M2L/d. ~37!

Note that we chose to regulate the size of the light sheet
the Schwarzschild coordinates, with no additional metric f
tors in the integral. If we choose the two regulatorsd andL
to be the Planck length in these coordinates, then from
~37! it follows that

S;M2;Ah . ~38!

We should note that this result is sensitive to the choice
regulators, so that for example choosing the cutoffd to be a
proper distance of a Planck length away from the horizon
opposed to defining the cutoff in the Schwarzschild coor
nates, would yield a different result. At this point we do n
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have any further justification for our choice of regulato
However, we also point out that the result is only sensitive
the ratio of regulatorsL/d, and therefore is insensitive to a
identical rescaling of both regulators.

Notice that the shear~or Weyl! contribution toS comes
entirely from the region with Schwarzschild coordinater ~as
opposed to the proper length! within a few Planck lengths of
the black hole horizon. We could have chosen the size of
outermost shell arbitrarily, and as long as it is much larg
than the Planck scale in these coordinates the resulting
tropy in our approximation would be unchanged. This is co
sistent with the intuitive notion that the entropy should
contained within a thin shell around the horizon~the mem-
brane paradigm!. In this sense, the calculation of the entro
for the thin shell of matter in the previous section is ana
gous to the calculation in this section of the Weyl entropy

We have argued that the entropy in a space-filling lig
sheet~in the sense described above! is proportional to the
horizon area, but we have not calculated the coefficien
would be nice to understand under which circumstances
black hole entropySBH5Ah/4 would be obtained. The de
pendence of such a result on the shape of the light sh
would also be interesting to explore, but is beyond the sc
of this paper. A numerical exploration of these issues is
progress@24#.

It is worth mentioning that there is another logical pos
bility concerning the entropy contained on this space-filli
light sheet: it could be the case that this light sheet meas
purely gravitational degrees of freedom, which sit just o
side the horizon, and which have not been properly includ
in previous discussions of black hole entropy. This interp
tation is suggested by the example of the thin spheric
symmetric shell of matter sitting just at the Schwarzsch
horizon~which we considered above!. In addition to the con-
tribution from the matter shell on a very thin spherica
symmetric Bousso light sheet, we could include the con
butions from the small, closely packed light sheets exte
to the shell. We would then have two contributions to t
entropy, both of which scale precisely like the area of t
horizon. If this is the correct way to think about the cont
bution to the entropy from the small, closely packed lig
sheets, then it suggests a ‘‘new’’ version of the generaliz
second law~GSL!: In addition to the usual matter (Smatter)
and horizon (SBH) contributions to the total entropy,Stotal ,
perhaps we should also include a purely gravitational te
Sgrav :

Stotal5Smatter1SBH1Sgrav . ~39!

The statement of the GSL would then be thatStotal can
never decrease. Note that this would imply that the proc
of Hawking evaporation does not necessarily generate a h
amount of entropy. This is because a lot of entropy co
already be contained inSgrav , and hence bothSgrav andSBH
could be converted to pureSmatter ~thermal radiation! at the
endpoint of the evaporation process.
1-6
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IV. DISCUSSION

We have studied Bousso’s covariant entropy bound and
relation to the covariant Bekenstein bound. We found tha
thin spherically symmetric shell of matter, which satura
the covariant Bekenstein bound and sits at its Schwarzsc
horizon, gives rise to the expected black hole entropy o
large spherically symmetric light sheet. We also found tha
more fine grained light sheet which explores the region o
side the black hole gives a result proportional to the bla
hole area under certain assumptions regarding choice
regulators and saturation of the covariant Bekenstein bou
and we conjecture that an appropriate choice of light sh
would give the correct coefficient of 1/4 in the entropy-ar
relation.

If this is indeed correct, and if we are to interpret th
result as due to gravitational entropy as suggested in the
section, then we are led to a remarkable conclusion. In
formation of a black hole by a thin shell of matter, the que
tion of where the entropy of the black hole is contained
ambiguous. The question depends on a choice of light s
and is not the same for all light sheets, even for space-fil
light sheets~when the notion of space-filling is well defined!.
The black hole entropy can be interpreted either as grav
tional entropy, which is bounded by the shear on fine grai
light sheets; or it can be interpreted as due to matter entr
in the case of the thin shell discussed above. The latter in
pretation is similar to the operational definition of entro
given by Pretorius, Vollick, and Israel@19#, as discussed in
the text. On the other hand, the gravitational interpretat
suggests that in order to probe the entropy gravitation
short distance probes are required, as opposed to the
distance probes which measure the matter entropy. This
dicates a sort of ultraviolet-infrared duality, although diffe
ent in nature to the ultraviolet-infrared duality of@25#.

Alternatively, as discussed at the end of the previous s
tion, it may be the case that the shear entropy through
little light sheets is to be interpreted as an addition to
usual black hole entropy. In this case the generalized sec
law should be further generalized to reflect this gravitatio
contribution to the entropy. It would be interesting to ma
such a statement more precise, by finding an appropr
class of light sheets and studying the time evolution of
entropy through those light sheets, assuming the covar
Bekenstein bound as we did in this paper. Even if in a p
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ticular time slicing and a clever choice of light sheet a ge
eralized second law could be deduced, the challenge wil
making such a statement generally covariant.

To be fair, we have not precisely calculated the contrib
tion of the shear to the Bousso bound, but only argued
this contribution may be proportional to the area of the bla
hole horizon~given certain assumptions as discussed abo!.
It would be interesting to do a more explicit calculation, a
also to study the effect of modifying the shape and size of
fine-grained light sheets. There are many ‘‘derivations’’
the black hole entropy law and various formulations of e
tropy bounds in the literature. Most of them are not cova
ant. It is necessary to compare older approaches to black
entropy to modern covariant approaches in the hope of be
understanding gravity. Much remains to be done in this
gard.

In addition, it is worth commenting that there is a nic
separation of ‘‘quantum’’ and ‘‘gravitational’’ effects in the
covariant Bekenstein bound. Putting\ andG back into Eq.
~2! gives

\sG•k<~12l!~pkaTabkb1sabs
ab/8G!. ~40!

Although the parameters\ andG are dimensionful and can
be rescaled to one, it is tempting to interpret the covari
entropy bound as due to a purely quantum mechanical c
straint on the entropy of matter and a quantum gravitatio
constraint with regards to the gravitational Weyl entropy.
there is noG appearing in the part of the covariant Beke
stein bound related to the stress tensor, the entropy-are
lation we found for the spherical matter shell relies on gra
ity only classically. This is similar in spirit to previou
studies of spherical shells@19,20#. We also note that such
separation of\ andG does not follow from the second set o
constraints under which the Bousso bound has been pro
Eq. ~3!.
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