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We consider the entropy bounds recently conjectured by Fischler, Susskind, and Bousso, and proven in
certain cases by Flanagan, Marolf, and Wd&tW). One of the FMW derivations supposes a covariant form
of the Bekenstein entropy bound, the consequences of which we explore. The derivation also suggests that the
entropy contained in a vacuum spacetime, e.g., Schwarzschild spacetime, may be related to the shear on
congruences of null rays. We find evidence for this intuition, but in a surprising way. We compare the covariant
entropy bound to certain earlier discussions of black hole entropy, and comment on the separate roles of
guantum mechanics and gravity in the entropy bound.
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[. INTRODUCTION [12]. In order to make a mathematically precise statement,
which could consequently be proven, they took the step of

Various authors have put forward the idea that a “holo-introducing an entropy flux vector, denotstl The total en-
graphic principle” should be incorporated into any attempt totropy through a given light sheét is then defined to be the
construct a quantum theory of gravity. This principle, whichintegral of s* over the surface of the light sheet. They
was first developed in papers by 't Hodft] and Susskind showed that FSB-type bounds could be proven, provided the
[2], is on the surface a radical statement about how mangntropy flux vector satisfied one of the following two sets of
degrees of freedom there are in nature. In essence, the prioriteria:
ciple asserts that a physical system can be completely de- Either,
scribed by information which is stored at the boundary of the
system, without exceeding one bit of information per unit Sp-k=<(1—\)(mk, T3y, + 0,p02%/8), 2
Planck area. Much study has been devoted to the related
topics of black holes, entropy bounds, and holography, angy
we will not be able to do justice to the bulk of prior work in
:Ee field. For reviews see, for examp|8:-6] and references (8,K?)2<T . k3K (167) + 07y 2%/ (128772),

erein.

For some time, there was no precise covariant statement
of the holographic principle; however, this situation was rec-
tified in a series of elegant papers by Fischler and Susskind ) ]
[7] and Boussd8—10]. In particular, by choosing appropri- wherek? denotes the tangent vector to a given null geodesic
ate lightlike surfacescalled “light sheets’) where the en- ~generating the light sheet in questidn,, denotes the stress-
tropy of a given system can reside, Bousso was able to de&eNergy tensor, and,, denotes the shear tensor of the null
velop a mathematically precise covariant entropy conjecturecongruence[13]. The affine parametex is normalized to
Bousso defined a light she&t associated with a spacelike range from 0 to 1 over the light sheet. The first conditign
two-surfaceB as a null congruence Orthogona| B The is defined for each ||ght Sheét, while the second set of
light sheet is terminated at caustics, spacetime boundarig®nditions(3) are defined pointwise. The conditid®) is
and singularities. A Bousso light sheet has the further proptéminiscent of the Bekenstein bound,
erty that the expansiod (see[11], for example is every-
where nonpositive. The covariant entropy bound is then the S<27ER, (4)
statement that the entropy contained in a Bousso light sheet
is bounded by the area of its initial boundaBy or simply  whereE is the energy contained in a system of sizgRef-

|k2KPV, S| < 7T 4 k3KP/4+ 07, 020132, ©)

(suppressing: and Newton’s constar@), erence[14] also discusses the Bekenstein bound and its re-
lation to the Bousso bound. In particular, a version of the
S(I')<A(B)/4. (1) Bekenstein bound is derived from the Bousso bound, revers-

ing the logic discussed heyaVe will refer to the relation(2)
Soon after the work of Fischler, Susskind, and Boussas the covariant Bekenstein bound. Indeed, we will note in
(FSB), a proof of various classical versions of Bousso'sthe next section that for spherically symmetric systems the
bound was provided by Flanagan, Marolf, and WdiW)  condition (2) is quite similar to Eq(4). A stronger form of
the Bousso bound follows from E¢2), but not Eq.(3). If
the light sheet is terminated on some spacelike 2-surface
*Email address: chamblin@mit.edu B’, then given Eq.2) the entropy in the light sheet was
TEmail address: erlich@phys.washington.edu shown in[12] to satisfy
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A(B)—A(B") under the rug. Be that as it may, in the hope that it will

s— (5  indeed follow from a fundamental theory including gravity,

at least in a large class of situations, we would like to take
In fact, we will find that this bound can never be saturatedthe Bekenstein-like relatio(®) seriously and further explore
unlessA(B') =0. its consequences.

