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An explicit representation of these operators is given by Thus, 

B = \d/da. 

Then 

where 

expf ef*+\— ) = expf ef(a)\—e~^a) ), 
\ da/ \ da J 

f(a)= ea 

X 

eA+B _ ef{a)^KdIdae~f{a) 

= ena)e~f(-ot¥K)e^dldoi 

= expf A J \eB. 

The adjoint of the above yields the alternative 
representation: 

eA+B = eB e X p | en 
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A general expression is given for the pion-nucleon non-charge-exchange scattering amplitude for arbitrary 
energy and small momentum transfer on the assumption that only the vacuum pole P and the second 
vacuum pole P' exist in the upper half / plane. We derive sum rules for non-spin-flip and spin-flip amplitudes 
and use them, combined with the analysis of the high-energy ir-N cross sections in terms of Regge poles, 
to investigate the behavior of P and Pf trajectories near 2«0. For this purpose the importance of a precise 
measurement of the low-energy partial-wave phase shifts is emphasized. A sum rule for the £-wave pion-nu
cleon non-charge-exchange scattering length can be satisfied with ap' —0.5. 

I. INTRODUCTION 

TH E R E have been many attempts to investigate 
the low-energy S-, P- , and Z>-wave pion-nucleon 

scattering based on the dispersion relations.1-3 The 
charge-exchange scattering amplitude was successfully 
explained by Bowcock, Cottingham, and Lurie2 by 
incorporating the 1=1 pion-pion interaction into the 
analysis of CGLN.1 However, the above method cannot 
be applied directly for the non-charge-exchange ampli
tude because the dispersion integrals diverge. 

The aforementioned divergence problem which is 
related to the subtractions in the Mandelstam repre
sentation was greatly clarified by the Regge pole 
assumption4 that all poles of the strong-interaction 
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1 G. F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu, 
Phys. Rev. 106, 1337 (1957), hereafter referred to as CGLN. 

2 J. Bowcock, W. N. Cottingham, and D. Lurie, Nuovo Cimento 
16,918 (1960); 19, 142 (1961). 

3 For detailed references, see A. Takahashi, Progr. Theoret. 
Phys. (Kyoto) 27, 665 (1962). 

4 G. F. Chew, S. C. Frautschi, and S. Mandelstam, Phys. Rev. 
126, 1202 (1962); S. C. Frautschi, M. Gell-Mann, and F. Zacha-
riasen, ibid. 126, 2204 (1962). This assumption predicts a 
logarithmic shrinking of the p-p diffraction pattern with increasing 
energy. Such an effect has been observed experimentally [A. N. 
Diddens, E. Lillethun, G. Manning, A. E. Taylor, T. G. Walker, 
and A. M. Wetherell, Phys. Rev. Letters 9, 108, 111 (1962)]. 
Moreover, the occurrence of Regge poles in the relativistic S matrix 
has been shown by Gribov, Domokos, Mandelstam, and Eden 
using the Mandelstam representation and elastic unitarity. See 
reference 7. 

S matrix move in the complex / plane as a function of 
energy and that these poles control the asymptotic be
havior. In a previous paper,5 hereafter referred to as I, 
a sum rule was derived for the S-wave pion-nucleon non-
charge-exchange scattering length, starting from the 
assumption that the amplitude can be written as the 
sum of two terms, the vacuum-Regge pole term which 
diverges at infinite energy and the remaining term 
which converges at infinity and satisfies an unsubtracted 
dispersion relation. This assumption led to a discrepancy 
between the observed and the calculated scattering 
lengths. Therefore, it was concluded that there should 
be another vacuum-Regge trajectory P' with aP/(0) 
~ 0 . 5 . 6 Existence of such a pole is also favored in the 
analysis of high-energy p-p and p-p scattering,7,8 high-
energy ir-p and K-p scattering.7 

The purpose of the present paper is twofold: (a) to 
generalize the previous sum rule for pion-nucleon non-
charge-exchange scattering, to hold for arbitrary s and 
small t (we assume, as in I, that onlyP and Pf trajectories 
exist in the upper half / plane for t near zero); (b) to 

5 K. Igi, Phys. Rev. Letters 9, 76 (1962). 
6 In the previous paper I, it was concluded that there should be 

another vacuum trajectory in the region 1 >a(0) >0 . However, the 
notation of calling it as ABC pole has caused some confusion. It 
should have been noted by P' as introduced in the references 7 and 
8. Detailed analysis for ap>(fS) is given in Appendix A. 

