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the case where Co~Cy>mR and obtain:

a 4C.Cy C,
Re(U+U")~——In In—
2 m*R* CY

(A20)

which cannot increase like In(s) in a given x direction.
Also, this is the worst possible situation that can happen.
In all the other cases, Re(U+U’) — 0 much faster.
The technique of Fourier transforms of matrix
elements, which has not been much used in the past,
can be applied to many problems in high-energy
scattering. For instance, if one has to calculate an
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expression of the form

(koky: - +)d*k
My,‘...-— /T’ (A21)

in the high-energy limit, one can introduce a factor
exp{ikx} and express all the %, k,, etc., as derivatives
with respect to x. One can the compute the Fourier
transform of A~! in the high-energy limit and let
x— 0 at the end. This eliminates many ‘“components”
of the matrix element which do not contribute at high
energy.
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It is shown that the energy density commutator condition in its simplest form is valid for interacting
spin 0, 4, 1 field systems, but not for higher spin fields. The action principle is extended, for this purpose,
to arbitrary coordinate frames. There is a discussion of four categories of fields and some explicit considera-
tion of spin £ as the simplest example that gives additional terms in the energy density commutator. As the
fundamental equation of relativistic quantum field theory, the commutator condition makes explicit the

greater physical complexity of higher spin fields.

INTRODUCTION

FTER it had been noticed! that the energy and
momentum density of a particular field system
obeyed the equal time commutation relation

— il T%(x),7%(«") J= — (T (x)+T**() )98 (x—X'),

a general proof was constructed®* by considering the
response to an external gravitational field. The commu-
tator condition applies to all systems for which (— g%)7°
and (—goo)2T? are independent of the gravitational
field, when it is of the special type

—goo(x)#~1.

gr=0r, gox=0,

How extensive is this distinguished class of physical
systems? We shall find that fields with spin O, %, 1 are
included, but not fields of larger spin. Thus, higher spin
fields can now be characterized, not merely as mathe-
matically more complicated structures, but by their
greater physical complexity.

The technical problem encountered here is the
extension of the action principle to arbitrary coordinate
frames, subject to the requirement of coordinate

* Supported in part by the Air Force Office of Scientific Research
under contract number A.F. 49(638)-589.

17, Schwinger, Phys. Rev. 127, 324 (1962).

2 J. Schwinger, Phys. Rev. 130, 406 (1963).

invariance. Even more is involved for, as Weyl® was
the first to recognize, the description of spin entails the
introduction, at each point, of an independent Lorentz
coordinate frame, combined with the demand of
invariance under local Lorentz transformations. This
is the ultimate expression of the local field concept.
The relation between the local and the global
coordinate systems is conveyed by a family of vector
fields e.*(x), which respond to general coordinate
transformations and local Lorentz transformations as

& ()= (07+/9x")es’ (),
and
0" (%) =11 (w)ew* (),

respectively. In the latter, the matrix ! obeys the
Lorentz invariance condition

ITgl=g,

where ge® is the Minkowski metric tensor, which we
take to have the value —1 for its temporal component.
The inverse vector set ¢,%(x),

eler=0v% e,%,"=0,7,

3H. Weyl, Z. Physik. 56, 330 (1929). Our approach derives
most directly from this source rather than the later developments
of Schrédinger, Bargmann, Belinfante, and others.



ENERGY AND MOMENTUM DENSITY IN FIELD THEORY

has analogous transformation properties,
8.%(Z) = (0x’/9*)e," (),

8, (%) =1%(x)e, b (x).
In particular,
(dx) dete,*(x), (dx)=daddx'da?da?,

is an invariant for both types of transformations (with
det I=+1).

The change of the invariant action operator W for an
infinitesimal alteration of the e,%(x) can be written as

S W= / (dx)(dete,®(x))de, (x) T4, (x),

which defines the set of Hermitian operators I*,. If
de,* refers to an infinitesimal local Lorentz trans-
formation,

96, (%) = 0w ()€, (),
5wab= '_6wba;

local Lorentz invariance requires that

Teb(w) =T (a),
where
Teb=g,oTrb,

The same symmetry property applies to the tensor
Tw=egteyT*0= Trbey =T,
That symmetry can be exploited by writing

0e,°T "= be,%, T
= (a0 1",

which introduces the symmetrical tensor

= epagabevb= enaemu
Since
g=detg,= — (dete,”),

we can conclude that

5 =5,
- / (dx) (— g)130g., T,

which makes contact with the more familiar definition
of the stress tensor.

