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The relationship between the shell model and the rotation-vibration model of nuclear structure is dis-
cussed. A method for reformulating the shell-model problem in terms of a vibrational-rotational Schrédinger
equation is given. The two- and four-body problem in the sd shell is discussed in detail.

I. INTRODUCTION

ECENTLY, progress has been made in under-
standing the rotational collective modes of nuclear
motions from the point of view of the shell model. Using
a shell-model representation based on quantum numbers
derived from the group SU;, Elliott' has shown how
shell-model states can be constructed which have the
properties of collective rotational motion. Explicit
calculations in the sd shell have been carried out using
this representation for Ne® and Mg?.2:3

Nuclear vibrational modes of motion have been
treated by Griffin and Wheeler* and by Moszkowski.®
Their main physical assumption is that the wave func-
tion can be expressed in terms of a ‘“Hill-Wheeler”’¢
integral, which is a plausible form for a vibrating sys-
tem. The problem then becomes that of finding the
Schrodinger equation for the vibrational motion after
one has first chosen vibrational variables. The latter
problem of finding the proper vibrational variables is
not quite analogous to the case of rotations where one at
least knows that the canonical momenta involved are
the usual angular momentum operators. In the case of
vibrations one must study the Hamiltonian to find the
proper variables or make some “ansatz” such as is done
when one concentrates attention on quadrupole de-
formations.

In the present work we wish to reformulate the shell-
model problem in terms of a vibrational-rotational
model. The Schrodinger equation for this model must
yield the shell model energies and eigenfunctions,
though the eigenfunctions may have quite a different
representation. In fact, the eigenfunctions in this model
explicitly display the vibrational aspect of the motion.

II. THE TWO-BODY CASE

In our treatment of the shell-model problem we as-
sume that we are given a two-body force plus a one-body
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central force. The one-body force represents the effects
of the lower lying closed shells on the outside particles
which interact among themselves via the two-body
potential. Usually the outer particles are restricted to a
major shell and one must set up the matrix of the given
force and diagonalize it over the space of that major
shell.

A simple nontrivial case is that of two particles in the
sd shell without spin. There are five space-symmetric
states

52(0), @*(0), sd(2), &*(2), d*(4),

and three spatially antisymmetric states
d*(1), sd(2), d*(3).

The number in parenthesis is the value of L to which
the two orbitals are coupled. The shell-model Hamil-
tonian, a scalar, is symmetric under particle exchange;
hence it only mixes states of the same L and space
symmetry. For example in the case of L=0 one must
diagonalize the 2X2 matrix of H in the s*(0), @*(0)
subspace. The eigenvectors of H which are symmetric
under particle exchange are of the form

VOO =a2(0)+8d2(0), TV =psd(2)+rd(2),
E0D=—85(0)+ad*(0), WD =—ysd(2)+ud(2), (1)
T =(4),

where
aB=1, pr=1,

and the superscripts on w7 designate the angular
momentum L and differentiate between states of the
same angular momentum with the index v.

Consider the possibility that the states ¥*? can be
interpreted in terms of two rotational bands W(%.»
(L=0, 2,4) and ¥ (L=0, 2). We assume, in addi-
tion, that the “intrinsic motion” in each band is given
by independent-particle wave functions corresponding
to motion in an axially symmetric field. The possible
single-particle “intrinsic” orbitals are then of the form

ySU+dU) MSU-i_ydU? d17 d"l’ dz, d”27 (2)

where y is a deformation sensitive parameter which
gives the ratio of d to s, state in the m, =0 orbitals. Let
us assume in addition that the orbital yse+do lies lowest

“in energy. Our intrinsic wave function would then be
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given by

®(y:1,2)=[yso(1)+do(1)]
X[yso(2)+do(2)]/ (145,  (3)

An intrinsic state ® rotating with angular momentum L
can be represented’-® by the wave function

Pra(y:1,2),

where P projects angular momentum L out of ®. The
assumption of a rotational band ¥ is equivalent to
assuming that some y=1v; exists such that

WED (1,2) =N, P (y.: 1,2), (@)

where N1, is a normalizing constant.