7 S. D. Drell, in Proceedings of the 1962 Annual International Con
ference on High-Energy Physics at CERN (CERN, Geneva, 1962). 

8 F. Hadjioannou, R. J. N. Phillips, and W. Rarita, Phys. Rev. 
Letters 9, 183 (1962); Y. Hara, Progr. Theoret. Phys. (Kyoto) 28, 
711 (1962). 
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N2 apply these generalized sum rules in order to obtain the 
behavior of aP(t)y pp(t), aP>(t), and Pp>(t). 

II. KINEMATIC CONSIDERATION 

We shall begin by defining the necessary variables. 
Let the four-vector momenta of the pions be q\ and q2, 
and those of the antinucleon and nucleon be pi and p2, 
respectively (Fig. 1). Define the Mandelstam variables9 

^ - ( ^ i + ^ ) 2 = 4 ( ^ + l ) = 4 ( ^ + w 2 ) , (2.1a) 

s= - (p1-qly= -p2-q2+2pq cos03, (2.1b) F™(v,t) 

s= - (pi-q2)2= -p2-q2-2pq cos03, (2.1c) 

where q and p are the magnitudes of the pion and 
nucleon momenta, and cosdz—prqz/pq, all in the 
barycentric system. In addition we define a new variable 
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Ni 

*/== — (qm/p) cos03, 

s-m2-l+(t/2) 
= A 

( / /2 ) -2w 2 
(2.2a) 

which reduces to the incident pion energy VL in the irN 
laboratory system at 2=0. The relation between v and 
VL is 

2mvL+ it/2) 
v= m. (2.2b) 

2m2- (t/2) 

We shall next choose a new irN amplitude which is 
more convenient for the present purposes. Consider the 
wN amplitude which is the analytic continuation of the 
7T7T —> NN amplitude of Singh and Udgaonkar and has 
the form10 

p2\q/ J 

( m cos03 
X I — — P / ( c o s 0 3 ) S - / + ) 

[ [ / ( / + 1 ) ] 1 / 2 

Vt 
•Pj(cose3)s+j (+) (2.3) 

P2* 

FIG. 1. The four-line diagram. 
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\ 
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1 r am ~l 
EE— AS+\»f) cos0gB<+>(v,O , 

47rL p J 

l r s-m2-l+(t/2) 
= — A<*>(v,t)+ mB^{ 

47rL 2m2- (t/2) 

(2.5a) 

v,o], (2.5b) 

lr4:t1/2Tri/p\V2 i 
= — H Z C m ) P j ( c o s 0 3 ) S + / + > . (2.5c) 

47rL p2 \qJ J J 

Then this function does not contain iV(cos#3), so that 
the residues of the Regge pole contributions can be 
related to the irN total cross section at high energies. 

III. A MODIFIED DISPERSION RELATION 

Let us separate F (+)(v,Q into the P and Pr Regge 
terms which give divergent behaviors as v —-> <*> and the 
remaining term F ( + ) (v,t) which vanishes at infinity since 
we have assumed that only P and P' trajectories exist in 
the upper half / plane. To do this we write 

F^ (v,t) = Fp(v,t)+FP, (v,t)+pM M , (3.1) 
where 

P«P(O(COS0 8 )+P«P(O( - -COS08) 
Fp(v,t)=-pP(t) , (3,2) 

and 

Fp>(v,t)=-Pp*(t} 

simrap(t) 

Pap,(0 (C0Sdz)+Pap,(«) (— COS03) 

sin7rap' (t) 
(3.3) 

Then the dispersion relation for JP ( + ) (v,t) can be written 
for fixed / without subtraction: 

£<+> = 
,vi/2 u+i) i r r i i n & r i / ^ 1/2 

> ? V T [ / ( / + l ) ] i / 2 
(2.4) 

where . S ^ ^ is an ^-matrix element for TT+TT —> N+N 
and the subscripts + and — refer to a nucleon and anti
nucleon having the same or opposite helicity. Let us 
define the following amplitude: 

Here 

B(t) = 
1 1 

and 
9 Notation: We use the metric such that p-q — p-q—p^. Here

after we also use the pion mass unit. 
10 V. Singh and B. M. Udgaonkar, Phys. Rev. 123, 1487 (1961). 

