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The momentum-dependent radiative corrections to the beta decays of the muon, the neutron, and O14 

have been calculated to order a using the techniques of dispersion theory. The transition matrix elements 
can be expressed to this order (neglecting some effects of strong interactions) in terms of sets of vertex func­
tions which satisfy once-subtracted dispersion relations. The absorptive parts of the vertex functions can be 
expressed to the appropriate order in terms of the vertex functions themselves and the amplitudes for 
electromagnetic scattering of the charged particles. It is a curious feature of the present calculation that 
the choice of the subtraction points is not arbitrary, but is determined uniquely by the requirement that 
such physically significant quantities as decay rates and the momentum spectra of the leptons should contain 
no infrared divergences when calculated including the contributions of processes in which soft photons are 
emitted [inner bremsstrahlung]. The subtraction constants play the role of renormalized weak coupling con­
stants. The significance of this electromagnetic renormalization, and the connection between the choice of 
the subtraction point and the infrared divergence is examined in detail in the case of the muon. Two models 
for the beta decay of O14 have been considered. In one model, the nucleon involved in the transition is treated 
as a free particle insofar as the calculation of radiative corrections is concerned; in the other, the O14 and 
N14* nuclei are treated as point particles, and the effects of the nuclear structure are ignored. The results 
obtained from the two models differ only slightly. Because of the appearance in the absorptive parts of the 
vertex functions of the form factors of the charged particles, evaluated for the particles on the mass shell, 
we are able to study analytically the effects on the transition amplitude of the finite electromagnetic structure 
of the nuclei. The effects of the finite spacial distribution of the decaying matter are treated using the usual 
multipole expansion of the nuclear matrix element. The leading electromagnetic structure correction is of the 
same form as the familiar ZOLRW in the correction for finite nuclear structure (finite deBroglie wavelength 
effect), but is of a different origin, and leads to a near doubling of the total structure corrections. The known 
theoretical corrections to the decay rates for the 0 + —> 0 + transitions 014(/3+)N14*, Al26*(/3+)Mg26, and 
Cl34(/8+)S34 are summarized. Using the recent, very accurate data on the decays of the muon, O14 and Al26*, 
we obtain the values GM= (1.436±0.001)X10-49 erg cm3, G^O14)^ (1.419±0.002)X10"49 erg cm3, and 
Gig(Al26*) = (1.430±0.002)X 10~~49 erg cm3 for the renormalized vector coupling constants for these transitions. 
The less accurate data on the neutron yield Gv= (1.356±0.068)X10~49 erg cm3. The results for G> and Gp 
are not directly comparable in the present theory, but the different values of Gp should be. The discrepancy 
of (0.8±0.5)% between the effective coupling constants for the decays of O14 and Al26* could, therefore, be 
significant, and may yield information about the still uncertain Coulomb corrections to the nuclear matrix 
elements. If the validity of the cutoff-dependent results of perturbation theory is assumed, the renormaliza­
tion constants can be evaluated, and one obtains G>,bare = (1.431db0.001)X10-49 erg cm3 and G^baretO14) 
= (1.404±0.002±0.007)X1©-49 erg cm3. Those coupling constants differ by 1.9db0.2%, but because of 
uncertainties regarding the nuclear matrix element for O14, the effects of strong interactions, and the possible 
existence of an intermediate vector meson which mediates the weak interactions, a direct comparison of 
these numbers may not be relevant to the po ssible universality of the Fermi interaction. 

I. INTRODUCTION conclusion is in reasonable agreement with experiment. 

THE hypothesis of Feynman and Gell-Mann,1 that Thus, from the recent, very precise data on the 

the vector component of the non-strangeness- 0 + - > 0 + transition 014(£+)N14V one obtains for G 
changing weak interaction current is conserved, implies the value4 (1.4140=1=0.0022)X10"49 erg cm3; this differs 
that the vector coupling constant G is unaffected by ~ 
kroner rpnnrmaliVatinn<; 2 Tf rhp Ferrrn* infprartinn i« 3 R. K. Bardin, C. A. Barnes, W. A. Fowler, and P. A. Seeger, 
s t rong renormal izat ions . I t m e * ermi in terac t ion is p h R e v 1 2 7 5 8 3 ( 1 % 2 ) . D L H e n d r i e a n d j . B> Gerhart,ibid. 
universal , G should, therefore, have the same value for 121, 846 (1961); J. W. Butler and R. O. Bondelid, ibid. 121,1770 
nuclear be t a decay as for the decay of the \x meson. Th i s ^?1V* • , , , , , ,* *<,* ~ ™™w.<^ „« J J . 4 Obtained from the uncorrected value (1.4164±0.0022)X10~49 

t Work performed under the auspices of the U. S. Atomic Energy erg cm3 quoted by Bardin et al., reference 3, by including the elec-
Commission. tronic and nuclear corrections to the / value given in Table I of 

* Present address: Department of Physics, Yale University, the present paper. The value given by Bardin et al. is based on an 
New Haven, Connecticut. end-point kinetic energy of 1812.6=t 1.4 keV for the positron in 

{Present address: Graduate School of Science, Yeshiva the 014(/3+)N14* transition, and a half-life for the decay obtained 
University, New York, New York. from a weighted average of the values obtained by Bardin et al. 

1R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (7l.00±0.13 sec) and by Hendrie and Gerhart, reference 3 
(1958); M. Gell-Mann, ibid. I l l , 362 (1958). (70.91 ±0.04 sec). The branching ratio to the ground state of N14 

2 J. Bernstein, M. Gell-Mann, and L. Michel, Nuovo Cimento was taken as 0.006±0.001 [R. Sherr, J. B. Gerhart, H. Horie, and 
16, 560 (1960). W. F. Hornyak, Phys. Rev. 100, 945 (1955)]. 
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by only l .OiO.2% from the value (1.4282±0.0011) 
X10~~49 erg cm3 derived from the muon lifetime.5 Since 
the weak current is not conserved in the presence of 
electromagnetic interactions, it is plausible to attribute 
the small discrepancy to electromagnetic corrections to 
the decay rates. These are of two types, the "radiative" 
corrections which are present for the decay of an isolated 
particle, and the nuclear electromagnetic corrections 
which involve, for example, the effects of the Coulomb 
field on the nuclear matrix element in the 014(/5+)N14* 
transition. We are concerned in this paper only with the 
radiative corrections. These have been calculated in 
perturbation theory by a number of authors.6-10 The 
results are finite in the case of the muon, and lead to a 
small change in the predicted decay rate,8 ( A r / r % 
= —0.0042. However, the corrections obtained in the 
case of nuclear beta decay are ultraviolet divergent, and 
it is necessary to introduce a cutoff into the theory. The 
cutoff-dependent term in (Ar / r%, (3a/2ir) ln(A2/mpwe), 
has customarily been treated by choosing A equal to the 
mass of the proton in the expectation that the proper 
inclusion of nuclear electromagnetic form factors would 
cut off the divergent contributions of virtual photons at 
momenta in this region. Berman and Sirlin9 have re­
cently investigated this assumption in detail, demon­
strating that such a "natural ' ' cutoff will indeed be 
present if the four form factors for a proton off the mass 
shell decrease sufficiently rapidly for infinite momentum 
transfers and infinite effective masses. Unfortunately, 
nothing is at present known about the off-mass-shell 
behavior of the form factors, and the validity of the 
cutoff theory is unclear. If it is nevertheless assumed 
that a cutoff A^mp is reasonable, the leading term 
reduces to (Sa/2w) ln(mp/me)~ 0.026; this represents 
the greater part of the electromagnetic correction to the 
decay of O14, (AT/T)^0M7.S>9 When the radiative 
corrections are incorporated into the analysis, the 
discrepancy between the values of G derived from 

5 Bardin et al., reference 3, quote an uncorrected value of 
(1.4282db0.0011)X10"49 erg cm3 for the weak coupling constant 
in the decay of the muon. This assumes a V—A theory for the 
decay. The muon lifetime, taken as 2.210=b0.003 jusec, was ob­
tained by averaging the result of R. A. Reiter, T. A. Romanowski, 
R. B. Sutton, and B. G. Chidley, Phys. Rev. Letters 5, 22 (1960) 
[TM=2.211 ±0.003 Msec] with that of V. L. Telegdi, R. A. Swanson, 
R. A. Lundy, and D. D. Yovanovitch, quoted by Reiter et al. 
[r / i=2.208±0.004 #sec]. The mass of the muon was taken as 
206.77 me: J. Lathrop, R. A. Lundy, S. Penman, V. L. Telegdi, 
R. Winston, D. D. Yovanovitch, and A. J. Bearden, Nuovo 
Cimento 17, 114 (1960) [>„= (206.76±0.03)wg]; S. Devons, G. 
Gidal, L. M. Lederman, and G. Shapiro, Phys. Rev. Letters 5, 
330 (1960) [mM=(206.78±0.03)me]; G. Charpak, F. J. M. 
Farley, R. L. Garwin, T. Muller, J. C. Sens, V. L. Telegdi, and A. 
Zichichi, Phys. Rev. Letters 6,128 (1961) [>M= (206.77db0.01)we]. 

6 R. E. Behrends, R. J. Finkelstein, and A. Sirlin, Phys. Rev. 
101, 866 (1956). 

7 S. M. Berman, Phys. Rev. 112, 267 (1958). 
8 T . Kinoshita and A. Sirlin, Phys. Rev. 113, 1652 (1959). 
9 S. M. Berman and A. Sirlin, Ann. Phys. 20, 20 (1962). The 

authors would like to thank Professor Sirlin for a preprint of this 
work. 

10 B. Chern, dissertation, University of North Carolina, 1961. 
One of the authors (L.D.) would like to thank Dr. Chern for a 
copy of this dissertation. 

the decay rates of the muon and O14 is increased, 
to 2 .0±0.2% [GM=(1.4312±0.0022)X10-49 erg cm3, 
G^(O14) = a.4020±0.0022)X10-4 9 erg cm3].3 '9 This dis­
crepancy is perhaps not too serious: it may be reduced 
by corrections to the nuclear matrix element for the 
014(/?+)N14* associated with the Coulomb field of the 
nucleus,11-14 and would be removed altogether should 
the weak interactions be mediated by a vector meson 
with a mass near that of the K meson.15-17 I t may, 
nevertheless, be of interest to examine the radiative 
corrections to the weak interactions from a different 
point of view. Such an attempt has been made by the 
authors using the techniques of dispersion relations; 
preliminary results were reported elsewhere.18'19 

In the present paper, we wish to present the details of 
our previous work, as well as some additional results 
obtained very recently. The basic procedures are quite 
simple, and consist in the calculation of certain vertex 
functions for the weak interactions using dispersion 
relations. The absorptive parts of the vertex functions 
can be expressed, correct to order a, in terms of the 
weak vertex itself, and the amplitude for electromag­
netic scattering of the charged particles. Not unex­
pectedly, it is found that the dispersion relations for 
those vertex functions which have Born terms require 
a subtraction, the subtraction constants playing the role 
of renormalized coupling constants. I t is a curious fea­
ture of the present calculation that the choice of the 
subtraction point is not arbitrary, but is determined 
uniquely by the requirement that such physically 
meaningful quantities as decay rates and the momentum 
spectra of the leptons should contain no infrared di­
vergences when calculated including the contributions 
of processes in which soft photons are emitted (inner 
bremsstrahlung). This point, which is closely connected 
with the appearance in the theory of renormalized 
rather than bare coupling constants, is examined in 
detail in the case of the muon. Because our results for 
the decay rates and the lepton spectra are perforce 
expressed in terms of the renormalized rather than the 
bare coupling constants, we are unable to discuss 
directly the universality of the Fermi interaction. This 
concept in its usual form requires that the bare coupling 
constants in the weak interaction Lagrangian be the 

11 W. M. MacDonald, Phys. Rev. 110,1420 (1958), and (private 
communication to L. D.). 

12 R. J. Blin-Stoyle and J. LeToumeux, Ann. Phys. 18,12 (1962). 
L. Lovitch, Pisa preprint (to be published). 

13 A. Altman and W. M. MacDonald, Bull. Am. Phys. Soc. 7, 
17 (1962), and (to be published). 

14 H. A. Weidenmuller, Phys. Rev. 128, 841 (1962). 
15 T. D. Lee and C. N. Yang, Phys. Rev. 108, 1611 (1957). 
16 T. D. Lee (to be published). 
17 R. A. Shaffer, Phys. Rev. 128, 1452 (1962). 
18 L. Durand, III, L. F. Landovitz, and R. B. Marr, Phys. Rev. 

Letters 4, 620 (1960). The difference between the dispersion and 
perturbation theoretic results for the muon spectrum is incorrect 
as given in Eq. (8) of the Letter; the correct result is given in Eq. 
(40) of the present paper. Table I of the Letter is also superseded 
by Table I of the present paper. 

19 Similar calculations have since been performed by Dr. Clifford 
Schumacher (private communication from Dr. Schumacher). 
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same for the muon and the neutron. Since there is no 
reason to expect the electromagnetic renormalizations 
to be equal for these particles, our results, as such, shed 
no light on the problem. Certain advantages are never­
theless to be found in this approach. I t leads first to a 
clear separation of those electromagnetic corrections to 
the transition amplitudes which can be ascribed to a 
charge renormalization, hence, affect the decay rates and 
lepton spectra only by a scale factor, and the remaining 
momentum-dependent corrections which affect the 
spectral shape. The former do not appear in our results. 
The latter are present whichever mode of calculation is 
employed, and lead to significant changes in such 
quantities as the Michel parameter in the decay of the 
muon.8 Calculation of the renormalization effects is re­
quired only for the discussion of universality, and it is 
only then that such questions as the behavior of the 
electromagnetic form factors of the nucleon off the mass 
shell are encountered. Although the form factors appear 
in the dispersion calculations in the absorptive parts of 
the vertex functions, these involve sums over real inter­
mediate states, and one need only know the behavior of 
the form factors on the mass shell. If it is assumed that 
the form factors satisfy spectral representations, the 
vertex functions can be calculated analytically, and an 
expression obtained for the change in the transition 
amplitude caused by the finite electromagnetic structure 
of the nucleus. Although the leading term in this ex­
pression is of the same form as the familiar ZaWR term 
in the corrections for the finite nuclear structure of the 
decaying system20 (the "finite de Broglie wavelength 
effect"), the origin of the two corrections is different. 
The inclusion of the electromagnetic effect leads to a 
near doubling of the total structure corrections. 