When Eq. (4) no longer holds we must seek a more
general description of the wave functions ¥7. In
order to describe vibrations we can assume that the
proper “intrinsic” state is not simply ®(y:1,2) but a
packet of such states with different deformation parame-
ters y. We then have the more general assumption

Y& (1,2)= PE / o ()@ (y: 1,2)dy. ()

If & (y) is peaked about some value of y=1y, we can
speak of vibrations about an equilibrium position y,.
Rather than discuss ¢®7 (y) directly it is more con-
venient to introduce the functions ¢*7 (y), where

Y (y)E/‘I,(LW)*(la2>‘I>(y: 1,2)dr dr». (6)

From the definition of ®(y: 1,2) we see that &7 (y) is
of the form

YD (y)= (A+ By+Cy?)/ (145, "

where 4, B, and C are constants. The ¢%7 (y) functions
are the expansion coefficients of ®(y:1,2) in terms of
w7 (1,2). Hence

Bly: 1,0)= L1\ pEDTED(12).  (3)

In order to derive the equations satisfied by &7 (y)
we now consider the effect of operating on ®(y:1,2)
with H. In the shell-model space in which we are
working, the vector

H¥(y:1,2) 9)

can be expanded as a linear combination of the five
wave functions

d:(1)d_1(2)+d_.(1)d:(2)

50(1)30(2), \/Q b

so(Ddo(2)+do(1)s0(2)  d2(1)d_5(2)+d_5(1)ds(2)

V2 V2

or any other five linearly independent combinations of
these five functions. For convenience we choose the

7 See discussion of PLP in reference 2.
8 R. Peierls and J. Yoccoz, Proc. Phys. Soc. (London) A70, 381

(1957)

do(1)do(2),

(10)
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following five wave functions which are in general

linearly independent:
®(y:1,2), Lo(y:12), La(y:1,2),
d2

d
—‘I’()" 1)2)7 —(P(y' 172)' (11)
dy dy*

The expansion of H® now can be written

HP(y:1,2)=[—P2a(y)— Pay(y)L2— Pac(y)L*— P1(y)

X (d/dy)—Ps(y)(@/dy*) J2(v:1,2), (12)
where the expansion coefficients are — Pgq, — Pap, — Pa,
— Py, and — Ps.

Introducing the expansion (8) for ®(y: 1,2) into Eq.
(12) and using the fact that

HY o (1,2) = EEnEEm(1,2),

(13)
L2vEm (1,2)=L(L+1)¥E"(1,2),
we find
— 3 EEyEm () g T (1,2)
= LZ [Poa()+Paos(y)L(L+1)
+Poc(y) L2(LA+1)2+P1(y) (d/dy)
+Po(y) (@/dy?) v () ¥ (1,2).  (14)

Equating coefficients of ¥7 (1,2) on both sides of
the above equation we finally have our vibrational
equation:

[Pea(y)+ Pos(y)L(L+1)+ Poc(v)L2(L41)?
+P1(y) (d/dy)+ Po(y) (d%/dy?) = (y)
= —EEyEn(y).  (15)

The solutions of this equation which are of the form of
Eq. (7) will yield the shell-model eigenvalues £, The
functions ¥ (y) have no simple orthonormality or
completeness relations since they are not solutions of a
self-adjoint equation. In order to put the vibrational
equation into a more physically transparent form we
must transform to new independent and dependent
variables.
Equation (15) is of the form:

LPo(y) @/ dy?)+ P1(y)(d/dy)+Pa(y) W (v)
=—FEy(y). (16)

Multiplying by [1/Po(y)] exp S/ “LP1(y")/ Po(y’) Jdy" we
get the standard Sturm-Liouville form:

/iy / wro ||
+[Pz<y>/f’u(y>1[exp / ()78

+E{exp[/.y(1)1/f’o):| / Po(y) }¢(y)=0. 17)
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We now introduce a new independent variable, z,

z=/y(1/Pg)1/2dy’. (18)

In problems with realistic nuclear forces Po(y) will
generally be positive. If not, then the transformations
can be modified so that z is real. We also introduce a new
dependent variable .

u={exp|: / y(Pl/Po)dy’:l / Pa ]\p. (19)

