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We study the low energy dynamics of pions in a gravity dual of chiral symmetry breaking. The string theory
construction consists of a probe D7 brane in the Constable-Myers nonsupersymmetric background, which has
been shown to describe chiral symmetry breaking in the pattern of QCD. We expand the D7 brane’s Dirac-
Born-Infeld action for fluctuations that correspond to the Goldstone mode and show that they take the form of
a nonlinear chiral Lagrangian. We numerically compute the quark condensate, pion decay constant, and higher
order Gasser-Leutwyler coefficients. We find their form is consistent with naive dimensional analysis estimates.
We also explore the gauging of the quark’s chiral symmetries and the vector meson spectrum.
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I. INTRODUCTION in the UV—these extra states have masses of order the strong
interaction scale\. Simply breaking supersymmetry is suf-

The dynamics and phenomenology of QCD are domidficient to allow a quark condensate though. Nonsupersym-
nated by quarks. In particular the vast majority of knownmetric deformation$19—-25 of the Klebanov-Strassl¢27]
hadronic states can be identified as having constituent quarlshd Maldecena-Nund28] gravity duals also exist but here
and the low energy dynamics is controlled by the chiral symthe operator matching, even in the UV, is less clear.
metry breaking quark condensate. The discovery of the AdS The first study of chiral symmetry breaking in this formal-
conformal field theory(CFT) correspondencd1-3] has ism was made ifi7]. The deformed AdSXS® geometry of
raised the hope of providing a weakly coupled gravitationalConstable and Myels 8], which corresponds to the addition
description of the strong coupling phase of QCD. Under-of an R-chargeless dimension 4 operator such &“TF ,,
standing fundamental representation quarks in this setting the A’=4 theory, was used. The existence of a condensate
must therefore be a priority. and massless pions in the limit where the quark mass went to

Recently a simple mechanism for including quarks in thezero were identified. In this paper we will make further study
AdS/CFT correspondence has been found by Karch and Kaiaf that case. The Constable-Myers geometry has a singularity
[4]. A probe D7 brane is added to the original D3 branein the interior, the precise significance of which is unclear;
construction of the AdS/CFT correspondence. The new “37"the singularity might correspond to the presence of some
open strings generate quarks in the field theory on the D@xpanded D-brane set up in the interior and signal the strong
brane world volume. The world volume theory has=2 interaction scale\. It turns out that the core of the geometry
supersymmetry. Karch and Katz identified the additionalis repulsive to the D7 brane probe when quarks are included
“77” open strings on the D7 world volume as playing a and this is what triggers the chiral symmetry breaking in the
holographically dual role to the gauge invariant quark operamodel. Pleasingly this repulsion also makes sure that the D7
tors of the gauge theory. Treating the D7 as a probe corresranes avoid the central singularity, so for the purposes of
sponds to quenching in the gauge theory. The dynamics ahis study we can set aside study of the singularity.
quarks and their bound states have been studied in a number Chiral symmetry breaking by the same mechanism has
of supersymmetric gauge field backgrounds using these tecladso been studied if8]. They use a geometry around D4
niques[5-13. branes wrapped on a circle which describes(3a-1)-

If we wish to study chiral symmetry breaking in the pat- dimensional Yang-Mills-like theory in the IR. This geometry
tern of QCD we must look at a nonsupersymmetric gaugéas no interior singularity but the core is again repulsive to
theory since supersymmetry forbids such a quark conderD7 brane probes triggering chiral symmetry breaking. In this
sate. A number of gravitational duals of nonsupersymmetricase though the UV of the theory becomes strongly coupled
backgrounds exist{[14—-18 and [19-25). The simplest and wishes to become an M5 brane construction. The univer-
cases involve the deformation of the original AAS/CFT cor-sality of the IR mechanism is encouraging and provides sup-
respondence by the inclusion of relevant operators in th@ort for further study in the Constable-Myers background.
field theory[26], which corresponds to switching on bulk  Here we will return to that Constable-Myers configuration
supergravity fields. In these cases the UV of the gauge theoify7,18] and examine chiral symmetry breaking and its conse-
returns toA'=4 super-Yang-Mills and the operator identifi- quences in more detail. First we refine the numerical analysis
cation between the two dual theories is cleanly understoodbf [7] by solving the Euler-Lagrange equation, describing
Such theories do not have total decoupling of the superpartiow the D7 brane lies in the geometry, starting with the
ners that are given mass since the theory is strongly couplegppropriate regular infrared boundary conditions. This al-

lows us to identify the regular physical flows without tuning.