The radiative corrections to the decays of the muon, 
neutron, and O14 are considered separately in Sees. II , 
III, and IV, respectively. In each case, the necessary 
approximations and the method of calculation are 
sketched, and complete results are given for the vertex 
functions, and the electron or positron spectrum in the 
decay. The results for the vertex functions are compared 
with those obtained in perturbation theory by Behrends 
Finkelstein, and Sirlin,6 the comparison yielding per­
turbation theoretic values of the renormalization factors 
GR/G. The details of the renormalization are examined 
most carefully in the case of the muon. In the calculation 
of the beta decay of the neutron, we have included in the 
electromagnetic corrections contributions which involve 
the anomalous magnetic moments of the proton and 
neutron, and which have not previously been considered 

20 M. Morita, Phys. Rev. 113,1584 (1959); M. E. Rose and C. L. 
Perry, ibid* 90, 479 (1953); and references qontained therein. 

in detail. The aforementioned electromagnetic structure 
corrections are important only for the beta decay of O14, 
and are examined in Sec. IV C. Because of the length of 
the calculations, the results of each section are sum­
marized at the end of that section; the over-all results 
are discussed in Sec. V. We would like to call particular 
attention to Table I, in which we have summarized all 
the well-established theoretical corrections to the decay 
rates of the neutron and the (H—> 0 + transitions 
O14(0+)N14*, Al26*(/3+)Mg26, and Cl34(/3+)S34 of which 
we are aware. 

II. ELECTROMAGNETIC CORRECTIONS TO 
THE DECAY OF THE MUON 

A. General Formulation 

In accordance with the usual V-A theory of the weak 
interactions, we will assume that the decay of the muon 
is generated by the weak Lagrangian, 

£w(x) = (G/v2)^(^) 7 x( l+75)^(^) 

X^e(*)7x(l+Y5)^(*)+H.c. 

= ( G / ^ ) ^ ( o ; ) 7 x ( l + 7 6 ) ^ ) 

XWa07x(l+75)*,(aO+H.c. (1) 

In the ensuing discussion, we will use the second form 
of the Lagrangian, which may be obtained from the first 
by a Fierz transformation on the spinor indices. This 
choice has the advantage that, to lowest order in G, but 
all orders in a, the neutrino covariant enters the tran­
sition matrix element for the decay of the muon as a 
simple factor, 

(evv\S\jj,) = i I dx (evvj£w(%)|M) 

= (2Ty8Ke+v+i>-ix)(16eowoh)-1/2 

XG(v)y\(l+yM*)F\(e,ti. (2) 

Electromagnetic corrections to the matrix element 
appear only in the vertex function F\(e,n), 

F x ( ^ ) = <e|/x(0)|/i>, (3) 

where 

A(0) = * ( G / \ 2 > P . ( 0 ) 7 X ( 1 + T S ¥ M ( < ) ) . (4) 

For convenience, we have denoted the four-momenta of 
the various particles by the particle symbols, and have 
chosen the covariant normalization 

u(p)yau(p) = 2ipa (5) 

for the free particle spinors. The general structure of the 
vertex function F\(e,fx) is easily determined using the 
properties of /x and the single-particle states under 
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proper Lorentz transformations and the operation of 
Wigner time inversion,21 

6 

Fx(e,fx) = u(e) £ T^Aj(s)u(p) 

3=1 

= iu(e){y^A1(s)(l+y,)+A2(s)(l-yb)2 

+aU»-e)lAs(s)(l+yb)+Ai(sXl-y,)l 

+i(fJL-e)^Ab(s)(l+yb)+A,(s)(l-yb)l}u(lx). 
(6) 

The form factors Aj(s) are functions of a single invariant 
parameter, conveniently chosen to be 

s = - ( M - e ) 2 = - ( H - i > ) 2 , (7) 

and are real for s in the physical region for the decay of 
the muon, 0<s< (w, ,-m e)2 . As a consequence of the 
relation (/x—-e)x= (v+v)\ and the Dirac equations for 
the free neutrino spinors, the last two terms in F\(e,fjL) 
do not contribute to the transition matrix element for 
the decay of the muon, Eq. (2), and we, therefore, re­
strict our attention to the first four terms. 

The assumption of microscopic causality leads, by 
the usual heuristic arguments, to the conclusion that 
the form factors Aj(s) are analytic functions of s in 
the complex s plane cut along the real axis from 
s= (mx+me)2 to s= oo, and are real for s<(m\+me)

2, 
s real. One, therefore, expects the form factors to satisfy 
the simple dispersion relations22 

s—so rw ai(s')ds' 
A1(s) = A1(s0)+ / (8) 

T J (m^me)* (s'— SQ)^'~s) 

and 

TT J (mfl+me)> Sf — S 

where Q,j(s)~ImAj(s+ie)y €—»0+. We have made a 
single subtraction in the dispersion relation for Ai(s); 
this will be shown to be necessary. 

21 The present notation and choice of vertex functions is some­
what different from that in reference 18. The use of y^, <rflv(n—e)Vl 
and {ix—e)^ as the covariants multiplying the Aj, while less con­
venient for the calculation of the electron spectrum and the spin 
correlation coefficient, has the advantage that the linear combina­
tions (A i~\-A2) and (^3+^4) reduce to the familiar electron vertex 
functions in the equal mass limit, while the combination (A ?>-\-A Q) 
vanishes. In particular, the new choice eliminates the covariant 
(M+^)M which acts like a current, and leads in the case of the elec­
tron to an incorrect (or unusual) definition of the renormalized 
electric charge. Correspondingly, the change in covariants leads 
to a redefinition of the renormalized weak charge in the present 
problem. The authors are not aware of any method by which the 
ambiguity in the choice of vertex functions can be eliminated. 
The present functions and those of reference 18 are related by: 
a(s) =Ai(s) — MeAsis) —m^Aiis), b{s)=A2{s) — milLAi{s)—meAi(s)i 
c{s)=Az{s), and d(s)=A4(s). 

22 The validity of the dispersion relations is easily proved for 
the triangle diagram of perturbation theory using the methods of 
R. Karplus, C. M. Sommerfield, and E. H. Wichmann, Phys. Rev. 
I l l , 1187 (1958). 

B. Calculation of the Form Factors A3-(s) 

The absorptive parts in Eqs. (8) and (9) may be 
determined by standard methods. We begin, not with 
the matrix element in Eq. (3), but with the related 
matrix element (/Zeout|7x(0)|0), which we write, follow­
ing Lehmann, Symanzik, and Zimmermann,23 in the 
form 

</z |̂/x(o)!o> 

= i fdx u(e)<r*-°<fi16(xo)Ue(x),MO)l 10), (10) 

where 
fe(x) = (yd+me)^e(x). (11) 

We have omitted an equal time commutator which 
affects only the constant term in Ai(s). The absorptive 
(or imaginary) parts of the functions Aj(s) can be ex­
tracted using the observation that, under the operation 
of Wigner time inversion, Aj(s) —> Aj*(s), s real. Upon 
performing the necessary manipulations, the absorptive 
parts are obtained in terms of the familiar sum over 
intermediate states, 

= h(2TrYY.aHfl+e-a)u(e) 

X <M I /e(0) I a™*)(a™* I A(0) 10). (12) 

For convenience, we have chosen the out states for our 
complete set. The fine-structure constant a appears to 
higher than the first power in the contributions from 
all intermediate states except those of the form / i '+e ' . 
When only these states are retained in the evaluation 
of the absorptive part, the dispersion relations become 
a set of coupled integral equations for the form factors 
Aj(s), accurate to order a, and can be solved by a single 
iteration. To the required accuracy, the amplitude for 
fl—e scattering which appears in Eq. (12) may be evalu­
ated in the first Born approximation. Thus, 

u(e)(a\fe(0)\ilfe'™*)^ 

e2u(e)y^u(e^(fif)y^(ll)l(e-ey+\^-\ (13) 

where we have introduced the usual fictitious photon 
mass X in the photon propagator in order to circumvent 
later difficulties with infrared divergences. The vertex 
function (ju£/out|/x(0) |0) is to be replaced by its leading 
term in powers of a. Since the conventional V-A theory 
without electromagnetic corrections corresponds to the 
choice A1= constant, Aj=0, j=27 • • -6, we write 

< M V ° ^ | MO) \ 0) -> iA1(so)u(e/)yxv^f). (14) 

The functions Aj(s), j=2} • • • 6, and the dispersion inte­
gral in ^4i(s), are then clearly of order a relative to 
Ai(so). Combining these results and denoting Ai(s0) by 
AQ for simplicity, we obtain for the absorptive parts of 

23 H. Lehmann, K. Symanzik, and W, Zimmermann, Nuovo 
Cimento 1, 205 (1955); 6, 319 (1957). 
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the functions Aj(s), correct to order a, 

u(e)Zj rx>ay(*MjB) 

= ±ieU0(2TyZSK»+e-p,'--e')d(s--(Mli+fney) 

Xl(e-ef)*+\*j-1u(e)y0u(e')u(e')y\ 

X ( 1 + 7 5 ) K M / ) K M / ) 7 ^ ( M ) 

= iA0(a/87r)(p/^s)d(s- (m^+Me)2) 

X I da'l(e-ey+\2T-1u(e)yfi(--iy-e'+me)yx 

X (l+y^L-n-ifi+e-e^-m^y^ifi). (15) 

Here s = —(/z+tf)2, and £ is the 3-momentum of either 
intermediate particle in their center-of-mass system, 

2p\/s=l(s-mf
2~me

2)2-(2mlime)
22U2^ (16) 

After the remaining integrations over the directions of 
the electron 3-momentum in the c m . system are per­
formed, the result can be reduced to the standard 
form, and the functions OLj(s) extracted, through the use 
of the Dirac equations for the spinors u(e) and v(p). 
The procedure is straightforward, and we give only the 
results of the rather lengthy calculation: 

a1(s) = ^aA0(2p\/s)-1(s-mf
2-me

2) 

r 4/>2+X2 3" 
X In- (17) 

(18) 

d(s— (m^+me)2); 
X2 2J 

®*(s)== haA <Wixnic(2p\/s)~l6(s—- {m^+nte)2); 

az(s)= -iaA0(me/s)(2p\/s)-1 

X(s+tnfi
2-m,e

2)0(s-(fnli+Me)2); (19) 

®4(J) = ~ \OLA o(m„Js) (2p\Zs)~l 

X {s-m,?+mj)e{s- (m^+Me)2). (20) 

The form factors A$ and A6 do not contribute to the 
decay of the muon, and the corresponding absorptive 
parts have not been calculated. We have, furthermore, 
set X2 equal to zero wherever possible. 

The form factors Aj(s) are now easily calculated using 
the functions &j(s) in the dispersion relations of Eqs. (8) 
and (9). We remark in particular that ($2, (£3, and $4, 
vanish as s~x for s —» 00 ; the dispersion integrals for A 2, 
A 3, and A 4 consequently converge without subtractions. 
In contrast, Cli(s) diverges logarithmically for s—>°°, 

a^^iaAolHs/X2)-^ (21) 

and the dispersion relation for A1 requires the indicated 
subtraction, at least when the calculation is restricted to 
terms of order a. This circumstance will be discussed in 
more detail later [Sec. I I D ] . The integrations are for 
the most part straightforward. I t is convenient to ex­
press the results in terms of a dimensionless parameter /, 

/= {m/-\-fne
2--~s~]/(2mfime) = — (M • e)/(mfime), 

l<t<{mi
2J

rm
2)/{2m}lme). (22) 

We then obtain 

A1(t)^A0{l+A(t,\2)-A(t0j\
2) 

+ (3a/47r)[^( / ) - / 0^(/o)]} , (23) 

A%{t)={a/4*)A*R(t), (24) 

A %{t) = — (a/4:T)Ao(mtl
2+me

2— 2m^met)~
1 

X[(wM—mJ)R{i)—me ln(w^/we)], (25) 

{a/Air) A 0(#V2+me
2— 2mfimet)~

1 

X Z(nte—tnnt)R(i)+ni» \w{mjm^\ (26) 
where 

and 

A(/,X2) = 

R(t) = ( / 2 - l)- i /2 l n [ /+ ( / 2 - l ) 1 ' 2 ] (27) 

2 W i ( / '+ / ) (* ' 2 - l ) 1 / 2 

r\m2m2 tf2~l 
Xln 

L X2 mli
2-\-me

2J\r2m}1met
f. 

(28) 

The function A( ,̂X2) may be evaluated in terms of the 
Spence function L(z)2A 

L(z)=-
dt 

- l n | l - / | . 
t 

(29) 

Upon rearranging the large number of Spence functions 
obtained initially, and dropping terms which are of 
order (me/m^) relative to unity in the physical region, 
one obtains for A(/,X2) the result 

A(*,X2) -> -(a/27r)/(/2-l)-1/2{ln(we
2/X2) ln«+0r 2 /6 ) 

+ 2 ]n(u2— 1) lnu—3 \n2u—ln[(we/wM)(l+^)] 

Xln [ l — (me/m>n)u]—L(u~2) — L((rne/mp)u)}, (30) 

where u=t+(t2—l)1/2, \<u<{mjm^). 

