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An elementary process for electron capture by molecules, namely, dissociative electron attachment, is 
investigated, and a general method is given for calculating the cross section for such a process. Application 
of this method is carried out for the reaction H2+<? —> H~-f-H with both H~ and H in their ground states. 
The calculated cross section-energy curve agrees satisfactorily with the experimentally observed curve. 

I. INTRODUCTION 

TH E mechanism for electron capture by molecules 
is complicated by its many possible fates. Some 

theoretical aspects of this mechanism have been dis
cussed qualitatively.1,2 Recently, there have been re
ported several careful experimental measurements on 
the cross sections of one of the elementary processes for 
electron capture by molecules, namely, dissociative 
electron attachment, in diatomic molecular systems.3,4 

The most important dissociative attachment processes 
for diatomic molecules are of the Franck-Condon type 
in which a transition takes place from a stable state of 
the molecule to a continuum of the negative parent ion. 
Such direct capture of the incident electron into the 
repulsive state of the parent ion lying in the Franck-
Condon region of the molecule would lead to a dissocia
tion of the molecule under consideration in approxi
mately a vibrational time of the constituent nuclei. 
Dissociative attachment, however, may also take place 
in an indirect way in which the incident electron is 
first captured into a discrete state of the negative parent 
ion. There follows a radiationless intramolecular de
composition of the Auger type (predissociation) as a 
result of the overlapping of this discrete state by a 
continuous range of states. The latter type of capture 
process is very important for polyatomic molecules, 
since in such molecules there is predissociation by 
vibration, in addition to the radiationless transition into 
a repulsive electronic state or rotational level within a 
given electronic state.5 

There seems to have been no attempt made, as 
reported in the literature, for the calculation of the 
cross section of such dissociative attachment. The 
present paper is an attempt to explore the possibilities 
of such a calculation. We are particularly concerned 
with dissociative electron attachment by diatomic 
molecules as an example of the direct capture mecha-

* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 
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nism. (We prefer to restrict the expression "electron 
capture from other molecules or atoms" to a somewhat 
different process, namely, charge transfer.) 

In order for the constituent nuclei to absorb the 
energy released on capture of an electron by their 
molecule and to move apart, the transition operators 
for this process must be expressed in terms of certain 
coupling factors between the nuclear and electronic 
motion of the molecule. Massey has suggested that the 
kinetic energy operators of the nuclei are responsible 
for such a type of capture,1 and his suggestion was 
recently discussed by Stanton.2 In this paper, we start 
with the Born-Oppenheimer separation (B-0 separa
tion),6 since in this separation procedure one first en
counters the interaction terms between the nuclear and 
electronic motions. In the usual B-0 separation pro
cedure, the electronic energy so obtained is regarded as 
the effective potential for the slower nuclear motion, and 
the coupling terms between the electronic and nuclear 
motions are neglected. I t is well known that this separa
tion underlies the Franck-Condon principle and gives 
consistent interpretation and prediction of the charac
teristics of most molecular spectra. I t is, however, not 
clearly known how the neglected coupling terms affect 
the molecular system. 

As early as 1928, Kronig attributed the predissocia
tion phenomenon to the neglected coupling terms,7 and 
later (1929) Van Vleck showed that these coupling 
terms provide an explanation of the phenomenon of A 
doubling.8 Only recently has there been an increased 
interest in the diagonal coupling terms neglected in the 
B-0 separation, with particular attention to configura
tions in which the nuclei are separated by large dis
tances.9 More recently, Jepsen and Hirschfelder have 
studied the possibility that the coupling terms would 
give inelastic collision probabilities, and have calculated 
the cross sections for excitation and charge transfer to 
the 2s state during a proton-hydrogen atomic collision.10 

In this paper, we investigate the possibility that the 
elementary process of dissociative electron attachment 
by molecules is also due to these coupling terms. 

6 M. Born and J. R. Oppenheimer, Ann. Physik 84, 457 (1927). 
7 R. Kronig, Z. Physik 50, 347 (1928). 
8 J. Van Vleck, Phys. Rev. 33, 467 (1929) 
9 T . Y. Wu and A. B. Bhatia, J. Chem. Phys. 24, 48 (1956); 

T. Y. Wu, ibid. 24, 444 (1956); A. Dalgarno and R. McCarroll, 
Proc. Roy. Soc. (London) A237, 383 (1956); A239, 413 (1957). 

10 D. W. Jepsen and J. O. Hirschfelder, J. Chem. Phys. 32, 1323 
(1960). 
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In Sec. I I , we present the general theoretical approach 
to the problem of calculation of the cross section for 
dissociative electron attachment. An application of 
this approach to the system H 2 + e — » H + H ~ is given 
in some detail in the remaining sections. Calculation of 
the coupling matrix elements is shown in Sec. I l l , and 
the approximations being made in evaluating these 
matrix elements are critically examined. In Sec. IV, 
the distorted nuclear wave equation is solved for the 
nuclear wave functions in the continuum. The behavior 
of this function at the boundary conditions is discussed 
in some detail. Numerical evaluations of the transition 
matrix elements are then carried out by using these 
nuclear wave functions as shown in Sec. V. In Sec. VI 
the results of our application are summarized and the 
calculated cross sections are compared with the experi
mental measurements. Finally, in Sec. VII we make 
some concluding remarks. 