Flanagan, Marolf, and Wald chose to consider somewhat [N particular, we will investigate how the shear tensor of a
stronger conditions on the entropy flux vector than @yor  given light sheet might be a measure of the number of gravi-
Eq. (3) by suppressing the terms proportional déb’ al- tational degrees of freedom. On the surface, this seems coun-
though the neglected terms can be included without violating%e”ntu't'\“,e because many null geodesic congruences will
the Bousso bound. It is suggested[ 2] that the neglected Nave vanishing shear, even though the spacetime may have
terms might be related to gravitational entropy, an idea whicharge curvature. Indeed, spherically symmetric light sheets in
we will explore further in this paper. The possible relation Schwarzschild spacetime are shear-free. As a result, the po-
between the shearing of null congruences and gravitationdgntial relationship between shear and entropya igriori
entropy is reminiscent of Penrose’s suggestion that the shegkbious, and leads us to consider less symmetric Bousso
should be interpreted as a measure of gravitati@margy I!ght sheets. We introduce the concept of a mawmal entropy
[15,16. The Weyl tensor acts as a source for the shear tensdfght sheet, and are led to a type of ultraviolet-infrared dual-
and hence the shearing of null rays can naturally be interly between matter and gravitational entropy.
preted as due to a gravitational contribution to the energy.

Amusingly, some of the ideas in Penrose’s paper are tantay. CONSEQUENCES OF THE COVARIANT BEKENSTEIN

=

lizingly similar to those of Fischler, Susskind, and Bousso if BOUND
one replaces the concept of entropy with energy. Indeed, ) ) _ ) )
quoting from[15]; In this section we will consider the properties of the co-

“..it is suggested that the resultant focusing power ofvariant Bekenstein boun@®) and its relation to the Bousso
spacetime curvature along a null ray is a good measure oPound. Flanagan, Marolf, and Welldi2] derived the Bousso
the total energy flux (matter plus gravitation) acrossbPound (1) from the covariant Bekenstein bour@). It is
the ray ....” interesting that saturation of the inequali® does not imply

In other words, Penrose was interested in the idea of med&aturation of the Bousso boufit). We begin by studying the
suring the total energyas opposed to entropyhich can conditions for saturation of the Bousso bound. Black holes
flow through a given light sheet. Generically there are twoa® expected to saturate “useful” entropy bounds, and as
different types of focusing which may occur along a BoussdPlack hoIe_s provide the motivation for most of these ideas,
light sheet: anastigmatic focusing due to the stress-energy€ would like to learn what we can about them from reason-

tensorT,,, and purely astigmatic focusing due to the shea@Ple assumptions like the covariant Bekenstein bound. To
tensoro,,. Here, Penrose borrowed the terminology from this end, we first review the derivation of the Bousso bound
elementary optics. Anastigmatic focusing means that th&om Eg.(2), following [12].
conjugate points will appear before the central point at which
the rays would ordinarily have focuséd the absence of any A. Saturation of the Bousso bound
stress-energy On the other hand, if we fire a graviton
through a light sheet then we will see astigmatic focusing:
The congruence of curves will acquire shear. Physically, this N o
means that an initially spherical ingoing array of photons A()\)zexpf dNO(N), (6)
will be deformed into an ellipsoid towards the center of the 0
regions bounded by B. The magnitude of the distortion and
the angle of the ellipse measure the amplitude and polarizavhere¢ is the expansion along a null ray in the congruence
tion properties of the incident gravitda5). (see, for examplg11]). A(N) measures the ratio of the area
According to Penrose, astigmatic focusing is to be interOf the spacelike slice of the light sheet at affine parameter
preted as due to gravitational energy, and indeed a relatiol® the area of the boundary 2-surfaggB). It is helpful to
similar to Eq.(4) would then imply a relation between the define, as if12],
shear and gravitational entropy. The intuition that the Weyl
tensor should somehow count gravitational degrees of free- G(N)=+vVAN). (7)
dom is also reflected ifl7].
The physical interpretation of the entropy flux vector is The entropyS(I') is given by[12]
somewhat obscure, and in general it is certainly not clear that
a quasilocal entropy current should exist. However, if an 1
entropy flux vector can be suitably defined, both sets of con- S(F):A(B)j dAs,kBA(N). (8)
ditions (2) and(3) are reasonable under a large class of situ- 0
ations[12]. It should also be noted that these conditions
could be violated in situations in which the number of spe-From this and Eq(2), the generalized Bousso bouf) is
cies of matter is large enough. Hence, by assuming either afquivalent to the statement that along each nullkcay the
the above sets of conditions the species problem is swejbngruence,