C. The Infrared Divergence, Subtractions, 
and the Electron Spectrum 

The electron spectrum in the decay of the muon, 
including those radiative corrections which arise from 
the exchange of virtual photons between the muon and 
electron, is readily calculated correct to order a using 
Eqs. (2) and (6). I t is convenient to extract from the 
functions Aj(t) the common factor A0 which plays the 
role of the weak coupling constant in the present theory, 

24 K. Mitchell, Phil. Mag. 40, 351 (1949). Our definition of L(z) 
corresponds to that of Mitchell, and differs in sign from that used 
in references 6, 8, and 9. We note the following identities, which 
permit the reduction of the number of Spence functions in the 
final results, x real, 

L(x)-\-L{l~x) = lir*-\n\x\\n\l-x\, 

L(x)+L(x-l)~i7r*~-hln% x>0, 
»-Jir*-Jln*|*|, *<0, 

< g l ) - < F F 3 - -Win . m(j^) +/:W-

L{x)^L{-x)=\L{x>). 

• £ ( - * ) , 

0<*<1, 
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and which is clearly present as a multiplicative factor 
to any order in a. Thus, we write 

4 i ( 0 = i l o [ l + a i ( * ) } (31) 

4 , ( 0 = 4 0 ^ ( 0 , i = 2 , 3 ,4 . (32) 

With this convention, the electron spectrum is given in 
the muon rest system by 

r™ dtf 

tR(t) = t , (35) 

A (/,+0(/,2-i)i/2 

is clearly real for t real, —1< t< oo, and increases mono-
tonically from — oo for t —» — 1 to + °° for t —» + oo. 
For the unique choice of the subtraction point /o= + l, 
toR(to) has the value + 1 , and the explicitly infrared 
divergent term in Eq. (34) vanishes. This circum­
stance makes it highly attractive to choose / 0 = 1 
[ s o = ( # V ^ e ) 2 ] , a n d to define the renormalized weak 

coupling constant for the decay of the muon as25 

G„=^i4 i (0 |*_ i . (36) 

The complete spectrum is now easily obtained. In the 
muon rest system, t= (eo/me)z=i(fnli/me)x; over almost 
the entire range, CM. We therefore give the results in 
this approximation. Thus, choosing to= 1, and noting 
that 

On the other hand, the effective value of the Michel 
parameter is unchanged to order a from its value in 
perturbation theory, peff=0.708.8 

The renormalized coupling constant G>/v2 was de­
fined in Eq. (36) as the value of the vertex function 
Ai(t) a t t= 1 \j= (m^-We)2]. If this definition is applied 
to the vertex function as obtained in perturbation 
theory by Behrends, Finkelstein, and Sirlin,6 one obtains 

25 The factor V2 is introduced to conform to the usual convention 
for a universal Fermi interaction. 

dNr(x)/dx = (A o2/48)7r-3mM V [ ( 3 - 2x) (1+2ax) 

— 24:(me/m(l)x~1(l — x)a2 

— 6(1 — x)(meaz+mlia4)']J (33) 

where x is the customary variable x=2eo/mli, 0 < x < l , 
and terms of order (me/in^ relative to unity have been 
omitted. To this must be added the electron spectrum 
dNy(x)/dx for the decay accompanied by the emission 
of an unobserved photon. A consistent treatment of this 
process correct to order a yields results identical with 
those of perturbation theory, with the usual weak 
coupling constant G replaced by V2A0. We shall, there­
fore, use for dNy(x)/dx the results of Behrends, Finkel­
stein, and Sirlin,6 as corrected by Berman7 and by 
Kinoshita and Sirlin.8 

Each of the partial spectra dNr(x)/dx and dNy(x)/dx 
depends explicitly on the ficitious photon mass X 
and diverges logarithmically for X —» 0. I t is, of 
course, expected that the total spectrum dN/dx 
= [dNr/dx+dNy/dx] will be independent of X, as is the 
case in perturbation theory. The expected cancellation 
of the infrared divergent terms does not, in fact, take 
place for an arbitrary choice of the subtraction point 
so (or to) in the dispersion relation for Ai(t): Upon com­
bining dNr(x) and dNy(x), one obtains a term which 
involves the factor 

• Ao2{l+(a/ir) l n ( w e
2 / X 2 ) D o ^ o ) - l ] } , (34) 

where R(t) is defined in Eq. (27), and AQ denotes as 
before Ai(to,X2). For arbitrary to, a finite decay rate in 
the limit X —» 0 can only be obtained to order a if the 
subtraction constant ^4i(/0,X

2) contains an infrared di­
vergence sufficient to cancel that which appears ex­
plicitly. We note, however, that this unpleasant (and 
highly ambiguous) situation can be avoided by a 
judicious choice of to. The function tR(t)y defined by the 
dispersion integral 

A(1,X2)= -(a/27r)[2+ln(me2 /X2)], (37) 

we obtain 

dN(x)/dx= (GM
2/96)7r-%/x^2 

X { ( 3 - 2 o ; ) [ l - ( a / i r ) ( « « f ) ] + ( a / 2 i r ) / ( * ) } , (38) 

where o) — \n(mJm^ and f(x) is a function defined by 
Kinoshita and Sirlin,8 

/ (z) = 2(3-2z){a>[f -2 lnx+2 l n ( l - x ) ] 
+ 2 L ( ^ ) - | T T 2 - 2 - 2 ln 2 x+3 l n a l n ( l - a ) 

-\~\nx—(l+x)x~1 ln(l —x)} 
+6(1—-x) lnx+lx~2(l~x) 

Xl(u+\nx)(5+17x-34cx2)-22x+34:x2']. (39) 

D. Comparison with Perturbation Theory: 
Renormalization of the Weak Vertex 

The result for the electron spectrum given in Eq. (38) 
differs from that of Kinoshita and Sirlin8 by the presence 
of a term proportional to the statistical spectrum, 

- (a / i r ) (w- t )(Gfi
2/96)T-*fnliW(3-2x), (40) 

and by the appearance of the renormalized coupling 
constant GM rather than the bare coupling constant G. 
Thus, while perturbation theory yields for the muon 
decay rate the result8 

" 2 5 \ l 
T,(KS) = (G2/192)7r'zmA 1-

a/ir* 25\H 

A 2 8/J 
- (G 2 / 192)TT- 3 W M

5 [1 -0 .0042] , 

the present calculation yields 

r a( 7T2 45\"1 
V^(G2I\92)TT-*MA 1 f a>+ J 

= (G M
2 /192)TT- 3 W M

5 [1-0 .0107] . 

(41) 

(42) 
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(a.) 

perturbation theory in the form 

4 I ( J ) = cons t+ (a /2^ ) [ l - / 2 J (0 ] ln(w e
2A 2 )+ * (44) 

FIG. 1. Feynman 
diagrams which con­
tribute to the radia­
tive corrections to 
the decay of the 
muon. 

a relation between the bare and renormalized coupling 
constants, given to order a in the limit rae/wM<<Cl, by 

GM /G=l+(a/2ir ) (c t f - f )= 1.0032. (43) 

With this identification, Eqs. (41) and (42) and the 
corresponding electron spectra are seen to be identical. 
I t is interesting to investigate this relation in more 
detail. 

The vertex function F\(e,n), Eqs. (2)-(4), when 
calculated to order a in perturbation theory, involves 
contributions associated with the Feynman diagrams of 
Figs. l(a)-(d). The properties of the corresponding 
matrix elements as functions of the variable s= — (/z—e)2 

are easily derived using the methods of Karplus, 
Sommerfield, and Wichmann.22 The diagram of Fig. 1(a) 
contributes only a constant term (G/V2) to the function 
Ax(s), Eq. (6). This is changed to (Z2eZ2M)1/2(G/v2), 
with the wave-function renormalization constants calcu­
lated to order a, when the contributions of Figs. 1(b) 
and 1(c) are included. The triangle diagram of Fig. 1(d) 
contributes to all of the form factors Aj(s), j=l, • • -6; 
the contributions are easily seen to be functions of s 
analytic in the entire finite s plane cut from s= (mp+me)

2 

to ^= oo.22 The functions Aj(s) for j=2} • • -6 vanish 
(in order a) at least as rapidly as s~~x Ins for s —»<x> 
[cf. Eqs. (24)-(26)]. These functions, consequently, 
satisfy the unsubtracted dispersion relations which were 
assumed in Eq. (9). On the other hand, the contribution 
of the triangle diagram to Ax(s) contains a constant 
term which acts as a vertex renormalization, infinite in 
Feynman perturbation theory, and additional terms 
which diverge as Ins and \n2s for s —><x>. Because of the 
latter, a subtraction is necessary in the dispersion rela­
tion for A i(s) even if the constant term arising from the 
diagrams of Figs. l (a) - l (d) is removed. The connection 
between the infrared divergence and the choice of the 
subtraction point is easily seen. Ax(s) is obtained in 

where t and R(t) are defined in Eqs. (22) and (27). 
Writing a once-subtracted dispersion relation as in 
Eq. (8), Ai(s) is reproduced in the form 

A1(s) = A1(so,\2) 
+ (a/2T)lt0R(to)-tR(t)-] \n{m2/\2)+ • • •, (45) 

where AI(SQ,\2), which appears as the subtraction con­
stant, is evidently of the form 

A i(so,\2) — const+ (a/2ir) 

X[l-*o*(*o)] ln(m e
2 / \ 2 )+ • • •. (46) 

However, from the dispersion-theoretic point of view, 
^4iC?o,X2) is a phenomenological parameter: one does not, 
for example, attempt to calculate the renormalization 
factors which enter the constant. The choice of the sub­
traction point, t0=l, s0= (Mft—nte)2, is then dictated by 
the requirement that, in the infrared divergent term in 
Eq. (45), ln(me

2/A2) appear with the proper coefficient. 
We, therefore, define the renormalized coupling constant 
GM [or more precisely, from the point of view of per­
turbation theory, we define the electromagnetic re­
normalization constant Z\w for the weak vertex] by 

G,/v2= (Z2eZ2,y'2Zlw~i(G/^2) = A1(s0) (47) 

with the indicated value of so. GM is then clearly inde­
pendent of X. I t may be remarked that, while the Z's are 
each logarithmically divergent in Feynman perturbation 
theory, the product (Z2eZ2^)ll2Ziw~x = GjG is finite to 
all orders in af the value of the ratio GJG is given to 
order a, but with the neglect of terms in me/wM, in 
Eq. (43).26 I t is amusing to note that the same pro­
cedures used above, when applied to the electromagnetic 
vertex function of the electron, lead to the usual sub­
traction point s0 = (e—e/)2=0} and to the relation Zi = Z2 

for the renormalization constants. 
An analysis of the data on the lifetime of the muon5 

using Eq. (42) yields the value 

GAi=(1.4358±0.0011)X10-49 erg cm3, 

for the renormalized coupling constant. However, this 
result is not relevant to the hypothesis of the uni­
versality of the Fermi interaction and the conservation 
of the vector current in beta decay, which require that 
the bare coupling constant G for the decay of the muon 
be equal to the vector coupling constant Gv in the decay 
of the neutron. In order to test universality, one is 
forced, in the present approach, to calculate the re­
normalization GJG. Using the results of perturbation 
theory8 or Eq. (43), one obtains for the bare coupling 

26 It is interesting to note that the renormalized coupling con­
stant, hence, the renormalized vertex function, has a logarithmic 
mass singularity for me —» 0, m^ finite, which is not present in the 
unrenormalized quantities. This has been discussed by T. Kino-
shita, J. Math. Phys. 3, 650 (1962), who pointed out this behavior 
to the authors. 
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FIG. 2. Represen- i 
tative Feynman dia­
grams for trie radia­
tive corrections to 
the decay of the P 
neutron. 

(a) 

(c) 

constant 
G=(1.4312±0.0011)X10-4 9 erg cm3. 

The situation is further complicated by the possibility 
that the weak interactions are mediated by vector 
bosons.15 The electromagnetic corrections to the decay 
of the muon in this theory have recently been examined 
by Lee16 using a theory of the electromagnetic inter­
actions of charged vector mesons developed by Lee and 
Yang,27 and by Shaffer17 using a cutoff-dependent 
theory; but these developments are beyond the scope of 
the present paper. 

III. ELECTROMAGNETIC CORRECTIONS TO 
THE DECAY OF THE NEUTRON 

A. General Formulation of the Problem 

The basic interaction Lagrangian for the V-A theory 
of beta decay has the form 

£w(x) = (G/y/2)fa(x)yx(l+y6)f,(x) 
X ^ P ( * ) 7 X ( 1 + T B ¥ » ( « ) + H . C , (48) 

where, with the assumption of a universal Fermi inter­
action, G is the same bare coupling constant as appears 
in Eq. (1). The transition matrix element for the decay 
of the neutron is affected not only by electromagnetic, 
but also by strong interactions, leading to an extremely 
complicated situation in which the neutron, proton, and 
electron can each interact with the others after leaving 
the weak vertex. A few of the possible diagrams are 
given in Fig. 2. Topologically, the diagrams are of three 
types. The first type, Fig. 2(a), corresponds to the re-
normalized Born approximation, with all particles 
emerging from a single point. In the second type, repre­
sented by Figs. 2(b) and 2(c), two of the particles 
emerge from single vertex, while the other two particles 
interact fully. The final type of diagram is typified by 
Fig. 2(d); in this case, the neutron, proton, and electron 
all interact after leaving the weak vertex. We concern 
ourselves only with the vertex type corrections to the 
basic diagram. 

The effects on the beta decay matrix element of the 
strong interactions have been considered in detail by 

2 7 T. D. Lee and C. N. Yang (to be published). 

