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Calculations of Energy Spectra of Nuclei in the 2s, 1d Shell*
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Using the shell-model classification scheme based on the group SU3, the energy spectrum of Mg is
studied in detail. Using only the lowest SU3 state it is not possible to obtain a good fit to the experimental
data. A variational method is introduced within the framework of the SU3 scheme which admixes higher
states. This yields good agreement between theory and experiment.

INTRODUCTION

HE group SU3 has recently been introduced as a
basis for shell-model calculations by Elliott.! He
has shown how shell-model states which have the
properties of rotational motion can be constructed. A
detailed explanation of the operator techniques required
for the use of SU3, with particular emphasis on the
2s, 1d shell, has been given by Banerjee and Levinson?
(hereafter referred to as I). In this paper we shall adopt
the notation and terminology of I. Using the same kind
of techniques as those described in I, Koltun has ex-
amined the 1p shell in detail.?

The present work deals with the calculation of the
energy levels of some nuclei in the 2s, 1d shell, and the
interpretation of the level spectra which result. The
nuclei Ne?® and Mg are studied in detail. One important
conclusion is that calculations of low-lying spectra using
zero-order SU3 wave functions alone, neglecting mixing
of higher SU3 states, yield moments of inertia which are
larger than observed from experiment. Our physical
interpretation of this result is that the zero-order states
are foo deformed and that some less deformed states
must be admixed into the wave functions in order to
produce agreement with experiment. The means chosen
to produce this mixing is a variational procedure similar
to that used by Feingold.

In Sec. I we review briefly the techniques required to
calculate the matrix elements of the Hamiltonian in the
SU3 representation. In Sec. II we carry out the explicit
evaluation of the matrix elements for Mg?, set up the
energy matrix, and calculate the energy levels. In Sec.
IIT we discuss the variational procedure. We treat the
case of Ne? in detail in order to illustrate the validity of
this approach. Section IV deals with the detailed appli-
cation of the variational approach to Mg?. Our con-
clusions are given in Sec. V.
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I. CALCULATION TECHNIQUES

As discussed in I, the wave functions used in the
evaluation of the matrix elements are the projected
functions:

Va7 28 =Pord® ([ f 1)K emax:Sa). -~ (1)

Py’ is a projection operator which projects out that
part of the totally antisymmetric intrinsic state
O ([ 1)K emax:So) with total angular momentum J
and which changes the eigenvalue of J, to M. The
intrinsic state & describes an axially symmetric rotator
composed of independent particles in a deformed well.
It is specified by the space symmetry [ f, and the SU3
representation (Au) to which it belongs. K is the pro-
jection of the orbital angular momentum on the sym-
metry axis and em.x is the quadrupole moment of the
intrinsic state. ¢ is the projection of the spin angular
momentum on the symmetry axis. In this representa-
tion, K+o=7 is the band quantum number (ordinarily
called K in most discussions) corresponding to the pro-
jection of J on the body fixed symmetry axis. 7 takes on
all values consistent with K+4¢>0, where

+K=min(A\x), min(Au)—2, ---0or 1,
+o=S5, S—1,---0ori.

Since we consider only S=0 systems in the cases of
Ne?® and Mg*, only the spin-independent wave func-
tions

\I/ML= PMLQ ([f] ()\ﬂ)Kemax) (2)

need be considered.
For the case S=0, the secular equation for the eigen-
values E assumes the form of Eq. (C32) of 1.

Det{[{(Nu)K'| L] M) K]— Edynduwdxxr} =0. (3)

As discussed in I, the coefficients [ (\u) | L] (\'u)K'] are
defined in the equation

HPMLQeK)‘u
— S COWK| LI Vi)K TPar e, (4)

where we have introduced a shorter notation for
®([f](\) K émax ). Since the representation spanned by
the Ppl®d.x* is not orthogonal, the matrix ele-
ments so defined are not equal to the usual integrals
(Py P g™ |H| Ppri® o M) used with orthogonal sets
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TaBLE I. [f]and (A\u) symmetry for Mg2. The value of each 9C unit is —0.21121 MeV; the value of each P unit is —1.05288 MeV.
AP=is the energy difference from the lowest state due to the P® term, 9AC is the energy difference from the lowest state due to the 9C

term, and AE is the total energy difference.