4:ir 2mLvo— VL va-\-VL+(t/2m). 

vo= — l/2m, 

l+(* /4w) 

ô+-

l - ( / / 4 w 2 ) 

(3.4) 

- 1 , (3.5) 
mA 

(3.6) 

(3.7) 

Am, 
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From Eqs. (3.1) through (3.3) we find that 

ImF<+V,0 = I m F < + V , ^ (3.8) 
\qm I \qm 1 

Making use of (3.1), (3.4), and (3.8), separating out the singular term coming from the low-energy integral, we 
get 

F^(v,t)-FP(v,t)-FP,(v,t) 

I f 0 0 r l 1 1 2 r r P«Pv)l(p/qm)v'~\ P«P<(o[(£/VV']l 
-B(t)+- / dp' ImF(+>(»V) + — / dv' ft>(0 + / M 0 — 

TrJvmin V.v'—v v'+vA 7r Jqm/p L • / v' J 

— / dx'(3P(t)x — J dx' pP>(t)x , (3.9 
TTJI x' Lx'—x x'-\-xA irJi x' Lx'—x x'+xJ 

where x= (p/qm)v. In Eq. (3.9) the convergence of the integrals at high energy is assured. FP(v,t) and FP'(v,t) on 
the left-hand side and likewise the third and fourth integrals on the right-hand side have logarithmic singularities at 
2=0. However, using 

and4 

X 

x' 

- 1 1 -

A* <V /Y* —i—• 4* 

sin7r 

1 
_ — 

a r00 

1 2 

/y —J— /Y* -v 
vv 1 vv i/v 

/ 1 sin™ /•00 / 1 1 2 \ 
P«(*)+.P«(-*)-2P a(0) = / dx'Pa(x')[ + J, 

x J i \x'—x x'-\-x x'I 

we can rewrite the third and fourth integrals as 

2/3p(P')(0 
- F p ( « P ' ) ( M ) - - - i W > « ( ° ) ; (3.10) 

sin7rap(p')(2) 

therefore, singular terms on both sides cancel. Using Eq. (2.2b) in the first integral, and the formula 

20 0 / a + l \ / a\ 
p « ( 0 ) = — r — r — ) , (3.ii) 

sin™ TT3/2 \ 2 / \ 2/ 
we obtain 
F^(vL,t) = B(t)+- [ dvL'ImF^(vL'A + 1 

W i LVL'-VL vL'+vL+(t/2m)J 
2 r , r /N

p«p<»[(#/^y] , IV(»[(PV>*>']- | 
/ <fo' &>(*) + j M 0 

7T J amlv L v' v' J 
j8p(0 /OEP(0 + 1 \ / « P ( 0 \ /MO / « P ' ( 0 + 1 \ / «P'(0\ 

TT3/2 \ 2 / \ 2 / TT3/2 \ 2 / \ 2 / 
(3.12) 

IV. GENERALIZED SUM RULES 

In this section we shall derive generalized sum rules for the non-spin-flip amplitude J\(VLJ) and spin-flip ampli
tude JI(VLJ) of CGLN, using the modified dispersion relation (3.12). These will enable us to investigate the 
behavior of ap(t), pp(t), aP>(t) and ftp>(t) near t^O. 

First we shall relate F(+)(vL,t) to the amplitudes / i and f2. Using Eq. (2.5b), and Eqs. (3.5) and (3.6) of CGLN, 
namely, 

and 

/E+m\/A+ (W-m)B\ 

/E—m\/—A+ (W+m)B\ 

ft'\~WA Z / 

(4.1) 

(4.2) 
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we obtain 
2W 1 k2 

/ i ( + ) (yLfl) = F<+> (vLfl) B(+) (vLfl), (4.3) 
E+m 47r 2m 

and 
2W 1 r k2 1 

f2M(vLfl) = -F^(vLfi)+—\ 2W+— \BM(yL,0), (4.4) 
47rL 2mJ 

where k2 is the cm. pion momentum. 
In addition, we get 

2W 1 k2 1 W2+m2-l 
fi«),(vLfl) = FMf(vLfi) B ^ ' M ) B ( + ) K 0 ) , (4.5) 

E+^ 47T 2 W 47T 
and 

2TF 1 / k2\ 1 W2+m2-l 
^ ~ ~x " — \2™' / 2 ( + ) , ( V L , 0 ) = - F ^ > , ( ^ , 0 ) + — ( 2 W + — }B^'(vLfi)+ £ (+ )0%0). (4.6) 

E—m 4TT\ 2W 47r 8W3 

The prime here stands for differentiation with respect to /, and the expression for P ( + )
 (J>L,0) was already given in I. 

