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can then be summed up in this way. The Hamiltonian
matrix was effectively reduced to the form Eq. (D3).
The first submatrix, H®—E corresponds to a simple
operator, and represents a problem which can be solved
exactly, The second submatrix, H®—E (3¢—EQ),
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though more complicated, has the property that its
spectrum is discrete below the inelastic threshold, and
so it can readily be bounded. Consequently, in terms of
an exact solution of H® and a bound on H® a bound is
found on % cot(n—6).
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Collision lifetimes and the lifetime matrix are expressly formulated so as to include three-body and many-
body collision and breakup processes. The many-body states are expressed in the generalized angular
momentum representation, in which the principal radial coordinate is proportional to the square root of
the trace of the inertia tensor for the N-body configuration. The physical significance of the (energy-de-
pendent) three-body collision lifetime Q® (E) is clarified by considering the special case where the three-
body breakup occurs by way of a metastable two-body intermediate. If the metastable occurs with an in-
ternal energy En and a decay time 7., and the process creating it has a collision lifetime Q® (E— Ey), the
connection with Q® is: Q®(E)=Q®(E—En)~+7mEm/E. This result holds both classically and quantally.

A. INTRODUCTION

HE breakup of an unstable particle into three or
more fragments is an important process in many
areas of physics and chemistry: high-energy particles,
compound nuclei, and highly excited molecules provide
a variety of examples. The inverse process of three-
body collision can also be important in chemical re-
actions and in the nuclear reactions of stellar interiors.
The lifetime of the unstable particle or collision complex
is one of its principal characteristics. It is the purpose
of this note to examine some general features of such
lifetimes when three-body processes are present.

For a two-body collision in the simplest case (elastic
scattering, classical nonrelativistic mechanics, forces of
range shorter than Coulomb), the collision lifetime is
conveniently defined as the limit, as R — o, of the
difference between the time the particles spend within
a distance R of each other in the actual collision and the
time they would have spent there in a hypothetical
trajectory without any interaction!-2:

Qear=limp o [¢(R)— 1t (R)]. (1)

This definition can be readily translated to quantum
mechanics, and leads to the result that the collision
lifetime is proportional to the energy derivative of the
phase shift, and thus also to the statistical density of

* This work was supported principally by the National Science
Foundation and in part by the National Aeronautics and Space
Administration.

1F. T. Smith, Phys. Rev. 118, 349 (1960), referred to below as
“LM”; also 119, 2098(E) (1960). See also A. Krzywicki and J.
Szymanski, Progr. Theoret. Phys. (Kyoto) 23, 376 (1960).

2Such a definition is implicit in L. Eisenbud, dissertation,
Princeton, June, 1948 (unpublished) and E. P. Wigner, Phys.
Rev. 98, 145 (1955).

available states; for isolated resonances and slowly
decaying states, there is a simple relation between the
collision lifetime, the width of the resonance, and the
characteristic decay time of the state.? The definition
is also easily extended to inelastic collisions—in the
quantal case there results the lifetime matrix Q related
to the energy derivative of the scattering matrix S.!
Classically, the lifetime for an inelastic collision is
defined by subtracting from the actual collision dura-
tion that of a hypothetical trajectory with two portions,
the asymptotic incoming and outgoing paths extended
as straight lines to their respective points of closest
approach.

The development of a new description for three-body
and many-body collisions* was initially motivated by a
desire to include these processes in the formulation of
the lifetime matrix. This note will carry out that
program explicitly.

In treating three-body and (N+1)-body events, it is
most helpful to use a center-of-mass coordinate system
normalized so that all internal coordinates involve a
common reduced mass p® or ¥+ such that

=" mi) D i’
povan V=TT /3 N s (2)

The internal coordinates characterize a space of 3N

Bsy?=

3T. Ohmura has pointed out an error of a factor of 2 in LM.
The decay time 7, is 3 the average value @ near the resonance
and i the value Qmax at the resonance; physically this is reason-
able since the average collision lifetime @ involves two passages
through a barrier, while the decay time 7, involves only one. [See
also the Appendix in F. T. Smith, J. Chem. Phys. 36, 248 (1962).]

