
P H Y S I C A L R E V I E W V O L U M E 1 2 9 , N U M B E R 3 1 F E B R U A R Y 1 9 6 3 

Interaction Picture in Gravitational Theory*f 
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The problem of defining an interaction picture for a quantized version of the Einstein theory of gravitation 
is considered. The quantization method involves the use of the De Donder condition, as formulated by Fock, 
as an auxiliary condition on the state vectors. The theory is formulated in a Lorentz-covariant way by as­
suming the validity of Fock's conjecture that the De Donder-Fock coordinate condition determines the 
coordinate system up to a Lorentz transformation. It is shown that the interaction operator which appears 
in the Tomonaga-Schwinger equation obeyed by the interaction-picture state vectors satisfies a necessary 
integrability condition. Some problems involved in imposing the auxiliary condition on the interaction-
picture state vectors are also considered. 

I. INTRODUCTION 

MOST discussions of the quantization of the 
Einstein theory of gravitation have been carried 

out within the framework of the Heisenberg picture.1 

This is certainly the most natural procedure, and it 
parallels the approach used in the early development of 
quantum electrodynamics. On the other hand, one of 
the most important advances in that theory wTas the 
introduction of the interaction picture by Tomonaga2 

and Schwinger.3 Since the interaction picture has been 
of great practical importance in quantum electrodynam­
ics, and since there are many analogies between the 
electromagnetic and gravitational fields, it is desirable 
to investigate the possibility of obtaining such a 
formulation for gravitational theory. 

In a relativistic field theory the interaction picture is 
obtained from the Heisenberg picture by a unitary 
transformation U which is a functional of a spacelike 
surface 2. That is, 

*i=tfIXl*/j , (i.i) 

where ^ j and ^H are, respectively, the state vectors of 
the interaction picture and the Heisenberg picture. The 
2 dependence of U was first suggested by Tomonaga2 

as a covariant generalization of the time dependence of 
the analogous transformations employed in nonrelativ-
istic quantum mechanics. The corresponding general­
ization of the Schrodinger equation takes the form4 

ific{8*Il2]/82(x)} = 0!F(*,2)*i[2], (1.2) 

where W7(x,2) is the covariant interaction operator.5 

* Supported by the National Science Foundation. 
t This work is based on a thesis submitted by the author to 

the faculty of Purdue University in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy. 

1 For exceptions, see S. N. Gupta, Proc. Phys. Soc. (London) 
A 65, 608, 161 (1952); and the unpublished work of R. P. 
Feynman. 

2 S . Tomonaga, Progr. Theoret. Phys. (Kyoto) 1, 27 (1946). 
3 J. Schwinger, Phys. Rev. 74, 1439 (1948); 75, 651 (1949). 
4 See, for example: S. S. Schweber, An Introduction to Relativistic 

Quantum Field Theory (Row, Peterson and Company, Evanston, 
Illinois, 1961), p. 420. 

6 In quantum electrodynamics, W(x£) is actually independent 
of 2 ; but this is not always the case. See for example, references 7 
and 8. 

The prescript (°) on any operator means that it is to 
be taken in the interaction picture. The functional 
derivative can be conveniently denned as follows: Let 
5F be the variation induced in F by an infinitesimal 
variation of the surface 2. The variation of the surface 
can be generated by displacing each point #M on 2 by 
of —> xM+ £M, where £" is an infinitesimal four-vector. 
Finally, the functional derivative is defined by 

dF 
r 5F[2] 

= / dL,>F(x)——, 
i s S2(x) 

(1.3) 

where d2M is the covariant surface element. For the 
special case that 2 has the form x°= constant, we obtain 

dF= dzxe(x) 
6F[2] 

i m 

't2(x) 
(1.4) 

Since ^H is independent6 of 2, we can obtain from 
(1.1) and (1.2) an equation which involves only 
Heisenberg-picture operators: 

^c5£/[2]/52(x) = U\X\W(x,2), (1.5) 

where W(x£)= ^ [ D ] °W(x9X)U£Lj 
For an arbitrarily chosen operator W(x£) the func­

tional differential equation (1.5) will not necessarily 
possess a unique solution, even if U is prescribed on 
some initial surface 20. Therefore, the operator Wy 

besides being a covariant generalization of the interac­
tion Hamiltonian, must also satisfy a condition which 
guarantees the integrability of (1.5). In the following, 
we define the appropriate interaction operator for the 
Einstein theory and show that it satisfies the required 
integrability condition, at least for the classical limit 
in which commutators are replaced by Poisson brackets. 
This last restriction is made in order to avoid the 
problem of factor ordering, which is particularly serious 
in gravitational theory because of the complicated form 
of the interaction operator. Strictly speaking, what we 
have established is a necessary but not sufficient 
condition for the complete quantum mechanical proof 
of integrability. We must therefore assume that an 

6 Except for reductions of the wave function which occur when 
new experimental information is taken into account. 

1424 



I N T E R A C T I O N P I C T U R E I N G R A V I T A T I O N A L T H E O R Y 1425 

ordering of factors can be found which allows the 
quantum mechanical analog of our proof to be carried 
out. 