The explicit expressions for 5 ( + )(PL,0),J3<+ ) /(I/I, ,0), and P(+)'(vz,,0) are as follows: 

gr2/ 1 1 \ 2 P r- / 3 1 w 1 1 \ 
J5<+>(VL,0) = — ( ) + / A ^ f t V u p J ) Y (4.7) 

2M\VQ—VL VQ+VL/ 3 7r J I Y E ' + m E'—m/\vi!—VL VL+VL/ 
a n d 

gr2 1 P r00 1 c r l ( p f ) / 1 1 \ 
J3(+)'(„L,0) = + - / dvL' ( J 

(2m)2 (v0+vL)2 ir Ji k' E'+ni\vL'-vL vL'+vJ 

i i r / 3 l \ l 
H / dvL'k'aKPDl • -. (4.8) 

ir3mJi \E'+m Ef-mJ(vL'+vL)2 

Here gr
2 is the rationalized, renormalized pseudoscalar coupling constant. Experimentally gr

2/47r~ 14. We expect 
to use P ( + ) (VL,0) only for small VL, i.e., VL less than the 33 resonance energy. Hence, we kept only the Pf state since 
the convergence of the integrals in Eqs. (4.7) and (4.8) is fast for small VL. 

Differentiating Eq. (3.12) with respect to t, we get 

f2/ 1 1 1/m \ 
P(+),(^,0) = ~( + + 1 

2\VQ— VL VQ+VL (VQ+VL)2/ VQ—VL VQ+VL ( ^ O + ^ L ) 2 ; 

M r / ! 1 \ ! (^-l^W^O" +- f dvL'llmF^'ivL'&f + V 
7T J i L \VL—VL VL~\-VLI STTM (VL'+VL)2 

+G(P,P'), (4.9) 

where G(P,P') depends on aP(0), aP '(0), 0P(O), 0P'(O), aP,(0), aP/(0), J M O ) , and 0P/(O), and /2~0.08. Here in a 
practical problem we can choose the upper limit of the second integral M to be the energy where the Regge behavior 
is already dominant. ImP(+)(vL,0 c a n be expressed in terms of partial-wave cross sections.1 

Therefore, 
lrd 1 d 1 1 1 W2+m2~l 

ImF<+>'(v2/,0)=H — Im4 ( + ) (vL',t) +vL— ImJ3<+> (vL',t) + Im£<+> (vL',0) 
AirLdt U=o dt U=oJ 4TT 8W3 

1 iWf+m+VLfr 1 % . 13 

4TT1 E ' + W 

W'-m-vi!r 1 

r 1 1 3 - | 
| ; ( 2 o " l (P§) — O-JCFf))-! -0"|[F(7/2)] 
L_Z/v /v J 

W'—WI—VLV 1 
_ [ori(j5f) + 5(o-i(F | ) — 2o"|[F(7/2)])] 

E ' - w L.2*' 

*' T i 20 -i 

'+f»L 3 J 

W'2+m2-l V r 20 

W'2+m2-l V 

E'—m 
(—|o" i (P | )+cr§(D§) + 2a- i (F|) — 4cri[F(7/2)]) (4.10) 
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where we took into account the P§ , D\, P§, and PJ channels, which have resonances, for convenience. In practice, 
inclusion of the lower energy resonances, Pf, Z)f, and Ff will be sufficient. 

In Eq. (4.9), 

'* , P«P,(0)(*') 2 ( 1 / 1 \ rM PapwW) fM 

G ( P , P 0 = — - ( 1 )D5p(0)+i8p,(0)]+/3p /(0) / &/ +/3p''(0) / dv' 
7r(8\ wV A v' Ji 

+ P P ( 0 ) [ dv'\-PaPJ—v')\ l/v'+Pp'Wf dv'\TPaP.J—v')\ ] A ' 
Ji Ldt \qm /\t~oJ' Ji Ldt \qm /\t-oJ' 

^ K • a P ( 0 ) + l \ / O P ( 0 ) \ )9p(0)ap'(0) / o P ( 0 ) + l \ / o P (0 ) \ / a P ( 0 ) + l \ 

| 8 P ( 0 ) « P ' ( 0 ) / « P ( 0 ) + 1 \ / a P (0 ) \ / « P ( 0 ) /ap(0)- t- l \ / aP(U)\ / ap(Uj \ - | 
») 

ap(0), a ^ ( 0 ) , jSp(O) and £p'(0) are known quantities, having already been determined in I and Appendix A. In 
addition it is known experimentally11 that aP (0) = 1/50/A This leaves only aP/ (0), @P (0), and /3P>' (0) to be deter
mined.12 