II. THEORY 

There are different ways in which one may perform 
the B-0 separation. Jepsen and Hirschfelder10 have 
shown that the separation carried out in relative coordi
nates is slightly more accurate than the usual treatment 
using fixed space coordinates.11 The separation carried 
out after the center-of-mass motion has been removed 
from the equation is not unique, however. For diatomic 
molecules, the most convenient set of relative coordi
nates is the set with electron coordinates referred to 
the center of mass of the nuclei. The Schrodinger equa
tion, in such relative coordinates, for a system of A7 

electrons and two heavy nuclei a and b of masses Ma and 
Mb, respectively, is12 

\ 2/x / dt 
with 

1+Ma+Mb N 
H= £ V / + F , (2) 

2(Ma+Mb) i-i 

where n = MaM'&/(Ma~\-M'&), V2 is the Laplacian opera
tor, V is the potential energy, R is the vector from b to 
a, and the cross terms VV V,- in Eq. (1) are neglected. 
The electronic Schrodinger equation for fixed nuclear 
configurations becomes 

ff¥tt(r,R)=S»(R)¥n(r,R), (3) 

where the electronic coordinates are collectively de
noted by r. The ^ n ' s form a complete set in the space 
of electronic variables, so it is possible to expand the 

11 See for example, J. O. Hirschf elder, C. F. Curtiss, and B. B. 
Bird, Molecular Theory of Gases and Liquids (John Wiley & Sons, 
Inc., New York, 1954), p. 925. 

12 Atomic units are used throughout this paper except where 
indicated otherwise. 

wave function of the relative system in the form 

0=1) /" x.'(R)*.(*,R). (4) 

Substituting this expression for 12 into Eq. (1) and 
forming matrix elements in the electronic variables, we 
obtain the following set of differential integral equations 
for the x / ' s : 

{ V R
2 + 2 M [ £ n - F n ( R ) ] } x n ' ( R ) 

= - £ C t t»'(R,vR)x„' '(R), (5) 
nf7^n 

where En is the total energy, Fn(R) is the effective 
nuclear potential energy obtained by including the 
diagonal coupling terms into the electronic energy 
Sn(R), and 

Cnn' = 2Ann'^R+Bnnf
} (6) 

Ann> = (Vn\VR\Vn>), (7) 

1 W = < * » I VR2 |*»'>. (8) 

In principle, Eq. (5) can be solved exactly and would 
provide us with the information for the nuclear motion 
coupled by the electronic motion. This, however, is 
not possible in practice. If one assumes that the non-
diagonal matrix elements Cnn

f are so small that they 
may be neglected except for Cno which involves the ini
tial state "0" , Eq. (5) reduces to 

{VR
2+2MC£ n -Fw (R)]}xn , (R) = -CnoXo ,(R). (9) 

Hence, by the distorted-wave method13 the differential 
cross section da/o corresponding to excitation from the 
initial state " 0 " to the final state " / " can be expressed 
as a function of the incident angles (0O, <Po): 

d<rfo(00,<po) = (s/167r2ko) \Hfo\2dttf, (10) 

where s is the statistical factor (s~l or 2 for hetero-
nuclear or homonuclear diatomic molecules, respec
tively), k0 is the magnitude of the initial propagation 
vector of the incident electron, dtif (i.e., sindfddfd<pf) is 
the final solid angle element, and the transition matrix 
elements are 

#/o=(Xf | 2 4 / O V R + ^ / O I xo). (11) 

The initial and final nuclear wave functions which 
appear in Eq. (11) are the solutions of the following 
corresponding distorted-wave equations: 

{V R 3 + 2 M [E 0 -y 0 (R) ]} X o (R) = 0, (12) 

{VR2+2M [ JE / -F / (R)]}x/(R) = 0, (13) 
with 

Ef=Kf/2p = Eo'+Ea-D.9 

where EQ is the incident electron energy, Ea is the 
electron affinity of the constituent atom in question, 

13 For a review, see N. F. Mott and H. S. W. Massey, Theory of 
Atomic Collision (Clarendon Press, Oxford, 1949), 2nd. ed. 
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and De is the dissociation energy of the diatomic 
molecule. In writing down Eq. (10), the final wave 
function %/ is assumed to be normalized in the Kf scale. 

If the rotational degrees of freedom of the molecule 
are suppressed, one may consider that the molecule is 
in a fixed orientation. To find the general differential 
cross section without specifications to the orientations 
of the molecular axis, the transition matrix elements are 
averaged over the incident angles (#o,<po) of the imping
ing electron. The cross section oy0 is then obtained by 
integrating over the sphere dttf: 

symbolically16 as 

/ / ' 
fffa=(s/64x*ko) / / \Hf0\

2dn0d2f. (14) 

An application of this formula to a specific problem of 
interest, namely, 

H 2 + e - > H + H - , 

is considered in the following sections. The choice of 
this application is made, not only because of its relative 
simplicity, but because of the experimental measure
ments recently made available3 and of the importance 
of this process in astrophysics. The importance of this 
process arises from the fact that it is credited, in the 
solar corona, for generating H~ ions,14 a substance which 
controls the solar emissivity through bound-free and 
free-free electron transitions.15 

III. CALCULATION OF THE COUPLING 
MATRIX ELEMENTS 

For the calculation of the coupling matrix elements 
A/o and B/Q, we consider explicitly the specific applica
tion, H2+0—>H+H~, with both H and H~~ in their 
ground state, and proceed from the electronic Schro-
dinger equation, 