P= AP* 9AC AE
Lf1 () €max (eigenvalue) 9C (A\w) (MeV) (MeV) (MeV)
[44] (84) 20 8 148 0 0 0
(73) 17 8 109 0 8.24 8.24
(81) 17 8 100 0 10.14 10.14
[431] (92) 20 4 136 4.21 2.53 6.74
(65) 17 4 124 421 5.07 9.28
(73) 17 4 109 4.21 8.24 12.45
(81) 17 4 100 4.21 10.14 14.35

of functions. If we write an eigenvector of H as
VEM=3 g AVNWEK ) Py"®@erM*,  (5)

where the Py Ild M form a complete set, then the
amplitudes 4 Z(\'u’,K’) must satisfy the equation

Zvwrr AN KLV [ L] () K]=EA* (i, K) (6)

and (3) follows immediately.

As may be recalled from Sec. C of I, the evaluation of
the elements [ (\u/)K’| L| (\u)K ] involves a calculation
of the quantities CME, ¢ MK and b X which appear in
Eq. (C15) of I. These must be evaluated separately for
each nucleus considered, with the help of the table of
inhomogeneous matrix elements (Table IV-1, of I).

If we assume that the shell-model wave functions can
be well approximated by one (Au) symmetry, then we
can restrict our attention to the submatrix:

LOWK'|L] (\)K], M

where (Aw) is fixed and only K varies. The choice of the
dominant (\u) symmetry is determined by an examina-
tion of the matrix elements:

(™| H |Dex).

In order to evaluate these approximately for the purpose
of finding the lowest (Au), it is sufficient to consider only
the contribution of the operators P and C in the ex-
pansion [cf., (A13) in I] of H. Once a lowest symmetry
is found, the problem reduces to diagonalization of the
submatrix shown above in (7). The matrix elements
depend explicitly on the parameters of the original
Hamiltonian. In general, the dimension of the submatrix
s quite small. Explicit calculations in the lowest (\u)
symmetry yield very small off-diagonal elements. This
means that to a good approximation there is very little
band mixing in the sd shell and that the eigenvalues are
approximately given by the form:

a(K)+b(K)L(L+1)+c(K) L*(L+1)"~EK 1.

II. Mg IN THE SINGLE (du) SYMMETRY LIMIT

Let us consider the detailed calculation of the energy
levels of Mg?. We will use the Serber exchange two-

body potential discussed in I. It has the form:
erla (1+P:c>
’ r/a 2

, (8

where we take Vo= —45 MeV and ¢=1.37X10"8 cm. A
harmonic oscillator length parameter 5=1.64X 1073 cm
is used to define the shell-model radial wave functions.
We wish to restrict our lowest order calculation to one
(Mu) representation. Our criterion for choosing this
configuration is that it be the one with the lowest energy
expectation value obtained by considering the matrix
element :

(Per™| X i<i V (1i5) | Per™).

The two-body interaction V(r;;) can be expanded ex-
actly in terms of ten operators. This expansion is carried
out in I and the results appear in (A13) of I. For our
purposes it is sufficiently accurate to consider only the
contributions of the Casimir operator C and the
Majorana operator P® to the matrix element in (3)
above. The lowest states naturally have the highest
space symmetry, so we only consider the two highest
space symmetries [44] and [431], with P< eigenvalues
of 8 and 4, respectively. In Table I are listed the low
lying symmetries (\u) within each of the two lowest
space symmetries, along with the eigenvalues of P*and
C. We are approximating our Hamiltonian by

H~—0.21121(9C)—1.05288P>=. ()

The numbers in the expression above come from (A13)
of 1. The final approximate energies for each band
labeled by [ f](\u) appear in Table I.