With the set of values, aP(0) = l, aP
/(0) = l /50, /3p(0) = o- t ot ( + )(^)/47r-l/47r, ^ ( 0 ) ^ 0 . 2 1 ( ^ ( 0 ) - 2 . 4 0 ) , and 

ap/(0)~0.5, we get 

G(P ,P ' )= - 0 . 2 2 - 0 . 0 5 f dv'\—PaPiJ—v')\ 1 / / - 0 . 1 3 / * dv\-Pap>J—v\\ 1 A ' + 0 . 4 5 a P / ( 0 ) 
J1 Ldt \qm /14==0J/ J\ Ldt \qm / l ^ o - l ' 

- 0 . 6 4 + - ( i k f - l ) p P ' ( 0 ) - 1 .08+- / <&/ — p P / ( 0 ) . (4.11b) 

If we take ifcf=14.3 (which corresponds to 2 BeV), for small VL, by the low partial-wave phase-shift 
(4.11b) reduces to expansion13: 

3 15 
-0 .39+0.45ap/ (0) -9 .11^P , (0) -4 .33 /5 P / (0 ) , (4.11c) ^<HO/( , 0 ) = —/P |<+>+—/z> f<+>+. 

2£2 2&2 

since 14'3 Po.6(vO 
&/ =5.11, 

j /=0 .46 , 

and 

/2 ( + ) ,(^,0) = — (/z>f ( + )- /Df ( + ))+-
2&2 

(4.13a) 

(4.14a) 

and 

/" dv'\-PaP.J—v') 
J1 Ldt \qm / 

[ dv'\-PaPJ—v')\ 1 / ^ = 2.26. 
A L* \qm /U^J/ 

In the low-energy region 

and 

/ i ( + ) 'W)^-w+) 
2&2 

(4.13b) 

(4.14b) 
since fD<£fs, / p . 

Therefore, Eqs. (4.5) and (4.6) with Eqs. (4.7), (4.8), Therefore, we can investigate the behavior of P and 
(4.9), (4.10), and (4.11a,b,c) have the general form as P ' trajectories near t^0 by requiring that the set of 
follows: solutions obtained from the analysis of the high-energy 

c+vf n\ — Tt + T~^ G r o s s sections in terms of P and P' Regge poles, 
Jfi(2) (vL,0)-i3orn term s h o u M s a t i g f y ^ g e n e r a l i z e d s u m m l e f o r ft+Vfafi) 

+integral involving partial-wave cross sections o r / ,<+>'(^0). This would further increase the accuracy 
+G(P,P'). (4.12) of our final results. 

The left-hand side of Eq. (4.12) can easily be calculated, 3 Note that it is possible to make a direct comparison of Regge 
11 G. F. Chew and S. C. Frautschi, Phys. Rev. Letters 7, 394 poles with an experiment without using partial-wave analysis. 

(1961); 8, 41 (1962). Because using Eqs. (3.12) and (3.13), F(+)(vL,t) can be related to 
12 Analysis would for instance enable us to check the conjecture the cm. cross section through Eq. (2.17) of CGLN according to 

of Squires and Wong (private communication) that j8 (pq)~a might which 
vary linearly between / = 0 and t = — 50/*2. da/dtt = 2 | (/1 fx-\- (<r• k2<r• k1/k2k1)f2\i)\

2. 
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The sum rules for the partial waves can also be 
obtained by relating /xc+> („L,0), / 2

( + ) (vLfl), fiM'(vLfl), 
/ 2 ( + ) / ( ^ L , 0 ) to them through the following relations 
which are Eqs. (3.12), (3.13), and (3.14) of CGLN: 

^ ( ^ ) = / I ( V L , 0 ) - 2 F / 1
/ ( . L J 0 ) + - J D waves, (4.15) 

fp*(vL)-fpi(PL) = f2(l>L,0) 

- 2 £ 7 2 ' ( V L , 0 ) H — F waves, (4.16) 
6 

fpi(vL)=-*fl'(vL,0) 
k2 

+Sk2f1"(vLfl) + ~F waves, (4.17) 
and so on. 