4F. T. Smith, Phys. Rev. 120, 1058 (1960), referred to below
aitgs‘;)GAM”; See also L. M. Delves, Nucl. Phys. 9, 391 (1958-
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dimensions in which there is a natural radial coordi-
nate py (whose origin occurs where all interparticle
distances are zero). Among other identities, py is given
a simple physical significance by the fact that its
square is proportional to the trace of the inertia tensor
for the configuration of the NV particles,

Trl=1i=3 1i*l1x=2pn41)pN" 3)

pn is entirely analogous to the interparticle distance r
for two particles, and can be called the interparticle
(generalized) distance for N+41 particles. As the par-
ticles move py changes, and if they move without
interaction their path traces a straight line in the
(3N)-dimensional space. On this straight line is a point
where py has a minimum value, say By; Bn is the
generalized impact parameter for this trajectory.

Using these concepts, the classical collision lifetime
can be readily defined for an event involving three or
more particles. Consider, for example, a collision with
two incoming and three outgoing particles, say A B+4+C —
A+B+C. The trajectory can be followed from an
initial point where the distance from C to the center of
mass of 4B is R; to a final point where the three-body
distance ps=Rj; from the time {(Ry,R,) for this passage
we subtract the time %fo(R;) required to follow the
asymptotic initial trajectory from R; to its extrapolated
point of closest approach and the time $£0(Rs) to follow
the asymptotic final trajectory out from its closest
point to Ry. The lifetime is, then, the limit,

Q=limg, ryw{t(R1,Rs) —ts(R1)—30(R2)}.  (4)

Formally this is identical with the expression for two-
body inelastic collisions, but it involves generalized
distances instead of ordinary ones where three separate
particles are involved.

In quantum mechanics, similarly, the expressions
originally derived for two-body inelastic collision apply
virtually unchanged to three-body events provided
only that some of the definitions are appropriately
generalized. The development will be carried out in
some detail in a later section, since the detailed forms
of the expressions will be useful.

It is often possible to avoid dealing directly with a
three-body event if it can be broken down into a se-
quence of two-body events. For example, a collision
complex (4BC) may break up first into C plus a meta-
stable pair (BC)as, with the metastable breaking up
later after its characteristic decay time, 7. If 7n is
long enough, we can unambiguously separate these two
events and determine the two-body lifetime Q® for
the first stage process AB+C — A+ (BC)n. Alterna-
tively we can look at the three-body lifetime Q® for
the over-all process, AB4+C — A+ B+C. Since both
of these descriptions are compatible and apply to the
same total process, there is a relation between them
which relates Q® to Q® and 7,.. This relation is helpful
in providing additional physical understanding of Q®,
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It will be derived in the next section, which is devoted
to the argument in classical mechanics. Following that,
the quantal translation of the same relation will be
justified, and its extension to more complicated cases
indicated. I, then, give the formal changes in LM neces-
sitated by the introduction of many-body reactions,
and show that the general theorems remain valid with
little or no change.

B. CLASSICAL MECHANICS
1. General Formulation

It is convenient to describe both the two-body and
the three-body states of the system (4BC) in terms of
the normalized center-of-mass coordinates of GAM.
These coordinates are such that the kinetic energy
involves the unique reduced mass uy of Eq. (2): to
accomplish this we represent the vector AB, for ex-
amply, by rap= (£/,£,£’) whose magnitude is not the
simple distance d4p between 4 and B, but the nor-
malized distance

mamp

LAB 1/2 1/2
YAB= ll‘AB] = (*"‘) dAle:———‘—_‘] daz; (5)
K@) w3y (ma+mp)

similarly, the vector from C to the center of mass of 4B
is represented by re= (&/,£2,£5"), where 7¢ is related to
the distance d¢ from C to the 4B center of mass by

e (22) g ) T

B3 ue (mat+mp+me)
In the same way we can define rpe= (£4,£5,¢5) and
ra= (£1,£2,£3), and we find that the three-body distance
p=pz defined by Eq. (3) is related to them by:

p’=pl=rag’trct=rpc’+r4> (N

The associated velocities must be normalized in the
same way : For example,

V4= (él”" 222‘1' 532)1/27 (8)