We see that the (Au) symmetry (84) with space
symmetry [44]is the lowest configuration by 6.74 MeV,
giving a clear choice for the lowest state. The situation
is not always so straightforward. In Al?, for example,
there are three competing (Au)’s arising from two space
symmetries, which are very closely spaced.

In addition to the two-body force, one must, of
course, consider the single-particle spin-orbit force of the
form a X" ;1¢-s¢. If one considers only the [44] space
symmetry which is a pure spin singlet then this force has
no effect. When we consider admixtures of higher lying
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TasLE II. Energy matrix for the [447], (84) symmetry in Mg, All entries must be multiplied by 1072 MeV.
K=0 K=2 K=4
K=0 —15.78—13.17L(L+1) 0.1087[1+ (=) ZJL6(L—1) L(L+1) (L+2)Ju2 0
+0.0779[ L(L+1)T
K=2 03187[6(L—1)L(L+1)(L+2)T# —137.27—12.17L(L+1)+0.2300[L(L+1)]2  —0.3756[ (L—3) (L—2) (L+3) (L+4) ]2
K=4 0 0.8325[(L—3) (L—2) (L+3)(L+4) T2 —529.90—9.246L(L+1)

+0.0005[L(L+1) T

symmetries, however, we must not neglect this force.

Using the potential (8) it is possible, using the tech-
niques. described in I, to compute the submatrix (7)
where () is fixed at (84) and [ f]is fixed at [44]. The
effect of a Hamiltonian H operating on a state has been
shown in I to be characterized by parameters, C ¥,
aME, and b MK [cf., Eq. (C15) of I]. The contribu-
tions from the &K coefficients (which come from the
Ae=12 part of the force) are so small relative to the
contributions from the ¢ X coefficients that they can
be neglected except for the L?(L+1)? term. The final
submatrix is given in Table IT where the L dependence
of the matrix elements is given explicitly. We note that:

(1) The L dependence of the diagonal elements is of
the form

A+BL(L+1)+CL (L+1)

(2) The off-diagonal matrix elements are quite small
and give rise to small K-band mixing.

This matrix was diagonalized for each L and the
eigenspectrum is shown in Fig. 1. A comparison with the
experimental results which are also shown in Fig. 1 indi-
cates that the lowest order calculation neglecting (Aw)
and [ f] mixing is insufficient. The theoretical spectrum
is much too densely packed, showing that the moment
of inertia is too large. The (84) state we have used has
the largest intrinsic quadrupole moment. Our results
indicate that the corresponding deformation is too big
and that we must admix states of other (\u) and [f]
which are not so deformed. The technique we have used
to compute the effects of these admixtures is based on
the variational principle used by Feingold.

6.99
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III. VARTIATIONAL TREATMENT

We wish to use the same type of variational approach
that Feingold* utilized in his treatment of the tensor
force in nuclear structure calculations. We are given a
shell-model Hamiltonian matrix H and an SU3 wave
function ® 1. Introducing the renormalized Hamiltonian :

H=H—(3.|H|®y), (10)
we consider the variation wave function:
Vi, (\=®,+NHD,, (11)
and variational energy :
(®L4+NA®, | H|®+NHD 1)
EL(\)= H(@[H|®L). (12)

(@L+\H® |+ NHD L)

SettingdE ,(\)/d\=0 and remembering that (&, | H |® )
=0 we find the equation:

NHPXH?)— NH?)— ()=, (13)
where (H?)=(® 1| 2| ® 1) notation is introduced. Choos-
ing the smaller root, [[in practice, this choice corresponds
to the lowest value, Er(Ao)], we obtain [cf. Eq. (18)
in Feingold]

(# (H%

>~ [1—({+4r)2]; k=—r.
AENE) (H?y

In general, £ is expected to be small and one can
approximate

(14)