The area factord(\) is given by
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©)

Using the Raychaudhuri equation, o o

de 1 )
— —=2-60%+87k, Tk, + 03, (10

dn 2 FIG. 1. The entropy is additive over the light sheet, so the light

sheet can be broken up into sections.
and integrating by parts, we can rewrltgas
light sheets which are terminated only at caustics. The sec-
ond requirement is that the expansion vanish at the light
sheet boundar. Notice that the second requirement is a
condition on the choice of the boundary two-surface, and is
11 violated infinitesimally if a two-surface satisfying the condi-
== Zfo d\(1-M)G"(N) tion is deformed infinitesimally. This will be important when
we consider the contribution of shear to the entropy bounds.
11 Finally, the third requirement necessitates that there be no
+ Zfo dA(1-N)G"(M[1-G(N)] (12)  “source” of entropy except at points of vanishing expansion.
This is reminiscent of the membrane paradidi8], and also
1 of an operational definition of black hole entropy by Preto-
= [G(0)-G(1)+G'(0)] rius, Vollick, and Israe(PVI1) [19]. PVI define the entropy of
4 a black hole as the entropy that must be given to a thin shell
11 of matter brought from infinity to its Schwarzschild horizon
+ _f dN(1=N)G"(M[1-G(N)]. (13 in order to maintain mechanical and thermal equilibrium
4Jo (with the local acceleration temperature on the gtalring

Iy=—%d)\(l—)\)G”()\)G()\) (17)

) the process. It may be possible to formulate such a definition
But G(0)=1 andG(1)= y.A(1), so we can nowvrite | ,as  covariantly making use of these ideas, although we will not
1 1 1 be more precise about such a relation here. We also point out
| ==T1— A1)+ =G'(0)— = (JA(L) — A(1 Ref.[20], where it was also argued that a thin spherical shell
7 4[ (1] 4 ©) 4( (1)-AL) held in mechanical and thermodynamic equilibrium at its
horizon would have entrop$g=A/4.

111
—ZJ dN(1-=N)G"(N)[G(N)—1]. (149
0 B. Dependence of the Bousso bound on choice of light sheet

The term in Eq.(14) proportional toG’(0) is nonpositive It is necessara priori to distinguish between the Bousso
becauses’ =1/26G is manifestly nonpositive along ingoing bound(1) and the area law for black holes,
null rays. The next to last term in E@l4) is negative be-
causeA(1)<1. The last term is negative if we assume the Sgn=An/4, (16)
null energy condition,
where A, is the area of the black hole horizon. In a black
KaT?k,=0, (15 hole spacetime we would like it to be the case that an en-

. 5 _ ) tropy bound somehow be related to the horizon &gaas

because the@” = —1/2(c°+87kTK) G is manifestly nega-  ,nnosed to the light sheet boundary afé®). Note that the

tive. Equation(9) follows. entropy,S= [rs-kd\d?x, can be broken up into sections as
This demonstrates that the Bousso bound follows from the, Fig. 1, so thaS=3,S,, whereS, is the entropy in theéth
. y 1 )

covariant Bekenstein bound with the additional assumptiorgectiOn S=A(B)) [ s-kA\)d\d?x. Intuitively, if matter

of the null energy condition, and also demonstrates under ’ I - "

what conditions the Bousso bound can be saturated. Namelnd Plack hole horizons are confined to a particiilathen -

to saturate the Bousso bound in this situaion it is necessa{y/¢ Would expect the entropy in a light sheet which contains
i to depend only oft’; . It would be still better if the maxi-

that: L ) ;

mal entropy satisfying the covariant Bekenstein bound, and
(1) A(1)=0. hencel ,, in Eq. (9), depended only offr; . If we include the
(2) 0],-0=0. shear in our analysis this is not strictly true, as we will dis-
(3) o?+8wkTk vanishes ifx#1 or A(\)# 1. cuss, but in the absence of shear this result follows immedi-

ately from EqQ.(2). To see how this works explicitly in a
The first requirement implies that the Bousso bound can bspecific case, consider a static, spherically symmetric, thin
saturated only in its weak form, E¢l), and not its stronger shell of matter(Fig. 2). We will assume the geometry is
form, Eq.(5) [except when the cutoff 2-surfa® vanishes Minkowski space inside the shell and Schwarzschild outside.
so that Eqs(5) and(1) are equivalerit Hence, we consider Both geometries have metrics of the form,
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Schwarzschild Ki; — Kh;