UBCc= (5424' ész‘l- E.sz)m;

and

= (vt rpc?) = (vap’+ o) =[2T/ux V% (9)

Using these coordinates and velocities, we can re-
place Eq. (4) by an expression involving the duration
t(R) of the trajectory inside the hypersphere p <R, and
the hypothetical durations inside R of the initial and
final trajectories, £;(R) and #(R):

Q=limg,{t(R)—3t:(R)—3:(R)}. (10)

If we are looking at the process AB+C — A+ B+C the
time %£;(R) is determined by the initial velocity ve; and
impact parameter B; associated with the motion of the
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B+CA

vector re,
%ti(R) =vcr‘(R2—Bc?)”2

= (R/v¢))— (Bei?/2Rve)+-- -+ (11)
On the other hand, the final trajectory involves the

velocity V¢ and generalized impact parameter By in

the space of the six-dimensional vector p, so that
31:(R) =071 (R?— By,)?= (R/V1)— (B2,2/2RV). (12)

In the limit the higher terms in the expansion can be
ignored, and Eq. (10) becomes

Q=1limpo{{(R)—R(vei 4 Vi D)},
in entire analogy to Eq. (1) of LM.

(13)

2. Participation of Intermediate Binaries

There are many cases where three-body collisions or
breakup appear to occur through an intermediate stage
consisting of one free particle and a metastable pair.
In other cases, a purely three-body event occurs, and
no two-body intermediate can be detected. The dis-
tinction between these two types of three-body collision
was discussed in GAM. The one involving a binary
intermediate is particularly instructive in connection
with three-body lifetimes, since it can be looked at
either as an over-all three-body process with a three-
body lifetime, or as a sequence of two-body events with
well-defined two-body lifetimes. The connection be-
tween these two points of view will be examined here.

Consider the process

AB+C — (ABC) — A+ (BC)m— A+B+C. (14)
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F1G. 1. A trajectory for the process
AB+C — (4BC) — A+ (BCO)m —
A+B+C.

A characteristic trajectory for such a process is plotted
in the plane (£,£4) in Fig. 1; the figure is constructed
in the manner described in GAM. The full three-body
lifetime Q@ is obtained classically if you apply Eq.
(10) using a large enough value of R, say R, in Fig. 1.
If v4 is the normalized relative velocity of A and (BC)n,
and 7, is the decay lifetime of (BC)m, this requires

R>x1=v47m. (15)

On the other hand, the process will fall into the distinct
portions represented in Eq. (14) provided x;>>d, where
d is the characteristic range of the three-body inter-
action region. In that event, the initial portion of the
process, leading to the metastable, is characterized by
the two-body collision lifetime of the passage through
complex (ABC), Q®. This can often be defined quite
well by an expression like Eq. (10) without strictly
letting R— oo, but using instead a sufficiently large

value, say R; in Fig. 1, such that
2 >>R>. (16)

The metastable (BC)m is characterized not only by its
own lifetime 7., but also by its energy E, which is
released when it breaks up. In Fig. 1, we can assume
that all this energy appears as the velocity vp¢:

2Em/;.t= 1)302.
The total energy of the final products 4+B4C is
E=3uV?=3u(vs’+v8c?). (18)

It is convenient to consider the lifetimes as functions
of the kinetic energy of the final rather than the initial
state, so that Q@ depends on (E— E,,).

an
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We can now apply Eq. (10) to find Q®(E) in terms
of Q@ (E—E,) and 1. If all the interaction distances
are small compared to R; and R,, we have