In addition to the consideration of the integrability 
of (1.5), we very briefly consider some of the properties 
of the interaction picture. In particular, we point out 
some of the problems involved in imposing the coordinate 
condition which we have used in the quantization of the 
theory. 

I t is convenient at this point to review, very briefly, 
some earlier work which is pertinent to the present 
paper. As we have already mentioned,1 the interaction 
picture is used in the unpublished work of Feynman 
and in several papers by Gupta. In Gupta's papers it 
is assumed that the interaction picture can be intro­
duced in the usual way, and this formulation of the 
theory is used in the consideration of several self-energy 
problems. The technique employed in these calculations 
involves an expansion in powers of the gravitational 
coupling constant, and only linear terms are considered. 
In contrast to this procedure, we will work entirely in 
the Heisenberg picture (except in Sec. VII), and no use 
is made of the expansion technique. 

In connection with the question of the integrability 
of the Tomonaga-Schwinger equation, mention should 
be made of the work of Belinfante7,8 and Matthews.9 

The latter author proved, for several meson theories, 
that the S matrix is independent of the surface normals 
which appear explicitly in the definition of the interac­
tion operator. I t should be stressed that Matthews' 
result does not constitute a general proof that any field 
theory will lead to an 5 matrix which is independent of 
surface normals. In fact, it is a simple matter to invent 
interaction Hamiltonians which generate surface-
dependent S matrices. This means that each case must 
be tried on its own merits. Furthermore, the method 
used by Matthews is not immediately applicable to 
the problem of proving the uniqueness of the operator 
U(t) for finite times. Such a proof has been given by 
Belinfante for the special cases of vector meson theory 
and the gauge-independent version of quantum electro­
dynamics. The present paper is an extension, using 
slightly different methods, of Belinfante's results to 
the Einstein theory. 

A more detailed account of the material presented 
here is available in the form of a research report.10 

II. QUANTIZATION 

The general covariance of the Einstein theory leads 
to constraints11 which make it impossible to carry out 
the usual canonical quantization procedure. In order 
to quantize the theory, we use a method invented by 

7 F. J. Belinfante, Phys. Rev. 76, 66 (1949). 
8 F. J. Belinfante, Phys. Rev. 84, 644 (1951). 
9 P. T. Matthews, Phys. Rev. 76, 684 (1949). 
10 F. J. Belinfante and J. C. Garrison, "The Interaction Picture 

in Gravitational Theory and Some Related Topics," National 
Science Foundation Research Report (unpublished). 

11 P. G. Bergmann, Phys. Rev. 75, 680 (1949). 

Fermi12 for the solution of the corresponding problem in 
quantum electrodynamics. This method consists of 
adding to the Einstein Lagrangian a term which is not 
invariant under arbitrary coordinate transformations. 
The constraints are then replaced by the imposition 
on the state vector of suitable auxiliary conditions which 
prevent the noninvariant term from having any effect 
on the values of physical quantities. 

The modified gravitational Lagrangian is given by13 

1 

e2 

1 
- WVK\k^\p^t J K$rta$*fr (2.1) 

2e2 

where GMV= ( - g ) 1 / 2 ^ a n d K^{-g)~mg^ so that 
£M*9"X== V - The last term on the right-hand side of (2.1) 
is the noninvariant term which removes the constraints. 
We have expressed £Q in terms of the gM* instead of the 
usual metric tensor gM„, because of the appearance of the 
former in the classical De Donder condition: 

(T.*=0. (2.2) 

The noninvariant term in (2.1) has been chosen so that 
it vanishes when (2.2) is satisfied. 

In order to have a tractable model of the interaction 
of gravitation with matter, we introduce a neutral 
scalar field with the generally covariant Lagrangian 

where y. is the mass of the particle associated with the 
field <p. The total Lagrangian £ is then the sum of 
£g and £m. 

We can now go over to the canonical formalism by 
introducing the momenta conjugate to Q^ and <p: 

p = d£/d(p)o. 

The canonical commutation relations are 

[g*"(x,*°), 7 r ^ ( x / , ^ ) ] = ^ A a ^ 3 ( x - x / ) , 

[>(x,*°), ^ ( x > ° ) ] = ^ 5 3 ( x - x / ) , 

where A a ^ i ( 5 a * V + $ « V ) > and 8z(x) is the three-
dimensional delta function. 