In terms of # and z, the vibrational equation becomes
—[u(2)/d=2 ]+ V (2)u(z) = Eu(3),

where

P, &Py
V= ——P2+<2——— ) / 4
dy dy’

dP, dpP,
+<—~~2P1)(3——2P1) / 16Py.  (20)
dy dy

Sturm-Liouville theory® gives us the orthogonality
properties of ¥ (y). We introduce the weight function

W (3)=1/Py exp / (PP 1)

Assume that exp /' ¥(P1/Po)dy’ has two zeros which we
designate ¢ and b, where a <b. In the interval between
a and b we assume P, has no zeros and that W2>0. It
then follows that for any solutions ¥, ¥s of Eq. (17)
corresponding to different eigenvalues £, and E,

b
/ VW)W (9)dy=0. (22)
It is convenient to normalize ¥ ;(y) so that
b
f Vi)W (y)dy=46.;. (23)

Returning to Eq. (8), which gives the expansion for
®(y:1,2), we multiply both sides by ¢&7 (y)W (y) and
integrate to give

b
/ Y ()W ()0 (y: 1,2)dy

=% [ v ewe)

—— XYL () (1,2)dy.  (24)

9 Cf. for example- H. Margenau and G. M. Murphy, The
Mathematics of Physics and Chemistry (D. Van Nostrand Com-
pany, Inc., Princeton, New Jersey, 1947), Sec. 8.5, p. 253.
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For L=L', we use Eq. (23) (assume E&:D5 EUL.D)
giving
b

/ Y ()W (3)B(y: 1,2)dy

b
=pE(1,2)+ 3 / Y ()W (y)
rle

XYE () o0 (1,2)dy.  (25)

For L##L’, we have no orthogonality relations since
YEM - YLLY) obey different differential equations.
Finally, we project angular momentum L from both
sides of Eq. (25) and obtain

b

/ YED ()W (3) PR (y: 1,2)dy=TE (1,2).  (26)

Thus, we have recovered the form of Eq. (5) where
we can identify

¢ (y) =g (Y)W (y). @7
If we introduce the rotation operator
R(Q)=exp(—iaL,) exp(—iBL,) exp(—iyL.),
Q= (a,8,7), (28)
and define the rotated wave function
R@)®(y:1,2)=3(Q,y: 1,2), (29)
we can express P (y: 1,2) as
PLd(y:1,2)= / Do (e57)
8r2/ (2L+1)
X®(Q,y: 1,2)dy sinBdBde, (30)

where D,.;Y(a,8,y) is the standard rotation matrix.
Thus we can write ¥ (1,2) in the form

b
v (12)= [ Wy [dayn )

DO,OL*(‘I)B;'Y) (9 12)
(87?)/ (2L+1) o

This is the Hill-Wheeler® form in terms of a vibrational
wave function W (y)¢=7(y) and a rotational wave
function Dg,o**(a,8,v)/[87%/ (2L+1)].

III. MANY-PARTICLE SYSTEMS

€29

We have obtained a vibrational-rotational description
which is equivalent to the shell model. For more than
two particles, it is impossible to express H® in terms of
functions like

L, L*®, (d/dy)®, L*(d/dy)®, ---.
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Hence, an exact equivalence to the shell model cannot be
obtained. Nevertheless, we wish to examine to what
extent the exact two-body treatment can be generalized.

Consider, for example, anintrinsicstate®(y:1,2,- - - 4)
which depends on some deformation parameter y. We
then define the function

TE (L, A)
X‘I’()’ 17' '

A (y)E/

~A)dry- - (32)

“dry,

and try to find a differential equation satisfied by
Y& (). In order to determine an approximate vibra-
tional equation, we can project the vector H®(y: 1, - - 4)
on the space defined by the vectors

o, Lo, Lo, (d/dy)0, (@/dy)e.

IFor higher accuracy one could add higher powers of L?
and even consider terms like

L*(d/dy)®, 1(d?/dy)2.

The general problem of projecting H® on a set of
functions O&, where O; are some set of operators, is
equivalent to finding a set of functions a@;(y) such that

Hb=Y,;a:(y)08+x, (33)
where x is a vector orthogonal to all O, that is
(x|02)=0. (34)

Using this relation we can take the scalar product of
Eq. (33) with the set of vectors O,® and obtain the set
of equations for a.(y)

@] 0,H|®)=3: a:(y)(®]0,0:]®). (35)

Once the expansion coefficients a;(y) are found, the
problem is continued exactly as in the two-body case.
This method is not exact; one must therefore inquire
about the conditions for which the approximation of
projecting H® on a limited subspace is accurate. Since
the method leads rather directly to a model of a
vibrating system, we shall see that if one assumes that
the final wave function has a vibrational form, then,
indeed the method of projecting will be accurate.