For Z>L=1, Eq. (4.16) gives 

2W 
lim ( M ( + ) - / p | ( + ) ) 

4m(m+l) 
= lim ( / P * ( + ) - / P I ( + ) ) 

m+1 
= -F<+>(?z = l , 0 ) + 3<+>(*z = l , 0 ) . (4.18) 

2TT 

By making use of 

lim-
/ p * ( + ) - / p i ( + ) 

- # P *<+> 

we get 
7.(+) 

flp|c+>-aP|(+> = + £<+>(i/L=l,0) 
4W 2 87TW 

= -0.203d=0.015. (4.19) 
Here we have used 

a(+) = 0.0013±0.0036,14 

gr2/47T=14dbl, 

and kept only Pf state as a rescattering term to 
J3(+)(*/L=l,0) since the contribution from Df and Ff 
states turns out to be less than 1% of the Born term. 
So we can predict that 

aphW-api(+)= -0.203zL0.015. 

The corresponding experimental value is — 0.16=b0.03.u 

V. CONCLUDING REMARKS 

As is discussed in the Appendix B, the subtraction 
problem in the Mandelstam representation was clarified 
from the Regge asymptotic behavior. The ,5-wave ( + ) 
amplitude scattering length is closely connected to the 
high-energy limit behavior through P and P1 trajectories 
in the crossed channel. So if the dynamical approach 
becomes possible to get P and P' trajectories near ^=0 
(as was proposed by Chew15 and Balazs16), then the 

14 J. Hamilton and W. S. Woolcock, Phys. Rev. 118, 291 (1960); 
S. W. Barnes, B. Rose, G. Giacomelli, J. Ring, K. Miyake, and 
K. Kinsey, ibid. 117, 226 (1960). 

15 G. F. Chew (to be published). 
16 L. Balazs, University of California Radiation Laboratory 

Report 10157, 1962 (unpublished). 

S(+) scattering length will also be obtained dynami
cally. In Sec. IV it was proposed to use sum rules, 
combined with the analysis of the high-energy w-N 
cross sections in terms of Regge poles, to investigate the 
behavior of P and Pf trajectories near t^0. 

To be concrete, a sum rule for the S-wave ( + ) 
amplitude scattering length enables us to choose a set of 
values «p'(0), /3p'(0), and o-tot(+)(°°)« Together with 
the above values and a p ' ( 0 ) « (1/50) (1/V)> the general
ized sum rule for fi(vLfi) or f2f(vLfi) makes it possible 
to investigate aP/(0), 0P'(O), and /5P/(0). 

The necessary experiment for that purpose is (i) to 
get " total" partial-wave cross sections up to the energy 
that the Regge asymptotic behavior is already achieved 
(see 4.10); (ii) to get the low-energy phase shift 
precisely (for example, P f phase shifts), see (4.13a,b). 

We hope that more extensive and accurate data not 
only on the total cross sections at high energies but also 
on the low-energy region will soon be available in order 
to make it possible to investigate the P and P' Regge 
poles more precisely. 
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APPENDIX A. ESTIMATION OF PARAMETERS 
FOR THE P' 

In a previous paper I, we have derived a sum rule for 
the 5-wave pion-nucleon non-charge-exchange scatter
ing length, starting from the assumption that only P 
and P' exist in the upper half / plane: 

( i + _ W ) = _ ^ 
\ ml m \—\lL •1/Am2 

r(ap-+i)r[(ap-+i)/2]r(-ap,/2) 
p p , 

J .143.3 

+ — / <tt'[>t<rt<+>(A')-fftot<+>(<»)] 

1 7r1/2r(ap- + l) r143-8 PaP,(u') 
dv' J8P», (Al) 

2 x * 2 « , T ( a i » + l ) . / i 
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where we assumed that the Regge asymptotic behavior 
is already achieved at 20 BeV/c (=143.3 in units of 
pion mass). 

In this Appendix A, we test the above sum rule (Al) 
by inserting parameters for the P! deduced from high-
energy TT+P and T~p total cross section. 

The high-energy wp total cross section between 
4.5 BeV/c and 20 BtV/c17 was fitted with the following 
formula by Udgaonkar18: 

TABLE II. Values of integrals I\y h, and Iz. 

O"tot (+) W = crtot (+)(°°)+i8p"'- (1"ap0 , (A2) 

where 

crtot(+)(^) = i [ ^ t o t - ^ ( . ) + c r t o t ^ ( ^ ) ] . (A3) 

The cross section at infinite energy o-t0t(+)(°°) a n d the 
coefficient fiPr are given in Table I for different values 
of apr. 