The Hamiltonian is defined in the usual way by 

3 C = ^ 8 ^ , 0 + j ^ . o - £. (2.5) 

In writing out the Hamiltonian it is convenient to 
introduce the abbreviation 

+i5(«pA/s)o.5,)tf-i5(«<r*j8)<M^)p], 

12 E. Fermi, Rend. Accad. nazl. Lincei 9, 881 (1929). 
13 The signature of the metric is taken to be (—1,1,1,1); 

ordinary partial derivatives are denoted by commas; C^IOTTCC -4, 
where G is the Newtonian gravitational constant; greek indices 
run over (0,1,2,3); and latin indices run over (1,2,3). 
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where 

We also express the time derivatives <̂ ,o and QM",o in 
terms of the canonical momenta by 

^o=- (g° rW9 f l V,y] , (2.7) 

r,o=ir(i)^4-r(,)A (2.8) 
with 

v(lr= - 2e2(r)~1[9M<T9^-k^pff>P^ (2 ()) 

In terms of these quantities the Hamiltonian is 
given by 

2 

3C=3C,+3CTO= £ 3€</ s )+3em , (2.10) 

with 

.TCfl
<2) = ^ ( 1 ) « ^ , (2.11a) 

rtC9
(1,= V ( 0 )

a ^ , (2.11b) 

3C/»> = -hZ«^V m*%'° j-hZ*^'^ ,W ,h (2.11c) 

3Cm= ( - 2 f l M ) - y - ( g " " ) " 1 ^ *>J-*(80u)-I(fl'V,-)* 

+iflV.^.i+K-f)1/2MV. (2-Hd) 

The corresponding free-field Hamiltonian is given by 

H=Ha+Hm= Z Hg^+Hm, (2.12) 

with 

//r/
2) - e H 7 ^ - ! f Y ^ V M , (2.13a) 

H9
{1) = 2[7" a9^, ;-7y af l / , , . i>«^ (2.13b) 

+*7«i87<yfla3.tB/,J,y-i7«i88w.-Bfl'.y], (2.13c) 

^ » = i # 2 + * 7 , V . ^ . y + i M V , (2.13d) 

where 7M"^diag ( — 1,1,1,1). 
The appearance of the coupling constant e2 in (2.13) 

is actually spurious. If we were to introduce the 
quantities ¥v denned by 

hltF=e-l%f"'—yfl% (2.14) 

and express Hg in terms of them and their conjugate 
momenta, then the apparent dependence on e2 would 
be eliminated. 

III. AUXILIARY CONDITION 

The De Donder condition has been used by a number 
of authors1,14,15 to restrict the choice of coordinate 

14 V. Fock, J. Phys. (U.S.S.R.) 1, 81 (1939). 
15 A. Papapetrou, Proc. Roy. Irish Acad. A 52, 11 (1948). 

systems otherwise allowed by the general covariance of 
the Einstein theory. The use of this condition has 
recently been advocated by Fock,16 who goes beyond the 
previous work by also employing boundary conditions 
adapted to the physical nature of the problem. Follow­
ing Fock, we consider only those physical situations 
for which there exist coordinate systems having the 
following properties: 

$ixv_Yv-*0{\/r) as r —> ̂  ? (3.1a) 

8M".x —>0(l/r) as r—> » , (3.1b) 

id d } 

Km — [ K r ^ ^ H — I > ( Q M " - 7 M 0 ] =°- (3-lc) 
r-00lar dx° J 

In (3.1c), (x']+r) may lie in any arbitrary interval. We 
denote the flat-space metric by 7^=diag(— 1, 1, 1, 1), 
and define r by r = [(xx)2+ (x2)2+ (^)2]1 /2 . The first two 
conditions require the asymptotic flatness of space-time, 
and the third is interpreted by Fock as guaranteeing the 
absence of incoming gravitational waves at infinity. 
Coordinates satisfying these boundary conditions as 
well as the De Donder condition (2.2) are called 
harmonic. 

The importance for our work of Fock's version of the 
De Donder condition lies in his conjecture that the only 
coordinate transformations which preserve (2.2) as 
well as the boundary conditions (3.1) are the inhomo-
geneous Lorentz transformations. If Fock is right, the 
invariance group of the theory will effectively be 
reduced to the Lorentz group; and we wrill then be free 
to use the general methods developed to deal with 
Lorentz-covariant field theories. 

Fock's conjecture has been verified for static, 
spherically symmetric, singularity-free metrics, as well 
as for several other special cases.17 In the following work, 
we assume the validity of his conjecture for a class of 
metrics large enough to be of general interest. I t should 
be understood that Fock's conjecture in no way contra­
dicts the principle of general covariance, since it merely 
gives a prescription for choosing a particular class of 
coordinate systems in which to work out the generally 
covariant theory. I t should also be emphasized that the 
boundary conditions (3.1) are essentially physical in 
nature; they exclude, for example, various non-
Euclidean topologies such as the closed universes 
considered in cosmology. 