!ol 1 1
rvh 2f\h 2f\h

(24)

_Q{Zf —r(2f+rf’) —rsirg(9)(2f+rf’)
=dia

in the spherical basist(r,0,$). The Israel junction condi-
tion relates the change in the extrinsic curvature across the
FIG. 2. Athin shell of matter separates regions of Schwarzschildshe|l to the localized stress tensor on the shell:
and flat spacetimes.
A(Kjj—Khjj)=§;, (29
ds?=f(r)dt?—h(r)dr?—r2dQ?2. (17)
whereA(- - -) refers to the difference in the quantity-(-)
We assume the shell of matter israt R, and we require that €valuated just inside and just outside the shell. Using Eq.
the induced metric be equivalent on both sides of the shel(24) we find
For the Schwarzschild region we have

2
M 8= (uink(R) ~hsch(R)). (26)
fser)=1=——, Nser)=1fscelr), (18)
Note also that the shear vanishes on a spherically symmetric
light sheet in a spherically symmetric spacetime. We now
have all of the information required to calculdtgdefined in
Eq. (9), assuming saturation of E¢R). The result is

and for the Minkowski region we have

2M
fmink(r) =1——-=fo, huink(r)=1. (19
R 1 a b 1
|7/A(xo)=§fo dA87KAT 4k =Z(1—Jﬂ) (27)
The existence of a Killing vectat, implies a constant of the

motion e, such that _1 L L 2M 28
“z VIR 8

3—;=eg‘t=e/f. (20) _ _
As expected the Bousso bound is saturated, li,es 1/4,
when the covariant entropy bound is saturated and the matter
Vanishing ofds? along the null path then implies that shell approaches its Schwarzschild radius. The Bousso bound
cannot be saturated for the shell away from the Schwarzs-
dr e child radius. Note also that this result is independent of the
_—=— (21 size of the boundary of the Bousso light shést long as it
dh Jf(r)h(r) is larger than the matter shellThis is consistent with our

expectation that only the region “containing” the source of
Suppose the spherically symmetric null congruence reachesntropy contributes to the entropy in the light sheet.
the shell atr =R when the affine parameter takes the value In this setting, we can also be more precise as to the
A=X\g. Thenr goes fromR to O when\ goes from\yto 1. relation between the original Bekenstein bound and its cova-
Hence riant version. For the thin static shell the entropy is written in
terms of the entropy flux vector as

Rf

e= 1_\/5 . (22 S t
( 0) K:f drs'k, (29

The stress tensor has the form .

s'k
-~ f dr—, (30)

by o O(T—R) k'

8rTo=5S> = (23

re where in Eq.(30) we usedk'=dr/d\. Using Eqgs.(20) and

- " b , (21) we can write
The Israel junction conditiof21] determiness; . If h;; is the

induced metric on the shell, arid; is the extrinsic curvature

S146r—R
at the shell, we find that the combinatit®; —Kh;; (where slt=— — ( ), (3D
K=K;;h") takes the values AJE Vo
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In the limiting case that the shell forms a black hde
=2M. ComparingS; with the black hole energ§g,=M in
that case, we define the energy of the sigllfor any R
=2M, via

. 167E @
A () (b
With this definition of E, and using Eqs(20) and (22), the FIG. 3. (@ A portion of a folded light sheet boundary. The