We stress the geometrical description of chiral symmetry
*Email address: evans@phys.soton.ac.uk breaking provided by the setup where the repulsion of the
TEmail address: jps@phys.soton.ac.uk interior geometry forces the D7 brane to lie in a symmetry
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breaking configuration. For small quark mass the vacuum [l. CHIRAL DYNAMICS
energy of the configuration is proportional to the quark mass QCD with N, massless quarks has a chi@U(N;),

ash.e>r<]pected_”|n the C.h'r?rll Lagr?ng|atp f?trmalgﬂe,qu XSU(Nf)g global symmetry. When asymptotic freedom
(which we will review in the next sectignit is therefore drives the coupling strong it is believed that this symmetry is

possible to extract the quark condensate which we Sho‘%roken by a quark bilinear condensate to the veSt(N)
matches with the value obtained|if] by looking at the UV subgroup. The symmetry breaking produdé®—1 Gold-

boundary conditions on the flows, . stone bosonsl\«lf2 at large N, where instanton effects are
Next we move on to study fluctuations of the D7 abomsuppressedwhich are associated with the pion multiplet in
i . _ Srature. Since the quarks have small current masses the pions
or pion fields. We show that the Lagrangian terms matchy e oniy pseudo-Goldstone fields. The very low energy dy-
those expected in the chiral Lagrangian and then compute they mics only involves these Goldstone fields and can be com-
couplings. In particular the pion mass is shown numericallyyjetely described by a theory that realizes the broken sym-
to have a linear dependence on the square root of the quafetry nonlinearly{29,30. Such a phenomenological theory
mass for low quark mass. It is then possible to compute thgs called a chiral Lagrangian. We introduce field§ [with
pion decay constant which we show has the correct deperr2 the generators of the broke®lU(N;) group normalized
dence on the number of colol$ and has a numerical sup- such that TT2TP= 3 52"
pression factor relative to the strong coupling scale consis-
tent with that seen in QCD and naive argumdg28-31]. In U=exp2i[12T%fy), U—L'UR (1)
the chiral limit we then look at terms in the low energy
Lagrangian involving four pion fields and estimate their size.where f;; is the pion decay constant and where the chiral
We again find a match to naive estimafgg,32. symmetry transformation properties are shown. Remember-
A natural next step is to include multiple D7 probes anding that the quark mass matrix transformshas-L MR we
study the resulting theory witN; quark flavors via the non- can then write a Lagrangian at leading order in both a de-
Abelian DBI action[33]. In fact the quarks couple to the rivative expansion and an expansionNt/ f;,
adjoint scalar field in the\'=2 UV gauge theory via a su-
2

perpotential termDAQ and enhancing the number of quark fh
flavors does not therefore enhance the chiral flavor group. L= 4
The adjoint scalar though is massive on the scaland we

might expect an accidental symmetry in the IR. This phe-ExpandingU to find the leading terms for the pion fields
nomenon has been discussed in the contek8pfThe addi- 9IV€S

tional fields in the non-Abelian DBI action are also massless 1 14

but have interaction terms that are not Goldstone-like—these _ 3 a2 v'm_ .,

are just the remnants of the usual commutator interactions of £=2Nwmt (o075 —sz—H ' ®
the scalar fields on a brane. As a test of the Goldstone-like

nature of these fields, we compute the pion decay constaftye couplings,;, etc. must be found phenomenologically in
via Lagrangian terms that are not present in the Abelian casgqne low energy theory but are in principle predictions of the
neglecting the commutator interactions. We find excellenfy|| high energy QCD theory. Sinchl is a source for the
numerical agreement with our previous value showing thatuark bilinear condensate, the couplimgis related to the
these fields are rather Goldstone-like. value of the quark condensate

Finally we study the gauge field on the world volume of
the D7 which is dual to weakly gauging the vectoflV 1
baryon number symmetry and also the vector meson spec- V3:§<CICI>- (4)
trum. We have been unable to identify the fields associated
with the axial vector mesons though, which, for example Note the pion mass can then be written as the Gell-Mann-
stops us from testing vector meson dominance in the Wein©akes-Renner reIatiom%=2mq<aq)/ffT [34].
berg sum ruleg36]. Nevertheless we compare the vector The interaction terms in the low energy theory at next
meson spectrum to that of th€=2 theory provided by a order in the chiral expansion have been written down by
pure AdS background. Gasser and Leutwyld82] and can be parametrized as

Tro*Ug, U+ TrMUT+ 3 Trum™+ ... (2)

£=L,tr(D*UD ,U")2+ Lt (D#UD*U")(D,UD, UM ]+ L,tr(D#UD ,U'D"UD U™ + L,tr(D*UD ,UNtr(MTU
+MU" +Lgtr(D#UD ,UN(MTU+MUT) +Lg(MTU+MUN 2+ Lstr(MTU -MUT) + Lgtr(MTUMTU+MUTMUT)
+iLgtr(Fi D#UD"UT+FL DAUD UM+ Lytr(UTFR UFL#) + Ltr(D2UD?UT) + L tr(MTD2U + MD2UT). (5)
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We will be interested in showing that the pions of our D3 configuration that sits at the center of the geometry and
gravity construction conform to this structure. We will also resolves the singularity. These branes would naturally decay
estimate some of these coefficients below using the AdS/CFack to a supersymmetric configuration in time if not held by

correspondence method. a source, but again that excited configuration should still
exist in principle.
A. Naive dimensional analysis The geometry irEinstein frames given by