IV. INTEGRABILITY CONDITION 

In Lorentz-covariant field theories it has always been 
found that the interaction operator could be written in 
the form 

W (3,2) = W> (x)N, (x)Xv (x), (4.1) 

16 V. Fock, The Thoery of Space Time and Gravitation (Pergamon 
Press, New York, 1959), p. 346. 

17 F. J. Belinfante and J. C. Garrison, Phvs. Rev. 125, 1124 
(1962). 
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where the symmetric tensor WTfiV(x) describes the 
interaction and N^x) is the unit normal to 2 at the 
point x. We assume that (4.1) is also valid in our case, 
but the definition of iVM(x) requires some further 
discussion. 

If the spacelike surface 2 is implicitly represented by 
the scalar equation 

<r (*) = <), (4.2) 

then the unit normal is usually denned by 

iVM=-(- rV«<^)- 1 / 2 *.M, (4.3) 
so that 

g»vN»Nv=-\. (4.4) 

Since in our theory the gravitational field is quantized, 
it follows from (4.3) that the vector iVM is a q number; 
this fact makes any correspondence with flat-space 
field theories rather difficult to attain. This difficulty 
can be avoided by making use of the fact that we have 
already restricted ourselves to harmonic coordinate 
systems, in which there is a naturally defined flat-space 
metric 7^.18 Thus, we drop (4.3) and instead define 
A^by 

N,= ~ (-yafietafr,fi)-1,*<r,i» (4.5) 

Then N^ is normalized by 

yrNrN^-l. (4.6) 

The definition (4.5) does not make sense unless <r(x) 
satisfies 

7 aV«<M<0. (4.7) 

A surface which satisfies (4.7) is called quasi-spacelike. 
There are examples10 of spacelike surfaces which are 
not quasi-spacelike; therefore, (4.7) imposes a nontrivial 
restriction on the set of surfaces which are admissible 
in our theory. Instead of searching for the most general 
spacelike surfaces which satisfy (4.7), we further 
restrict ourselves to the use of those surfaces which 
have the form x°= constant in some harmonic coordinate 
system. This automatically guarantees the satisfaction 
of (4.7), and it is analogous to the restriction to flat 
surfaces usually made in Lorentz-covariant theories. 
For this reason, we call such surfaces quasi-flat. 

With the definition (4.5) for iVM in mind, together with 
the consequent restriction to quasi-flat surfaces, we 
can go on to determine the integrability condition for 
(1.5). I t is well known2 that a sufficient condition for 
this integrability is given by19 

_̂d ^-±-=0. (4.8) 
82(x)82(xf) 82(xf)82(x) 

By making use of (1.5), we obtain from (4.8) the 

18 That is, if Fock's conjecture is right, the transformations 
which connect different harmonic coordinate systems are just 
exactly those which leave YM„ invariant. 

19 Since we are dealing with a very restricted class of surfaces, 
(4.8) is actually more stringent than is necessary. For a detailed 
discussion, see Appendix C of reference 10. 

following condition on W(x,2); 

1 
—[W(* ' ,Z) , W{xy2)~] 
ihc 

(8W(x,2) 8W(x\2)} 
+ = 0 . (4.9) 

l 82 (xf) 82 (x) J 

The surface dependence of W(xy2) is given by (4.1), 
so that 

8W(x,2) 8Nv(x) 
= 2W^v(x)Nfi . (4.10) 

82 (xf) 82 (x') 

We can calculate the functional derivative appearing 
on the right by making use of the defining equation 
(4.5). Thus, 

8N,= (7*V,,cr,x)-3/VV«(^),0 
+ (7^,,(7,x)-1/2(5(7))M, (4.11) 

where 8a is the change in form of a brought about by 
the infinitesimal variation xfi—>xft+^ of the surface 2. 
For 8a we have 

8a=-^atlx. (4.12) 

We can now make use of the fact that 2 is required to 
be quasi-flat to carry out the rest of the calculation in 
the special harmonic coordinate system in which 
a(x) — x°. We then find 

8Nh=-8^J. (4.13) 

A comparison of (4.13) with (1.4) leads to 

SN^x) d 
= - 5M* 8z(x-xf). (4.14) 

82 (xf) dxfk 

Substituting these results in (4.9), we find in our special 
coordinate system: 

1 
—[JF°°(s), W°°(xf)~] 
ific 

f d d } 
= 2 W»'(x) W^{x')— 5 3 (x-x / ) . (4.15) 

I dxf* dxn 

Any interaction tensor which satisfies (4.15) leads to 
unique solutions of the Tomonaga-Schwinger equation 
(1.5). In using (4.15) we will replace the left-hand side 
with the corresponding Poisson bracket; and we will 
also treat the right-hand side as a classical expression; 
that is, we ignore the problem of factor ordering. 

V. INTERACTION TENSOR 

In this section we construct the interaction tensor 
which appears in (4.15). I t can be shown that a knowl­
edge of W00, together with the requirement of Lorentz 
covariance, serves to uniquely determine the remaining 
components of W^. Therefore, the first step in con­
structing W^ is to define W00. The most obvious 
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way of doing this is to set W°° equal to the interaction 
Hamiltonian, 

and this is exactly what we do. However, it should be 
noted that such a procedure is not always satisfactory. 
There are several cases7,8 in which it is necessary to add 
a three divergence to 5Cj in order to ensure integrability. 