Q@ (E—En)=t(a1,b1)— Ri(vei 4047, (19)

where 9¢; is the normalized relative initial velocity of
AB-+C. On the other hand,

Q® (E)=t(az,bs) —to(as,bs), (20)
where
t(ag,b2)=1(a1,b1)+ (1/vei) (Re— Ry)
+(1/v4) (t:i—R)+Y/V, (21)
and
to (az,bz) =R2/7Jci+ (1/V) (X+ Y) (22)
Substituting, and using
X1=VATm
and
X= x;vA/V= ‘DA27',,./V, (23)
we find the final result
Q®(E)=Q® (E— Em)+7mEn/E. (24)

The derivation of Eq. (24) has been carried through
with the aid of a diagram suited to illustrating classical
trajectories for the collinear motion of the particles. It
is easy to see that no changes of consequence arise if
you go to the full six-dimensional space.

3. Separation of Two-Body and
Three-Body Effects

The lifetime defined by Eq. (13) for a three-body
collision includes contributions from pure two-body as
well as three-body interactions. This can be seen from
the example sketched in Fig. 2(a), where the entire
delay time is due to the two-body interaction of par-
ticles B and C. There will also be cases such as that of
Fig. 2(b) where a three-body delay is due to a sequence
of two-body effects, and it is often not possible to dis-
tinguish clearly between the two-body and the three-
body interactions. Nevertheless, it is possible to intro-
duce a subtraction procedure similar to that used in the
original definition of the collision lifetime and thereby
get rid of the type of effect shown in Fig. 2(a). For this
purpose, we can subtract from the total three-body
lifetime of our collision the two-body contributions
that would be due to the unperturbed initial and final
branches of the trajectory. In Fig. 2(b) are shown the
initial trajectory P; and the final trajectory P, The
net lifetime resulting from the subtraction can be
written

Qnat @ (PI)P2)
=Q®(P1,P2)— 3045 (P1)—308c® (P1)—5Quc® (Py)
—3Q48% (P2)—308c® (P2)—3Qac® (P2). (25)
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F16. 2. (a) A two-body interaction contributing to an apparent
three-body lifetime. (b) initial and final trajectories in a three-
body encounter made up of several binary collisions.

In rare cases, this procedure will be seen to lead to
large negative lifetimes—but trajectories involving suc-
cessive collisions of the sort shown in Fig. 2(b) will be
very rare in three-dimensional space. The purpose of
the subtraction is rather to eliminate the adventitious
two-body effect in collisions with large values of A?
such as shown in Fig. 2(a), and Eq. (25) will accomplish
this.

A question arises as to the treatment of collisions
such as shown in Fig. 1, where the initial (or final)
state is a stable two-particle pair. Clearly no sub-
traction is appropriate for that branch of the trajectory,
and the subtraction procedure should only be applied
on the side which involves three free particles.

In higher order collision lifetimes, it is again possible
to subtract the effects of collisions of all lower orders
in the same way.
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C. QUANTUM MECHANICS

In quantal as in classical mechanics, the formulation
of the lifetime matrix and the general theorems involv-
ing it require virtually no change when you go from the
two-body case to the many-body case, provided only
that a few of the definitions of LM are appropriately
enlarged. This enlargement is conveniently done by
making use of the description of many-body states as
spherical waves in the 3N-dimensional space of the
relative motion of N+ 1 particles.* The radial coordinate
in this space, pn, was defined above by Eq. (3). The
spherical waves are classified by a group of generalized
angular momentum quantum numbers; we shall need
mostly the principal one of these quantum numbers,
\ as defined in GAM. As Delves! suggested, \ is a con-
venient label for three-body channels in the quantal
scattering problem.

In the next section, some simple cases are examined
which relate to the one just discussed classically, and
it is shown how the arguments can (approximately) be
translated into quantal language. Following that, the
formal details of reconciling the expressions of LM and
GAM are given, so that the results of LM can be
applied in full generality to any nonrelativistic many-
body situation.