ACTION PRINCIPLE

We take the action operator to have the following
standard form in a Minkowski space:

W= / (d) 03 (e A#8,x— By i) — 3¢ ()T,
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where the 4# are four constant numerical matrices and
the x(x) are a set of Hermitian fields. To generalize
this to arbitrary coordinate frames, we write

W= f (dx) dete,®(x)L(x),

where £ is tentatively constructed as

£(x) =Fea* (%) [x (¥) 4“9, (x)
—0ux () Ax (%) ]—3C(x (x)).

Here the 4 ¢ are the same set of four constant numerical
matrices now defined relative to the local coordinate
system. The requirement of invariance under general
coordinate transformations is trivially satisfied if the
x (x) behave as scalars,

X (%) =x ().

But what of invariance under local Lorentz trans-
formations?
For such a transformation,

2. (x) =1, (x)e (%),

we have
x (%)= L(%)x (%),
where
Hx)=3(x)
and

LTACL=1%A4%

ensure invariance if the Lorentz transformation does not
depend upon position. But our tentative Lagrange
function £ is not invariant under arbitrary local
Lorentz transformations:

£—e=}e[xA(L19,L)x—x(L79,L)TA°x].

To identify the structure of L79,L, we remark that
two infinitesimally neighboring Lorentz transformations
are connected by an infinitesimal transformation,

lab‘l_alab: lac(abc_l"awcb);
where
0wap=1%0lcp= —-0wpq.

The corresponding group composition property of L,
expressed in terms of the spin matrices, is

L+-3L=L(14+1idw,p5?),
and therefore
L79,L=1%i5%%°d,0 co.

This result indicates that the structure of the
Lagrange function must be modified into

L= —i—ea“[xA“ (@u— %i""ubt‘s b)x
— (Ou—FiwueS*)xdx ] -3 (x),

where the vector fields wyap= —w,up. are given such
local Lorentz transformation properties that

L7 (9y—310uabS® »L= Ou— 31WuabS®P.
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The required transformation law is

C-"p,abz laa,lbbl (wya’ b’+lca’aylcb')
:lua,lbb,wua’b’+lbblaplab’o
An alternative statement, in terms of the functions
Wape(®) = € (%) wupe (%),
is
C:)a be™ laa/l bb/lcc,wa’ b’c’+laallcc,ea’“6ulbc'-

Now let us observe the following local Lorentz
transformation property :

(éaﬂapébv) évaz laa llbb ,lcc ’ (ea'“aueb’v)evc'
+la“'lc°'ear“6”lbc:.
Accordingly,
Wabe™ (ea,“ayebv>eﬂc= Tate

has the simple behavior
I_‘abc= laa’lbb,lcc,Fa’ b’

One should not be mislead by the notation to conclude
that Tupe(x), like wabe(x), is a scalar under general
coordinate transformations. Rather

fu,bc (ﬁ) - I1abc (x) = eaue b)\ (3#6)\15”)6“ ((")x"/azi:”),

which also shows that the combination I'gpc—1I'pq. is &
scalar. The antisymmetry of was. in & and ¢ implies that

TupetTacs=—e[ (Ques) e (duern)e.” ]
=eger e d,ugn
or, with an evident definition,
Tun+Tpw=0ug.
If we adopt the invariant symmetry restriction
Tun—Tya= 0;

we can construct I'y, explicitly. It is the Christoffel
symbol

Tun=15 (3,80, un— Ogu)-
The same symmetry restriction in the form

Fape—Tbac=0
gives
O)ab,;'—‘wbac:chb;

where

Qear= e,c[eaﬂa,‘eb"— ebﬂa,,ea”:]

= —cha-
From this we derive

Wabe= %[cha_i_gcab_ﬂabc]-

ENERGY AND MOMENTUM DENSITY

It suffices, for present purposes, to choose the field
e (x) as
e’ (®)#1,

e* (%)~0,

ea’=0,

eyt =28/,
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where (0) and () are local coordinate indices and ~0
implies that e()* differs only infinitesimally from zero.
The inverse vector system is

a®=(e0’), =0,
eoP = —e;We )0, ;M =5,
and
—goo= (@)%, gof=e0®, gn=0n.