A simple set of rules for estimating the size of chiral
Lagrangian couplings has been devi§ad]. In QCD there dszzHl’Z(
are two scales-A the strong coupling scale generated by the

WA+ b4\ 974 ,
X
W —b? 4

running coupling, and the pion decay constdnt, which is Wi+ b4\ -9y A_ps 6
) 172 - :
approximately +H (w“—b“ W .21 dw?, (8
N
2 ~ ———
fi (477)2/\- (6)  where
4 4\ 6

Naive dimensional analysis says that one should give all chi- = WA;b4 1 (9)
ral Lagrangian terms a common coefficient{‘(ﬁfﬁ with any w—b

occurrences oM or D# being dimensionally balanced by a
factor of A. Note that the pion fields enter o dimension-
ally balanced byf;. For example thd.; coefficients are

and the dilaton and four-form become

) . . w4+b*\ A
predicted to be of order 1/46 using these rules which rea- e2¢—=@a2%0 7l
sonably matches their physical values. -b
One of our goals in this paper is to test this naive power 1
counting in the strongly coupled gauge theory for which we Clay=— H “14tAdxAdyAdz (10

have a gravitational dual. We will find reasonable agreement 4
below.

There are formally two free parameteRandb, since
Ill. THE BRANE CONSTRUCTION AND GRAVITY DUAL R4
AdS/CFT correspondence type duals are obtained by 5=2—b4, A%?=10- 6% (11
equating the physics on a stack Nf coincident, flat D3

branes and the supergravity background dynamically 9€N€ILs usual in the AAS/CFT correspondence thealirections

ated by the D3 branes’ tension. We will consider the nonsus; . : ;
ave the conformal scaling properties of energy scale in the

ersymmetric deformed AdS geometry originall constructec{? . .
ﬁ] [1)5/;]_ This geometry is dualgto thy4 SL?per—\)(/ang-Mills ield theory. Thud is the only object that breaks the confor-

theor mal (and supersymmetry of the gauge theory. We define an
y associated mass scale

(7) b

1
— 1214 N
TrFA"F,,+ Ape

o 1
T2 |4

2
Jym

(12

2ma’

(with g%y =27gs) deformed by the presence of a vacuumyhich is the mass of a string of length Since A, is the
expectation value for an R-singlet operator with dimensiongcgle of conformal symmetry breaking and the theory is
four (such as TF#*F ,,). The supergravity background has strongly coupled at that scale we expect the dynamical strong
a dilaton andS® volume factor depending on the radial di- coupling scale of the theoryy, to lie close toA,. We will
rection. The geometry has a naked singularity in the interiohence forth loosely associate the two. In fact we are not
which we loosely expect to corregpond to the presence of thgiterested in changing the scalg, since it is the only mass
central stack of D3 branes. Ff is not a modulus of the scale so we can sbt=1 below. First, though, let us consider
gauge theory and so the Constable-Myers background dogge R dependence of the solution.

not represent a vacuum of the theory. Nevertheless one could 114 parameteR determinegy2,,N in the field theory as

study the gauge theory with the operator present. This woulgI - _ / T

» o - sual in the correspondenc®i=\4mg,Na'). We find it
c_orrespond to ,,ho'd'”,? the vacuum up the _5|de of a POteN- g asiest to track the dependence by writingg andb in units
tial well. If one “let go” the theory would oscillate about the  « o < -t 5= 1/26% This means that our fundamental en-

minimum but one could Imagine pinning it with a source ergy scaleA, scales withR so we should express masses as
term. Here we simply want to investigate whether some

. ; : a ratio of

strongly coupled gauge configuration without supersymmet-

ric constraints will cause chiral symmetry breaking in the Rb

quark sector, for which this setup suffices. In terms of the A= ) (13

. . b
brane construction we would expect there to be some excited 27a’
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Now we can seb=1 and the metric we will use is mR cR3
my= , 9gq=—"—. (22)
dsZ—H_l’Z(W4+1 mdxz * 2ma’ (2ma’)®
= 7 4
W —_—

Note that we are writingp in units of R and hence it has the
@-o)au4_q1 8 sameN scaling as the parameter These measures of the
e E dwiz, (14 guark mass and condensate when expressed as multiples of
=1 A}, do not scale with\.
In the massless limit where the D7 brane liveshat0
there is a W1) symmetry acting in the plane. Clearly this

26 20 A corresponds to an angular rotation qq and is hence the

-1, ef=e wi—1/ - (15 U (1), symmetry of the quarks. In fact this symmetry is also
part of the isometries of the space transverse to the central

We will now introduce one flavor of quark via a D7 brane D3 brane stack and is thus part of t8€X(6)g symmetry of
probe in the geometry. The D7 brane lies in #hedirections ~ the gauge background. This reflects the presence of the UV
andw; —w, (it is convenient to define a coordinatesuch  superpotential terfV=QAQ which mixes the axial and R
that = ,dw?=dp?+p?dQ3). This configuration in pure symmetries. TheA field is hopefully somewhat massive in
AdS preservesV=2 supersymmetry on the D3 world vol- this configuration(of order A}) but the symmetry is never-
ume so it corresponds to introducing a quark hypermultipletheless this mixture.