HVn=(Ho+H')¥n=S,&n. (15) 

If the electrostatic energy of interaction H' between the 
incident electron and the hydrogen molecule is to be 
treated as a small perturbation, one may use the power 
series expansion for the electronic wave function16: 

¥o=¥o«»+G<+>(«co>)fl'¥o<0) 

+G<+>(<S<°>)#'G<+>((S(0))2r*o<0)+- •. , (16) 
where 

1 1 1 1 

B'=—+ -r23 *n | r , - R / 2 | | r 8 + R / 2 | 
(17) 

(18) 

The Green function operator G ( + )(£ ( 0 )) is defined 

14 Y. Ohman, Arkiv Astron. 2, 1 (1955). 
15 S. Chandrasekhar and D. D. Elbert, Astrophys. J. 128, 633 

(1958); S. Geltman, Phys. Rev. 104, 346 (1956). See also earlier 
work therein. 

16 M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 
(1953). 

G<+>(S«»)=lim-
1 

Using the complete orthonormal set {^(0)}, this operator 
may be expressed in the integral operator form17 

with 

G<+>(£«»)= lim £ / dTx, G„(r,r'), (19) 

G.(r,r') = — f 
*/«(k,r)*TC<°>*(k,r') 

Kn
2=koi—2(e„— e0), 

drk, (20) 

(21) 

where e0 and en are the energies of the molecule at the 
initial and intermediate states, respectively; k0 and k 
are the magnitudes of the initial and intermediate 
propagation vectors of the electron, respectively. 

Since the two electrons in the hydrogen molecule are 
in a symmetric space state and an antisymmetric spin 
state, the unperturbed electronic wave function ^r

ri
(0) 

may be written as 

*n (0 )(r) = M^n(T2)4>kQ(tz)(1/VZ)(aifoas-c^ias), (22) 

where a and 13 are the spin states, <t> is the wave function 
of the incident electron, and ^'s form the complete 
orthonormal set of molecular orbital wave functions. 
Substituting ^<o)>s from Eq. (22) into Eq. (16) and 
truncating the power series expansion to two terms, the 
initial electronic wave function takes the approximate 
form 

*o (1 ) = * o ( 0 ) + E n / $n . ( r i ^ n C r a X ^ n f r i O ^ n f e O G n C r , ^ ^ ) 

XI Hf (r') I ̂ o(rl,Vo(r2/)0^o(r3,)). (23) 

At the final state, the electronic wave function be
comes that of the ground 2SM

+ state of H2~. This wave 
function is also the eigenfunction of Eq. (15) yielding 
the nuclear potential <S/(R) for the final nuclear motion. 
In the present treatment, we use the valence-bond wave 
function as the approximate function. Thus, the un-
normalized final electronic wave function can be 
written as 

* / = {^o° (ri,r2)^0
 b (r8) - *Aob (ri,r2)^0

a (r3)} 
X ( l / \5 ) (a i /3 2 a 3 -a2/W+cycl ic terms, (24) 

with 

^ ( r < , r i ) = ( 2 + 2 < l j | l 5 / » - 1 ^ 

X lis (rai) Is' (raj) + Is' (rai) Is (raj) ] , 

ls(rai) = T-1I2e-r«% Is'(rai)= (0.027/Try'2e-0^, 

^o6(^) = l^(f6,-) = 7r-1 / 2^bS 

where the ls's are the atomic orbital wave functions 
17 G. Gioumousis and C. F. Curtiss, J. Chem. Phys. 29, 996 

(1958); J. Math. Phys. 2, 96 (1961). 
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FIG. 1. The coordi-
system used in deter
mining the coupling 
matrix elements ap
proximately. 

having their center at a or b as indicated by superscripts 
(Fig. 1); \l/Qa(ri,tj) and ^o6(r») are the electronic wave 
functions for ground states of H~ and H, respectively.18 

The coupling matrix elements A/Q and Bfo can, therefore, 
be evaluated by using the expressions for ^o and \&7 
from Eqs. (23) and (24), respectively. 

In Eq. (23), the wave function of the incident electron 
may be expressed accurately in terms of spheroidal 
wave functions19 and the set of molecular orbital wave 
functions may be expressed in series of both associated 
Legendre functions and Laguerre polynomials in the 
prolate spheroidal coordinates.20 In terms of these wave 
functions, the derivatives and integrations become quite 
involved even for a computer. Our problem consists in 
finding some simpler functions that would enable us to 
evaluate the matrix elements and yet would provide a 
good approximation for the coupling terms. A central-
field approximation is adopted for the electronic wave 
functions.21,22 The usefulness of this approximation has 
been demonstrated convincingly- for simple molecules 
of high symmetry,21 even though, for refined molecular 
energy calculation, Hagstrom and Shull found that these 
single center expansions converge slowly.22 The error 
that would be introduced in the calculation of the 
coupling terms by this approximation is, however, not 
exactly known. Jepsen and Hirschfelder have shown 
that the nondiagonal ls<rg-2s<rg coupling terms for H2

+ 

18 S. Chandrasekhar, Astrophys. J. 100, 176 (1944). 
19 J. A. Stratton, P. M. Morse, L. J. Chu, and F. J. Corbato, 

Spheroidal Wave Functions (The Technology Press of M.I.T., 
Cambridge, Massachusetts, 1956). 