We express W^ as the difference between two sym­
metric tensors20 3C" and H*" which have 3C and H, 
respectively, for their 00 components. The total 
Hamiltonian 3C is related to the canonical energy-
momentum tensor / / by 

3C=-*o°, (5.2) 
where 

d£ d£ 
<** <P*. (5.3) 

dg*^ d<Pt, 

If we introduce the convention of raising and lowering 
tensor indices by means of 7M„, then we can write 

3C=-/o0=7o x /x0=^°. 

From this it is obvious that the desired symmetric 
tensor W is given by 

3 0 " = | (T+fi») = | ( 7 " V + 7 * V ) . (5.5) 

We obtain the other tensor H^ by introducing the 
quantities 

p=d£/d<p^ 
(5.6) 

The components p° and wa^ are identical to the canon­
ical momenta p and 7ra/s. Upon replacing p and wap by 
p° and 7ra/3° in (2.13), we can easily determine by 
inspection10 the unique symmetric tensor H*" for which 

Instead of giving the explicit expressions for 3CMy 

and Hltv separately, we write down directly the differ­
ence W1". In fact, we only give the Wok since they are 
the only components that appear on the right-hand 
side of (4.15). In writing out the Wok, it is convenient 
to use the decomposition (2.8) for the g a% to write the 
7Ta/3 aS 

with 
*«^=***a )+ir«is* ( 0 ) , 

ra^=za^
kvar, 

(5.7) 

(5.8) 

Furthermore, we collect terms in Wok according to 
their degree in the canonical momenta wap and p. 

W°k= £ W0(8)«
k+ £ WW*, (5.9) 

«=-0 

20 The objects considered here are only required to transform 
as tensors under the Lorentz group. More general transformations 
will not be considered. 

with21 

= T « / , * » > 7 ( i ) ^ - ^ ^ * » > + 7 a P , F ( 1 ) « ^ , (5.10a) 

= 4Ta^ ( 1 ) ^(0 )^+4Ta /8* ( 0 ) 7( i )^ - i ^B^ .* 

-e*r^k™+e-*{-h^\ky«eVaf? 

+ig0*.^(i)0 ,- if l0 0 . i^( i)y*+iB0 ,"^(i)°* 
-haer'.iVw'i-iVaW'j}, (s.iob) 

wQiQ)°
k 

-ha^,Jcy,vV(or+haPy^a^kV(Q)
p<T 

+h«^jM^j-h«er\iV{0)v-UmjV(o)>°k 

+4flo^y^(o)oy-J8^.«o^/+i^(0)ov/.y+Bl/.ifl0^.• 
- i 8 ^ ^ ( o ) w - i B ^ # , i - h . ^ B a * ^ } , (5.10c) 

m(2) 

(5.4) = -K^W-̂ ^W, (5.10d) 

m(l) 

-|[1+ (S00)-1]^ *.*+*[l+ (G00)-1]^,; 
- f OT-Wv^- ( B W ) - W W , (s.ioe) 

m(0) 

= i (gOO)-igoiQ^ ^ . _ l ( g o o ) - i 0 o ^ J ( p f k 

-Kier^^jj^- (5.iof) 

These expressions are to be compared with the results 
of the calculation of the commutator (Poisson bracket) 
on the left-hand side of (4.15). 

VL PROOF OF INTEGRABILITY 

The remaining step in the proof that the interac­
tion operator W»v leads to an integrable Tomonaga-
Schwinger equation is the calculation of the commutator 
on the left-hand side of (4.15). This is a straightforward 
but tedious procedure in which there are several 
fortunate simplifications. 

The interaction Hamiltonian depends only on the 
field operators, their first spatial gradients, and the 
canonical momenta; therefore, the commutator will 
have the general form: 

(ihc)-l[Wm{%), W°°(xf)2 

i d d 1 
= Fk(x,x) Fk{x\xr) $ 3 (x-x ' ) . (6.1) 

I dxk dx'k\ 

No terms proportional to the delta function can appear 
in (6.1), since the left-hand side is antisymmetric in 
x and x'. Upon comparison with (4.15), we see that it 

21 We introduce the abbreviations: j^~(y^y^_ iy*/3 M»A 
AlrB'imA'B'-A'B*. 
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is sufficient to establish 

Fk(x,x) = 2Wok(x). (6.2) 

Thus we may ignore any term proportional to a delta 
function, and we may put x = x ' in the coefficients of the 
gradients of the delta function. 

Using the definition (5.1) of W00, we have22 

lW00(x), Wm(xf)2=l3C(x), 3C(x')2+lH(x), # ( # ' ) ] 

-{l&(x), H(/)']-(x <->*?)}. (6.3) 

The simplest of these commutators is [H, H'~}. 