Q andQ. N=2 supersymmetry will ensure there is a super-
potential coupling to one of the three adjoint chiral multiplets IV. CHIRAL SYMMETRY BREAKING

A of the original =4 theory W=QAQ). In the nonsuper- | ot ys begin by considering the massless quark limit
symmetric field theory we expect the scalar fields to gainynere there is a gootd (1), symmetry. Asymptotically in
masses of order the supersymmetry breaking scale. The ;o Uv the D7 brane lies ab=0. The equation of motion
maining fermionic terms in the gauge theory are of the formy, o+ determines how it lies in the interior is given by

w1
wr—1

+ RZH 1/2(

where

5 4

’ w1
Tlwt-1

1 = d | e’G(p,®)
L=—T[qbqg+---] (16) — | L (9.®
g\z(M dp /1+|apq)|2'(07p )

where one should note thgt enters the normalization as for d
the gauge field$this is not the standard normalization for —V1+]9,®[*—=[e%G(p,®)]=0, (22
comparison with, e.g., Eq4) abovd. do

The Dirac-Born-Infeld action for the probe is
where

1 2 2y2 2 2y2_
Sm:__/f e’ —delP[GL]) (17 Gip. )= oL IPPIH TP+ [ 272 1)
(2m)"a's (p2+] @[3

where P indicates the pullback of the space-time metric onto ] ) ) . -
the D7 world volume. This action will determine how the D7 The final term in the equation of motion is a “potential™-like
lies in the remainingvs—wy directions. We will use a com- t€rm that is evaluated to be

plex coordinate in this plane,

(23

d o @1 4p°0  ([(p*+|®@|?)?+1]) 42
P —— ay g o NPT PR [P e
Asymptotically where the geometry returns to AdS the re- X[2—A(p2+|®[2)2]. (24)

sulting Euler-Lagrange equation is
The equation of motion has an explidit—e'“® symme-
try. In the massless case this is tH¢1), symmetry on the
quarks. The solutions to the equation of motion in the inte-
rior simplify to the D7 brane sitting at a fixed angle in the
and has solutions plane,d, with the radial behavior given by settidg= o real
in the equation of motion.
B=mat 22 (20) There are two regular solutions of the equation of motion
p with UV boundary conditiorr=c/p?, shown in Fig. 1. They
havec= *1.86 showing that the solution indeed prefers the
The two integration constants correspond to a mass anfrmation of a chiral symmetry breaking condensate. Note
vacuum expectation valug/EV) for the quark bilineagg  that in the IR(smallp) these solutions are= const, so they
with can also be found by numerically solving up from the IR and

d
dp

,do

|0 (19
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FIG. 1. Solutions of Eq(22) for the position of the D7 brane showing chiral symmetry breaking in the massless limit and a sketch of the
D7s position in the space.

matching to the UV boundary conditions. This is the simplestdetermine the mass dependence of the condensate and we
way to find solutions since any IR boundary condition of thisplot that also in Fig. 2.
sort produces a regular flow and it is then not necessary to It is also interesting to study the vacua with a real mass
tune onto the regular flows. The two solutions are just twoterm but with a phase on the condensate—these will corre-
opposing points on a circle i® verifying that there is in- spond to the vacua around the circledrin the m=0 limit
deed a set of solutions with the same radial behavior at eaciind we expect their energy to be lifted relative to the true
value ofd. This circle of degenerate solutions is the vacuumvacuum when the mass is nonzero. To study these we use
manifold. boundary conditions on the UV fields

It is interesting to see how the chiral symmetry breaking
manifests itself geometrically. The solution for the position
of the D7 brane is sketched in Fig. 1. Asymptotically it lies at
the origin of the plane but in the interior the D7 brane is
repelled by the core of the geometry forcing it out into the |, general we are looking for a regular solution for both
plane where it breaks the(l) symmetry. ws,Wg and this is very hard to achieve numerically. As an
example of evidence for the existence of these solutions
though we show in Fig. 3 some solutions fag,wg as a
function of p for the casan=0.1, #=90°. The solutions are

It is straightforward to also introduce a mass into the UVplotted with asymptotic UV boundary conditions with two
boundary conditions fof. Let us first look at solutions of different values of the condensate parameteBoth ws,wg
the form #=0 ando=m+c/p? in the UV. These will turn  fields change behavior in this range suggesting there may
out to describe the true vacuum of the theory. The regulaindeed be a regular solution in between. We have not been
solutions haver tend to a constant in the IR so are easily able to pin down the solution to greater accuracy than this
found by flowing up from the IR. The mass and condensatehough.
can then be read from the solution in the UV. We plot a few More easily we can study the two solutions of the equa-
of these solutions in Fig. 2. This procedure also allows us tdion of motion with ® taken real. These correspond to the

c c
Ws=m-+ ?cose, W5=’?Sin 0. (25

Massive case

W6 <qq>
s 1.75
_ _ 1.5
1 25 m=132 c=1.04
1.25
1
m=0.85 c=1.32 1
0.75 0.75
0.5 m=0.46 c=1.60 0.5
0.25 m=0.19 ¢=176 0.25
2 ] 6 8 To m=0.00 c=186 1 2 3 ] 5
p m