covariant Bekenstein bount®) integrated over the light shaded region represents the portion of the corresponding light
sheet can be written exactly as the original Bekenstein boung1e€t which is overcounted in the sense described in the(l»3.
(4). The original Bekenstein bound is saturated preciseI)Port'on of the_boundary of a “crl_nkly” light _sheet su_rroundlng a
when the covariant Bekenstein bound is saturated. black hole horizon(c) The crinkly light sheet is approximated by a
Although it is nice to have rederived some familiar re- SPace-filling” set of smaller light sheets.
sults, we are immediately led to a puzzle. What if there was
no matter shell? In Schwarzschild spacetime there is nease of the spherically symmetric light sheet we find
stress tensor, and so no source of entropy if we assume ti§&¢’(0)=—1, which exactly cancels the first term in EG4).
covariant Bekenstein bound. Then where might the entropjWe assume that4(1)=0 on our light shee}. Because
be, and how is this situation related to the case of a matte®’(0) varies smoothly as the light sheet is deformed, it must
shell sitting at its horizon? We will suggest a solution to thisapproach its spherical value ef1 in the spherical limitl,
puzzle without denouncing the covariant Bekenstein bounds manifestly positive, so the last term in Ed4) must there-
in the next section. fore vanish in the spherical limit. Hence, avoiding the singu-
larity by an infinitesimal deformation of the light sheet
boundary does not alter the result that the entropy “inside”
the black hole vanishes assuming the covariant Bekenstein
At the end of the last section we argued that if we assuméound. Notice that this analysis relied only on the behavior
a covariant Bekenstein bound of the fol@) then the en- of the light sheet at its boundary, and we were able to elimi-
tropy contained in a spherically symmetric light sheet innate all reference to the bulk of the light sheet.
Schwarzschild spacetime vanishes. Thus, the horizon, and all Given this result, rather than reject the covariant Beken-
other possible light sheets with the same symmetry, will restein bound we would like to point out that if two light sheets
main shear-free. One can also imagine arranging a spherieontain” all matter and black holes in a given spacetime,
cally symmetric impulsive gravitational wave frof22]  and if for both light sheets the covariant Bekenstein bound is
which passes through the light sheet. However, this wavesaturated, then the two light sheets need not contain the same
front would also not impart any shear to a spherically sym-entropy. In this sense, the entropy of a spacetime is observer
metric null geodesic congruence, and hence could not cordependent. Indeed, a generic light sheet in the Schwarzschild
tribute any entropy to a spherically symmetric light sheet bygeometry will be sheared, and may have a nonvanishing en-
the argument above. tropy according to Eq(2). This line of thinking begs the
This would be in contradiction to the intuition that such a question, is there a maximal entropy light sheet, perhaps with
light sheet which “contains” a black hole should measure itsentropy given by the black hole horizon, in the case of a
entropy. One might be concerned that the singularity shouldhlack hole spacetime? In this general sense the answer is
somehow contribute to the Bousso bound in the presence alearly no, because even if we only consider Bousso light
a black hole, and indeed whether or not this is the case reliesheets with connected boundaries, the light sheet may fold
on the interpretation of the Bousso bound in such situationsback on itselfas in Fig. 3a)] and overcount the entropy in a
One solution to the puzzle would then be to simply define thegiven spacelike region. Hence, a poor choice of Bousso light
entropy content of the singularity to g /4. We suggest that sheet can have as large an entropy as desired, while still
such a modification to the Bousso bound is not necessargatisfying the Bousso bound. We would like to consider light
One thing which we can immediately check is that the vansheets which do not overcount the entropy. Similar concerns
ishing of the entropy as calculated above is not an acciderglso appear ifi23]. One choice of light sheet which satisfies
of spherical symmetry. After all, one might worry that the this intuitive restriction is a crinkly light sheet which wraps
portion of the light sheet near the singularity might give aback on itself many times, extending out to gd¢fig. 3(b)].
large contribution to the entropy for a nonspherical lightThe light sheet can be approximated by a large number of
sheet even in the limit of spherical symmetry. One can consmaller light sheets, which are space-filling in the appropri-
sider a deformation of the spherically symmetric Boussoate sense as the light sheet becomes suitably crifidied
light sheet which avoids the singularity at all but a finite 3(c)]. Alternatively, at least for static spacetimes we can con-
number of points, as caustics will generically be reachedider a Bousso light sheet formed from a disconnected set of
before the singularity along nonspherical light sheets. boundary balls in a space-filling limit. Perhaps such a light
The easiest way to see that the entropy vanishes in thgheet could have an entropy given by the black hole entropy.
spherical limit is by using the derivation of the Bousso We will argue that, assuming saturation of the covariant Bek-
bound described in the previous section anflli]. For the  enstein bound, the entropy in such a light sheet indeed scales