TABLE I. Good x
2 fits to the wp data2 4.5-20 BeV/c. o-tot(+)0) 

= <rtot(+)(00)+/3p^~(1~ap,). Errors of pP> are about 15%. If 
a P" is taken into account_[<rtot(+)(^)=o'tot(+)(co)+/3p^~(1~Q:p/) 

+/3p»i'"'(1""ap")], the value /3p* becomes slightly smaller. In the 
future, this should be taken into account. 

ap> 

0.1 
0.2 
0.3 
0.36 
0.4 
0.44 
0.48 
0.5 

<rtot (+)(«0 
(mb) 

23.2 
22.8 
22.3 
21.9 
21.6 
21.4 
20.9 
20.67 

(ji units) 

7.15 
5.31 
4.00 
3.40 
3.05 
2.72 
2.48 
2.40 

With these sets for ap>, /3P/, and 0tot(+)(°°)> we shall 
test our sum rule (Al). For convenience, let us introduce 
the following quantities: 

r ( q p . + l ) r [ ( a p / + l ) / 2 ] r ( - a p 7 2 ) . 

4ir22«*T(aP /+i) 
>=Ii (A4) 

— / ^ [ ( 7 t o t ( + ) ( ^ ) - ^ t o t ( + ) ( ^ ) ] ^ / 2 , (A5) 

1 x 1 / 2 r ( a p / + l ) /*143-3 P 
dv 

2 7 r 2 2 ^ T ( ^ + | ) 7 i 

«P>(V')-
-0P, = h. (A6) 

Ii, Iz, a n ( i ^3 a r e evaluated in Table I I , for various 
values of Q>P>, using sets of parameters aPr, $P> and 

17 G. Von Dardel, R. Mermod, P. A. Piroue, M. Vivargent, 
G. Weber, and K. Winter, Phys. Rev. Letters 7, 127 (1961); 
G. Von Dardel, D. Dekkers, R. Mermod, M. Vivargent, G. Weber, 
and K. Winter, ibid. 8, 173 (1962). 

18 B. M. Udgaonkar (private communication). 

ap> 

0.1 
0.2 
0.3 
0.36 
0.4 
0.44 
0.48 
0.5 

h 

-3.25dz0.48 
-1.32±0.19 
-0.65±0.10 
-0 .45 i0 .07 
-0.37=h0.06 
-0.29zh0.04 
-0.24=h0.04 
-0.23=h0.03 

h 

1.58±0.21 
1.72±0.21 
1.90=1=0.21 
2.05=h0.21 
2.16=1=0.21 
2.23=h0.21 
2.41=1=0.21 
2.48=h0.21 

h 

-2.12=h0.32 
-2.22=h0.33 
-2.34=h0.35 
-2.35=h0.35 
-2.45=h0.37 
-2.47=1=0.37 
-2.57zh0.39 
-2.66=h0.40 

h+h+h 
-3.78±0.83 
-1.82=t0.56 
-1.09=h0.50 
-0.75±0.47 
-0.66zh0.47 
-0.53zh0.46 
-0.40zh0.47 
-0.41±0.47 

o"tot(+) (°°) given in Table I. To calculate I2 the following 
data were used: the irp total cross section data tabulated 
by Sokolov et al. and Barashenkov et al. up to 1.6 BeV/c, 
the data by the Moyer group between 1.6 and 4.5 
BeV/c, and the data by Von Dardel et al. between 
4.5 and 20 BeV/c (see references 12-15, in I) . 

The numerical value of (l+l/m)a(+) is 0.0015 
±0.0041; that of -(f/m) (1-1/4m2)-1 is -0 .012 
±0 .001 . Thus, it becomes possible that our sum rule 
(Al) can hold near the set of parameters aP'^0.5, 
j8p/«2.4, and o- tdt(+)(°°)«20.67 mb, even though the 
experimental error is not still small. I t should be noted 
that in a future analysis, a P" trajectory may also be 
included in the high-energy formula (A2). This will 
reduce the value fiP> and, thus, (A2) will hold with the 
value aP> slightly smaller than 0.5. 

APPENDIX B. THE SUBTRACTION PROBLEM IN 
THE MANDELSTAM REPRESENTATION 

First, we should like to discuss the subtraction 
problem in the Mandelstam representation for A(±) and 
B{±) amplitudes from the Regge asymptotic point of 
view. 