The dependence of the action operator upon the
variable functions is given by

65W=/(dx)[—T(O)((’)5eo(°)+T(°)(k)560(")],

where, with go=0,

TOO=(—go)T" TOau=/(—g0)"T%

are just the quantities of interest.
The elements of Q.». that differ from zero are

Q0 iy = —L0) 0) (1) = €(0)°d €0,

and

Laywm = —2ay 0 = —€0"0rec V.

The action operator is now given by

W= / (02)[2 (oA ©— 3ex A D)

— 6@ T OO L MTO ",
where

TOO=j0—%(xAPaex—x4d ¥x)
—1i9,[x (A OSSO B _ 5O BT )y T
and

TO gy=—3(xA©ox— x4 x)
—Lia [x (A OSH D — §HDOTL @)y
+X(A (k)5 (0) (l)+A GO E) — GOYDT 4 (k)
— SO D)y ]

are the desired densities. It would be incorrect to
conclude from these results that the local energy and
momentum densities are independent of goo for any
system, since not all the components of x are funda-
mental dynamical variables in general, and the con-
struction of the dependent components may involve
goo explicitly.

FUNDAMENTAL VARIABLES

The identification of the fundamental dynamical
variables depends upon the structure of the generator
of field variations

Gy= / (dx)3 (xA ©Vox—oxAVx),

and of the field equations. According to the action
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principle, these are (gox=0)

A (0)60)(: 80(0)[(815(’./6)() —A “”akxj
+%6keo(°)[—A (k)x_*_i(A 0),50) (B — SO KFT 4 (0))X:I'

It is also useful to note the relations between the
matrices 4© and 4® that are implied by invariance
under infinitesimal Lorentz transformations,

—i(AOSO® L SOBTY @)= 4 ®)
—i(A (SO® L SOM®TY ())=5§k4 O,

Thus, the coefficient of dreo® in the field equations is
alternatively written

PAOSO Uy,

We must now discuss several categories of fields.* In
the first of these 4 is a nonsingular matrix—all field
equations are equations of motion for the fundamental
variables—and the local energy and momentum
densities are independent of ggo, validating the commu-
tator condition. When A®  or a completely reduced
portion of it, refers to a Fermi-Dirac (F.D.) field ¢, the
real symmetrical matrix a® = —34 © must be positive-
definite according to the equal-time anticommutator
implied by the action principle,

(@) (@)} = (@@)78(x—x).

This is impossible for other than spin § fields.
On introducing the real symmetrical Euclidean
spin matrix
Ska=1Sok

(we omit the designation of local components), the
transformation properties of the 4 matrices read

{A%Sky=Ar, {A1,Ska} =014,
and therefore (no k summation)
A= {Sks,{Sk1,4°} }.
A corresponding matrix statement is
L(Sks'+Ska”)?—11(Sud' [ A°| Sk ")=0,
and all such matrix elements of A° vanish, unless
Sk +Spd =£1.

When the spin is §, the eigenvalues of Sks are =4 and
the diagonal elements of A° Sid/=Sp/'==3%, differ
from zero (in fact, a®=1). But with higher spin values
all other diagonal matrix elements must vanish and o?
cannot be positive-definite.

Can a°, the reduced submatrix of A° associated with
Bose-Einstein  (B.E.) fields, be nonsingular? An
argument denying this possibility is based upon the
physical existence of the vacuum state. The equal-time

41t may be of interest to compare these remarks with some
earlier ones, which were limited to uncoupled fields. They are
summarized by E. M. Corson, Introduction to Tensors, Spinors,
and Relativistic Wave Eguations (Blackie and Son, Limited,
London, 1953).
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commutation relations for the B.E. field ¢(x) would be
Lo (x),0 (x")]=1(a®) " (x—x'),

where @° is real and antisymmetrical. We combine these
with the equations of motion (—gg=1)

a%9op= — a*dp+ (93C/9¢)
to get

iLa%up (x),a% (") ]
= —a*9,8 (x—x)+ (023C/3¢0¢)d (x—X'),

and thereby the vacuum expectation value

(0% (x) PP’ (") +a’¢ («") P'a’ (%))
= —a*d10 (x—x")+(9%3C/ 9 )3 (x—x').