20 D. R. Bates, K. Ledsham, and A. L. Stewart, Phil. Trans. 
Roy. Soc. (London) A246, 215 (1953). 

2i F. A. Matson, J. Chem. Phys. 21, 928 (1953); J. C. Y. Chen 
and J. L. Magee, ibid. 36, 1407 (1962); K. Funabachi and J. L. 
Magee, ibid. 26, 407 (1957); H. W. Jay and R. G. Parr, ibid. 28, 
448 (1958). 

22 S. Hagstrom and H. Shull, J. Chem. Phys. 30, 1314 (1959). 

calculated in LCAO approximation are small in com
parison with those calculated by using the exact wave 
functions at internuclear separations of the Franck-
Condon region. On the other hand, these same coupling 
terms calculated in united-atom approximation become 
too large in comparison with those calculated exactly 
at the same internuclear separations.10 In view of these 
findings, one would expect that the central-field approxi
mation might yield the correct magnitudes for the cou
pling matrix elements at internuclear separations of the 
Franck-Condon region. 

In this approximation the complete orthonormal set 
of molecular orbital wave functions {\f/n} is substituted 
by a complete orthonormal set of hydrogen-like wave 
functions {^w

(0)} having their centers midway between 
the nuclei of the symmetric diatomic molecule. The 
orbital exponents (parameters) are determined by 
treating them as independent variational parameters 
in minimizing the electronic energy of their correspond
ing molecules. Equation (23) then becomes 

*o ( 1 )=^o ( 0 )+E f^n(0) (ri)*n<°> (r2) ?/*•« 
X<^<0) (riO^°> (r2')Gn(W (r3jr3') 

X | H' (r') | *,«» ( n W (r2 ')^. (0 ) (r,')>. (25) 

After taking the gradient and the Laplacian of this 
wave function with respect to R and making use of the 
orthonormality of i^(0)'s, we obtain 

V R * . ( ! ) = — ,/,„(0) ^o (0)(r1)«Ao (0)(r2) 
XMGom(Wz')\\rz'-R/2\-i 

+ |r3 '+R/2|-i |K (0 )(r3 ' )>, (26) 

V R ^ o « > = - ^ ( 0 , ( r i ) ^ < 0 ) ( r 2 ) 

XVR*<Go(0)(r3jr3')||r3'-R/2|-i 

+ |r3'+R/2|-M<K(0W)>, (27) 

where G0
<0) (r3,r3') is the Green's function for a free 

particle.23 

Go(0)(r3; ,1-3') = — f -drk 

1 gifcolrs-ra'l 

2x | r 3 - r 3 ' | ' 
(28) 

The appropriate central-field orbital for l.s<rfl(̂ o(0)) 
electrons in H2 requires the parameter Z=0.935. Equa
tion (27) can be further simplified by applying the well-
known Poisson equation in electrostatics: 

VR*F= -4irp(R), if V= 
P(t) 

J r-R 
(29) 

23 L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com
pany, Inc., New York, 1955). 



206 J O S E P H C . Y . C H E N 

After carrying out the differentiation in R and integra
tion over r, Eqs. (26), (27), and (24) are substituted 
into Eqs. (7) and (8); the resulting expressions for the 
coupling matrix elements A/o and Bf0 are then evaluated 
by performing the integration in terms of elliptic coordi
nates (Fig. 1). 

IV. THE NUCLEAR WAVE FUNCTIONS OF A DIATOMIC 
MOLECULE IN THE CONTINUUM 

The nuclear wave functions in the continuum 
are obtained by solving Eq. (13) with the effective 
nuclear potential given by the Morse function.24 

Writing the wave function in the usual approximate 
form lx{R)/R~]Y(6,<p) and suppressing the nuclear 
rotational motion, Eq. (13) reduces to a one-dimensional 
differential equation, 

d2 

—Xf(R) 
dR2 

+2fxZEf-Dee-2^R-R^+2Dee-^R-R^~]xf(R)==0. (30) 

This equation can be simplified by a transformation, 

Z = 2n0e-^R-R*\ 

Equation (30) becomes 

i2 1 d 
-Xf(Z)+-—Xf(Z)-

(n 2 n0 1 \ 
" + - ) x , ( Z ) = 0, 

\Z2 Z 4 / 

(31) 

(32) 

m 

dZ2" ' ZdZ 

where we have defined 

n,= {2ixDeyi2/p=K,/py 

% = (-2fjiEfy>2/f3=iKf/i3 = i?, 

We are looking for a solution that is everywhere finite, 
vanishes at the origin [ i£=0, i.e., Z0=2no exp(/3i?e)], 
and has the asymptotic behavior of a standing spherical 
wave. 

Xf(R)/R > (KfR)-1 sm(KfR+6f). (34) 

In view of the boundary conditions, we try a wave 
function of the form 

Xf(Z)^NfZ-fle-^2Ff(zn (35) 

Substitution of x/(Z) from Eq. (35) into Eq. (32) yields 

d2 

Z—Ff(Z)+ (1+2* 
dZ2 

-Z)—Ff{Z) 
dZ 

•d+nf-no)Ff(Z) = Q. (36) 

This equation is the confluent hypergeometric equation 
known as Kummer's equation25 having two linearly 

24 P. M. Morse, Phys. Rev. 34, 57 (1929); C. L. Pekeris, ibid. 
45, 98 (1933). 

%h See for example, L. J. Slater, Confluent Hypergeometric Func
tions (Cambridge University Press, New York, 1960). 

independent solutions: 

F v ( Z ) = 1 F i ( J - » o + » / ; 1 + 2 % ; Z), (37a) 

Fv{Z)^Z~2nf i F i d - ^ o - % ; l - 2 % ; Z), (37b) 

where 1F1 is the confluent hypergeometric function in 
Pochhammer's notation 

a a(a+l) Z2 

1F1(a,b,z) = l+-Z+ 
b 6 ( 6 + 1 ) 2 ! 