(itic)-l[H,Hr~] 

= {2€-28^^^s
0^ i-J80^^g^^y-|g(W

Jg
0^ fc-J8''^^o

0^ i 

-2(yklTip^j+^vr\k-Trpjy^\i)-p <p,k} 

d 
X 8,(x-xf)-(x^xf). (6.4) 

dxfk 

We next consider the cross terms (jJC,!/']. 

[3C,£r']= p C „ t f / ] + [ 3 C m , i V ] 
+ [3C„^m

,]+[5Cw , iffm ' ] . (6.5) 

Since 3Cm contains no gradients of the gM", the com­
mutator [3Cm,3C/] can only lead to terms proportional 
to 53; and since Hm' contains no gravitational field 
operators at all, \j$Cg,Hm'~] vanishes identically. This 
leaves only the first and fourth terms in (6.5). For the 
latter, we find 

(i*c)-1[3Cm,flr
w

/]= { m ~ l p <p,k+ ( g ° ° ) - W 

+ (flro)-VW.*+ (fl")" W W 
-ikj'<Pjp)(d/dxfk)dz. (6.6) 

The evaluation of the remaining term is more difficult. 
According to (2.11) and (2.13), we can write 

[3C„ff, ']= L E [3C„<->, H0WJ (6.7) 
«=0 r=0 

We list below the commutators which appear on the 
right-hand side of (6.7), with the exception of those 
which either vanish or are proportional to S3: 

( i - ^ - W ' W ' ' ] 
= -2y^Vw^Ta0(d/dx'l')Sh (6.8a) 

= <-2{h«eVaff>yiirr.K- 8°* j ^ ( i ) w + 8 0 0 ^ ( i ) w 

+flw .^( i ) a o - f lw j^( i )°*- i7-p7<MJ , , ' .^a)- ' 
- 7 , . 9 0 p . ^ ( 1 r + T p , 8 ^ , i F ( 1 ) " } (d/M*)dt, (6.8b) 

(**c)-1D»e.<1>>tf,«>'3 
= 2(rf»)-V{fl0V-«r««g+2fl"P'i*igrg<i}(d/ax")«,, (6.8c) 

28 In the interests of brevity from now on we write: A (x')=A', 
A(x) = A, Sa(x—x') = S3, and A(x,x') — A (x',x) = A (x,x) — (x+*x'). 
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( t f t c ) - W W > ' ] 
= 2{ FCO)'fc',xpo+ r ( 0 ) 0 V«-ip-«-o,* ( i )fl , ' ,i 

_TpI*0)7«flpOi.} (dW)hh (6.8d) 

(*c)-1C3C,a)A»>'] 

= ^ { H * F«»,"Ay,Mr . * - F(o)0'80*.y+800.y^(o)w 

+9 f c y ,#(o)0 0-90 ' . iF(o,w+7^9o p . tF ( 0 ) '« 
-|7M«7^9"".^(0)a /3-7p<.9''*,^(0) ,V} 

X (d/d*'*)S,l (6.8e) 
(^c)-1[3Cff<

(»,H1,(
2)'] = 2e2yv)1>,*<0>(a/to'*)53, (6.89 

(^c)-ww»'] 
= - 2{^0^

(0)9/".y+7ry(,*
(0)7J'9'*',z} (*/«*'*)«,. (6.8g) 

The combination of Eqs. (6.8a) through (6.8g) deter­
mines that part of p C ^ H / ] which contributes to (6.3). 
This completes the calculation of [X,,H'~\. 

We must finally calculate [3C,3C']. 

L3C,3C J = |_3C9,3CB J + {[_3Cfl,3Cm J 

-(x<^x')} + lXm,Xm'J (6-9) 

The commutator [3C„,3Cm'] contains only 63 terms; 
therefore, the cross terms in (6.9) vanish identically. 
For [3Cm,3Cro'] we find 

(ihc)-l[Xm,Xn'~\ 

= {(900)-190Z9'V*<P,y+ (flM)-1fl*V.rf 
- (O-VWV**.*- (g00)-^0*^ 

-2(g00)-290*9°V,y/>} {d/dx'k)h- (x <-> x'). (6.10) 

In the calculation of pC^SC,'] we must again resort 
to using (2.11) for 3Cff. 