FIG. 2. Solutions for thevg flow whenws=0 showing the dependence of the condensate on the quark mass.
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FIG. 3. ws,wg flows for m
=0.1, #=90° showing the possi-
bility of a regular flow between
these values of.

cases ofr=0° and 180°. The two solutions have the sameWe are interested in the corrections due to the low energy
value of m in the UV but opposite c. Example solutions for achiral dynamicgthose in Eq.(3)] so subtract the massless
mass of 0.46 are plotted in Fig. 4. result forQ* from the vacuum energy for each configuration.
We can now begin to determine the chiral Lagrangianwe show numerical results fcﬁ“//\ﬁ,1 in Fig. 5.
parameters predicted by this model. We can calculate the The positive condensate solutions are energetically favor-
vacuum energy as a function of the quark mass for the posible. This is because the potential for the quark condensate
tive and negative condensate solutions. The vacuum energyas a tilted wine bottle shape of the form shown in Fig. 6.
is given by the DBI action There we sketch a potential of the foriv=a|®|*
— B?|® |2+ mRe(®)—asm increases the potential tilts giv-

R* ing a single true vacuum. In this simple model there is a
_ 8
Sp7=— . f d®¢e?G(p, @) V1+(d,P)°. critical value ofm where the central “hump” disappears and
(2m) a G there is a single unique vacuum. We have numerically looked

(26)  for such a solution in the D7 brane case. As the boundary
condition onm— 1.5 the solution for the metastable vacuum
(of the type shown in Fig. ¥has a singular derivative as it
passes through theg axis and we lose numerical control.

The angular integral over th® which the D7 wraps gives
272, The resulting four dimensional cosmological tef@f,

" 4
should be normalized by, This may well be an indication of the absence of such solu-
Q4 1 1 tions for largerm corresponding to the loss of the hump in
=T, 1T :_f dpe?G(p,®)\1+(9,d)2 the naive model.
Af 2mgs O 702 PP ? Finally we can use the vacuum energy to competen

(277 Eq. (3) and to provide an alternative identification of the

) ] ) ) quark condensate in the model. The chiral Lagrangian pre-
where the integral, is over the solutions described above. yicts that the vacuum energy will be given by

Note that the factor ofjs shows us that the vacuum energy
scales ad\ in the largeN limit with ggN kept constant. This 4_o 3 _
is consistent with expectations for the vacuum energy contri- 07=2v"m=(qq)m. (28)

butions from fundamental quarks. o= .
Before extractingqq) in this way we must normalize the

Asymptotically Q%= p¢,,, indicating the expected UV di- re ext ;
vergence of the vacuurrzjvenergy. This will be present for allq.uark fields in the standard way appropriate for these equa-

our configurations no matter the quark mass or condensatfons- This removes the factor of g in Eq. (27) and we

ws normalized vacuum energy

negative condensate solutions
1} \e=1.6 2
0.5 1
il r m
5 10 15 20 2 0.4 0.6 0.8 1 1.2 1.4
-0.5 -1
-1} / e=-1.5 -2} positive condensate solutions

FIG. 5. Vacuum energy, with that ah=0 subtracted, forg
FIG. 4. wg flows for m=0.46 with positive and negative con- =0° and 180° showing a lower energy for the case where the mass
densate solutions. and condensate are both positive.
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17§ 0.25
15 02
125 0.15
o7§ 0.1

[ | ) |\/ [ 0.5 005
035

01 02 03 04 05™ 0.02 0.04 0.06 0.03 0.1‘/E

FIG. 6. Sketch of a simple Higgs potential with an explicit sym-
metry breaking ternrm Re(®), showing the spontaneous symmetry  FIG. 7. Quark mass versus meson mass showing massless pion

breaking potential am increases. atm=0. Also shown is the square root behavior of the relationship.
then extract the condensate from the slope of the vacuum 272
energy vs mass plot. We find numerically S= —J dpd“xe“SR“Q\/lJr((?,Jcro)2
(277)70‘ @s
<aq>=l.86 (29 E gppgao(ﬁpa)z n 1 9“"dge(3,,0)(9,0)
2[1+(3,00°] 2 [1+(3,00)°]
which almost precisely matches the valuecdh the m—0 (32)

limit above. The fact that corresponds to the condensate of

the canonically normalized fields explains why it does notNote that the DBI action only produces terms with deriva-
scale withN. This identification confirms is the condensate tjyes of 9—however, we can obtain potential terms in the

or equally the form of the Gell-Mann-Oakes-Renner relationpion field when those derivatives gsederivatives that act on
f(p). We find the resulting equation of motion for