We therefore assume that to a good approximation
Wy (1,---4) can be written in the form

WD )= [ (e, Ay, (30

with the assumption that ¢(&7 (y) is peaked about some
y=1¢ as shown in Fig. 1.

Hence ¥7 (1, - - 4) is made up of a packet of states
Pip(y: 1,---A4) weighted by ¢&¥ (y). The Hamiltonian
must have the property that it does not strongly admix
states PEp(y:1---4) inside the packet with those
outside the packet. Otherwise ¢ (y) would not be
peaked. It is therefore possible for y, in the neighborhood

LEVINSON, AND MESHKOV

(W]

Cﬁ '(y)

Fic. 1. Assumed
form of ¢ (y) for
a system vibrating
about an equilibrium
point yo.

of v, to expand HPLp(y:1--
HPM(y: 1, A)F [ar(y)+bu(y) (d/dy)
+en(y)(@/dy?) JP e (y: 1, - - A).

To prove this result we note that our assumption of
weak admixture of distant states can be written as

-A4) in a series:

(37)

HPM(y: 1, 'A)%/.fL(y,y’)P%(y’: 1,---4)dy’, (38)

where f1.(y,y’) is large only for y'~v and we only con-
sider values of y in the neighborhood of y,. Since f.(y,y")
is only large for y’~y we can expand PZd(y',1---4)
inside the integral to give

PEO(y)~ P (y)+ (y' =) (d/dy) P2 (y)
+3 0" =)@/ dy ) PH2(y).
Substituting this into Eq. (38) we arrive at the form of

Eq. (37), where the coefficients a.(y), bz (¥), and ¢1.(y)
are

(39)

or(y)= / .f t(y,y)dy',

br(y)= / fryy) (' —y)dy, (40)

% y)2

y)—/fL(yy)

We next define operators a(y,L?), 6(y,L?), ¢(v,L?) such
that

arL(y)Pe(y:1, - A)=a(y,L)PL®(y: 1,-- - A4), etc. (41)

In fact we see that ar(y)=a(y, L(L+1)), etc. Finally
we have

HP™X(y: 1,- - A)=[a(y,L)+b(y, L) (d/dy)

+ely, L) (@/dy?) PP (y: 1,- - 4).  (42)
We can sum both sides on the index L and using the fact
that

YL PE=1, (43)
we finally obtain
Ho(y: 1, - )= [a(y,L2)+b(y,12) (d/dy)
+C(y7L2) (dz/dyz)]‘b(y' 17 SRR )J (44)
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from which it follows as before that

Ca(y,L(L+1))+b(y,L(L+1))(d/dy)
+e(y,L(LA+1))(@*/dy*) W=7 (y)

S EwayE (), (45)
where y& 7 (y) is defined in Eq. (6) and E%" is an
eigenvalue of H. The L? dependence of a(y,L?), 5(y,L?)
and (cy,L?) may be quite complicated in general. In
practice one must assume some simple form such as

a(y, L) =ao(y)+a:1(y)L*+ax(y)L4,
and similarly for &(y,L?) and c(y,L?).

IV. FOUR-NUCLEON PROBLEM WITHOUT
SPIN—Ne?

A. Shell-Model Solution

In order to test the ideas presented above, the four-
nucleon problem in the sd shell is chosen. A spin-inde-
pendent two-body force with Serber exchange is used. It
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has the form

H12= Vo

exp(—r1s/a) /1+P°’> (46)

(712/0«) \ 2

“where P# is the space exchange operator. Following

Elliott and Flowers'® we set Vo=—45 MeV and ¢=1.37
X 10~ cm. A harmonic oscillator potential is used to
determine the shell-model representation. A length
parameter b= 1.64X 10~ cm is used, where fiw=#*/mb’
is the harmonic oscillator energy spacing and m is the
nucleon mass. H is then diagonalized in a standard
manner to yield the shell-model wave functions and
energies. The completely space symmetric wave func-
tions (symmetry [4]) and their eigenvalues are given in
Table I.