Goldberger and Treiman.28 These lead in general to a 
renormalization of the basic interaction Lagrangian, and 
to the presence in the beta-decay matrix element of 
extra-induced pseudoscalar and weak magnetic terms. 
The influence of the latter, and of the momentum de­
pendence of the matrix elements caused by the extended 
space-time structure of the complete vertex, is negligible 
for the decay of the neutron in the absence of electro­
magnetic corrections. As a seemingly reasonably ap­
proximation,29 we therefore replace the bare Lagrangian 
of Eq. (48) by a renormalized Lagrangian, but shall 
ignore the other effects of strong interactions. According 
to the conserved vector current hypothesis,1 there is in 
fact no renormalization of the vector component of the 
interaction in the absence of electromagnetic inter­
actions.2 However, such interactions are present, and 
we must, therefore, expect a renormalization G —•» Gf, 
the details of which depend upon both strong and elec­
tromagnetic effects. The calculation of this renormaliza­
tion is beyond the scope of the present paper. On the 
other hand, the axial vector current is observed experi­
mentally to be renormalized relative to the vector cur­
rent by a factor p= - (GA/GV)= 1.25±0.06,30 with most 
of the renormalization presumably arising from strong 
interactions. We, therefore, take for our effective 
Lagrangian 

£w(x) = ( G 7 v 2 ) ^ ) 7 x ( l + 7 6 ) ^ ( « ) 

X ^ ( x ) 7 x ( l + p , 7 5 ¥ n W + H . c , (49) 

and shall limit the discussion to the electromagnetic 
corrections to the transition amplitude associated with 
the electron-proton and electron-neutron interactions. 
Ignoring strong interactions, it is clear that the correc­
tions associated with the two types of interactions are 
independent to order a except insofar as both can lead 
to renormalizations of the Born term, Fig. 2(a).31 We, 
therefore, ignore the presence of the electron-neutron 
interaction for the time being, and discuss the appro­
priate changes later. 

In the foregoing approximation, the transition ampli-

28 M. L. Goldberger and S. B. Treiman, Phys. Rev. I l l , 354 
(1958). 

29 This approximation should perhaps be checked because of 
the very large value of the induced pseudoscalar coupling, 
reference 28. 

30 The value p = 1.25±0.06 was derived from the measured value 
of the neutron spin-electron momentum correlation coefficient, 
A = -0.11±0.02 [M. T. Burgy, V. E. Krohn, T. B. Novey, G. R. 
Ringo, and V. L. Telegdi, Phys. Rev. Letters 1, 324 (1958)], and 
is independent of the value of the vector coupling constant. With 
the assumption of universality and the value of G obtained from 
the 0-j > 0 + transitions, one obtains from the half-life of the 
neutron the slightly smaller value p = 1.19=b0.03. The situation 
with respect to the determination of p from the decays of the neu­
tron and complex nuclei has been summarized by O. C. Kistner 
and B. M. Rustad, Phys. Rev. 114, 1329 (1959). 

31 The lowest order electromagnetic correction which involves 
both the proton and the neutron has the topology of Fig. 2(d), 
with the pion replaced by a photon. This diagram is of order a2 

relative to the Born term, Fig. 2(a). 
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tude for the decay of the neutron is given by 

(pev | S | n) = i I dx(pev \ £w(%) \ n) 

= i(27rydA(p+e+j>-n)(16e0hpono)-1/2 

XlHi>Xl+7Mn)G(e,p) 

+iv^Xl+7!>hMn)Gx(e,pn (50) 

G(e,p) = (pe\J(0)\0) (51) 

/(0) = (G7v5)(l+pO^(0)(l-7 5)^/(0), (52) 

Gx(e,p) = (p,e\M0)\0) (53) 

Here 

with 

while 

with 

A(0) = M G 7 v 2 ) ( l - p O ^ ( 0 ) 7 x ( l - 7 5 ¥ e c ( 0 ) . (54) 

To bring the electron and proton field operators into the 
same covariants, we have used a Fierz transformation 
and the formal operation of charge conjugation, 

M * ) = C$.T(x), &«(*) = -W(*)C-\ (55) 

where C is an antisymmetric unitary matrix such that 

C - I 7 M C = - 7 / - (56) 

The general structure of the two vertex functions is 
easily determined. Thus, G(e,p) can be expressed in 
terms of two form factors, 

G(e)p) = u(p)ZG1(s)(l-7,)+G2(s)(l+y^uKe)y (57) 

while G\(e,p) has a form similar to that of the vertex 
function F\{e,ix) for the decay of the muon, 

Gi(e,p) = u(p)Y, Tx*G3(s)u°(e) 

= i«(#){7xCG8W(l-76)+G4W(l+75)] 

+m1r
laUp+e)lGs(s)(l-yb)+Ge(s)(l+y&)2 

+imp~
1(p+e)x[G7(s)(l—yb) 

+ G 8 ( s ) ( l + 7 5 ) ] K W . (58) 

The usual V-A theory without electromagnetic correc­
tions, but renormalized with respect to the strong inter­
actions, corresponds to 

G x ^ G ' M X l + p ' ) , G,= J ( G 7 ^ ) ( 1 - P ' ) , 

and Gy=0, J9*19 3 [cf. Eq. (51)]. 
According to the usual heuristic arguments, the eight 

form factors Gj($), ,7 = 1, —-& are functions of the 
invariant parameter 

s=-(e+p)*, (59) 

analytic in the complex s plane cut from s=(mp+me)
2 

to $= oo, and are expected to satisfy dispersion relations 

of the form 

Gitz(s) = Gi,a(s0)-

and 

Gj(s) = -

S—SQ susw (60) 

7T J (mp+me) 
2 S — S 

-, y = 2 , 4 , . . - 8 . (61) 

Here Qj(s) = Im.Gj(s+ie)y e —»0+. The physical region 
for the decay of the neutron corresponds to the range 
(mp+me)

2<s<mn
2

y with s taken to approach the real 
axis from above. I t may be noted that, as a consequence 
of the relation (p+e)\= (n—v)\ and the Dirac equations 
for the free neutron and neutrino spinors, the functions 
d , G2 and G7, G8 contribute to the decay of the neutron 
only in the combinations (G1+G7) and (G2+Gs). We, 
nevertheless, consider the functions separately. 

B. Calculation of the Form Factors G3-(s) 

The absorptive parts g;-(s) of the functions Gj(s) are 
given by the usual sums over intermediate states: 

«(#)CSiW(i-75)+S2W(i+7»)> f lW 

= h{2irYY,Hp+e-a)u(p) 
a 

X (e \ MO) I ao«t)(aout I / (0 ) 10), (62) 
and 

* ( £ ) £ Tx'Qj(s)u^e) = i(2^i'L5i(P+e-a)u(p) 

X (e | /p(0) I aout)<aout I / x (0) 10). (63) 

We shall at this point follow the procedure adopted in 
the case of the muon, and retain only the contributions 
of order a to the absorptive parts. However, in contrast 
to that case, such contributions are associated not only 
with the lightest intermediate state, that of an electron 
and a proton, but with all intermediate states obtained 
by adding pions and other strongly interacting particles. 
The lightest such state involves a single pion, and 
consequently contributes to the gy(s) only for 
s>{mp-\-me-\-mv)

2. This range of s is remote from the 
physical region, {mp-\-m^)2<s<mn

2, and an examina­
tion of the dispersion integrals indicates that the pionic 
contributions to the Gj(s) are (at least nominally) of 
order me/fnT relative to the leading terms. We, therefore, 
confine our attention to the single intermediate state 
which consists of a proton plus an electron. The dis­
persion relations for the form factors then become a 
set of coupled integral equations, correct to order a, 
which can be solved by a single iteration. The amplitude 
for e-p scattering which appears in Eqs. (62) and (63) is 
given to the requisite accuracy by the first Born 
approximation, 

u(p)(eI /p(0) I£Vout> -> e2uc(e')ypuc(e) 
Xu(p)ly^Flp((p'-p)2)+(Kp/2mp)F2p((p'-p)2) 

X<r^-p)v-]u(p%(p'-py+\^-\ (64) 



E L E C T R O M A G N E T I C C O R R E C T I O N S T O W E A K I N T E R A C T I O N S 1197 

where Fip and F2p are the usual Dirac and Pauli electro­
magnetic form factors for the proton. The weak vertex 
functions are replaced by their leading terms, 

(p'e™*\J(0) |0> -* G ^ o W t l ^ W A (65) 

< ^ , - t | / x ( 0 ) | 0 ) - ^ ^ 3 ( ^ ( / ) 7 x ( l - T 5 ) ^ / ) . (66) 

The functions Qj(s) are obtained in this approxima­
tion by substituting Eqs. (64)-(66) in Eqs. (62) and 
(63). The results may be reduced to the standard form, 
and the Qj(s) identified, after the indicated spin sum and 
the integration over the azimuthal direction of the rela­
tive momentum in the electron-proton center-of-mass 
system are performed. The final integration over the 
polar direction of the relative momentum can also be 
performed if we introduce the usual integral representa­
tions for the proton form factors,32 

and 

* ip ( f f 2 )= l -

F2P(q*> 

/ ip(*0 

1 /•" 

TT J 4WW2 

(x+q2) 
-dXy 

-dx. 
/ x+q2 

(67) 

(68) 

The resulting expressions are rather complicated. Thus, 
for Qi(s) and $2(s) we obtain 

8 iW=- i^ i (^o) (2^V^)- 1 

X0(s-(mp+me)
2) dq2 

X{l-2(s-M2)(q2+\2)-1+(2p2s)-1(M2s-tn*)l 

XFiP(q2)+2KpF2p(q
2)}) (69) 

and 

g2(s) = -iaG1(so)(2pVsr^P2)~1 

«4p2 

X0(s-(mp+me)
2) dq2 

Jo 
XL4mempFlp(q

2)+4p2Kv(me/mv)F2p(q
2)']) (70) 

where M2=mp
2+me

2, m2—mp
2—me

2, and 

2py/s= t(s-M2)2-4:tnp
2tne

2J'2. (71) 

These functions have several interesting features 
which are characteristic also of the Qj(s) for j—3, • • -8. 
We note first the leading term in gi(s), 

/•4p2 

(s-M2)(2p<s/s)-1 I dq2(q2+\2)~l 

Jo 

XFlp(q
2)- dq2(q2+\2)^Flp(q

2)y * - > « . (72) 

32 The assumption of a subtracted dispersion relation for Fip 
is not necessary, but leads to a convenient separation of structure-
independent and structure-dependent terms. The asymptotic form 
of Ftp for q2 —* °o is not of crucial importance, viz., the remarks in 
connection with Eq. (72). 

A similar term appears in g3(s) [and, in the case of the 
muon, in Q,i(s), but with Fip(q

2) replaced by unityj. 
For s—»oo, this expression approaches the indicated 
limiting value, constant and independent of s if FiP(q2) 
vanishes sufficiently rapidly for q2 —>oo. In particular, 
the result does not vanish for s—>oo? barring a purely 
fortuitous cancellation, and single subtractions are re­
quired in the dispersion relations for G\(s) and Gs(s), 
Eqs. (60). On the other hand, the Pauli form factor 
F2p(q

2) plays an essential role in securing the con­
vergence of the dispersion integrals for the remaining 
functions. This is clearly evident from the second term 
in Eq. (70), 

(2pVs)~ 
ip2 

FtAfW^f - 1 / " Ft,' 
Jo 

(<7W 
(73) 

If F2p(q
2) vanishes sufficiently strongly for q2 —»<*>, 

say as (q2)~a, a>0, the foregoing expression vanishes 
for s —><*>, and no subtractions are necessary in the 
dispersion relation for G2(s), Eq. (61). At present, it is 
known that F2p(q

2) decreases rapidly for small values 
of q2, and is nearly zero for g2~25F~"2.88 We shall assume 
that this rapid convergence toward zero persists for 
larger values of q2, and will use as an approximate form 
for F2p(q

2) the Hofstadter form factor33 

^2p(?2)-[l+(gV/12)]-2 , 0-O.8-I.OF. (74) 

The unsubtracted dispersion integrals for the Gj(s), 
jp^l, 3, are then convergent, and, in fact, converge 
quite strongly. We note finally that the expressions for 
Qi(s) and Q2(s) in Eqs. (69) and (70) involve a number 
of terms which may be omitted, being of order (me/ntp) 
or higher relative to the leading terms. These are easily 
identified by changing from s to the dimensionless 
variable 

t=z —p-e/mpMe— (s—mp
2-"me

2)/(2mpme). (75) 

The integrations in Eqs. (60) and (61) cover the range 
1 < tf < 00. However, the main contributions to the dis­
persion integrals arise from values of t' close to the physi­
cal region, l<t<(mn

2—mp
2)/(2mpme)^2.53. Thus, for 

example, a factor (s—M2) is of order 2mpme while a 
factor 4p2 is of order 4we

2. From this remark, and the 
observation that the most important values of the 
spectral variable x in Eq. (67) are apparently associated 
with the p meson [#=(750 MeV)2] and the co meson 
|>= (785 MeV)2],33'34 it is clear that the functions G3{s) 
are insensitive to the precise behavior of FiP(q2). It is 
consequently a good approximation to replace FiP(q2) 
by its value for q2—0, unity; the resulting simplifications 
in the functions Q3(s) are considerable. It is also possible 

33 F. Bumiller, M. Croissiaux, E. Dally, and R. Hofstadter, 
Phys. Rev. 124, 1623 (1961), and references contained therein. 

34 A. R. Erwin, R. March, W. D. Walker, and E. West, Phys. 
Rev. Letters 6, 628 (1961). B. C. Maglic\ L. W. Alvarez, A. H. 
Rosenfeld, and M. L. Stevenson, ibid. 7, 178 (1961). 
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to replace F2p(q
2) by unity in those expressions which 

yield convergent dispersion integrals in this approxima­
tion. While the full momentum dependence of F2p(q

2) 
must be retained elsewhere to obtain convergent results, 
the resulting contributions to the G3 are for the most 
part negligible. 