V. PIONS AND THEIR INTERACTIONS

e? R*M2e?g
We will now turn to studying the Goldstone bosons of the— —aé(&pf) —
chiral symmetry breaking we have observed above. So fa(ljp V1+(d,00) V1+(d,00)
we have considered the dynamical breaking of thel)a (p2+a§)2+1 (175)/2(p2+05)2_1

symmetry of a single flavor of quark. The Goldstone boson  xH
will therefore be the analogue of the’ in QCD, which

becomes degenerate with the QCD pions in the limits where

the quark masses vanish and at laky@here the anomaly is  This equation can be numerically solved #diR as a func-
suppressed. We will loosely refer to our state as a pion. Wgion of m using the UV boundary conditiof= 1/p? (reflect-
will shortly consider extending this construction to non-ing the fact that the pion has the UV scaling dimension of

Abelian axial symmetries. qq) and seeking regular solutions fbiwe plot the resultin
which m determines the flow) in Fig. 7. We indeed find a
massless pion ah=0 in accordance with Goldstone’s theo-
rem. Note that in the case where the pion mass vanishes the
The pion in the one flavor case will be a bound state of aquation of motion is just the first term above and when
quark and an antiquark and hence will be described by thgypstituted back into Eq31), after integration by parts, ex-
D7 world volume field®. The Goldstone fluctuation corre- p||C|t|y makes the 6p0)2 term vanish. In the chiral limit if
sponds to oscillations of the field along the vacuumgne worked to higher order all higher order terms involving
manifold—in the brane language this will correspond to fluc-(5 )" would also vanish directly. This demonstrates that the
tuations of the brane in the direction of the possible set of;acuum manifold is a truly flat direction. Below we will only
solutions for its background position. In the chiral limit this |ook at terms at higher order involving the spatial derivatives
corresponds to fluctuations in the angutadirection in the 5
ws-Wg plane. To leading order, if we have a background #In Fig. 7 we also ploMR vs y/m for small m—there is a
configuration for the D7 brane described by a particular realoaq Jinear fit matching the expectations for the pion mass

the # angular direction

>—5—0af=0. (32
0)

(p2+0'(2))2—1 (p*+o

A. The Pion Mass andf

MR=ky/m (33

0(p,x)="f(p)sinkx. (30
where we have numerically determinee- 2.75.
Note that the appropriate four dimensional, low energy
We look for solutions wher&?=M?2. The action for these action can be found by writing=2ma’f(p)II(x) and sub-
fluctuations to quadratic order is given by expanding the DBIstituting the equation of motion fdi(p) back into the action
action (note that the metric is independent of the angje (31), after integrating by parts. This gives
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R6 1 1 the pseudo-Goldstone boson in the massive case one would
= Tll[z(af‘ﬂ)z— §M2H2+ .--| (34 need to know how to separate the functiog(r) into pieces
167°a’gs that represent the running of the mass and the condensate

separately. The pseudo-Goldstone boson would correspond
to angular fluctuations about just the condensate piece. In
other words simply changing the phase @y changes the

where

Il:f dpf(p)? e’g phase on the mass, which one does not_ Wa_nt to do. We have
\/[1+(ﬁpao)2] not been able to resolve this so we will simply study the
s 2p (1-8)2, 2., 2.2 massless chiral limit here.
(p*top)+1 (p*top)™—1 , As mentioned above, in the chiral limit any terms in the

XH

(p+02)?-1 (p?+02)? Jo- action involving @,6)" vanish by the equations of motion so
we will neglect those hergn fact we have checked that they

(39 explicitly vanish when evaluated on our solution f@p) in
The coefficient at the front of Eq34) should be absorbed this limit]. Now we can study the Gasser-Leutwyler coeffi-
into the normalization ofI to make the kinetic term canoni- CientsLi, Lz, La. In the chiral Lagrangian, these appear in
cal. We must be careful to include this normalization below.the form
Note also thafZ; is only defined up to the normalization bf “ t2y wp vt +
which is free in the linearized equation of motion—this fac- Lytr("Ua,UT) "+ Lot ("0 "0 1)(9,U0,U7)]

tor will cancel wherll is canonically normalized in all quan- + Lstr(o*U aﬂUTaVU a,uM. (40
tities below.
The chiral Lagrangian predicts that Since we only have an Abelian(l) symmetry breaking

pattern, we cannot differentiate between these terms. When
— (36) U is expanded, each term has a factor 6fI1)* so we
L cannot extract any information abolt, L,, or L3 sepa-

] rately. It is still interesting to extract the coefficient of the
Since we have extracteef from the vacuum energy above (9“I1)* term. This term in the action is

we can now determing, . With the supersymmetric normal-
ization of fields we found numerically