(38) 

These series are absolutely convergent for all values of 
a, bj and z, real or complex, excluding 6 = 0, — 1, — 2, • • •. 
Since we are interested in the case £ / > 0 , the quantity 
tif is purely imaginary. Both of the two solutions are 
regular at Z —0, and the series for i^i are everywhere 
absolute convergent. 

Substituting Eqs. (37) back into Eq. (35), one sees 
that these two linearly independent solutions of Eq. 
(36) constitute two solutions of Eq. (30) which are 
complex conjugate to each other. In order to satisfy the 
boundary condition, x/(R) ~* 0 as R —» 0(Z —> Z0), the 
acceptable solution must be the complete solution of 
Eq. (30) which can be constructed by taking a linear 
combination of the two linearly independent solutions. 

Xf(Z) = Nfe-z/2Z™'fU(±-nQ+in/; l+2in/; Z), (39) 

U(i-n0+in/; l+2in/; Z) 

= (i/2){Z0 •inf'p—'. «/Z?v (Z) - ZoWJ'fFv (Z)}, (40) 

where 3/ is the argument of lF^—no+in/; l+2in/; 
Z0), Flf(Z) and F2f(Z) are given by Eqs. (37). This 
solution is zero at i £=0(Z=Z 0 ) , and has the asymptotic 
form of sin(KfR-^~df). The eigenfunction, then, is nor
malized asymptotically according to 

Xf &-+«>) 

-Kf+AKf 

X / Xf(K/> R~+™ )dK/dR= 1. (41) 
J Kf-AKf 

We thus obtain the normalized nuclear wave function 
in a continuum 

Xf(R) = Li/(2Ty'2le-^2 

Xie-WWhFid-no+in/; l + 2in/; Z) 
_eHKfR+6f)lFl(i_no__iflf'. l-2in/;Z)}. (42) 

In our explicit example, the nuclei, at the initial state, 
are moving in the lower portion of a strongly attractive 
potential field, provided by the ground lyL9

+ state of H2; 
the usual linear harmonic-oscillator wave functions 
would therefore give a rather accurate description of 
their motion.26 At the final state, the nuclei are moving 
in the repulsive region of the potential field, provided 
by the ground 2Xft+ state of H2~; their motion is no 

26 L. Pauling and E. B. Wilson, Introduction to Quantum 
Mechanics (McGraw-Hill Book Company, Inc., New York, 1935). 
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longer restricted by quantization. The nuclear wave 
function in a continuum given by Eq. (42) is therefore 
used. 

Four sets of theoretical potential curves for the 
ground 22M

+ states of H2~ have been reported in the 
literature.27-30 The general shape of the potential curve 
calculated from superposition of configurations by 
Fischer-Hjalmars,30 however, does not agree with the 
shape obtained by the rest of the calculations.31 There 
are controversies as to which basic type of the potential 
curves is the correct one.32 In this work we use all of the 
four theoretical curves, and by comparing the calculated 
cross sections with the experimental observations we 
are able to make some comments on the potential 
curves and the sensitivities of the general characteristics 
of the cross section-energy curve for the process of 
dissociative electron capture on the shape of the nuclear 

27 H. Eyring, J. O. Hirschfelder, and H. S. Taylor, J. Chem. 
Phys. 4, 439 (1936). 

28 A. Dalgarno and M. R. C. McDowell, Proc. Phys. Soc. 
(London) A69, 615 (1956). 

29 B. K. Gupta, Physica 35, 190 (1959); 26, 335 (1960). 
3 0 1 . Fischer-Hjalmars, Arkiv Fysik 16, 33 (1959). 
31 By the use of a valence bond (VB) treatment with two 

variational parameters, Eyring et al. (reference 27) obtained for 
the lowest 2SM

+ state of H2~ a potential curve with a minimum at 
an internuclear distance of 1.8 A, the minimum being 0.906 eV 
lower than the potential computed for infinite separation of the 
nuclear. The calculated energy at infinite separation was 1.621 eV 
higher than the observed value. The authors assumed that the 
same errors were made at all separations and the curve was 
lowered by 1.621 eV. Dalgarno and McDowell (reference 28) 
assumed that the orbital exponents in the wave function of the 
ground state of H2~, in a VB treatment, to be the values obtained 
for R = oo multiplied by a common scale factor. By varying this 
scale factor for each chosen R value, they obtained a potential 
curve for H2~ with limiting energy of H + H ~ well below the energy 
of H-f-H+e, in agreement with the well-known stability of H~. 
The general features of the potential curves obtained from these 
two investigations are in fair agreement. Later Gupta (reference 
29) and Fischer-Hjaimers (reference 30) independently made some 
more elaborate single configuration calculations for the ground 
2SM

+ state of H2*~. They obtained almost identical potential curves 
as the one obtained by Dalgarno and McDowell. Fischer-Hjalmars 
has also made a calculation for the ground 2SM

+ state by including 
the^ contributions due to configuration interaction of some singly 
excited states of the H~ atom (reference 30). The shape of the 
potential curve obtained from this treatment differs drastically 
from that obtained from the single configuration calculation but 
resembles that of the ground ^ p * state of the hydrogen molecule 
between i? = 0 and R = RC, where Rc is the crossing point of the 
potential curve in question with that of H2 (see Fig. 2). 