B. Projection

We first consider the model of a rotator with a fixed
deformation. For this purpose we take an “intrinsic”
state

(I)(y 1:273)4):

Lyso(1)+do(1) JLys0(2)+do(2) yso(3)+do(3) Jyso(4) +do(4) ]

47)
(1+y%)? (

We now project angular momentum L out of the function & using standard vector coupling techniques. These
““projected” wave functions can be expanded in terms of the shell-model wave functions and one finds

ro=[ o0 (3) w02 1) swso+(2) 0] / @t

i 5

_ 1/2 1/2
Po= 2y333d(2)~—2<:7—> y2s2d2(2)+2<;> ydPs(2)—

(2112

4
d 1 4 —_ 9 4 2 2,
R TITIE @]/

— 3 1/2 12 1/2 3 1/2 6 1/2 (48)
Pl 6<——> y2d232(4)—6<———> yd3s(4)+2<—> A4 —2(—-~—> d 44)J / 14922,
| \35 SXTX11 35) '@ T%11%13 o'l (1459

o 2 \12 2 12
Pso= 6(———-) d3s (6 —6(————) a6 ]/ 14422,
L \7X11 yPs(8) 3X7X11 © {1+

P~ di(8).

In cases where d* can couple to a given L in two different
ways we follow the classifications scheme of Jahn
which utilizes the group Rs. We ask if y can be fixed to
give a good overlap with the shell-model wave functions
for the lowest states of given L. The overlap between
PLP and the shell-model wave function is maximized as
a function of y. In Table IT are given the best value of y
for each L, the overlap amplitude and a comparison of
the shell model energies with the “projected” energies.
The “projected” energies are found by taking the ex-
pectation value of the Hamiltonian with respect to the

10 7, P, Elliott and B. H. Flowers, Proc. Roy. Soc. (London)
A229, 536 (1955).

1 H. A. Jahn, Proc. Roy. Soc. (London) A201, 516 (1950);
A205, 192 (1951).

“projected” wave functions after normalization. The
SU; scheme! of Elliott for (80) symmetry happens to be
included among the possible “projected” wave functions
if we set y=—1/v2. The energies and overlaps for this
value of y are also given in Table II.

From Table II it is clear that the Elliott SU; repre-
sentation is reasonably good for the low excited states
and that one can obtain a somewhat better fit to the
wave functions and energies by increasing y from the
Elliott value of —1/v2=—0.707 to a value around
—0.45. The value y=—1/V2 corresponds to the maxi-
mum value of the intrinsic quadrupole moment. Hence
this value of the deformation parameter corresponds to
a maximum deformation. It is interesting to note that
the best values of y, i.e., ¥z, cluster about an average
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TaBLE I. Shell-model and rotation-vibration energies. The shell-model eigenvalues — E(S.M.) in MeV and the normalized associated
shell-model functions for four particles in the sd shell using the interaction potential of Eq. (46) are listed. Also given is —E(R.V.),
the approximate eigenvalue derived using the rotational vibrational method leading to Eq. (58). The splittings are given for each model

in the last two columns.

L=0
—ERV) —EGSM) d &s a5 st S.M. R.V.
34.44 34.82 0.737 0.336 0.538 0.235 0 0
27.39 28.72 —0.605 0.105 0.492 0.617 6.10 6.94
21.88 23.05 —0.299 0.493 0.411 —0.706 11.77 12.45
20.79 16.67 0.045 —~0.795 0.547 —0.256 18.15 13.54
L=2
—E®V.) —E(S.M) dw e &s a5 ds? S.M. R.V.
32.79 32.73 0.514 0.199 0.679 0.335 0.351 0 0
25.74 26.32 —0.816 0.196 0.335 0 0.429 6.41 7.05
20.37 23.24 —0.027 0.478 0.427 —0.486 —0.594 9.49 12.42
19.60 —0.226 0.180 —0.010 0.807 —0.516 13.23
17.03 17.59 0.136 0.813 —0.494 0.022 0.274 15.14 15.76
L=4
—ERV) —ESM.) e B s & S.M. R.V.
29.95 30.57 —0.806 —0.087 0.408 0.419 0 0
22.08 2378 0.576 0.340 —0.519 —0.532 6.79 7.87
20.94 0.067 —0.474 —0.732 0.485 9.63
17.08 17.17 0.116 —0.808 0.167 —0.554 13.40 12.87
L=6
—ER.V.) —E(S.M.) @ &s S.M. R.V.
25.97 25.70 0.670 0.743 0 0
18.94 18.03 0.743 —0.670 7.03 7.67
L=8, —E=22.79