At large sr and for / < 0 , we are in the physical region 
for the s' reaction. Then ImA^(s',t) and ImBw(s',t) 
will be controlled by the top-level Pomeranchuk pole 
in the crossed channels as follows: 

ImAM(s',t)-*s'apw^s' for *g0, (Bl) 

and 

ImBM(s',t)-+s'arW-1gi const for t^0. (B2) 

Similarly, 

ImA<-'>(s',t)-->s'«'>w<s' for t^0, (B3) 

and 

ImBt-^s'd-ts'v'W-iK const for tg,0. (B4) 

On the other hand, the dispersion relations without 
subtraction for fixed t are 

4<+>(*,# = - [ds'TmAM(s',t)( + — Y (B5) 
TT J \s' — S S' — S/ 

-0.45i0.07
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B ^ (S,t) = g2( + ) B <"> (s,t) = gr{ + ) 

\m2—s m2—s/ \m2—s m2—s/ 

+ - [ds'ImB^(s',t)( Y (B6) + - [ds'ImB™(s',t)( + Y 

If / 1 1 \ Comparing these equations, it becomes clear that the 

A^(s,t)=- / ds' lrnA^(sf,t)l- — J, (B7) subtraction is necessary only for the 4<+> amplitude. and 
This is the reason why the charge-exchange scattering 
amplitude was successfully explained.2 
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Evaluation of the Van Hove Correlation Functions for Certain Physical Systems* 

ROGER B. D E BARIJ 

Department of Physics, Institute of Theoretical Physics, Stanford University, Stanford, California 
(Received 21 November 1962) 

The space and time Fourier transforms of the Van Hove correlation function are evaluated for the cases of 
coherent scattering from simple crystals and, in a "quantum hydrodynamics" approximation, from liquid 
Hell . A compact approximate expression for the one-phonon part of the crystal correlation function trans
form is given, and the contribution of the two-phonon term is considered. A new method of obtaining 
quantum-mechanical corrections to the classical expression for the Van Hove self-correlation function is 
discussed. 

I. INTRODUCTION 

IT has been shown that the energy-transfer-dependent 
differential cross section for the coherent scattering 

of cold neutrons1 or gamma rays2 from an assembly of 
N identical atoms is given by 

d2a da A 
—=JV—Z(q,«), 
d&de dQ, 

where 

and 

T(q,0 

Z(q 
1 /-00 

2ir 7_oc 
dtexp(—Ut)T(q,t) (1) 

^ i V - 1 / E e x p [ - ^ T y ( O ) ] i : e x p p q T / ( 0 ] N ) . (2) 

Here d<TA/dti is the appropriate scattering cross 
section for a single atom, q is the momentum transfer 
of the scattered particle, e is the initial energy of the 
scattered particle minus its final energy, and Tj(t) is 

* Supported in part by the U. S. Air Force through the Air 
Force Office of Scientific Research. 

t National Science Foundation Predoctoral Fellow, 1956-1960. 
1 Present address: University of California Lawrence Radiation 

Laboratory, Livermore, California. 
1 L . Van Hove, Phys. Rev. 95, 249 (1954). 
2 K. S. Singwi and A. Sjolander, Phys. Rev. 120, 1093 (1960). 

the Heisenberg position operator for the j t h atom at 
time /. The operator ( )T denotes an ensemble average 
over the states of the target system at constant temper
ature T) thus we have 

(0)T=Tr[exp ( - 2/3#)0]/Tr[exp ( - 2/3#)], (3) 

where 0 is any Heisenberg operator pertaining to the 
system, H is the system Hamiltonian, and 

I3^1/2KBT, 

where KB is the Boltzmann constant. Unless otherwise 
indicated, units with h—1 will be used throughout this 
paper. 

The evaluation of these functions and their counter
parts for incoherent scattering has been undertaken by 
several authors1-"6; the work of Van Hove1 and Visscher3 

on crystals and of Vineyard,4 Schofield,6 and especially 
Rahman, Singwi, and Sjolander6 on nearly classical 
fluids is of special interest here. We derive improved 
approximate expressions for Z(q,e) and its three- and 
four-dimensional Fourier transforms for the cases 
of liquid Hel l , idealized crystal lattices, and nearly 
classical fluids. 

3 W. M. Visscher, Ann. Phys. (N. Y.) 9, 194 (1960). 
4 G. H. Vineyard, Phys. Rev. 110, 999 (1958). 
5 P. Schofield, Phys. Rev. Letters 4, 239 (1960). 
6 A. Rahman, K. S. Singwi, and A. Sjolander, Phys. Rev. 126, 

986 (1962). 