M2—4V3m

2m°R4
3 1 L=—" J dpe¢g\/l+(§pao)z
—=—¢C. 277 4
Ag 47T95C (37) ( 77) gSa
uvy2
Writing our result for the pion mass in units &f, gives - — M(& 0)%|. (41
4[1+(0,00°] "
M?2 m, m
24
Aﬁ K Ap gsN (38) Rewriting this in terms of the fieldl gives
and hence we find fof , R8 )
= - — MV
, L 16779522(77 d,119,1T) (42
m_ N 0 246ﬁ (39
—=——C=0.
Ay mK? ? where

which has the expected dependenceNband is suppressed 4 4
relative to A, by roughly a factor of 42. This seems to T :f dpe? gf(p)*oy
match well with the naive estimate of Sec. Il. 2 [1+(d,00)%]%2

o+ 1) 1/2( - 1) 2
It is also interesting to study higher order interaction w=1 w*
terms such as those in E@). To do this we can expand the ~ We must remember to normalize the pion field so the
DBI action beyond linearized order it and use the linear- kinetic term in Eq.(34) is canonically normalized, from
ized solution forf(p). which we find the coefficient of theﬁ(LH)4 term (which we
In the chiral limit the identification of the pion field with loosely write as 4/fi) given by
fluctuations of the brane in the direction is rigorous. How-

B. Higher order interactions 2

X|H

(43

ever, when there is a quark mass present the vacuum will be 5

. . S L 167°a s 7T,

distorted from a true circle centered on the origindinand 7y (44)
this procedure does not correctly identify the pseudo- w R 13

Goldstone bosofthe angular direction will have some of the
massive “Higgs”-like mode mixed in In principle to find  or using the expression above foy
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L (g2 uN)NC? 2 s L£=A{[3,I1,()]?+[3,115(x)]%}
k2wt 12 1
+ B2 )T ()[ 9,111 (x) *TT(X) ]
This has the same largé scaling(scaling asf2) as the — I3[0, 11,00 12+ 15[ 9,11,(x) 1%}, (48

naive dimensional analysis estimate. Numerically we find
7,/73=0.29. If we takeg,,N=(4)? which seems a rea- where
sonable strong coupling value then we fing0.016N. This

is about a factor of 2—3 bigger thaw/16=2=0.006\ and

2p4
hence broadly consistent with naive dimensional analysis. A= 27°R (27a'R)?T,
(2m) ' *gs
C. Non-Abelian case
. . . 2m°RA
Naively we can introduce extra flavors of quarks by in- (2ma')*R?Z,, (49)

cluding additional probe D7 branes and using the non- (2m) a'*gs
Abelian DBI action[33]. As mentioned in the Introduction

we do not generate a(N) axial symmetry because of the gng

superpotential terfAQ in the UV theory. The adjoint sca-

lar though is expected to have a mass of ordeand we WA 1) YA 1
might expect the theory to have an accidental chiral symme- Ia:j e"’QH( ) )
try. The non-Abelian DBI action requires us to treat the sca- wi—1 wh V[1+(d,00)%]
lar field @ as a matrix which for the pions will require us to

write Performing the equivalent expansion in the chiral La-
o QiTIeT? (46) grangian to compare these terms we find
=0y ,

1
= {19,100 17 +[3,11,(x)]?
whereT? are the broken generators of the Lie group. With Lx 2{[ WO+ 19,1100 1

N; D7 branes this i&J (N¢). The DBI action acquires a trace 1
over the flavor indices. As pointed out [ii] if this were the L "
only change then we would finl? copies of the action we - 3f12]{H1(X)H2(X)[(9”“H1(X)& L0018
had above and hend¥ massless pions. The DBI action also
contains terms though that generate the usual commutator 1 5 ) 5 )
scalar interactions (tg; , ¢;]1%)—however, these do not gen- - G?{Hl(x) [0, 112001°+ () [, 111 (x) 1%}
erate a mass for the pions. The explicit chiral symmetry =
breaking appears therefore to be quite weak in its effects. To (52)
pursue this issue further we can study whether the interac- Note that the relative sizes of the two new interaction
tions of the pions, neglecting the commutator terms, coincidéerms match between the DBI and chiral Lagrangiéns
with expectations from chiral symmetry. both cases because they result from the expansion of the
For simplicity we will work in the case with just two same exponential formThe two new interaction terms pro-
flavors and look at just the interactions of two piohls,and  vide an additional opportunity to calculafg;. Again, we
I1,. This means that we should write canonically normalize the kinetic term and compare with the
chiral Lagrangian,

2 2 ’
CD=crOeX[{i(2ﬂ'a’)f(p) f_,,:£4AR2 (2ma')?
A2 I3 6 R?
0 Hl(X)+IH2(X)
X . (47
1T (x) = TI5(X) 0 72 N 024@& 52
B 13 6772_ e

Note that in the chiral limit we can drop all terms in the DBI

action involvingp derivatives since they will cancel by the Within our numerical accuracy this is the same answer as
equation of motion as discussed above. The resulting actiotinat calculated in the Abelian case from the mass term which
then takes the form of a chiral Lagrangian with spatial de-gave the value=N/472. The extra massless bosons indeed
rivative acting on the fieldJ. We find the Lagrangian for the seem to behave as Goldstone fields up to the commutator
two pion fields takes the form interactions.
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VI. VECTOR MESONS AND WEAKLY GAUGED CHIRAL scalar,®, discussed above. The field strength tensor of this
SYMMETRIES gauge field enters in the standard way asa2F2° in the
There is one additional bosonic field in the low energysquare root. The leading Lagrangian for this field, in a back-
DBI action of the D7 brane—the gauge field partner of theground configuratiorrg, is