[3C„3C/]= £ Z C3CaW,X/'>']. (6.11) 

We give below those nonvanishing commutators which 
are not simply proportional to b$: 

X(d/dx'k)8h (6.12a) 

(»c)-1[JCa<«,aC„w ,]= Va&a?™ (d/dx'k)h, (6.12b) 

(ac)-l[5c/1>,x/1>,]=7r^(1>F(o)^(a/ax,fc)53 

— (*<->*'), (6.12c) 

(ac)-1[5C/1>,0C/°>/]= F ( 0 )^7r^ ( 0 ) (d/d*fk)dt. (6.12d) 

The quantities F*(#,x) can now be determined by 
simply inspecting the results given above. For example, 
the terms of second degree in p are given by 

* W = - ( g 0 0 ) - ^ 2 - (g°°)-W. (6.13) 

We see from (5.10a) that this is just 2Wm^k> The same 
result holds for the other powers of p, as well as for all 
the powers of irap; therefore, we conclude that 

Fk(xJx) = 2Wok(x). (6.14) 

This ensures the validity of (4.15) and completes the 
proof of integrability. 
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VII. INTERACTION PICTURE 

In this section, we briefly consider the definition and 
properties of the interaction picture. If F(x) is any 
Heisenberg-picture operator, then the corresponding 
operator in the interaction picture is defined by 

°F(x?)=Ui2lF(x)U-^l. (7.1) 

The explicit surface dependence of °JF(#,2) implies 
that the definition of the interaction picture must 
include a convention for choosing 2. Furthermore, this 
convention must lead to a free-field equation of motion 
for °F; otherwise the interaction picture would not be 
useful. This can be accomplished as follows: In each 
coordinate system, we choose 2 to be the constant-time 
surface which passes through x. Thus23 

°F(x)=Ulxor=x02F(x)U-llx0,=x°J (7.2) 

The operator °F(x) defined in this way satisfies 

ifc °F,0= \°F, f d*xf °H(x')\. (7.3) 

Applying this result to °<p, °p, °g^, and °7i>, we obtain 
the canonical field equations for the free fields. After 
elimination of the °fl> and °p, we find the expected 
second-order field equations: 

D°^=o , O - M 2 ) V = 0 , (7.4) 

with hr defined by (2.14), and 

d d 

dxP dxv 

Since the surface 2 used in defining °F(x) is chosen 
anew in each coordinate system, it is necessary to 
exercise some caution with regard to the transformation 
properties of the interaction-picture operators. For 
example, the °7r> do not transform in the same way as 
the TTfiv. However, an explicit calculation shows that the 
quantities °/T, °/r,x, °<p, and V x do behave in the 
appropriate way under Lorentz transformations.10 

From the field equations, together with the canonical 
commutation rules, we find in the standard way the 
following covariant commutation relations24: 

l°h^(x)1°hpff(x/)2 = iftc{y^pya)y-yfli'yf'a}D(x—x,)y 

Z^WScpix'^ihcAix-x'). 

We can also introduce an invariant splitting into 

23 We no longer indicate the explicit 2 dependence of °F(x,2). 
24 The D and A functions used here are those defined by J. M. 

Jauch and F. Rohrlich, The Theory of Photons and Electrons 
(Addison-Wesley Publishing Company, Reading, Massachusetts, 
1955), Appendix A. We also use their definition of positive- and 
negative-frequency parts for field operators. Note that with their 
conventions, the negative-frequency part represents an annihila­
tion operator, 

positive- and negative-frequency parts: 

D^= V+>+V-). 
(7.6) 

The commutation rules (7.5), together with the 
invariant decomposition (7.6), could now be used to 
set up the machinery of covariant perturbation theory. 
We do not exploit this possibility here; instead, we 
briefly consider some of the problems connected with 
finding the correct quantum mechanical form of the 
auxiliary condition. In doing so, we will be guided by the 
analogies which exist between the Einstein and Maxwell 
theories. In the first place, it is clear that we must 
require that (2.2) hold for expectation values. That is, 
we require that all physically admissible state vectors 
^fn satisfy 

<¥*|(T,,| ¥*>=(). (7.7) 

It is known that the corresponding condition in quan­
tum electrodynamics, 

<¥tfM\x|¥*> = 0, (7.8) 

does not suffice to eliminate all the effects of the non-
gauge-invariant term in the Lagrangian. In that case, 
it is necessary to impose the Gupta-Bleuler condition: 

A^-\^H=0. (7.9) 

It is possible to define ^4X(±),x in the Heisenberg picture 
because of the fact that Ax,\ satisfies 

O*\x = 0. (7.10) 

Unfortunately, the corresponding gravitational quantity 
h»v',„ does not satisfy any such simple equation; there­
fore, the simple condition (7.9) has no analog in the 
gravitational case.25 In order to find a condition which 
can be taken over to the gravitational case, we consider 
the form taken by (7.9) in the interaction picture: 

\°A^-\x{x)- jd*xf °p(xf)D^(x-xf)~\ 

X*/[2]=0 , (7.11) 

where °p is the charge density operator. We now show 
that such a condition can also be found in the present 
context. 