value —0.47, implying that the concept of a single
intrinsic state with a value of y independent of L is still
approximately valid.

C. Rotation-Vibration

We next consider the vibrational approach. We will
parametrize the orbitals in a slightly different manner.
Define

— Ba+1)s50(1)+V2do (1)

Xo(l)E
3(3a2+20+1)

(49)

When x=0 we recover the Elliott form. This is con-
venient for making expansions about a deformation
which is close to correct in the static rotator model

discussed above. The two-body intrinsic state is now
<I>(x. 1,2)= Xo(l)Xo(Z)

We consider a general Hamiltonian H with matrix
elements given by

Gi=(@| Vol @)/5,

Go= (| V2| @)/,
Gs=3(| V4| d)/35,
Ga=(&| Va|sd)/ (14)12,

The subscript on V designates the value of L to which
the two orbitals are coupled. The sd states are sym-
metrized. Then, our vibrational equation reads

Hxo(1)X0(2)=[a(x)+b(x)L2+c(x)L+4-d (x) (d/dx)
+e(x) (d%/dx*) JXo(1)Xo(2),

Gs=(s*| Vol )/5'2,
G5= <Sd] Ve l Sd),

Gr={(s%| Vo|s?. (50)

(51)

TasLE II. Comparison of energies and overlaps of the Elliott scheme and the projection method wlth the shell model.®
The splitting is given in the last three columns.

L Er @L|H|®1) @LEV|H|®LELY)  yg (Tr|®r) (Tr|®L®l) Er (@r|H|®r) (@B |H|BLEL)
0 34.82 34.18 33.59 —0.45 0.976 0.91 0 0 0

2 32.73 32.60 32.11 —0.54 0.993 0.96 2.09 1.58 1.48

4 30.57 30.23 29.10 —0.38 0.982 0.89 4.25 3.95 4.49

6 25.70 25.70 25.48 —0.50 1.000 0.99 9.12 8.48 8.11

a &7, is the normalized ““projected’ wave function; ®LE! is the Elliott SUs wave function; Er is the shell-model energy; all energies are in units of —1
MeV; y1 is the best value of ¥ for each L; Wy, is the shell-model wave function given in Table I.
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where

p*=3a2+ 2041,

4
o

81
+27x3(5G5+G7)+Zx4(SGs+G7) ,

1 13 x 39

4

1
c(x)= —2—;{ (G1—2G2+G3—2Gs+5G5)+3x(— 2G4+ G5) 542G}, (52)

1
d(x)= ;;{ (—=10G1+ 7G4 5Gs— Gs— Gs+2Gr)+ 35 (— 30G1+49Go+44G— 21Gs— T1Gs+6Gr)
o
. +322(—90G;+ 189G+ 318G, — 150G5— 27Gs+18Gr) },
e(x) =; (_%G1+7G2+SG4"‘iG5—“G5+‘12‘G7)+x(—‘ 1561+4262+57G4“‘ 15G5—6G6+3G7)

45 135 9 405
+x2< - ";Gl‘i- 63G2+ 189G4_ 765 - 9G5+5G7)+x3 (189G4"‘ 135G5) - x’iz—Gs .

The two-particle vibrational problem is discussed in an accompanying paper'? for potentials of varying range. As
shown there, the relative importance of the rotational and vibrational modes of motion depends on the range of the
two-body force. For long-range forces the nucleus only rotates; as the range of the force decreases, the vibrations
become more important.