On the basis of the foregoing discussion, replacing 
FiP(q2) and F2p(q

2) where possible by unity, and omit­
ting terms of order me/mPy we obtain for the absorptive 
parts of the functions Gy, expressed in terms of the 
variable t, 

Sx(/) -> laG^W- \)-V2d{t-1) 

X { m [ ( 4 m e
2 / A 2 ) ( / 2 - l ) ] - l } , (76) 

Si(0 -> -haG^w- iyv2ea-1), (77) 
ga(0 -> hGz(soW- l)-l'26{t-1) 

X { l n [ ( W e
2 A 2 ) ( / 2 - l ) ] - f + i ^ } , (78) 

g4(0 -> \aGz{s,){\+^v){t2- \)-l"0{t-1), (79) 

g 5 « -> iaG,(s,){t2-1)"1/2^/-1) 

X I (l-iKp)tll+(2me/mp)Q~1 

-Kp(2p2)-if (q2-4p2)F2p(q
2)dq2^, (80) 

SeW -> i ^ 3 U ) ( l - W ( ^ 2 - l ) - 1 / 2 ^ - l ) , (81) 

ST(0 -> - | a G 3 ( ^ o ) ( l - i ^ ) / ( / 2 - 1 ) ~ 1 / 2 

X[l+(2we/mp)/]-1(9(/-l), (82) 

g8(0-->i^3^o)(3+^2,)(^-l)-1/^a-i). (83) 

The neutron decay rate and the electron spectrum in 
the decay depend to order a only on the real parts of 
the functions Gj(t). Using the dispersion relations in 
Eqs. (60) and (61), these are found to be 

ReG1(t) = G1(so){l+D(t,\2)+(a/2T)ttR(t)-l-]}, (84) 

ReG2(0 = (a/2ir)Gi(*o)*(0, (85) 

ReGz(t) = Gz(s0){l+D(t,\2) 

+ (a/toc)(6-Kp)[tR(t)-l]}, (86) 

ReG*(t) = -(a/87r)Gz(sQ)(2+Kp)R(t), (87) 

ReGB(0 = (a/8ir)Gz(s0) {(2 - Kp) [ln(mp/me) - tR(t)~] 

XZl+(2me/mp)tJ-1+L36Kp}, (88) 

ReG«(0= -(a/Sir)Gs(so)(2-Kp)R(t), (89) 

ReG7(0 = - (a/&r)G8(*>)(2--Kp) 
X [ln(mp/me) - tR(t)~Jl+(fne/mp)f]-\ (90) 

ReG8(0 = - (a/&r)G8(jo)(6+Kp)-R(0, (91) 

where R(t) is the function defined in Eq. (27). The con­
stant term 1 .36XK P in G&(t) arises from the form-factor-

dependent term in 8B(0> the numerical factor corre­
sponding to the use of the Hofstadter form, Eq. (74), 
for F2p(q

2), choosing a=0 .8F . The result is valid only 
for small values of t, t<Kmp/mey and does not have the 
proper limiting behavior for t—»oo. The function 
D(ty\

2) is given by 

D(t,\2) = (7ra/2)/(/2- 1)-U*+D'(t,\2), 
= (ja/2)t(t2-l)-ll2 

+ ( a / 2 i r ) [ 2 + ( l - « ( 0 ) ln(me
2/X2)] 

+ (a/2ir)t(t2-1)-1^ l n % - 2 ln« l n ( ^ 2 - 1 ) 
+ ^ - 2 ) - ( 7 r 2 / 6 ) ] . (92) 

Here L(z) is again the Spence function,24 defined in 
Eq. (29), and u=t-\-(t2—1)1/2. The subtraction point in 
the dispersion relations for Gi and G% has been chosen 
as to— — 1, s0= (fnp—me)

2
y to insure the explicit cancella­

tion of the X-dependent terms in the electron spectrum 
when inner bremsstrahlung processes are included. The 
arguments are essentially the same as were given in the 
case of the muon. The first term in D(t,\2) diverges for 
t—>l. Since t=eo/me in the proton rest system, this 
term is of the form (ira/2ve), where ve is the electron 
velocity. I t may consequently be identified with the 
term of order a in an expansion of the usual Fermi factor 
F~(Z,t) in the beta-decay matrix element, and will 
henceforth be omitted from the "radiative" corrections. 

C. Contributions of the Electron-Neutron 
Interaction 

As noted previously, the electromagnetic interactions 
between the electron and the neutron also lead to modifi­
cations of the beta decay matrix element, which, ignor­
ing the electron-proton interaction, may be written in 
the form 

(pep\S\n) = i(2TydA(p+e+v-n)(16eohpon0)-
1}2 

X[u(p)(l+yM^Gf(eyn) 
+iu(p)yi(l+yM})Gx'(e,n)^ (93) 

where 

G'(e,n) = (e\ (G , /V2)( l+p / )^ . (0)( l -75¥»(0) \n) 

= ^ W [ G 1
/ ( s ) ( l - 7 5 ) + G 2

, ( s ) ( l + T 5 ) > W , (94) 
and 

G\'(e,n) 

= (e\ii(G7^2)(l-p')U0)a-7s)yxM0)\n) 

-m(e){ 7 x[G 3
/ (s ) ( l+75)+G4 , (s ) ( l -75)] 

+mn~
1aUe-n)lG,/(s)(l--yb)+G,/mi+y^ 

+imn~
1(e—n)\[G7,(s)(l—yb) 

+Gs'(m+ys)lMn). (95) 

The form factors G/ are functions of the variable 

s=-(n-e)2 (96) 

analytic in the complex s-plane cut from s = ( r a n + w e ) 2 

to s— oo ? and are assumed to obey dispersion relations of 
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the same type as the functions Gj(s), Eqs. (60) and (61). 
As was remarked earlier, the functions Gj(s) and G/(s) 
for jy^l, 3 are independent. On the other hand, the 
functions with j=l or 3 multiply the same covariant 
in the transition amplitude, and involve as a common 
term the renormalized Born approximation. We will, 
therefore, replace the functions Gx,z(s) and Gi,z(s) by 
functions of two variables, Gifz(s,s) which are of the 
form 

Gli8(j,5) = Gi(3(j0So)+(?i,8W+(?i.8,(S). (97) 
The common subtraction constants Gitz=Gitz(so,§o) play 
the role of renormalized coupling constants in the 
present theory. With this convention, Gi(s0) and Gz(so) 
are to be replaced in Eqs. (76)—(91) by Gi and Gz\ the 
functions Re(?i(.?) and ReG%(s) are then given by 
[ReGi(3(s)-Gi;3]. 

The calculation of the functions G/(s) differs only in 
minor details from that outlined above for the G3-(s). In 
particular, it is necessary to introduce the aforemen­
tioned subtractions in s in the dispersion relations for 
Gi(s,s) and Gz(s,s) for precisely the same reasons as 
were mentioned following Eq. (72) in the case of the 
proton. However, because of the vanishing of the neu­
tron charge, the Dirac form factor Fin(q

2) satisfies a 
dispersion relation of the form 

q2 r fm(x) 
Fln(q

2) = / -dx, (98) 
7T J Amv

20C(x+q2) 

and vanishes linearly with q2 for #2—>0. Fin(q
2) is in 

fact observed experimentally to be much less than unity 
for values of q2 less than about 20 F~2.35 The extra 
factor of q2 in Eq. (98) has two significant effects. First, 
it eliminates from the s-dependent terms in Gi and G% 
the infrared divergence characteristic of the s-dependent 
terms, Eqs. (84) and (86). Correspondingly, the neutron 
does not contribute to the inner bremsstrahlung proc­
esses during the decay \jf~0], and the choice of the 
subtraction point s0 is not determined by the infrared 
divergence problem. Secondly, the integrals involving 
Fin(q2) vanish at least as rapidly as p2 for p2 —» 0 in all 
of the 8/(s) [cf. Eq. (69)], and consequently lead to 
negligible contributions to the G/(s). The only signifi­
cant effects of the electron-neutron interaction are 
therefore associated with the anomalous magnetic mo­
ment Kn of the neutron. A straightforward calculation 
leads to results for the g/(s) which differ from the 
corresponding /cp-dependent parts of the gy(s) only in 
the over-all signs for j=S, 4, 5, and 6, and in the re­
placement of the proton mass and anomalous magnetic 
moment by the same quantities for the neutron. Using 
the dispersion relations of Eqs. (60) and (61), one then 
obtains for the (real) functions G/, expressed as func­
tions of the variable 

i=~n'e/mn/fne=(Mn2+Me2—s)/(2mnme), 
&i'$)~Gt'®~0(mJmn), (99) 

35 C. DeVries, R. Hofstadter, and R. Herman, Phys. Rev. Letters 
8, 381 (1962). 

Gz'(i) = (a/&r)G8JC»[te® - 1 ] , (100) 

G / © = -Gt'Q) = -G8'(i) = -(a/Sw)GzKnR(i), (101) 

G6'(t) = (a/S7r)GZKn{[\n(mn/me) - iR(t)~] 
X[l-(2me/mw)Q-1+1.36}, (102) 

G7'(i) = (a/Sw)GZKnl\n(mn/me) - iR(t)2 
X[\-{2me/mn)r\-\ (103) 

where R(t) is defined in Eq. (27), and we have used the 
Hofstadter form factor in Eq. (74) to evaluate the form-
factor-dependent term in G&(i). The subtraction point 
in the dispersion relation for Gi and Gz has been chosen 
as i0= 1, So = (mn—fne)

2. This choice, although not neces­
sary, is suggested by the similar choices s0= (mp—me)

2 

and so= (m^—me)
2 which were necessary for the proton 

terms and in the case of the muon.86 

D. The Electron Spectrum in the 
Decay of the Neutron 

The transition amplitude for the decay of the neutron 
may be reduced in the static limit for the nucleons to 
the form 

(pev \S\n) 
= i(27r)454(^+^+v-^)(16^o^o^o)~1/2 

X{vc(v)(l+yMn)u(p) 

X [ F 1 ( 1 - 7 B ) + F 2 ( 1 + 7 B ) M « ) 

—vc(v) (1+y$)y\u (n)u(p) 
X[F3Tx(l-75)+^47x(l+T5)>cW}, (104) 

where the F's are linear combinations of the G's. A 
number of the G's in fact cancel out in the sums, and 
one obtains for (we/wp)/<<Cl 

Fx= (Gv/^)(l+p){l+D'(t,\2) 
+ (a/2fl-)[«(0-l]}+tSi(0 (105) 

F^(aM(Gv/^)pR(t)+ilQ2(t) + ^(t)+g8(tn (106) 

F 3 = K ^ / v 5 ) ( l - p ) { l + ^ ( a 2 ) + ( « / 2 7 r ) C ^ ( 0 - l ] 
— (a/87r)(Kp—Kn—2)\}n(mp/me) — 1]} 

+ C S 3 « + S 3 / ® + 8 5 « + S / ® l (107) 

F4=-(a/4 ar)(GF /^( l -p)2?(0+C84(0+96(0] .(108) 

36 The ambiguity in the subtraction point affects only S3(£) 
ZGi(t)^0(me/inn)l> and leads to the replacement of the factor 
[iR(i) — 1] by \JR(i)—ioR{to)2- The change is not large unless the 
subtraction point is chosen near the inverse square root-type 
singularity of the second term at io= — 1. An alternative choice 
of subtraction point corresponding to the value (mn—mp)

2 for 
the momentum transfer variable— (n~p)2 would also be attrac­
tive did it not lead to a value of to near this singularity. It is pos­
sible that the ambiguity would be resolved by the consideration of 
those higher order terms in the decay amplitude which are infrared 
divergent and depend on both s and s. We have not attempted to 
carry out such an investigation. The analytic properties of the 
higher order functions are essentially unknown, but it is likely 
that these functions have complex singularities, hence, do not 
satisfy double-dispersion relations of any simple kind. 

file:///jf~0
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I t is interesting to note that those magnetic moment 
terms which were essentially independent of the be­
havior of the form factors F2p and F2n for large q2 

appear only in Fz and then in the isotopic vector com­
bination (KP—Kn). The form-factor-dependent terms 
appear in the F's only in the isotopic scalar combination 
(KpF2P+KnF2n) which contributes negligibly to the re­
sults, and have consequently been omitted. The transi­
tion amplitude in Eq. (104) is, therefore, essentially inde­
pendent of the details of the charge and magnetic 
moment distributions of the nucleons. 

The subtraction constants GI(SQ,S0) and GZ(SQ,S0), 

which play the role of renormalized coupling constants 
in the present theory, have been written in Eqs. (105)-
(108), according to the usual conventions, as 

Gi(s0,So) = (Gv/>E)(l+p), (109) 

G«(Mo) = i ( G y / ^ ) ( l - p ) , (HO) 

so=(mp~-me)
2, s 0 = ( w n - w e ) 2 . ( I l l ) 

Here Gv is the vector coupling constant, renormalized 
with respect both to strong and electromagnetic inter­
actions, while p = —GA/GV gives the relative renormali-
zation of the axial vector and vector couplings. 