Ill. SHEAR AND GRAVITATIONAL ENTROPY
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with the black hole area. Then we will discuss the interpre-have any further justification for our choice of regulators.
tation of this result. However, we also point out that the result is only sensitive to
Assuming that the covariant Bekenstein bouidis satu-  the ratio of regulatort /s, and therefore is insensitive to an
rated for the light sheet, the entropy through the light sheet igdentical rescaling of both regulators.
determined by, as defined in Eq(9). The explicit calcula- Notice that the sheafor Weyl) contribution toS comes
tion of I, for closely packed small light sheets depends orentirely from the region with Schwarzschild coordinaté@s
two regulators, and potentially the shape of the light sheepyposed to the proper lengtivithin a few Planck lengths of
boundaries. The two regulators are the size of the small lighthe pjack hole horizon. We could have chosen the size of the
sheets, and how close to the black hole horizon the lightytermost shell arbitrarily, and as long as it is much larger
sheets should be alloyveq to probe.. We will choose b‘?th '®04han the Planck scale in these coordinates the resulting en-
Ig@tors to be PIaECk Sr'fe n Ejhfr ordlnaflry SCh\II(V.arZS(IfIh'Id Coor7tropy in our approximation would be unchanged. This is con-
sgnoﬁ;[S?ﬁgNgtr?)pte?tsgzless Isto Ibgregfanflzn st:algg ;Sev\(/:eorr\zi'"qistent with the intuitive notion that the entropy should be
comment on later. For notation, we take the size of the Sma@ontalned w!th|n a thm shell around the horlzc:he mem-
light sheets to bd, and we will integrate over such light rane par_adlgl)m In this Sense, the calc_ulat|on of_the_entropy
for the thin shell of matter in the previous section is analo-

sheets to the position=2M + § in Schwarzschild coordi- R .
nates. In that case, as an order of magnitkdel because gous to the calculation in this section of the Weyl entropy.
' ’ We have argued that the entropy in a space-filling light

each null ray traverses a distance on the order of L when the ) X : ‘
affine parameter goes from 0 to 1. In Schwarzschild metricSheet(in the sense described abgve proportional to the
the tensoB,,= VK, which contains the shear, contains the horizon area, but we have not calculated the coefficient. It

term would be nice to understand under which circumstances the
black hole entropySg=An/4 would be obtained. The de-
LM 1 pendence of such a result on the shape of the light sheets
Bir~ r_2 (1—2M/in) (33 would also be interesting to explore, but is beyond the scope
of this paper. A numerical exploration of these issues is in
The leading term in the shear squared is progresy 24].
It is worth mentioning that there is another logical possi-
(0ap)?>~ByBygl'g" =BZ . (34  bility concerning the entropy contained on this space-filling

light sheet: it could be the case that this light sheet measures
Multiplying this by the number of balls in a shell of radius  purely gravitational degrees of freedom, which sit just out-
gives a factor of ?/L?, and integrating over the size of a ball side the horizon, and which have not been properly included
gives a factorL?, so assuming the covariant Bekensteinin previous discussions of black hole entropy. This interpre-
bound is saturated for the light sheet we then have tation is suggested by the example of the thin spherically
symmetric shell of matter sitting just at the Schwarzschild
) r? ) L2M? horizon(which we considered aboy}dn addition to the con-
Ssheir™~ (Tap) P'— T oo (35 tribution from the matter shell on a very thin spherically
r<(1—2M/r) . : d .
symmetric Bousso light sheet, we could include the contri-
butions from the small, closely packed light sheets exterior
{g the shell. We would then have two contributions to the
entropy, both of which scale precisely like the area of the

Now we want to integrat&,;; out to infinity. If we regulate
the light sheets as suggested above, then integrating ov

shells gives . L : :
horizon. If this is the correct way to think about the contri-
<« dr bution to the entropy from the small, closely packed light
S~ LM arsshell (36) sheets, then it suggests a “new” version of the generalized
+

second law(GSL): In addition to the usual matteiSg,atier)
and horizon 8z contributions to the total entrop$iotal,

— M2
=MZL/é. (37) perhaps we should also include a purely gravitational term

Note that we chose to regulate the size of the light sheets iﬁgfav:

the Schwarzschild coordinates, with no additional metric fac-

tors in the integral. If we choose the two regulatérand L

to be the Planck length in these coordinates, then from Eq. Stotal = Smattert SeHF Sgrau - (39)
(37) it follows that