For the four-particle case our vibrational equation is no longer exact and we consider the approximate form:

HXo(1)X0(2)Xo(3)Xo(4)=H® (: 1,2,3,4) = [ V1(x)+ V() L2+ V(&) L4 V4 (x) (d/dx)
+Vis(x) (@ dx®)+ Ve (x)L2(d/dx) ] (x: 1,2,3,4), (53)

where the V,(x) are functions chosen to project H®(x: 1,2,3,4) on the subspace defined by the vectors
&, L2, L4p, (d/dx)®, (d*/dx®)®, L2(d/dx)®. (54)

A physical interpretation of the operators in Eq. (53) is that L2 displays the rotational aspects of our system,
d/dx and d?/ds? the vibrational. L* and L2d/dx embody the rotation-vibration interaction.
In terms of the two-particle matrix element combinations in Eq. (52) we can express the four-particle Vs as

326 16e 32(162x54324x5+810x4+ 840x3+ 89442 +420x+214)c
Vi(x)=6a+———- )
S p* (p*+8p*+8)

16 (2724436234 51224262+ 21)c¢

V2 (fX?) = bJr ’
p*+8p>+-8
Vs (x)=p*c/ (o*+8p*+8),
4(3x+1)  8(1215x7+42835x8+4293x5+4005x4 41965446522 — 4412 —161)c
Vi(w)=—4Bx+1)b+3d— e+ )
o P2 (p*+8p>+8)

16 (3 1)2 (9t + 1203+ 2242+ 1220+9)c

Vﬁ (x) = e+ - )
p*+8p"+-8

Vie(x)=8p*(3x+1)c/ (o' +8p2+8).
2 M. Kugler, following paper [Phys. Rev. 129, 307 (1963)].

(55)
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We now follow the program outlined in Sec. IT leading up to Eq. (45). The equation which results is

[V1(%)+ Va() L(LA1)+ Va(2) L2 (L+1)24 V() (d/dx)
+ V(%) (@%/da?) 4V o(2) L(LA-1) (d/dw) W5 () EEPYED (x). - (56)

YD () = PED (1) o4 (3), (57)

where P (%) is at most a fourth degree polynomial in x. Naturally since Eq. (56) is only approximately correct
we can only state that %7 (x) of the above form is only an approximate solution. We are most interested in the
region of x~0 where we found good “rotator” solutions. Hence we expand V;(x) in a power series in x. We substi-
tute the potential of Eq. (46) in the equations (50) for the G'/s and obtain the following equations for the poly-
nomials P (%) to order a2,

From the form of ® we see that

(44.1024-49.222x+47.378x2+16.527x°+27.028x%) POV (x)

d
— (1.847+15.213x+27.676x2+23.6683+ 14.594x4)d—}><0w> (x)
X

a2

+(0.158+ 1.000x+3.697x2+4.967x3+4.392x4)g—2p<0w> (x) = — EOV PO (x)
X
X (42.796+44.2112+38.32922+7.08143+11.5852%) P2 (x)

d
— (1.791+14.908x+26.61 1x2+20.528x3+9.121x4)d—P(2"') (%)
X

a2

+ (0.158+1.000x+3.697x2+4.967x3+4.392x4)g—2-P(2'7) (%)= — E&V P& (x)
X
X (37.805433.3212421.0252 — 8.07348 — 13.18524) P4 (x)

d
— (1.660+14.195x+24.12542+ 13.201x3-—3.649x4)d—P(4'7) (%)
X

a2

+ (0. 158+1,000x+3.697x2+4.967x3+4.392x4)ﬁl’(4-7’ () = — B P& (x)
X
X (31.956+18.4742) P& ()

d
— (1.455+ 13.075x)d—P<6'7) (x)= — E©&1 PG (x), (58)
x
If we set

4
P () =3 5 By, (59)
=0

we can equate coefficients of each power of % in Egs. (59) and finally arrive at a set of linear equations for s,&7.
We can put these equations in a matrix form. For example, for L=0 we find

44102 —1.847 0316 O $o0 5007
49.222  28.8890 —1.694 0.948| |5;0M | = —FEOM] 507 | (60)
47.378 21.546 21.070 1.881| [s,@7 5207
16.527  23.710 3.804 24.104) {5307 5307

In the above equation we have eliminated s4” by component. Continuing in this manner for the other
using the condition that s,0"=25;7v which corre- L’s all of the eigenvalues and eigenfunctions in the
sponds to the condition that for L=0 there is no ds* vibration rotation approach can be computed. The
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T16. 2. Polynomials and weight factor for the case of Ne® as
functions of deformation.

exact values of s;T*" which come from the shell model
can easily be found from the relation

YL (2)= [ WEM*(1,2,34)

X@(x: 1,2,3,4)d1'1d7’2d7‘3d74. (61)

The comparison between the energies obtained by the
vibrational method and the exact values are given in
Table I.