A brief calculation yields for the electron spectrum in 
the decay of the neutron, corrected to order a for the 
exchange of virtual photons, the result 

^ r ( / ) = i m e
5 7 r - 3 G F

2 ( / m - 0 2 ( ^ 2 - l ) 1 / 2 ^ - ( l , 0 ^ 
X{( l+3p 2 ) [ l+2Z/ ( ; , \ 2 ) 

+ ( « / * ) [ ( * » - l ) r * 1 2 ( 0 - l ] ] 
- ( a /&r ) (p - l ) (3p - l ) ( iCp- iCn-2 ) 

X [ l n ( m p / m e ) - l ] } . (112) 

Here F~(Z,t) is the usual Fermi factor which corrects 
for the presence of the attractive Coulomb interaction 
between the electron and proton. The remaining terms 
of order a represent the "radiative" corrections. To 
dNr(t) must be added the spectrum for the decay 
accompanied by the emission of photons, 

JAr7(/) = ( a / 2 7 r ) m 6 V - 3 G F
2 ( / m - 0 2 ( / 2 - l ) 1 / 2 ^ - ( l , 0 ^ 

X {ltR(f) - l][ ln(m e
2 /X2)+2 ln2(*w-1) 

+Utrn-t)t~1-2l+2+(l/12)(tm-t)H-1R(t) 
+t(t2-1)-1'2!^ l n 2 ^ - 2 ln« l n (^ 2 -1 ) 

+ ^ - 2 ) - ( 7 r 2 / 6 ) ] } , (113) 

where, as usual t^eo/nte, tm=(mn~-mp)/me, and 
u=*[t+(t2—l)1I2r]- Because of our choice of the sub­
traction point so, the complete spectrum is independent 
of the photon mass X, 

dN(t)^ime
57r-"GvKtm-t)Kt2-iym-(l,t)dt 

X { ( l + 3 p 2 ) [ l + ( a A ) w ( 0 ] 
- ( a / & r ) ( p - l ) ( 3 p - l ) n ( 0 } , (114) 

where to order me/mP} 

«(0 = 4+r^(0C(i/i2)(/w-02-i] 
+ [ « ( * ) - 1 ] [ 2 l n 2 ( * w - 0 + * { t m - t ) r ' - \ - ] 
+2t(t2~ l)~1/2[3 ln2u- 2 Inu \n(u2-1) 

+L(u-2)-(T2/6n (H5) 

and 
n(i) = (Kp— Kn~2)[\n(mp/me) — 1]. (116) 

I t is useful to note that the variable u is related to the 
electron velocity v by 

« 2 = ( l + t > ) / ( l - i 0 . (H7) 

E. Comparison with Per turbat ion Theory 

The electron-proton vertex functions Gj(s) have been 
calculated in perturbation theory, neglecting the con­
tributions of the anomalous magnetic moment of the 
proton, by Behrends, Finkelstein, and Sirlin.6 Compari­
son with our results [Eqs. (84)-(91), with K P = 0 ] indi­
cates that the two methods are equivalent for the Gj 
with JT^I, 3. On the other hand, the vertex functions 
Gi and Gz differ by constant terms which may be 
ascribed to renormalization effects. If it is required that 
the dispersion and the perturbation-theoretic results be 
equivalent, one obtains the relations 

Gv(l+p) = G/(l+pf){l+(a/2T)[iHmp/me) 

- (5 /4 )+31n(A/wp) ]} , (118) 

and 

G F ( l - p ) = G / ( l - p , ) { l + ( a / 2 i r ) D n ( w p M ) - f ] } . (H9) 

Here Gv and pGy are the completely renormalized 
coupling constants defined in Eqs. (109) and (110), 
while Gr and prG' are the coupling constants which 
appear in the effective Lagrangian in Eq. (49). (It 
should be recalled that G' is not equal to the bare 
coupling constant G which enters the universal Fermi 
interaction, but differs from that constant by a re-
normalization arising from the combination of electro­
magnetic and strong interactions between the neutron 
and proton.) The renormalization factor for Gz, Eq. 
(119), is finite and differs as expected from that en­
countered in the case of the muon only by the replace­
ment of nin by mp. The situation with respect to Gi is 
quite different. This vertex function, when calculated in 
perturbation theory for a point proton, is ultraviolet 
divergent. Finite results have been secured only through 
the introduction of an ultraviolet cutoff A in the mo­
mentum integration. The significance of the perturba­
tion theoretic results for Gh and of the A-dependent 
renormalization factor in Eq. (118), is consequently not 
clear. I t has been customary to choose A equal to the 
mass of the proton in the expectation that a proper in­
clusion of the electromagnetic structure of that particle 
would provide a natural cutoff at momenta in that 
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region.37 This point has been examined in detail by 
Berman and Sirlin,9 who conclude that such a cutoff 
will in fact be present if the four electromagnetic form 
factors for a proton off the mass shell vanish for infinite 
momentum transfers and infinite effective masses. Un­
fortunately, nothing is as yet known about the off mass 
shell behavior of the form factors, and the perturbation 
theoretic results for G\ remain ambiguous. The authors 
therefore prefer the results obtained using the dispersion 
theory approach, which involve no ad hoc assumptions 
about the behavior of the proton form factors off the 
mass shell, and are expressed in terms of completely 
renormalized quantities defined by the values of the 
decay amplitudes at specific (unphysical) points. This 
approach unfortunately precludes a direct test of the 
universal Fermi interaction through a comparison of the 
bare coupling constants in the decays of the neutron and 
the muon (nor is such a test possible in perturbation 
theory without a specific assumption about A, and a 
calculation of Gf/G and pr/p)> but yields, on the other 
hand, relatively unambiguous results for the electron 
spectrum, spin correlation parameters, and the neutron 
decay rate.36 

I t is clear from the foregoing that the functions m(t) 
and n(t) which appear in our result for the electron 
spectrum in the decay of the neutron, Eq. (114), differ 
from the perturbation theoretic results of Kinoshita and 
Sirlin8 (p= 1) and the more recent results of Berman and 
Sirlin9 ( p ^ l ) only by the presence of the anomalous 
magnetic moment terms and the formally infinite re-
normalization effects. However, the resulting expres­
sions for the neutron decay rate are quite different. An 
analytic calculation by Kinoshita and Sirlin (KS), using 

37 It could perhaps be argued that an equally plausible choice 
for A is the "natural cutoff" of 100-300 GeV for the weak interac­
tions determined, for example, from the requirement that the 
cross section for the scattering process v-\-v —> /x-j-e not exceed 
the limit imposed by unitarity. The results would be quite dif­
ferent. Another possibility is to ascribe the cutoff to the pionic 
structure of the weak vertex. If the vector weak interaction cur­
rent is assumed to be proportional to the db components of the 
conserved vector isotropic spin current,1 the pionic structure of the 
weak vertex must in fact be identical to the structure of the iso-
vector electromagnetic vertex for the nucleon. That is, the weak 
vertex appears with a form factor Fiv((p—n)2), where Fiv is 
expressed in terms of the electromagnetic form factors for the 
nucleons by Fiv = i(Flp—Fln)^FiP. The proton form factor 
[or more precisely, the form factors for a proton off the mass 
shell (reference 7) J, therefore, appears twice in the electromagnetic 
corrections to the weak vertex function. Although a cutoff in the 
perturbation integral based on the structure of the nucleon is ap­
pealing, the requisite experimental information is not at hand, and 
the question as to whether the form factors have the required 
properties must be considered as open. The behavior of the form 
factors on the mass shell suggests that a cutoff at about the mass of 
the p meson may be reasonable (references 33, 34, and 35). How­
ever, Flp decreases only slowly for large q2, and there has been 
some speculation that it might approach a constant value for 
g2_>oo [See, for example, R. G. Sachs, Phys. Rev. 126, 2256 
(1962)]. The authors are unable to shed any light on this problem. 
We note only that the use of a cutoff A = mp corresponding to a 
proton form factor Fip(q

2) =mp
2(mp

2-\-q2)~1 leads in perturbation 
theory to an electromagnetic correction to Tn of -f-1.2% rather 
than the 1.8% quoted above. A detailed study of the dependence 
of the correction on the form and magnitude of the cutoff is given 
in reference 9. 

the approximations /m^>l, p = l , and A==mPy gave the 
result8 

Tn(KS)= ro '{l+(a/27r)[3 ln(m„/2£ w ) -2 .85]} 

= r y [ i + o . o i 7 ] . (120) 

Here Em=mn~mp= 1.293 MeV, and TQ
/ is the uncor­

rected decay rate expressed in terms of Gr and p', 

r o , =im e V- 3 G , 2 ( l+3p / 2 ) / , / = 1.688. (121) 

In the same approximation, the dispersion relation 
treatment of the neutron decay yields a decay rate 

Tn=T0{l-(a/2T)[_3ln(2Em/me)+0.35']} 

= r 0 ( l~0.0060) , (122) 

where To is given by Eq. (121) with G' and p' replaced 
by Gv and p. More precise numerical calculations by 
Berman and Sirlin including terms of order mp/A 
omitted in Eq. (120) yielded for the result of perturba­
tion theory rw(KS) = r 0

/ ( l+0.018±0.005) for l.Smp 

>A>0.3mp and p=1.2. On the other hand, numerical 
calculations based on Eqs. (114)—(116) show that the 
correction arising from m(t) decreases Tn by 0.546%, 
while that arising from n(t) decreases Tn by 0.043% for 
p=1.2, and by 0.053% for p=1.25.3 0 Adopting the 
latter value of p, we obtain for the result of dispersion 
theory Tn— r0(l-0.0060). The radiative corrections thus 
increase the decay rate expressed in terms of the partially 
renormalized quantities G! and p' but decrease the rate 
expressed in terms of the completely renormalized 
quantities Gv and p. I t is amusing to note that the 
radiative corrections to the muon and neutron decay 
rates differ by only 0.47% when these quantities are 
expressed in terms of the physically significant re­
normalized coupling constants. 

We remark finally on the different manner in which 
the anomalous magnetic moments of the nucleons affect 
the radiative corrections in the dispersion- and perturba­
tion-theoretic calculations. In the latter, these introduce 
additional logarithmic divergences in the electron-
proton and electron-neutron vertex functions,7 and 
presumably finite terms as well. These contributions to 
the vertex functions have not been calculated in detail. 
On the other hand, the magnetic moment contributions 
to the vertex functions as calculated in dispersion theory 
are finite, and the dispersion relations for the Gj require 
no subtractions because of these terms, provided the 
form factors F2p(q

2) and F2n(q
2) vanish sufficiently 

strongly for q2—*co. This strongly suggests that a 
proper inclusion of the magnetic structure of the 
nucleons would eliminate the divergences encountered 
in perturbation theory, and lead to anomalous magnetic 
moment contributions to the vertex functions which 
vanish for s, s—»oo. I t would be of interest to investi­
gate this point in more detail. The over-all effect of the 
anomalous magnetic moment terms is rather small in 
the present treatment of the decay. The moments appear 
in the spectrum in the large isotopic vector combina-
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tion only in the function n(t), Eq. (116), and lead when 
considered alone to a 0.115% decrease in r n . 

IV. THE BETA DECAY OF O14 

A. Single Particle Model of the Decay of O14 

The very accurate data3 obtained in recent years on 
pure Fermi transition 014(/3+)N14* ( 0 + - > 0 + ) have 
been used to determine the value of the vector coupling 
constant in the V-A theory of nuclear beta decay. The 
nuclear matrix element is thought to differ from the 
value V2 characteristic of a transition between adjacent 
members of an isotopic triplet only because of effects 
associated with the nuclear Coulomb fields; these have 
been estimated by several authors,11-14 and are probably 
small. However, one may expect additional radiative 
corrections of the type which we have considered to be 
present. These involve the interaction of the positron 
with the decaying nucleon, and the emission of inner 
bremsstrahlung during the decay. I t is of interest in this 
connection to consider a model in which the decay is 
treated as that of a free nucleon insofar as the calcula­
tion of these radiative corrections is concerned, the 
remainder of the nucleus simply providing the proper 
selectrion rules and decay energy, and the Coulomb field 
in which the decay positron moves.38 The positron spec­
trum is easily calculated in this model using our previous 
results. The appropriate vertex functions are obtained 
from those for the neutron decay by an analytic con­
tinuation in the variable s to the physical region for the 
proton decay, s= — (p—e)2. Inspection of the dispersion 
integrals shows that the vertex functions G3- are real in 
this region, and are obtainable from the real parts of the 
functions Gj for the neutron decay, Eqs. (84)-(91), by 
the replacement of thy —t, R(t) by —R(t)} and D(t,\2) 
by D (t,\2), with t=—p'e/mpme. Similar replacements 
are necessary in the functions G/, Eqs. (99)-(103), and 
these are now complex. Upon making these changes and 
retaining only the Fermi component of the resulting 
transition matrix element, the positron spectrum, in­
cluding the effects of inner bremsstrahlung, is found to be 

dN(t) = \mH~zGv21M12(tm- t)2(t2- iyiHF*-(z,t)dt 

X [ l + ( a A ) » ( 0 + (a /&r) (p- l )» (01 (123) 

where M is the nuclear matrix element, M~V2, and m(t) 
and n{i) are the functions defined in Eqs. (115) and 
(116). The decay rate of O14 in this model is given by 

r (0 1 4 ) = §m,57r-3GF
21 M | 2 / [ l - 0.0079], (124) 

where / , calculated without radiative corrections using 
the positron end-point energy £0=2.3236±0.0014 MeV 
of Bardin et a/.,3*4 is equal to 42.97db0.13. The factor in 
square brackets represents the effect of the radiative 
corrections, and was calculated by numerical integration. 

38 This model has been used in references 7, 8, and 9 to estimate 
the radiative corrections to the beta decay of O14. The justification 
for such a model is discussed in detail in reference 10. 

(a) (b) 

N* 

FIG. 3. Feynman 
diagrams for the rad­
iative corrections to 
the beta decay of 
O14 in the "element­
ary particle" model 
of Sec. IVB. 

(c) (d) 

B. Beta Decay of Structureless Nuclei 

I t is interesting to compare the foregoing result with 
that previously reported by the authors,18 in which the 
radiative corrections were calculated treating the O14 

and N14* nuclei as elementary particles. The transition 
matrix element in this case is of the form 

{evp<i\S\pi) 

= i(2wyd^e+v+p2-pi)(16e0vopiop2o)-ll2u(^nav(e) 

XlA(8,s)(pi+Pi)a+B(s,3)(pi-p*)a], (125) 

where pi and pi denote the 4-momenta of the initial and 
final nuclei, s— — (p2+e)2, and s= — (pi~e)2. The finite 
extension of the nucleus leads to an explicit dependence 
of the functions A and B on the momentum transfer 
variable Q2, 

Q2= — (pi—p2)2:=Mi2+m22+me2—s—s. 

However, this dependence may be adequately accounted 
for by the usual multipole expansion of the nuclear 
matrix element, and will be neglected. In the absence of 
electromagnetic corrections, B = 0 and A = constant X M , 
where M is the nuclear matrix element for the allowed 
Fermi transition. 