The left-hand member of the latter equation must be
positive definite. But the term —a*d;6(x—x") does not
have this character and can lead to arbitrarily large
negative values of a corresponding quadratic form
(provided (823C/d¢d¢) is finite, which is assured at
least for the usual dynamical applications of B.E. fields
with linear couplings). The following example is cited
to indicate that purely structural considerations will
not suffice, in general:

L= —%F“"(a,‘Ay—-a,,A”)—%Fd"”(a#B,,—-—é,B,‘)
—F 49,4%—F 3,B*—3C,

in which Fg* is the tensor dual to Fy,,
F'=Fa,- .

The matrix @° is nonsingular, since every field variable
appears in the time derivative term.

The matrix 4° must be singular, then, apart from
spin % fields. This matrix can be reduced completely
into a non-singular submatrix and a null submatrix,

corresponding to the field decomposition

X=XntXs,

where x; refers to the singular subspace. The latter
imply field equations that are not equations of motion
but equations of constraint,

3[—'/1 ka},-,x-}-aﬂ(’,/ax] = 0,

and these are independent of goo. The second category
consists of those physical systems for which the con-
straint equations suffice to determine the x, explicitly
in terms of the x.. Since that connection does not refer
to goo, the commutator condition for 7% will be valid.

There are no F.D. fields in this category. The action
principle gives the anticommutation relations for the
¥n in terms of (a”),, the nonsingular submatrix, which
must be positive-definite. But, as a consequence of the
Lorentz transformation equations,

0= s(Sk4)n(a0)n n(Sk‘i)s)
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which is impossible unless
s (Sk4)n= ﬂ.(Sk4)s= 0.

Thus, the separation into two subspaces has a Lorentz
invariant meaning and

akb= (an) 7

which is a complete reduction to the subspace of
positive-definite o, and spin 3.

To discuss B.E. fields we must be more explicit about
the structure of 3¢(x). Let

3=30Bp+3Cy,

where 3C; is no more than linear in the components of
any particular type of B.E. field. The real symmetrical
matrix B must satisfy conditions expressing the in-
variance of the corresponding term under infinitesimal
Lorentz transformations,

BS,+S,TB=0.

With the permissible choice of imaginary anti-
symmetrical Sk; and imaginary symmetrical So, these
conditions are satisfied by

B=R,],
[] N MV] =0,

where R, is the geometrical space reflection matrix.
It obeys

RpT=Rep*= Ryy ' = Ry

We shall adopt the general principle that the question
of parity conservation is a purely dynamical one,
referring only to the coupling among various fields,
so that

[Rp,I]=0.

Then the invariant matrix 7, like R, is real and
symmetrical and both matrices can be brought into
diagonal form. Such a representation of 7 has a Lorentz
invariant meaning, while the diagonalization of Ry, is
automatic in the tensor description of ¢.

The equations of motion (—gep=1) and constraint
equations are

(ao)na@n = (ak) 20kPn— n(ak)sak¢s+3¢n+agel/a¢n,
and

0=—;(a*)n9xpnt Bops+033C1/06s,

respectively. The ¢, are explicitly determined by the
latter equations provided B, is nonsingular. In that
situation the commutation relations of the fundamental
variables are

[6n(@),¢n (x) ]=1(a")n8 (x—X’).
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We can now derive the commutator

[ (0°) 0 obr (), () npn () ]
=—(%),9:0 (x—Xx')+ B,d (x—x')
+.(a*) B 5(ah) 010,86 (x—x"),

with the assumption that
[#(x),03C1/9¢ (x') ]=0.

This result also gives the vacuum expectation value of
the commutator. The corresponding positive-definite
quadratic form can be dominated by either of the last
two terms if one considers sufficiently slowly or rapidly
varying functions. Accordingly, it is necessary that

Bn>0, —'Bs>0-

But B=R,,I, where I has a common value for all
components of a given type of tensor field. Every
component of ¢, selected from a particular tensor must,
therefore, have the same value of the space parity while
the ¢, components possess the opposite value. If we
now observe that

{d",Rst}=0

Rst= emSuem’Su,

which refers to the invariance property of B.E. fields
with respect to the proper transformation x*— —ax*, it
follows that the matrices ¢* only connect different
tensors, characteristized by opposite values of Ri.
And, since

[a%Ryp]=0

we can conclude, for an irreducible field, that all
components of ¢, have a common parity. In that
circumstance,

(a%)n=0.