In both of the following sections, it is necessary to
refer repeatedly to the results and derivations of LM
and of GAM. In order to avoid excessive repetition,
familiarity with those papers must be assumed.

1. Some Special Cases : Binary Intermediates

The classical argument just given of the case where
a binary intermediate participates in a three-body
breakup can readily be translated into quantum me-
chanics. This can be done without introducing the full
general formalism by using instead an argument in-
volving wave packets. In a very simple form due to
Wigner and Eisenbud,? this argument shows that there
exists for any collision a quantal delay time strictly
akin to the classical one. In the one-channel case, this
quantal delay time can be shown to be identical with
the collision lifetime [LM, Egs. (15) and (21)]. In the
many-channel case, the delay times form a matrix
whose typical entry At;; represents the delay in seeing
a peak in the jth outgoing channel after a pulse was
injected in the ith. The lifetime matrix Q has a different
meaning in general, but its diagonal elements Q;; can
be shown to represent the average delay over all the
outgoing signals after the injection of a pulse in the ith
channel. In forming the average, the probability of
appearance in each outgoing channel is given by the
squared modulus of the appropriate element of the
scattering matrix,

Pi=54| (26)
It is a theorem of LM, Eq. (48), that
Qui=2_; PijAli;. (27)
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This theorem applies unchanged to a case where the
outgoing channels j may involve three separate par-
ticles—it is convenient in such a case to use the
quantum number X in the labeling of these outgoing
states.

We can use this result in carrying over to the quantal
case the classical result of the previous section on the
three-body lifetimes of collisions involving an inter-
mediate binary. The necessary modifications can con-
veniently be taken up one by one. First, consider the
case where the principal quantal effect is in the breakup
of the metastable (BC)n by quantal leakage through a
potential barrier. This breakup may then occur at
various times ¢ with a probability

P(t, t+At) = (7m) "t exp(—t/Tm) AtL. (28)

The final trajectory is then seen to be characterized by
the generalized angular momentum

|A |2\ QuEB)2=2[ Em(E—En) 2. (29)

It is now natural to consider separately the delay times
for the appearance of outgoing signals in each of these
channels labeled by A; by using the theorem Eq. (26)
the collision lifetime can be found by averaging over
these delay times. For the moment, we assume only a
single initial process, with a lifetime Q®, leading to the
unique metastable (BC)n. The particular total three-
body delay time At® associated with the appearance
of an outgoing signal in a three-body channel char-
acterized by a specific value of X is then

AL®(N)=Q®+ (AN/2E) [ En/ (E—Em) 1" (30)
However, if we average over all the outgoing channels
M\ corresponding to this process, making use of the
fact that

<ta)av=/th(t)dt=Tm (31)

[another consequence of Eq. (26) and LM ], we find

QO (E)=2 PAI® (N)
=Q® (E—Ep)+7mEn/E.

This is identical in form with Eq. (24), but now 7, is
a quantal (average) decay time.

We have another quantal effect in the fact that the
energy of the metastable is uncertain over a narrow
range of half-width

(32)

Tp=1/27m (33)

about En. As shown in LM, as corrected by footnote 3
above, this can be taken into account by introducing
the energy-dependent decay lifetime of (BC),, which
is half of its energy-dependent collision lifetime
Qn(E—Ep). [Qn is another two-body lifetime, entirely
distinct from Q@ which relates to the process that
formed (BC)m, while Qn relates to its decay; it will be
recalled that 1Qm(0)=7n.] We shall write e=E—E,,
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and assume that Qn(e¢) has a Breit-Wigner form of
resonance about the center at En:

30m(€)=2AT (4177 (34)
Then
Q®()=Q® (E—En—e)+3[(Ente)/EIQn(e) (35)

must be averaged over e using the appropriate proba-
bility distribution

P(e)de= (I'/m) (4T?)de. (36)

If T<E, and < (E—E,), the average over the term
€On(€) vanishes by symmetry. As long as Q@ varies
slowly near (E— E,) we obtain Eq. (32) once more.