The calculation of the functions A and B follows 
closely that described previously for the muon and the 
neutron. The contributions which are included in the 
iterative procedure to order a correspond to the dia­
grams of Figs. 3(b) and (c). The vertex function A is 

then given by 

Ra4(j,S) = 4(s0,so)- P ~ 
7T J(m1+me)

i(sf 

ImA^ds' 

s—so r00 IxaA2(s')ds' 
+ P , (126) 

TT J (m2+me)
 2 (s' — S0) (s' — s) 

where 

ImA i,2<» = ^iZlj2aA CMo)(2^\A)_ 1 

X(s—mlt2
2~me2)6(s— (wi ) 2+w e)2) 

X dq2l(q2+\2)^-(4p2)-^Flt2(q2)} (127) 
Jo 

and we have dropped some terms of relative order 
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nie/mi^. The functions Fif2(q
2) are the charge form 

factors of the initial and final nuclei, which, to an 
adequate degree of approximation, may be taken as 
equal. The function B(s,s) does not contribute signifi­
cantly to the decay, and will be ignored. We remark only 
that Fit2(q2) must vanish for q2 —>oo if the dispersion 
integrals for B(s,s) are to converge without a subtraction. 

In the evaluation of Irm4i,2(.s), we have included only 
the contributions of those electron-nucleon intermediate 
states in which the nucleus is not excited. The validity 
of this approximation depends on the rapidity of con­
vergence of the dispersion integrals for sr^>s, sf^>s, and 
on the remoteness from the physical region of the singu­
larities associated with those excited states of the nuclei 
which can contribute to the absorptive parts. We will 
consider in detail the possibility that low-lying excited 
states of N1 4 could contribute significantly to IIXL42(S) 
through diagrams such as that of Fig. 3(d). The only 
transitions from the 0 + , T= 1 state of O14 to the levels 
of N1 4 which can have large (allowed) matrix elements 
are the vector transitions to the 0 + , T=l levels, and 
the axial vector transitions to the 1 + , T=l levels. 
Other transitions involve either forbidden matrix ele­
ments, or a violation of the isotopic spin selection rules, 
and are strongly inhibited. Furthermore, were it not for 
the change in the Coulomb field of the nucleus between 
the initial and final states, the matrix element for an 
allowed transition to a possible high 0 + , T= 1 level of 
N1 4 (the first such level is at 8.62 MeV39) would involve 
the overlap between wave functions for different energy 
levels of the same system, and consequently would 
vanish identically. Because of the smallness of the 
Coulomb interaction for Z = 7 , the matrix element is 
probably of neglibible size in any case. The first possi­
bility other than the desired transition to the 2.311-MeV 
level of N1 4 is an allowed axial vector transition to a 
possible 1 + level at 8.99 MeV,39 provided the isotopic 
spin of this level is T=l. However, the subsequent 
interaction of the nucleus with the positron, with the 
concomitant de-excitation to the 0 + level, proceeds via 
an Ml transition, with the consequence that the electro­
magnetic matrix element will be small relative to the 
£ 0 matrix element ZeF2(#2) which enters Eq. (127). The 
conservation of isotopic spin and the selection rules for 
the weak and electromagnetic transitions, therefore, pre­
clude the existence of significant contributions to Im^4 2, 
or, by similar arguments, to IHL4I , associated with low-
lying excited states of N14 or O14. The arguments are less 
certain for large excitations, but the effects on Re^l of 
small changes in I r n ^ i ^ for large s\ s' are in any case 
small because of the rapid decrease in the factors 
(s/—s)~1, (§'—s) -1 in the dispersion integrals. Thus, a 
100% change in Iim42 at an excitation energy corre­
sponding to one oscillator spacing (~25 MeV) results in 
only a 5% change in Re^4. This suppression of the effects 
of highly excited states is a direct consequence of the 

39 F. Ajzenberg-Selove and T. Lauritsen, Nucl. Phys. 11, 1 
(1959). 

low energy of the decay, and the resultant long wave­
lengths of the positron.40 

I t will be convenient to evaluate the dispersion inte­
grals in Eq. (126) first in the approximations Fi=F2= 1. 
The calculations may be simplified further by the 
introduction of the usual dimensionless variables 
t=—e'p2/mem2 and i=—e'pi/mem1. The physical 
regions for t and i are identical if we neglect the recoil of 
the nucleus. Then t=i=eo/tne, l<t, i<tm. For the decay 
of O14, / m =(wi—w 2 ) /w e ~4.53 . With the introduction 
of appropriate integration variables 

tf= ( / -w 2
2 -«e 2 ) / (2m 2 We) , 

i'= (s'—nti2—me
2)/(2wiw2), 

the ranges of integration can be converted into the 
interval l<t\ if< °o. The integrals are easily performed, 
and we obtain for Re^4 the result 

ReA(t,i) 

= A OVo) {1 ~ \Za*t(i2- l)-u*+iZato(l ~ k2)~1/2 

Xln[ (4m e
2 /X 2 ) ( l - ^o 2 ) ] -Z[ J D / ( a 2 ) -^ / f e ,X 2 ) ] 

-{Za/2ir)[tR{t)~hR{k)'] 
+ (Z+l)tD'(i,\*)-D'(io7\^ 

+ {Z+l){a/2ir)[tR{t)-kR{k)~]}y (128) 

where R(t) and D'(t,\2) are defined in Eqs. (27) and (92) 
and Z is the charge of the final nucleus. We have 
assumed that |/0 | < 1 , and will, as usual, neglect terms 
in the functions D which are negligible in the physical 
region. The subtraction points to and i0 are to be deter­
mined by the condition that the positron spectrum and 
decay rate for O14, as calculated including the effects of 
inner bremsstrahlung, be independent of X. This condi­
tion leads to the transcendental equation 

1 = Z/ 0( l - /o)- 1 / 2[(7r /2)+sin-%] 

+ (Z+1)4(1 - io2)~1/2br/2 - s in -%] . (129) 

We will choose a subtraction point which corresponds to 
the value (mi—m2)

2 for the momentum transfer variable 
Q2; A(t0,io) will then involve the usual nuclear matrix 

40 I t is interesting to compare this result with that obtained in 
perturbation theory by Chern, reference 10, following a procedure 
applied to the mass 12 system by M. Gell-Mann and S. M. Berman 
[Phys. Rev. Letters 3, 99 (1959)]. The perturbation expansion for 
the electromagnetic corrections to nuclear beta decay involves a 
sum over excited nuclear states with energy denominators which 
depend on the energy of those states and the energy of the inter­
mediate electron. If it is assumed that the main contributions to 
the sum are associated with large electron energies, the nuclear 
energies may be neglected, and the sum evaluated using closure. 
(This approximation leads directly to the single particle model 
for the decay which was discussed in Sec. IVA.) Consequently, if 
the region of large electron energies yields the dominant contribu­
tions to the logarithmically divergent integrals encountered in 
perturbation theory, many excited states of the nuclei contribute 
to the electromagnetic renormalization of the weak vertex. On 
the other hand, it is clear from our results that the momentum-
dependent corrections to the renormalized decay amplitudes are 
associated almost entirely with energies comparable to the physical 
energy of the decay positron. The selection rules for the weak and 
electromagnetic interactions then restrict the sum over intermedi­
ate states to essentially only one significant term. 
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FIG. 4. The radiative correction to the positron spectrum in the 
decay of O14 as calculated from Eq. (133). The radiative contribu­
tion to the spectrum is (dN/dx)xad=(a/ir)s(z)(dN/dx)ot where 
(dN/dx)o is the statistical spectrum not including the Fermi 
factor, and x is the variable # = eoAo,max. 

element If as a factor. For this choice, 4 ^ o , and one 
obtains as an approximate solution for Eq. (128), 

W O - ^ / T O ^ Z + I ) - 1 

X[l+(4A 2 ) (2Z+l ) - 2 +- • ] ~ 0 . (130) 

Recalling that i and t are equal in the physical region 
to within terms of order Em/m\& we obtain for ReA(t,i) 
the result 

Re4(M) -> (<Vv2)Jf{l- iZair t^- iyw+D'&X 2) 
+ (a/2ir)[«(0-l]+(a/2ir)[2 ln2-2]}, (131) 

with 
(Gfi/tf)M=A(to,io), (132) 

and M the usual nuclear matrix element evaluated for 
Q2=(mi-m2)% M={1)~VZ. The Z-dependent term in 
this expression arises from the expansion of the Fermi 
function F+(Z,t). As emphasized by Berman,7 the re­
maining terms, which represent the radiative correc­
tions, are of order a rather than Za. 

The positron spectrum corresponding to the above 
form for A(i,t) is given by 

dN{t) = imfyrHJ^ \ M | \tm- /)2(/2- iy'HF+(Z,t)dt 
X[l+(a/7r)m(/)+(a/7r)(21n2-2)]. (133) 

The factor in square brackets is shown in Fig. 4 for the 
decay of O14. The foregoing result for the spectrum 
differs from that obtained by treating the nucleus as a 
collection of free particles [Eq. (123)3 in the small final 
terms in the square brackets, and in the appearance of 
G/3, the renormalized coupling constant for the nuclear 
beta decay, rather than Gv in the leading factor. One 
can, in principle, attempt to relate the two coupling con­
stants by choosing the decay of the neutron as funda­
mental, and calculating the nuclear beta decay including 
such diagrams as those in Figs. 5(b) and 5(c).41 The 
normal decay is in this case described by diagrams 
similar to that of Fig. 5(a). The transition to the struc-

41 Such a calculation would represent a relativistic generalization 
of the work of Chern, reference 10. 

tureless nucleus considered above converts the diagram 
of Fig. 5(b) into that of Fig. 3(c), and that of Fig. 5(c) 
into that of Fig. 5(d). The contribution of the last 
diagram to the transition amplitude is independent of t 
and i, but leads to a change in the value of the effective 
coupling constant, as yet unknown. The results of a 
detailed calculation of this type would be of considerable 
interest. 

The radiative correction factor for the O14 decay rate 
calculated from Eq. (133) differs by 0.24% from the 
rate calculated from Eq. (123), 

T(014) = \mS~zG^ | M12/[l - 0.0103]. (134) 

This difference represents at least in part a difference 
between Gv and Gp, but, pending a complete calculation 
of the nuclear decay rate in terms of Gv, we have no 
means of making a detailed comparison. 

C. Corrections for Finite Nuclear Size 

We have thus far restricted our discussion to a theory 
in which the initial and final nuclei in a decay have no 
nuclear structure in the sense that the nuclear matrix 
element M(Q2) was assumed to be independent of the 
momentum transfer variable Q2— — (pi—p2)2* The elec­
tromagnetic structure of the nuclei was also ignored when 
the form factors Flt2(q

2) were set equal to unity in 
Eq. (127). However, the structure effects are not 
negligible even for the 014(/3+)N14* transition, and must 
be considered. 

The changes in the radiative corrections associated 
with the nuclear electromagnetic form factors are easily 
determined. We will assume that the form factors satisfy 
spectral representations with anomalous thresholds,22'42 

•dx, (135) 

For simplicity, we also assume that cri^a*] the error 

FIG. 5. Represen­
tative diagrams for 
a calculation of the 
radiative corrections 
to the decay of O14 

in which the struc­
ture of the nucleus 
is not ignored. 

42 S. Mandelstam, Phys. Rev. Letters 4, 84 (1960). 
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incurred thereby is negligible. Upon changing variables 
from s and s to t and I and noting that t and i are in the 
physical region, we obtain from Eqs. (126), (127), and 
(135) the change in R.eA(t,i) associated with the form 
factors, 

A[Re4(M)] 

= (Za/2v)(Gp/tf)MtP ( / / 2 _ / 2 ) - l ( ^ 2 _ 1 ) 1 / 2 ^ 2 

X / u~l(l — u)dul a(x)x~l 

Jo J x0 

X [tf2~ 1 + ( x / 4 m e % ) ] - ^ x 

(t'+ty^-iytw 

XI u~l(\ — u)du\ a(x)x~1 

JO J XQ 

X [ / / 2 - l + ( ^ / 4 w e % ) ] - 1 ^ + 0 ( E m / w i ( 2 ) . (136) 

Integrating successively over tr and u, expanding the 
result in powers of the small parameter 4me

2/x> and 
noting that the moments of the nuclear charge distribu­
tion are given by 

<rn>oh=(«+l)!/ cKx)ar ( n + 2 ) / 2^, (137) 
J XQ 

we obtain 

A[Re4(t f ) ] -> (G0/WM{i(Z+i)<mj(rU 
+ (a/ir)m2t2(r2l\nymer-(31/72)'])oh 

+ (a/6Tr)me
2t(t2- l)R(t)(r2)ch 

+0(Zame
 3(H)ch), l n 7 =0 .5772 . . - . (138) 

Only the leading term is of significant size for the decay 
of O14; this changes the positron spectrum, Eq. (133), by 
a factor (1+Ac h), where 

Ach=f (Z+i)amet(r)ch. (139) 

The electromagnetic structure corrections have been 
calculated for the beta decays of O14, Al26*, and CI34, 
assuming the equivalent uniform charge distributions 
as given by Hofstadter43; the results are summarized 
in Table I.44 

I t should be emphasized that the foregoing corrections 
to A{tj) arise from the electromagnetic structure of the 
nucleus, and are present even if, as has been assumed, 
the decaying matter is concentrated at a single point. The 
Z-dependent term arises from the rescattering of the 
positron emitted by this point nucleus, and represents 
the change in the value of *A«(0), the value of the posi­
tron wave function at the origin, associated with the 