For which B.E. fields can a¢° and Rg,a° be identical,
or differ merely by a sign? If we compare

= {Sk4,{Sk4,0°} }
with
Rspa‘) = [SM,[:SM;RspaOJ:I’

it is seen that nonvanishing matrix elements (Si4|a®
X |Skd’) can only occur when both of the following
conditions are satisfied:

(Skd'+Srd")?=1,
(Sk4,—Sk4")2= 1.

Thus, one of the quantum numbers must be zero and
the other of unit magnitude. Since no larger value can
appear, the spins of such fields are limited to zero and
unity.

There is a third category, of spin one fields, for which
B, is singular corresponding to the intrinsic arbitrariness
of vector fields that admit gauge transformations. We
shall not consider these systems here since the commu-
tator condition has already been verified (indeed,
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discovered) in connection with the general non-Abelian
vector gauge field coupled to a spin § field.

The fourth category contains F.D. fields of spin
>% and B.E. fields with spins >2. The matrices (o),
of F.D. fields and B, for B.E. fields will be indefinite
and not all of the x, can be fundamental variables.
Hence, the constraint equations must act to diminish
the space of independent variables by introducing
relations among the components of x,. Since all of these
obey equations of motion, the introduction of the
restrictions on the x, will yield further constraint
equations. But the latter, being consequences of the
equations of motion, involve goo and the needed re-
assurance that (—go)T® and (—geo)"2T%* are in-
dependent of g0 can no longer be given.

The 9xe0® term in the field equations is essential to
this argument for otherwise the existence of linear
relations among the x, would imply constraint equa-
tions that were still independent of go. The process of
deriving new constraint conditions from the equations
of motion may require several repetitions depending
upon the spin of the field, and the explicit construction
of the dependent variables will involve corresponding
numbers of space and time derivatives of goo.

SPIN 2

We shall briefly examine the field in the fourth
category with the lowest spin value, in order to obtain
the simplest example of the additional terms in the
commutator condition. It will suffice to consider an
uncoupled field for, unlike the situation with lower
spin fields, our task is no longer to show that the
commutator condition is valid despite the effect of
field interactions. The preceding discussion indicates
that ¢, becomes an explicit function of geo, but that
time derivatives of goo do not yet appear, for spin .
Accordingly, T®® must remain independent of ggo.
The explicit dependence of T ® is given by

85T O ® (x) /5¢0® (2)
= — 51010 (x) (A SO+ A1) ) s (%) /Geo® () ],
where
— 3 (AESO) = (SO *) = (SUL4050F),.

We choose
Je=3yBy,
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where B is an antisymmetrical imaginary matrix, and
the constraint equation becomes

(4% — B)nfn=0.

The further constraint equation derived from the
equations of motion is

0=(4%35— B)n(A4:)7 u[eo (— A1+ By
+ (6560(0))iAOSOlll/].

The local nature of the theory requires that this be an
explicit expression for ¢,, rather than a differential
equation. It can also be anticipated that the only
significant terms are those containing the second spatial
derivatives of eo”. These considerations give, for
—go=1,

das (%)
(BA nOB) DN s(SOmAOSOnll/ (x))ama,,é (X'— X’),
580(0 x’)
an
3:TO® () )
——————=010'0,"[6 (x—X') fELmn(x)].
AT I ]
Here

JEumn (1) =y (2)S0* 4080 (B4 ,1B) 7 150m 40500 (),
which uses the notation
SOk 0,500 = 1 (§0k 40,5014 S0L40.50F),
We notice that f¥m» has the symmetries

fkl,mn=flk,mn=fkl,nm= _fmn,kl’

where the last statement is a consequence of the F.D.
anticommutation relations. One can verify with a
specific example that f%.7» is not identically zero.

The resulting equal-time energy density commutator
equation is

—i[T%(),T%(«")]
= — (T (x)+T°% (%) )31 (x— x')
— 31010’ {8 (X—X') fELmm (2)}.

The additional term has the anticipated properties. It
vanishes for finite |x—x'|, it is an antisymmetrical
function of ¥ and «’, and it does not contribute to
commutators containing the integrated quantities
P or Jor.

The considerations of this paper apply to all fields
save one—the gravitational field.