32 I t is seen from Fischer-Hjalmars' calculation, for the ground 
2SM

+ state of H2~ that if one treats the problem of superposition of 
configurations by restricting the third electron of H2~ in a very 
large orbit of Hr leaving the other two in a Is orbital with Z = 1, 
one would obtain a curve having a close resemblance to the 
potential curve for the ground ^g* state of H2 between the inter
nuclear separations R = 0 and R = Rc, where Rc is the crossing point 
of the two curves (references 30 and 31). A speculative interpreta
tion for this finding is that the lowest 22M+ state for the three-
electron-two-proton system is H2. . . e (one of the three electrons 
is in the^continuum) rather than a bound 2SM

+ state of H2~. Thus 
the variational method requires their wave functions to be 
orthogonal. If the orthogonality condition is not satisfied, one 
cannot be sure that the energy so obtained by variational tech
niques would be that for the bound 2SM

+ state of H2~, especially 
when configurations involving one electron in the continuum are 
introduced in the wave function subject to variation. Davidson's 
recent calculation seems to favor the above interpretation [E. R. 
Davidson, J. Chem. Phys. 36, 1080 (1962); see also I. Fischer-
Hjalmars, ibid. 36, 1081 (1962)]. 

TABLE I. The parameters in the Morse function obtained by 
fitting this function to different calculated potential curves for the 
ground 2SM

+ state of H2~. 

Origin De Re 0 

Case I a Earing et al.e 0.0339 3.47 0.65347 
Fischer-Hjalmarsf 

Gupta* 
CaseIIb Fischer-Hjalmarsf 0.0059 5.42 0.51094 

Dalgarno and McDowell11 

Case 111° Guptas 0.00595 5.80 0.50028 
CaseIVd Fischer-Hjalmarsf 0.0933 1.65 1.23143 

a Simple configuration calculation with the same value for all the orbital 
exponents, this value being determined by variation for each internuclear 
distance. 

b Single configuration calculation with different values for each of the 
three orbital exponents, these values being determined by variation for each 
internuclear distance. 

o W. Mofitt's method of "atoms in molecules" [Proc. Roy. Soc. (London) 
A210, 224, 245 (1951)]. 

d Superposition of configurations composed of some singly excited states 
of H"~ with fixed values for the orbital exponents, the values of the coeffi
cients for different configurations being determined by variation for each 
internuclear distance. 

e See reference 27. « See reference 29. 
f See reference 30. h See reference 28. 

potential field. These potential curves are corrected 
for the diagonal coupling terms and then fitted to the 
Morse function 

Vf(R) = Dee-2^R-R^~2Dee-^R-R^. (43) 

The corresponding sets of parameters De, Re,P obtained 
from different calculated curves of the ground 2SM

+ of 
H2~~ are tabulated in Table I. The nuclear wave func
tions in a continuum are, therefore, obtained for each set 
of parameters. Figures 2 and 3 show the nuclear eigen-
functions belonging to the continuous spectrum for the 
two different types of potential curves at Ef=5, 10 
(in electron volts). 

V. CALCULATION OF THE CROSS SECTION 

The cross section af0 for dissociative electron attach
ment by a diatomic molecule is given by Eq. (14), 
where the initial vibronic state of H 2 + e is collectively 
denoted by " 0 " (the rotational motion of the nuclei is 
suppressed). For a given electronic state, there are 
however detailed cross sections for each possible vibra
tional state. To specify such vibrational states ex
plicitly, the notation o-f0

(v) is introduced, where v is the 
initial vibrational state. After carrying out the inte
grations over the solid angles 2f and Q0y Eq. (14) 
becomes 

(l—m)\f s \ 
a - / o w - L cow(2/+l) (• 

l,m (l + m)l\4:Tko/ 

X\(Xf\2Afo(lyni)VR+Bfo(l,ni)\xo)\2 , N 

(44) 
= E <rfo(v)Q,m), « m = l for m = 0] 

l,m 

w m =2 for rn^O, 

where we have used the central-field approximation 
(Sec. I I I ) . Since A/o and Bf0 are slowly varying and 
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FIG. 2. The heavy curves are the Morse curves for the ground 
22)M

+ and iZa
+ states of H2~ and H2, respectively. The Morse 

curve for H2~ is obtained by fitting to the potential curves calcu
lated from the best single configuration considerations (see foot
note b of Table I). The light oscillating curves are the correspond
ing eigenfunctions. 
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FIG. 3. The heavy curves are the Morse curves for the ground 
2SM

+ and l1ig+ states of H2~ and H2, respectively. The Morse curve 
for H2~ is obtained by fitting to the potential curve calculated 
from superposition of configuration considerations (see footnote 
d of Table I). The light oscillating curves are the corresponding 
eigenfunctions. 

most of the contribution to the integration comes from 
a narrow range of internuclear separation R=Re' (the 
equilibrium distance for H2), they can be taken outside 
of the integral and Eq. (44) can be written as 

{l—m)\/ s \ 
<r/o(l0 = L c»m(2l+l) ) 

l,m (l+m)l\4:Tko/ 

X 12alm(Xf \ V R I Xo)+bim{xf I Xo) | 2 , (45) 

where 0|TO=D4/O(1£,/,W)]B„J2/, Sjm=C^/oW,w)]«-fi/> 
and the initial and final wave functions are the linear 
harmonic-oscillator wave functions and the continuum 
wave function [Eq. (42)], respectively. 