1/4

27°R4 (p?+02)?-1 1
L= —,f dpe¢g \/]_-l—(&pO'o)zH m (Zﬂa,)ZZF’qu”V (53)
(2m) et poo
1/2
I (P40’ -1\ " (o) (50
2R? 1+ (9,002 \ (p2+0p)?+1]  (pP+ap?~-1 "]

whereu and v run over the space-time indices. There is an  There are a number of interesting questions one might ask
additional term that could be added onto the DBI action. Thiswith regard to the vector mesons and weakly gauged chiral
is the Wess-Zumino term which gives the coupling of thesymmetries. For example in models of dynamical symmetry
four-form C* to the gauge fields. We do not include this breaking such as technicolor the value of the parametgr
because when we calculate the equations of motion for tha Eq. (5) is related to the phenomenologic@lparameter
gauge fields, this term is only relevant for the gauge fieldsvhich is well measured by the precision electroweak data.
with a vector index on th&®. We will only be interested in  This is a UV finite quantity which in this model would be
the states that carry no $4) R-charge where,b take val-  related to the difference between the coefficient of the vector
ues in the four dimensional space of the gauge theory. WE? term calculated above and the equivalent term for the
write the gauge field as axial gauge field. Unfortunately the DBI action has no field
that corresponds to the axial gauge field. Presumably equally

Ak=g(p)sin(kx)e”. (55 the operators?y“;gq are described by a string mode not

The equations of motion for the gauge field are given bypresent in the DE’_>I action, so it is_ therefo_re not possible for
us to estimate this parameter. Similarly it would have been

wh—1\ Y nice to have tested the Weinberg sum rul85] such as,
e?GJ1+(d,00)°M?R?g(p)H| — 1 assuming vector meson dominance,
wh+
b 4
y i w ):O_ o 9 Oa 59
\V1+(0,002 77 VW 1)(w-1) U VIRRVES

(56)

There is clearly a solution wittl =0 andg(p)=const.  \hereg,,, are the couplings of the lightest vector and axial
This corresponds to introducing a background gauge fielgector mesons to their respective currents. We have no de-
associated with (1) baryon number in the field theory. Note s¢ription of the axial vector mesons though. It would be pro-
that asymptotically in the UV the Lagrangian for this field is qyctive to understand this sector in the future.

L= %Iog% %F’“’FW (57 TABLE I. Vector meson spectrum comparing CM and pure AdS
77 b backgrounds.
WhICh' reflects the logarithmic running of the flavor gauge N AdS case CM case
coupling.

There is a second asymptotic solution of the equation of 0 2.83 2.16
motion whereg(r)~ 1/p? and these solutions correspond to 1 4.90 4.85
the vector meson spectrum associated with the operator 2 6.93 7.05
gy*qg. By seeking smooth solutions of the equation of mo- 3 8.94 9.20
tion we can determine the vector meson mass spectrum. The 4 11.0 11.3
results of the analysis are shown in Table | compared to those 5 13.0 13.5
calculated in the pure AdS background. The spectfom 6 15.0 15.6
singlets on theS;) in the pure AdS case is given )] 7 17.0 17.7

8 19.0 19.9

M2R2=4(n+1)(n+2). (58
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These issues have been highlighted 36] where a toy scribed by a chiral Lagrangian in the infrared as expected.
model of largeN QCD was proposed inspired by the generalWe have computed the couplings of the low energy Lagrang-
structure of the AdS/CFT correspondence. That model hasian and shown that they match expectations from naive di-
flavor gauge field living in @deconstructedfinite fifth di- mensional analysis.
mension with symmetry breaking boundary conditions. They One might have expected significant deviations in the
interpretA® as the pion field and the KK modes of the flavor magnitudes of parameters because the gauge coupling of the
gauge field as the vector and axial vector mesons. This imodel remains strong in the U§as in for example a “walk-
distinct from our scenario where the pion fields are describeihg” gauge theory37]). However, the UV of the theory has
by an additional scalar field and the flavor gauge field onlyan approximateN/=4 supersymmetry that forbids a chiral
describes vector mesons—the two pictures do not suppodondensate so that above our symmetry breaking sktgle

each other therefore. the condensate decreases rapidly in spite of the strong cou-
pling. The chiral symmetry breaking behavior of this model
VIl. SUMMARY is therefore rather pleasingly analogous to that of QCD.

We have analyzed chiral symmetry breaking via the gravi-
tational dual construction of D7 _brane probes in the ACKNOWLEDGMENT
Constable-Myers nonsupersymmetric geometry. The ground
state of the D7 brane indeed describes chiral symmetry We would like to thank Sekhar Chivukula, Rob Myers,
breaking and a vacuum manifold with massless pions in thand David Matteos for useful discussions. N.E. and J.S. are
chiral limit. We have shown that these pion fields are de-grateful for the support of PPARC.
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