1— (14-4k) V2 — 2k, (15)

We shall define a correction factor r~1 by the equation:

1— (14-4k)12= — 2kr. (16)

Then we have _ _
N=—(Er (), (17)
E (o) =(H)—(H)/(HH?). (18)

For small % the factor 7 is approximately unity and the
coefficient of 7 in the energy expression has the form of
a second-order perturbation correction with an average
energy denominator Ay,

Ar=(H/(H). (19)
Ay is the average energy of excitation of the admixture

H|®1). The average energy denominator given by the
variational method is not Ay, but (Ar/7).
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TABLE III. Variational energies for Ne®.

L —Eyz (s.m.) —Er(\o) —(H) (H?) Ar (exact) EL' —E;, AL/T P

0 34.82 34.67 33.59 8.22 6.68 6.1 7.61 0.10
2 32.72 32.70 32.11 4.90 7.90 6.41 8.37 0.06
4 30.57 30.53 29.10 8.22 5.59 6.79 5.75 0.20
6 25.70 25.69 25.48 1.60 7.27 7.67 7.49 0.03

In order to test the validity of this variational form
and, in particular, to test the L dependence of Az, the
four-nucleon problem in the 2s, 1d shell was considered
using the same two-body Hamiltonian described in the
previous section. H was diagonalized in a standard
manner to yield the shell-model energies. Diagonalizing
the shell-model matrices in the [4] symmetry is equiva-
lent to including all of the contributions from the (80),
(42), (04), and (20) (A\u) symmetries. We can, therefore,
see how well our approximation scheme admixes states
to the (80). The lowest energies correspond to the com-
pletely symmetric representations of symmetry [4].
The shell-model energies E, of the lowest states of each
L are given in Table IIT along with (H), (&?), and
E1(N\o). A Ar(exact) is defined by

()

Eu=(H)~ Ay (exact) '

(20)
This is compared with the variational ‘“‘average energy”
Ayz/7. The percentage admixture defined by
\XADL|HoL)
{4 AKH®, | HoL)

(21)

is also listed.

As is seen in Table III, the variational method as
applied to the case of Ne? is quite good even with as
much as a 209, admixture. We note also that the energy
denominator Ar(exact) is fairly independent of L and
is close to the energy separation between the lowest
state at energy Er and the next state of the same L at
E;/. That is,

Ap(exact)~Ey —E}. (22)

These results lend support to the prescription we wish to
propose for improving the lowest order Elliott calcula-
tions. Namely, we wish to set

(@:| B?|®1)

EL={(®.|H|®L)— (23)

where A is a parameter of the order of magnitude of the
spacing between the lowest and first excited state of a
given L. In general, these spacings for various L’s are
about the same so we shall simply take some average
value. Alternatively we can consider A as an L-inde-
pendent parameter to be fitted to the data. The form
[Eq. (23)] would be accurate if the variational pro-

cedure outlined above is valid, and if the average
excitation energy A is independent of L. Both of these
assumptions are certainly valid for the problem dis-
cussed above.

IV. VARIATIONAL TREATMENT OF Mg*

We apply the method discussed in the previous sec-
tion to Mg, The correction to our lowest order calcula-
tion can be obtained by calculating the numerator in the

term:
“correction” = (® 1| H?|®1)/A, (24)

which appears in formula (23). We then adjust A to fit
the data, noting that it should have a value which is of
the order of the excitation of the first state which can be
admixed. Actually the wave function ® 1, which appears
in Eq. (23), should be the solution of our lowest order
calculation, and should involve small admixtures of
different K bands. However, we use only the dominant
K value in evaluating the correction term in Eq. (23). In
evaluating (®|H?|®1) we must remember to add the
one-body spin orbit force which now makes a contribu-
tion, even though we are in §=0 states. Our Hamiltonian
becomes

H=h+gz li'si7

h=3"i<; V(rs).