FIG. 4. The overlap (x/lxo) and the gradient (x/1 VR|XO) matrix 
elements for the continuous and ground nuclear wave functions of 
H2~ and H2, respectively. The effective nuclear potential for the 
continuous wave function is approximated by a Morse curve of 
Case I I of Table I. 

The matrix elements (x/1 VR | %O) and (x/1 Xo) are nu
merically evaluated on the IBM 7090 data processing 
system. It is found for Case II of Table I that (x/1 VR | XO) 
has a minimum and a maximum at impact electron 
energies of 9.6 and 13.5 eV, respectively, and that 
(x/lxo) has, as expected, a maximum at 11.2 eV (Fig. 4). 
The total cross section 0-/0(0) for dissociative electron 
capture by a diatomic molecule is then calculated as a 
sum of the partial cross sections cr/0

(0)(^^)« The partial 
cross sections are calculated as a function of the energy 
of the incident electrons ranging from 5 to 16 eV. It is 
observed that strong maxima occur in oy0

(0)(^w) for 
small values of / and m at energies corresponding to the 
minimum and the maximum in (X/|VR|X/X and that 
these maxima decrease in magnitudes as / and m in-
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crease. Figure 5 shows this behavior for Z=0, 1, 2, 3; 
m=0 for CT/O (0)(^) with the effective nuclear potential 
for H2~ approximated by a Morse curve of Case II of 
Table I. The magnitude of oyo(0), therefore, is not 
affected by neglecting the contributions to the summa
tion for values of I and m beyond those given. In Fig. 6, 
the total cross section as a function of the energy of 
the incident electrons are plotted for different Morse 
curves used as an approximation to the effective nuclear 
potential. 

VI. COMPARISON OF THE CALCULATED 
RESULTS WITH EXPERIMENTS 

The formation of negative H~ ion by electron impact 
was first reported by Lozier in connection with the study 
of ionization properties of the H2 molecule.33 He con
cluded, however, that these ions having maxima occur
ring at electron energies of 6.6 and 8.8 eV came, not 
from H2 molecules, but from impurity molecules of H20. 

9 II 13 
ELECTRON ENERGY (eV) 

FIG. 5. Calculated partial cross section o-/o(0)ftw) for dissocia
tive electron capture by H2 molecules with the effective nuclear 
potential of H2~ approximated by a Morse curve of Case II of 
Table I. 

3.0, 

2 2.5 

9 I I 13 

ELECTRON ENERGY (eV) 

FIG. 6. Calculated total cross oyo(0) for dissociative electron 
capture by H2 molecules. Here different cases refer to different 
approximate nuclear potentials being used (see Table I). 

ated with the production of hydrogen atoms in the first 
excited state, H2+0—>H*+H~. 

By comparing the low-energy portion of the experi
mental curve with the calculated curves, we find that 
the theory gives the cross section in the correct order 
of magnitude, and also satisfactory energy dependence 
for the cross section. These agreements are obtained 
only for Morse curves of Cases II and III (Table I). 
Poor agreement for Case I is found, but for Case IV 
there is no such agreement. The curve obtained for 
Case IV is shown as a dotted curve in Fig. 6 together 
with the rest of the calculated curves, and the corre
sponding values for the cross section are given in Table 
II. It is seen that the general characteristics of the cross 
section-energy curve are sensitively dependent on the 
nuclear potential field in the Franck-Condon region of 
the parent molecule. 

Perhaps the most interesting result from this theory 
is the prediction of the two resolved peaks in the Franck-

This conclusion was recently confirmed in a mass spec
trometer experiment by Khvostenko and Dukel'skii.34 

These workers also observed H~ ions coming directly 
from H2 molecules as a result of electron impact and 
determined the approximate cross section for this 
process. More recently, by a refined ultra-high vacuum 
technique, Schulz was able to determine accurately the 
cross section for production of H~ ions by electron 
impact with hydrogen molecules.3 His cross section-
energy curve is reproduced in Fig. 7. It is seen that the 
cross section exhibits a plateau around electron energy 
of 10 eV with a value of 1.2X10-4 A2 and a sharp peak 
at 14.2±0.1 eV with a value of 3.5XlO"4 A2. Schulz 
interpreted the first plateau to be associated with the 
reaction H2+£—> H+H~", where H and H~ are both 
in their ground states, and the sharp peak to be associ-

33 W. W. Lozier, Phys. Rev. 36, 1417 (1930). 
34 V. I. Khvostenko and V. M. Dukel'skii, J. Exptl. Theoret. 

Phys. (U.S.S.R.) 33, 851 (1957) [translation: Soviet Phys.—TETP 
6, 657 (1958)]. 
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is associated with the processes of H 2 +e —> H*+H~ and 
H 2 +e —> H + + H ~ + e . The theoretical curve is obtained for the 
effective nuclear potential of H2~ approximated by a Morse curve 
of Case II of Table I. 
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TABLE II. Calculated total cross section <r/0
(0) for dissociative 

electron capture by H2 molecules. Here different cases refer to 
different approximate nuclear potentials being used (see Table I). 