In almost any real quantal process where enough
energy is present to make possible a dissociative process
like AB+C — A4 B+C, it is improper to assume that
the mechanism will go exclusively as in Eq. (14), via a
single metastable intermediate (BC)n. Instead, we may
expect a spectrum of events varying from production
of bound states of BC, through a set of metastables
(BC)m,; of varying lifetimes 7,, ; to events where 4, B,
and C separate almost simultaneously in three-body
states characterized by small values of A. It has already
been pointed out, in GAM, that the description in
terms of metastables and that in terms of A are not
strictly compatible, but rather complementary. How-
ever, if the range o of the forces is short, the lifetime is
long, and the energy is large enough, the region of
overlap is not very important. The criterion, deduced
in GAM, can be put in the form

En(E—En)/ E>uc?/ 2ral. 37

This really involves two conditions: (a), En>uc?/ 27,2,
and (b) E—E, sufficiently large. If these are satisfied,
processes involving these metastable states should be
fairly well distinguishable from pure three-body proc-
esses, which should be confined to small values of A,

ASH 1 (2uE) 20 =, (38)

We can now consider a collision AB+C which has
varying probabilities of producing all of these types of
interactions: several stable bound states of AB or BC,
with probabilities P, ;®; several metastables, with
probabilities P, ;?, lifetimes 7; and energies E;; and
several pure three-body channels with A <\, and prob-
abilities P\®. The correspondingdelay times for the pro-
duction of each of these are At, @, Af, ;®, and AHL®,
We must assume no significant overlapping of these proc-
esses, or the analysis in terms of metastables will be in-
valid; and no processes with high probability can be
omitted, so that

2 PO+ Poi®+3 Pp OO0
i

A< e k

(39)

Now if we estimate the collision lifetime Q' of the
process going from 4 B+C to these proximate products
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(especially the metastables labeled by 7), we find
Q=3 PA®AKL® S P, DAL, @
A< e k
43 P i @Ay ;. (40)
i

On the other hand, if we follow the decay of the meta-
stables, each of them contributes to the three-body
products with a delay time, ultimately, of the sort

Atm'j(a) =Atm.j(2)+TjEj/E. (41)

The complete collision lifetime Q to the ultimate
products is then found to be

Q=Q'+E7 3 i7iE;.

2. General Formulation

(42)

This section is devoted to pointing out the modifica-
tions needed to adapt the formalism of LM to many-
body collisions.

In GAM it is shown that initial and final quantal
states involving N+1 free particles are most conveni-
ently prescribed by the total energy E and 3N—1
quantum numbers ¥ of generalized angular momentum
—= includes in particular the (integral) number Ay
such that

AN*=mAy(A\v+3V—-2). (43)

The kinetic energy of relative motion is then 7T'x, where

2uTn=p 47N AN, (44)
so that
a V]
kn?=2uTy/R= _,N3N+1__(rN3N—1__)
6rN 31’1\/
Av(Av+3N-2)
F— (45)

er

The eigenfunctions of the operator Ax? are generalized
spherical harmonics, functions of 3V—1 angles x”;
their specific form will be discussed elsewhere, and is
not needed here—one form is given by Delves.* The
quantum numbers (E,v) define the asymptotic form of
the orbital part of the wave functions in the region at
large rx; for potentials vanishing more rapidly than
1/rx?, the asymptotic orbital functions can be written
as the product of an angular part g,(x”) and a radial
part which is an eigenfunction of the operator of Eq.