Since our wave functions &, are spin singlets we get no
contribution from the cross terms in A?; thus, Eq. (24)
becomes

where

(@1 72| L)+ gXBL] (15592 D)
A

. (25)

“correction” =

The first term in (25) was evaluated, using the same
method as in the lowest order calculation. To good
approximation this matrix element has the form:
a(K)L(L+1)+B(K). Normalizing to 8(0)=0 we find
[units of (MeV)?]

(®1| 72| ®Ly=0.503L(L+1), K=0
=0.346L(L+1)+3.284, K=2
=0.0597L(L+1)+19.815, K=4. (26)

Similarly the second term in Eq. (25) gives

gX®L| (182 |®1)
=g2%0.023L(L4+1), K=0
=g?X[0.021L(L+1)40.253], K=2
=g2X[0.016L(L+1)+1.085], K=4. (27)
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The total correction is

(%= (0.50340.023¢%) L (L+1), K=0
= (0.34640.021g%) L (L+1)
+ (3.28440.253¢2), K=2
= (0.0597+0.0169g%) L(L+1)
+(19.8154+1.0865g?), K=4. (28)

For the parameters listed below, these corrections re-
duce to,

for g2=8, A=6:
0.115L(L+1), K=0
0.0856L(L+1)40.885, K=2;
for g2=8, A=35:
0.137L(L+1), K=0
0.1028L(L+1)41.062, K=2;
for g*=4, A=6:
0.0992L(L4-1), K=0
0.0717L(L+1)+0.716, K=2.

From the 5.08-MeV spin-orbit splitting in O, we
conclude that g~2 MeV. It is possible that g is larger for
Mg? if the trend in the 2s, 1d shell is the same as in the
p shell where g probably doubles® as one progresses from
one end of the p shell to the other.

The value of A should be of the order of the energy
separation of the first state which can be admixed to a
given state. For J=0 we find another J=0 state at
6.44 MeV. In the case of J=2 we find two states ex-
perimentally separated by only 2.85 MeV. However, one
is K=0 and the other is K=2 and as a result are not
mixed as we have seen. The next J=2, K=2 state
should come from the (92) symmetry and is probably
at 7.35 MeV. We thus assume A~6 MeV and take g~2

8 D. Kurath, Phys. Rev. 101, 216 (1956).
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MeV. With these values we can compare our theory
with the data. We see in Fig. 1 that for these values of
g and A the K=0 band fits quite well, but the K=2 band
lies too low by about 2 MeV.

If the spin-orbit force is indeed increasing in the 2s, 1d
shell as more particles are added then g must be in-
creased. As an example, we have also computed the
result for g2=8 MeV2. This value of g would give rise to a
dsa—dg2 splitting of 7 MeV instead of 5 MeV. The re-
sulting spectrum is shown also in Fig. 1. This certainly
improves the fit to the K=2 band without sacrificing
the K=0 fit. Since we have neglected the spin inde-
pendence of the central force, it is not worthwhile at-
tempting a better fit at this point.

CONCLUSIONS

It is clear from these calculations that the lowest order
SU3 results are inadequate. The correction terms from
the variational approach are about as large as the zero-
order terms in their contribution to the splittings. It is
certainly encouraging that the ground-state band can be
fitted well by this method. The fact that the K=2 band
can be better fitted with a spin-orbit force which is
larger than that in OY indicates that this force is in-
creasing as more particles are added.

The weakest point in this calculation concerns the
empirical evaluation of A in the variational method. If
(®1|H3|®1) were evaluated, this ambiguity would be
removed.

The effect of admixtures was seen to increase the
moment of inertia of the excited band relative to the
ground-state band. This effect also occurred in the zero-
order calculation and seems to be a general charac-
teristic of the observed energy spectra of nuclei.

The quantum number K emerges as being quite good
in Mg and will probably remain good throughout the
2s, 1d shell. This implies that these nuclei are axially
symmetric.