S~M2~A,. (38) The statement of the GSL would then be tisaf;, can
never decrease. Note that this would imply that the process
We should note that this result is sensitive to the choice obf Hawking evaporation does not necessarily generate a huge
regulators, so that for example choosing the cutofb be a  amount of entropy. This is because a lot of entropy could
proper distance of a Planck length away from the horizon, aalready be contained i85, , and hence botB,,, andSgy
opposed to defining the cutoff in the Schwarzschild coordi-could be converted to pur®,,,iier (thermal radiationat the
nates, would yield a different result. At this point we do notendpoint of the evaporation process.
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IV. DISCUSSION ticular time slicing and a clever choice of light sheet a gen-

. , . _eralized second law could be deduced, the challenge will be
We have studied Bousso’s covariant entropy bound and 'tﬁwaking such a statement generally covariant

relation to the covariant Bekenstein bound. We found that a To be fair, we have not precisely calculated the contribu-

thin sphe_rically symme_tric shell of matter, _Which saturate_stion of the shear to the Bousso bound, but only argued that
the covariant Bekenstein bound and sits at its Schwarzschilghis contribution may be proportional to the area of the black
horizon, gives rise to the expected black hole entropy on &gle horizon(given certain assumptions as discussed above
large spherically symmetric light sheet. We also found that gt would be interesting to do a more explicit calculation, and
more fine grained light sheet which explores the region outy|sg to study the effect of modifying the shape and size of the
side the black hole gives a result proportional to the blackine-grained light sheets. There are many “derivations” of
hole area under certain assumptions regarding choice Qhe plack hole entropy law and various formulations of en-
regulators and saturation of the covariant Bekenstein bounql,;Opy bounds in the literature. Most of them are not covari-
and we conjecture that an appropriate choice of light sheeint |t is necessary to compare older approaches to black hole
woulld give the correct coefficient of 1/4 in the entropy-areédgntropy to modern covariant approaches in the hope of better
relation. . _ _ understanding gravity. Much remains to be done in this re-
If this is indeed correct, and if we are to interpret this g,
result as due to gravitational entropy as suggested in the last |5 aqqdition, it is worth commenting that there is a nice
section, then we are led to a remarkable conclusion. In thgeparation of “quantum” and “gravitational” effects in the

formation of a black hole by a thin shell of matter, the ques-coyariant Bekenstein bound. Puttiigand G back into Eq.
tion of where the entropy of the black hole is contained is) gives

ambiguous. The question depends on a choice of light sheet
and is not the same for all light sheets, even for space-filling fisp-K=(1—=\) (7K, T2%,+ 00p0?/8G).  (40)

light sheetgwhen the notion of space-filling is well defined . .

The black hole entropy can be interpreted either as gravitg- Ithough the parame'telﬂs and G. are dlmensmnful and can

tional entropy, which is bounded by the shear on fine graine e rescaled to one, it is tempting to interpret the covariant
X ntropy bound as due to a purely quantum mechanical con-

light sheets; or it can be interpreted as due to matter entrop rraint on th i f matt q i itational
in the case of the thin shell discussed above. The latter intef? &Nt 0N the entropy of matter and a gquantum gravitationa

pretation is similar to the operational definition of entropy,fhonsu.amt V(\.;'th regar_ds t_o ttr;]e gravtlta]y(t)r:\al Weyllenttrgpylé. As
given by Pretorius, Vollick, and Isra¢l9], as discussed in eré IS not> appearing In the part of the covariant Bexen-

the text. On the other hand, the gravitational interpretatio t?n bourf1d recliaftedﬂt]o thehstresls tert1tsor, rt1ht|a| er;_tropy-area re-
suggests that in order to probe the entropy gravitationall ation :/ve loun_ CIJIr ;’h?p erica _rlna ers "a'trte IeS on grav-
short distance probes are required, as opposed to the lorjg ONY classically. 1his IS simiiar in Spirit 10 previous

distance probes which measure the matter entropy. This in- d|est.of spﬁherlcéaGI (sjhel[ig,tzg.”We falso tr;}ote that guct: af
dicates a sort of ultraviolet-infrared duality, although differ- Seéparation ok an 0€s not foflow from e second set o

ent in nature to the ultraviolet-infrared duality 5] constraints under which the Bousso bound has been proven,

Alternatively, as discussed at the end of the previous seéq' 3).
tion, it may be the case that the shear entropy through the ACKNOWLEDGMENTS
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