Electron 
energy, 
E0 (eV) 

6.00 
6.50 
7.00 
7.50 
8.00 
8.50 
9.00 
9.50 

10.00 
10.50 
11.00 
11.50 
12.00 
12.50 
13.00 
13.50 
14.00 
14.50 
15.00 
15.50 

Total cross section <r/o(0) (A2) 
Case I 

3.684X10"5 

7.403 X10"5 

1.176X10"4 

1.515X10'4 

1.614X10-4 

1.415X10"4 

1.006X10"4 

5.378X10-* 
1.719X10-5 

6.227X10-7 
5.533 X10~6 

2.656X10"5 

5.515X10"5 

8.377 X10-5 

1.062 X10~4 

1.191X10"4 

1.246X10"4 

1.206X10-4 

1.124X10"4 

9.942X10-5 

Case II 

1.002 X10~7 

1.051 X10~7 

6.497 X10~6 

2.597X10"5 

7.181X10"5 

1.424X10"4 

2.080X10"4 

2.220X10"4 

1.656X10"4 

6.592 X10-5 

8.163X10"6 

1.006X10-5 

7.090X10-5 
1.496X10-4 

1.981X10"4 

2.175X10"4 

1.976X10"4 

1.556X10"4 

1.119X10"4 

7.322X10-5 

Case III 

3.251X10-7 
3.074X10"6 

1.676X10-5 
5.767X10-5 
1.335X10"4 

2.130X10"4 

2.356X10"4 

1.694X10"4 

6.193X10-5 
1.161X10"6 

3.212X10-5 
1.241X10"4 

2.097 X10"4 

2.460X10"4 

2.272X10"4 

1.758X10-4 

1.208X10"4 

7.352X10-5 
4.146X10-5 
2.149X10-5 

Case IV 

1.672X10-5 

8.305 X10~6 

4.098X10-6 

2.044X10-6 

1.039X10-6 

5.420X10-7 

2.867X10-7 

1.553X10-7 

8.603X10-8 

4.850X10-8 

Condon energy range of the ground lH,g
+ state of H2 

(Fig. 7). This feature is also suggested in the experi
mental curve by the slight dip in the plateau around 
electron energy of 10 eV. The magnitude and the loca
tion of these two calculated peaks depend more sensi
tively on the matrix element (X/ |VR|XO) than on 
(x/|xo). I t is possible that the usual mathematical ex
pression for the Franck-Condon principle is no longer 
quantitatively correct for such transitions, though this 
principle is still operative. The latter conclusion is 
further supported by the observation that there is no 
calculated cross section of any significant magnitude 
found outside of the Franck-Condon energy region. 

In the observed cross-section curve, a small plateau 
appears at 6.8 eV with a value of the order of 7X lO^6 A2. 
There is, however, no corresponding plateau obtained. 
in the calculated curve. This is consistent with Schulz's 
interpretation that this plateau is due to some impurity 
contained in the system. 

VII. CONCLUDING REMARKS 

The agreement of the calculated cross section-energy 
curve with the observed curve for negative H~ ion for
mation in collisions of electrons with H2 molecules 
suggests that the coupling terms between the electronic 

and nuclear motion in the molecule are the transition 
operators responsible for such elementary processes of 
dissociative electron capture. The possible effects of 
these coupling terms should, therefore, be taken into 
consideration in calculation of dissociative phenomena 
in molecules. The approach described here is, in a sense, 
in agreement with Massey's proposal,1 and with 
Stanton's argument of the impossibility of accounting 
for capture in terms of the electrostatic interaction 
between the electron and the neutral molecule.2 

The fine structure predicted by this theory for the 
cross section-energy curve in the Franck-Condon 
energy region of the parent molecule is of interest for 
further investigation. By using Fischer-Hjalmars' re
fined potential curve for the ground 22M

+ state of H2~, 
one fails to get a cross section of any significance to 
account for the observed negative H~ ion formation. 
In view of this incapability to account for the observed 
cross section, it is tempting to believe that this potential 
curve, between R==0 to R=RC (Fig. 3), is in error 
(for comments, see footnote 32). 

In this calculation we have assumed that errors due 
to the inconsistency of the final electronic wave function 
(i.e., the wave function of H2~~) with the different 
potential curves being used are negligible. Thus, there 
are uncertainties in our comparison among the poten
tial curves. The errors due to this inconsistency, how
ever, are believed to be small in view of the fact that the 
gross feature of the cross section-energy curve is more 
sensitively dependent on the potential curves being 
used than on the coupling terms being calculated by the 
final electronic wave functions. This also follows from 
the conclusion that the Franck-Condon principle is 
still operative for such dissociative processes, though 
in a different fashion. 

I t is possible that a refined calculation for the 
coupling matrix elements (Sec. I l l ) would change the 
values of the cross section. I t is unlikely, however, that 
it would change the order of magnitude and the con
clusions. The questions of the effects of the rotational 
motion of the molecule and of statistical population of 
the initial state on the agreement between the calcu
lated and observed results are left completely open. 
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