(45). For the radial part it is then convenient to write
(46)

oo‘l’ (TN) - v*‘1/2rN— (SN_I)/Z‘PE,)\N (rN))

where ¢ satisfies

Fo Ly -ty N3 o, @
A —0. (4
dr? 1\ 2 )(N' 2 )¢ ¢=0. ¢

Substituting

U'=Av+3i(3N=3), (48)
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you can see that this is just the equation satisfied by a
function Iy (kry) as used in Eq. (LM-25), which gives
a recursion relation for the I’s and a definition of
Iy(kr). However, for an odd number of particles, N is
even and ! is not integral but half-integral. Then we
need to define a particular half-integral case of I.
This can be done by using the Hankel function; for
instance,

I_y(kr) = — (zkr/2)\2H @ (kr). (49)

In the limit as r— o this behaves as 2%, As
Delves* remarked, all the I’s can be similarly written
in terms of Hankel functions:

Ii(kr) =121 (zkr/2)2H 114 @ (kr). (50)
In the limit they behave as
lim I,(kr) =3¢, (51)

-0

They, thus, represent purely incoming waves (I;* out-
going), and vY/2I; has unit inward current as r — o,
The phases are arbitrarily chosen so as most simply to
follow Eq. (LM-25).

With the I/’s so defined, we can proceed to write a
more general expression to replace Eq. (LM-36) as a
definition of the asymptotic incoming collision function.
In addition to the orbital coordinates ry={ry,x"}, we
need ny internal coordinates sy describing the internal
configuration of the colliding particles (ny+3N =n:+3) ;
the collective quantum label j includes N, v, the in-
ternal quantum numbers, and labels to identify the
colliding species (e.g., A+BC, B+CA, C+A4B, 4
+B+C). The initial phase of a collision may now be
written as

=& =rn~ OV on—1y2 (ki)
Xgi(xVwj(sn). (52)

The scattering matrix S now can include any number of
incoming or outgoing partners, and the complete
asymptotic wave function is still expressed by Eq.
(LM-37). With appropriate interpretation of the vol-
ume elements dr, and dr,, the integral expressions for
Q, (LM-38, 39), are unchanged, and the general rela-
tions between S and Q, Egs. (LM-43 through 46)
follow as well.

It will be remembered that Q is so defined that one
of its diagonal elements, say Q.;, represents the average
lifetime of a collision with the incoming particles
uniquely in the ith channel. Even though this is a
binary channel, if there is enough energy in the collision
the nonvanishing S-matrix elements S;; will generally
include some j’s corresponding to three-particle (or
higher) outgoing channels. In the same way, Qy; will
include the effect of the many-body outgoing channels
that are open even if 7 is a binary channel. When Q is
diagonalized, the diagonalizing wave functions y; will
generally include many-body as well as binary con-
tributions in both their incoming and outgoing parts,
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provided E is above the threshold for the many-body
process.

3. Separation of Two-Body and
Three-Body Effects

It is evident that the three-body lifetime matrix de-
fined above includes a contribution from purely two-
body interactions similar to that discussed in the classi-
cal case in connection with Fig. 2. We shall deal with
this by subtracting the lifetime effects of the two-body
interactions from the total three-body lifetime. How-
ever, difficulties arise because the wave functions and
indices defining these different lifetimes are not the
same,

We write, therefore,

Onet® (E; 7,7 ) =0 (E; v,¥ ) — Q@ (E; v1v"),  (53)

where Q1@ (E;v,y’) is the totality of two-body life-
time contributions corresponding to the initial and final
states of the three-body system. Qu0® includes a con-
tribution derived from the pair interaction AB. This
can be written Q45® (E;v,y’) to indicate that it is the
three-body effect of the 4B interaction alone, with C
assumed not to interact. This interaction depends on
the energy E4p. Following Delves,* we can write

(54)

We then introduce the product of wave functions
adapted to this interaction in the form

V(E,048,748)=Ya8(Eap,lanman)Wc(Ecleyme), (55)

where we write y4p for all four angular momenta.
Yap is influenced by the pair interaction, but ¢
is the free-particle function. We now need the expan-
sion coefficients

EAB=E COSzaAB, Ec———-E sin%zAB.