We see that the rotation vibration method is quite
successful for the lower lying states but falls off in
accuracy for the more highly excited states in Ne?. The
probable explanation is that the higher excited states
correspond to different vibrating intrinsic states and
there is little overlap with the ground intrinsic state we
assumed. The fact that there are more shell model
states than vibrational-rotational states indicates that
one must consider more intrinsic states.

V. VIBRATIONAL POTENTIAL FOR L=0

We wish to consider the transformation of Sec. II as
applied to the Ne? case. We consider only L=0. For
these polynomials we have an equation of the form

d? d
[Po(x)m-l-l’l (%)—+ P2 (x)]p(o,~,> (x)
de dx

= — [0,7) pO,7) (x) (62)

The coefficients Po(x), P1(x) derived from Egs. (55) and
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i
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F16. 3. Vibrational potential V (3) for Ne? (L=0) as a function of
the independent variable z.

(56) are shown in Fig. 2. The shapes of P1(x) and Po(x)
are characteristic of a system vibrating about an equi-
librium point determined by the zero of Pi(x). This
interpretation is expanded on in reference 12. The
crucial factor which appears in the transformations
described in Sec. IT is '

exp / (P1/Po)dx,

which occurs in the new dependent variable of Eq. (19)
and in the weight function W (x) defined in Eq. (21).
This factor is also plotted in Fig. 2. It has roots for large
values of |x|, thus verifying our assumption that roots
a and b exist. We see that the wave function #(x) can
be appreciable in value only near an equilibrium point
x~—0.2 which corresponds to y~—0.57. This is just
the neighborhood found by the projection method
described above in Sec. IV B. In Fig. 3, we have plotted
the potential V against the new independent variable 3

18—

————

25~

MeV —e

XXXXXX
30—

XX XX XX

XX XXXX

38—
Lo 2 a 6
F16. 4. Comparison between shell model (——), rotation vibra-

tion (- ——-), and the Elliott scheme SU; (X X X X) eigenvalues
for the Ne® case,
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F16. 5. Comparison of shell-model (S.M.) and rotation-vibration
(R.V.) splittings with experimentally determined even parity
levels of Ne®. [See the review of experiments on Ne¥ given by
A. E. Litherland, J. A. Kuehner, H. E. Gove, M. A. Clark, and
E. Almqvist, Phys. Rev. Letters 7, 98 (1961).]

defined in Eq. (18). At sphericity (x~—1/3) we have a
small relative minimum but the vibrational potential
clearly favors a prolate deformation. There is also
another relative minimum in V for negative quadrupole
moment deformations.

VI. CONCLUSION

A comparison between the shell model, the vibration-
rotation method, and the Elliott scheme is shown in
Figs. 4 and 5, for the energy spectra of the potential of
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Eq. (46) for four particles. The experimental data also
appear in Fig. 5. The rotation vibration method agrees
quite well with the shell-model results for the lowest
band and moderately well for the remaining bands. One
should not expect good agreement between theory and
experiment since only the [4] space symmetry was
considered and no spin-orbit force or spin-dependent
interaction was used. The agreement for the lowest
states indicates that they are mainly dominated by the
[4] symmetry which is pure spin singlet and so can be
well treated by our approximations.

The interpretation of the 4-particle shell-model prob-
lem in terms of a vibrational potential has been demon-
strated in detail and the spectra, wave functions, and
vibrational potential exhibited. In the case studied, the
low-lying states of the system had a small vibrational
amplitude and could be almost as well described in
terms of a nonvibrating rotator. As more particles are
added to the system, it is expected that the ‘‘field
producing’”®® part of the force will increase even more in
importance until the middle of the shell is reached.
Hence the model of a nonvibrating rotator is expected to
be good in the sd shell for the low-lying states of more
than three particles or holes.
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