First of all, we note that the condition (7.7), which 
holds for all times, can be replaced by two initial 
conditions which hold at some one time: 

(7.12) 

26 The contrary assertion found in the first of the papers of 
Gupta mentioned in footnote 1 is incorrect. The apparent proof 
that ty", v satisfies a wave equation is based on the use of a special 
form of the gravitational field equations [Gupta's Eq. (14)] 
which is obtained by dropping terms proportional to #",,, in the 
preceding equation. This obviously means that the wave equation 
on p. 614 of Gupta's paper is a simple identity 0=0 , since the 
quantity a**,, itself has already been set equal to zero. 
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The conditions (7.12), together with the field equations, 
guarantee the validity of (7.7) for all times. If we 
express the operators appearing in (7.12) in terms of 
the canonical field operators and then transform to the 
interaction picture, we find 

<*i[X] | °A"\x+€ °3M|* , [£ ]> = 0, (7.13) 

with 

°BM=[<>A0(cy)M_70M °h^Jpa^ (7.14a) 

+ 2(d/ds*){°A*Vp °pPx-yk» °h«P °pafi}, (7.14b) 

"pae^MyaSYfr-yafYv) °&M'.o+| °//,/[05(ajl7^),- (7.14c) 

By making use of the field equations (7.4) for °AM" and 
the properties of the D function, we can replace (7.13) 
by the following condition, which holds for all surfaces 
2 and points x (i.e., x need not lie on 2 ) : 

< ^ j [ S ] | ^ ( ^ ) | ^ i C S ] > = 0, 

where the operator QM(:r,2) is defined by 

f d 

J s dxf° 

(7.15) 

d V € °E"(x?)D(x-x'). (7.16) 

Since £2M satisfies 

n^=o, (7.17) 

we can define positive- and negative-frequency parts 
0 M ( ± ) . The analog of (7.11) is then given by 

Q ^ - ^ i [ 2 ] = 0, (7.18) 

which obviously guarantees the validity of (7.15). 
I t is one thing to obtain the condition (7.18); but it 

is quite another thing, as a glance at the expression for 
12" shows, to prove that (7.18) actually eliminates from 
the theory the unphysical consequences of the non-
invariant term in the Lagrangian. I t would presumably 
be possible to construct such a proof by using perturba­
tion theory (expanding Q» in powers of e), but this has 
not yet been done. However, Gupta has been able to 
give such a proof in the free-field approximation in 
which (7.18) simplifies to1 

oh^-\&!=0. (7.19) 

In quantum electrodynamics, the analogous simplifica­
tion of (7.11) is usually justified by remarking that one 
is only interested in scattering states for which the 
second term in (7.11) is negligible. This argument seems 
rather dubious in the present case because of the compli­
cated gravitational self-interactions which are present 
in 0M. An alternative procedure in the electrodynamic 
case is to perform a unitary transformation which 
brings (7.11) into a form in which the second term is 
missing. This amounts to a covariant separation of the 

Coulomb interaction from the interaction between 
electrons and the transverse radiation field.26 Such a 
clear separation does not seem very likely in gravita­
tional theory, since the "longitudinal" part of the 
gravitational field will possess energy and will therefore 
interact with the "transverse" parts of the field. 

VIII. SUMMARY AND DISCUSSION 

In this paper, we have attempted to cast the Einstein 
theory into a form which resembles, as closely as 
possible, a Lorentz-covariant field theory. In order to 
accomplish this, we have assumed the validity of Fock's 
conjecture that the De Donder condition, together with 
the boundary conditions (3.1), reduces the invariance 
of the theory to the Lorentz group. We were thus able 
to introduce a naturally defined flat-space metric 
yhV which was used in the definition of various quantities 
such as the unit normals to spacelike surfaces. 

The physical assumptions underlying Fock's conjec­
ture forced us to restrict our attention to universes for 
which the spatial geometry is asymptotically Euclid­
ean. Furthermore, the spacelike surfaces on which we 
define the state vectors of the interaction picture were 
restricted to those satisfying the condition (4.7). There­
fore, our work does not apply to universes with essen­
tially non-Euclidean topologies. The possibilities of 
quantizing the theory and defining an interaction 
picture for these more general geometries must be 
separately investigated. 

Within the framework of our assumptions, we have 
established that the interaction operator defined here 
satisfies a condition which is necessary for the integrabil-
ity of the Tomonaga-Schwinger equation. The proof of 
sufficiency cannot be made until some systematic 
method of handling the problem of factor ordering is 
available. One way of approaching this problem would 
be to expand the interaction operator in a series of 
products of field operators; (i.e., in powers of the 
coupling constant) transform to the interaction picture; 
and then order the operators by using the Wick product 
for each term in the series. The integrability condition 
(4.15) would then have to be satisfied to each order in 
the coupling constant. A similar expansion might also 
be used to prove that the auxiliary condition (7.18), 
which is the quantum mechanical form of the classical 
De Donder condition, actually eliminates the unphysical 
effects of the noninvariant term in the Lagrangian. In 
particular, we note that the commutation relations (7.5) 
require the use of an indefinite metric. I t must therefore 
be shown that states of negative norm are eliminated 
by the auxiliary condition. 
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