(56)

to expand the ¢ (E,y) in terms of the product functions
of Eq. (55).5 Introducing this expansion into Eq.
(LM-38), and taking advantage of the Dirac orthog-
onality of the functions ¢ with respect to E¢, we find
one of the contributions to Qi@ to be

C(y|aas,va8)

/2

Q4@ (En,y)= Z1AB,7AB'/ C(v|aan,v48)Q®

0

X (E cos’aapyaB,yas )C*(v'|aan,vas")daan. (57)

This term accounts for the contribution of the initial,
incoming wave functions of the total three-body proc-
ess; we must also consider the outgoing wave functions,
which are connected with the incoming ones by the
three-body scattering matrix S®, Thus we need not
only Q.5® but its transform S®Q p®S®F, Q4@
then includes 1Q.p®+43S®Qz®S®t plus similar
terms for the interactions BC and AC.

% See Delves, reference 4, for the expansion coefficients.



COLLISION LIFETIMES IN MANY-BODY PROCESSES

Similar subtractions can be introduced in the higher
order collision lifetimes.

4. The Complete Lifetime Matrix

In processes where a bound state participates, as in
the reaction 4 B4+C — A+ B+C, the formulation of Q
that was used above does not require any subtraction
for the bound state AB because the collision AB+C
was treated as a purely two-body event. However, it is
possible to take an alternative viewpoint in which the
bound state AB is treated as the limiting case of a
long-lived metastable. To see how this can come about,
consider a metastable with a long lifetime, which is
describable near its maximum at E, by the function

Qm (E) = Zhrm[ (E - Em)2+ I"m2]—1’ (5 8)

where I'y is the half-width of the resonance. A true
bound state can be described in the same way provided
we let T'n — 0, turning Qm(E) into a 8 function. Thus,
bound states can be treated in the same way as the
metastables and the continuum—and we note that
even bound states which are not free to dissociate
spontaneously usually have finite widths I'n due to
radiation or other interactions with the environment.
Thus, the bound states can be treated formally in the
same way as the continuum. If this is done, we can treat
the gross Q@ for the collision 4B+C as involving an
infinite lifetime due to the §-function lifetime Q45(E45);
when this 6 function is subtracted away to obtain
Onet® we end up where we were before. However, this
viewpoint introduces a greater formal unity into the
picture.

As a matter of fact, this way of treating bound states
on a par with the unbound ones suggests that it may
be useful to focus our attention not quite so much on
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the number of free particles entering into the collision
as on the number of particles in the collision complex.
Thus, we can consider as contributing parts of a single
lifetime matrix Q4pc(E) all the combinations which
involve an excess (or deficiency) of population near the
origin of a diagram like Fig. 1 or 2. These include:
bound states of ABC, with Q4z¢(E) as a 8 function or
a function of the form of Eq. (58); two-body lifetimes
Q® for collisions like AB+C — AB+C or AB+C—
A+ BC; and net three-body lifetimes Q,e;® for events
like AB+C— A+B+C or A4+B+C— A+B+C. Of
course, the energy E must then be the total energy of
the three-body system, measured from some convenient
origin (for instance, the ground state of 4ABC, or the
free particles 4+ B+C at rest), and E must run through
the whole spectrum, including negative as well as
positive energy states.

The trace of a complete lifetime matrix such as
Qusc(E), TrQupc, is of fundamental importance. I
shall show elsewhere® that the complete partition func-
tion for the molecular system A BC (including transient
collision complexes) is the product of the usual transla-
tional partition function and an internal one

Z 4p¢‘in®) =h—1/ e—EIkT TrQABc(E)dE. (59)
Ey

For bound and metastable states, with a form like Eq.
(58), this reduces approximately to the familiar form,

Z apctint) = Z,' wie BilkT (60)

The partition function Z4z¢%™ of Eq. (59) has a cen-
tral role in the development of an exact cluster expan-
sion for the thermodynamic properties of real gases.

¢ F. T. Smith, J. Chem. Phys. 38, 1304 (1963).