43 R. Hofstadter, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, California, 1957), Vol. 7. 

44 This correction was not included in Table I of reference 18. 

finite size of the charge distribution.45 The remaining 
terms, of order a would be absent had we calculated the 
structure corrections using the Dirac equation with the 
static nuclear field of charge Ze. The positive and nega­
tive frequency components of the wave function in that 
case each involve the charge Ze, rather than charges 
differing by e as in the decay problem. I t is interesting 
in this connection to note that the leading term in 
Eq. (138) depends on the average of the initial and final 
charges. The same should probably be true of a corre­
sponding term in the nuclear structure corrections, as 
will be noted below, 

We shall not discuss the calculation of the nuclear 
structure corrections to A (t,i) in any detail, but will take 
over the results of Morita20 obtained by the usual 
multipole expansion of the nuclear matrix element using 
for the positron the Dirac wave functions for a point 
Coulomb field. These corrections result in the replace­
ment of \M|2= \M((mi~m2)

2)|2 in the positron spec­
trum by 

(ATI2—> \M\2(1+Aln+A2n), (140) 

where Ai» represents for the most part the "finite de 
Broglie wavelength effect," and A2n arises from the in­
terference of allowed and second forbidden components 
of the transition amplitude. To order Zame

2tm2(r2)n, 
one obtains46 

Aln = K 7 - l ) + i Z a m e < f ) n [ 4 ^ + r 1 + / m ] - | W e 2 ( r 2 ) n 

x[ ( / 2 - i )+(^-0 2 +f^ 2 - i ) (^ -»0] , (141) 
and 

A2n = Za(ia • f)n-$me(ir<* • f)n[tm- t+r^t2-1)]. (142) 

Here Y = [ 1 — (Za)2]1/2, me(tm—i) is the momentum of 
the neutrino, (rm)n is the mth moment of the spacial 
distribution of the decaying nucleon in the nucleus, 

(143) 

and {irmoi • f)n is the mth. moment of the second-forbidden 
matrix element SfH(ia-r),47 

(rm)n = ^l(rm)/^l(l), 9fTC(l) = Af, 

(irma • f)n = Wl(irma • r)/2fTC(l). (144) 

I t is customary to remark at this point that changes in 
the positron wave function are to be expected within the 
range of the nuclear charge distribution, and to evaluate 

46 The electromagnetic structure correction has been calculated 
previously for heavy nuclei by numerical integration of the Dirac 
equation assuming specific charge distributions. On the other hand, 
the simple analytic expressions for the correction given in Eqs. 
(138) and (139) has not, so far as the authors are aware, been ob­
tained before. The separation of the electromagnetic structure 
corrections from such purely nuclear corrections as the "finite 
deBroglie wavelength effect'' is no longer possible in order 
Zatm

2me
2RChRn' 

46 We have retained the proper r dependence of the wave func­
tions in the following expression in order to show clearly which 
monents of the nuclear matter distribution are actually relevant. 
Morita, on the other hand, follows the customary usage in refer­
ence 20, with the result that the actual r dependence is not always 
clear; for example, 3ftl(f) is at one point replaced by i?-12nZ(r2). 

47 See, for example, E. J. Konopinski and G. E. Uhlenbeck, 
Phys. Rev. 60, 308 (1941). 
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T A B L E I . Corrections and ft values for nuclear beta decay.* 

Nucleus O14 Al26* CI34 

Half-life, secb 

Tota l end-point energy, keV b 

/ ( Z , £ m ) , uncorrectedd 

Corrections, % of / 
Competi tuon from K capture 
Electron screening 
Nuclear electromagnetic form factors, AChe 

Finite nuclear size, Ain
f 

"Second forbidden" nuclear matr ix elements, A2«g 

Tota l electronic and nuclear corrections 
Electromagnetic (radiative)h 

Total corrections1 to / , % 
fe(Z,Em), corrected / value 
fd 
Gpj 10~49 erg cm3 

702±18 
1293dbl 

1.688±0.006 

-0.002 
-0.002 

0.00 
-0 .60 
-0 .60 

1.678=b0.006 
1178±30 

1.356±0.068 

71.36±0.09c 

2323.6±1.4 
42.97±0.13 

+0.090 
0.093 
0.110 
0.079 

-0.028 
+0.34 
-0 .79 
-0 .45 

42.78±0.13 
3052±10 

1.419=1=0.002 

6.374±0.0016 
3719.0=±=2.3 
473.0±1.5 

0.078 
0.113 
0.355 
0.253 

-0.074 
+0.73 
-1 .01 
-0 .28 

471.6=fcl.5 
3006±12 

1.430±0.003 

1.53±0.02 
5011=1=30 
2036±61 

0.068 
0.127 
0.680 
0.466 

-0.117 
+1.22 
-1 .38 
-0 .16 

2033±61 
3110±110 

1.406=b0.025 

a This table supersedes Table I of reference 18, and should be used in preference to it. 
b The half-lives and end-point energies for the decays of the neutron and CI34 are those summarized by O. C. Kistner and B. M. Rustad, reference 50, 

while those for the decay of O14 are taken from Bardin et al., reference 3. For Al26*, we have used the recent, unpublished values of Freeman et al., reference 
49. 

c Weighted average of the results of references 3, corrected for the (0.6 ± 1 ) % branch to the ground state of N14 [R. Sherr, J. B. Gerhart, H. Horie, and 
W. F. Hornyak, Phys. Rev. 100, 945 (1955)]. 

d Calculated by numerical integration using Tables for the Analysis of Beta Spectra, National Bureau of Standards Applied Mathematics Ser. 13 (U. S. 
Government Printing Office, 1952). The /value for O14 is taken from Bardin et al., reference 3, that for Al26*, from Freeman et al., reference 49. 

e Evaluated using Eq. (139) with (r)ch=fi?, and R the radius of an equivalent uniform charge distribution as given by Hofstadter, reference 
43, R =1.33A1/3 XIO-13

 c m . This model may be inaccurate by 5-10%. 
* Evaluated using Eq. (141) with Z replaced by Z + J , (r)n =fi?, (r2)„ =|i?2, and R given by the electromagnetic radius R =1.33A1/* XW~1Z cm. This 

procedure may be inaccurate by 10-20%. 
« Evaluated using Eqs. (142)-(146). A different evaluation of A used in reference 18 leads to corrections about 30% smaller in magnitude; the probable 

uncertainty in these terms is of this order. In addition, those terms in Am which depend on (rz)n were grouped with the "second-forbidden" corrections 
in reference 18. 

h The radiative corrections for the nuclear transitions are given for the single-particle model of the decay discussed in Sec. IVA. These corrections are 
smaller in magnitude by 0.24% than those obtained from the "elementary particle" model of Sec. IVB. The possible effects of nuclear structure on the 
radiative corrections are as yet unknown, but we would regard the single-particle model of the decay as the more realistic. The electromagnetic structure 
corrections calculated in Sec. IVC using the elementary-particle model are equally applicable to the single-particle model. Use of the radiative corrections 
from the elementary-particle model would increase the quoted values of GB by 0.12%, that is, by 0.0017 X10-49 erg cm3. 

»The "total corrections" for O14, Al26*, and CI34 do not include the "Coulomb" corrections to the nuclear matrix elements. The magnitude of these 
corrections is still uncertain (references 11-14, and footnote 51). 

i Evaluated using p =1.25 ±0.06, reference 30. 

the positron wave function at the nuclear surface. The 

indicated matrix elements can then be expressed in 

terms of (r2)n and (icrr)w . However, the following 

remarks should be made. First, the dominant electro­

magnetic structure correction is given by Ach, Eq. (139). 

This correction is in fact roughly equal in magnitude 

to the nuclear structure corrections [cf. Table I ] . 

Second, the combined effects of the nuclear and electro­

magnetic structure can first enter A in order ZatneHm
2(r2), 

and are entirely negligible for our purposes. In a strictly 

consistent calculation, the quantities (rm)n and (irm 

in Eqs. (14) and (142) should, therefore, be evaluated by 

calculating the appropriate matrix elements in the form 

in which they are given. (It is interesting in this connec-

nection to note that a calculation based on diagrams 

such as those of Fig. 5 would yield results unambiguous 

in this sense.) We shall nevertheless make the usual 

approximations in the evaluation of A2w; thus, 

(irma • f)n -> Rm~l(ia • r) = \KZaRm~\r2)•„, (145) 

where R is a suitable defined nuclear radius and A is 

given by Ahrens and Feenberg48 as 

A = l - (W1-W2)A
1^Z-1. (146) 

Although the uncertainties in this procedure are rather 

large, the second-forbidden contributions to the decay 

48 T. Ahrens and E. Feenberg, Phys. Rev. 86, 64 (1952), 
especially Eqs. (20) and (21). 

rate are very small, and we require only a rough 

estimate of their magnitude. The changes in the nuclear 

decay rates associated with Aiw and A2n have been 

calculated for the 0 + -> 0 + transitions 014(/3+)N14*, 

Al26*(/3+)Mg26, and Cl34(/3+)S34, and are summarized in 

Table I. In this calculation, it was assumed that 

(r2)n~(r2)eh=iR2; where R is the nuclear electromag­

netic radius as defined by Hofstadter.43 In addition, we 

have replaced Z in Ain by the average value [ Z + i ] in 

the expectation that a proper calculation which took 

account of the different Coulomb fields seen by the 

positive and negative frequency components of the 

wave function would lead to this result, as in the case 

of the electromagnetic structure corrections. 

D. Theft Values of the 0 + - > 0 + Transitions 

The very accurate data available for the 014(/3+)N14* 

transition,3,4 and the relatively small uncertainties in 

the theoretical calculation of the decay rate, make this 

transition especially favorable for the determination of 

the vector weak coupling constant for nuclear beta 

decay. Data of comparable accuracy are now available 

for the Al26*(/3+)Mg26 transition and may soon be avail­

able also for the transition Cl34(/5+)S34.49 Although some-
49 J. M. Freeman, J. H. Montague, D. West, and R. E. White, 

Phys. Letters 3, 136 (1962), and (private communication to L. D. 
from Miss Freeman). A new measurement of the end-point energy 
and half of the Cl34(/3+)S34 transition has been undertaken by the 
same group. 
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what less favorable than the O14 decay from a theoretical 
point of view, these OH—> 0 + decays provide a test of 
the results obtained from the former, and a comparison 
of the three may in addition yield important information 
on the Coulomb corrections to the nuclear matrix ele­
ment. The relevant data3 '49,50 and the known theoretical 
corrections to the / / values for these decays and that of 
the neutron are listed in Table I. The corrected value 
fe of / was in each case calculated using for the complete 
positron spectrum the form which corresponds to the 
single-particle model of the decay discussed in Sec. IVA, 
including, however, the various structure corrections. 
Thus, 

dN(t) = \mS-*Gf | M | \tm- t)2(t2- iy/2tF+(Z,t)dt 

XCl+A c h +A l n +A 2 w +(a/7r )w( / ) + (a/87r)(p-l)w(/)]. 

The coupling constant Gp can be determined from the 
equation 

Gp2=2m r V | M | -2(ln2) (fct)~\ (148) 

If it is assumed that O14 and N14 are components of a 
pure T= 1 system, hence, that the nuclear wave func­
tions are identical, the nuclear matrix element M is 
equal to vZ The values of Gp derived on this assumption 
are given in Table I. Because of the Coulomb field of the 
nucleus, the assumption of strict charge independence is 
not valid. Nevertheless, shell-model calculations by 
MacDonald11 and Weidenmuller14 show that the correc­
tions to | M | 2 for the O14 decay are very small 
(~—0.05%) in the absence of significant configuration 
mixing. However, Weidenmuller has suggested that such 
mixing could be important, and could lead to a 1-2% 
decrease in \M\2, depending on the excitation energy 
of the first collective breathing mode of the nuclei. 
Other estimates based on the nuclear compressibility14 

and on the known asymptotic behavior of the nuclear 
wave functions14,51 yield somewhat smaller corrections. 

50 O. C. Kistner and B. M. Rustad, Phys. Rev. 114, 1329 (1959). 
61 The Coulomb corrections to the nuclear matrix element have 

been considered by one of the authors (L. D., unpublished) using 
a crude single-particle model of the nucleus. In this model, the 
decaying nucleon was taken in a P state, and the effect of this 
particle on the remaining "N13" core was ignored. Single-particle 
neutron and proton wave functions were obtained by matching 
the asymptotic wave functions, which depend only on the known 
binding energies of the last nucleon in N14* and O14, with square-
well wave functions for the interior region. If the Coulomb field 
of the nucleus is ignored in obtaining the exterior proton wave 
function, direct calculation of the overlap integration yields a 
0.55% reduction in M for a matching radius R = 1.4[(13)^3+1]F 
^4 .7F , the "interaction radius." The result is essentially un­
changed (—0.57%) if the matching radius is reduced to 
R = 1.4(13)1/3F^3.3F, a choice which gives the proper mean square 
electromagnetic radius for N14. In a second model, which has also 
been considered by Weidenmuller, reference 14, the exterior proton 
wave function is matched in magnitude, but not in slope, to the 
interior wave function for the last neutron in N14*, determined as 
above. The sudden change in the proton wave function corresponds 
to a sharing of the Coulomb energy among all the protons when the 
proton in question is inside the nucleus. This model would, there­
fore, appear to be more realistic than that considered above. Using 
for the matching radius R = 3.3F, one obtains a 0.31% reduction 
in M. [This result disagrees with that of reference 14, apparently 
because of the use of an incorrect binding energy in the latter 
calculation.] For i? = 4.7F, the correction is reduced to —0.25%. 

I t has also been suggested by Blin-Stoyle and Le-
Tourneux12 that small deviations from charge inde­
pendence in the nuclear forces could lead to 1-2% 
changes in | M | 2 , but Altman and MacDonald13 have 
shown that such a mechanism is probably incompatible 
with the charge dependence of the beta decays of the 
remaining members of the C14—N14*—O14 triplet to the 
ground state of N14. I t seems unlikely in any case that 
| M \2 will be found to differ from its charge-independent 
value, two, by more than about 1%. The situation is 
less clear with respect to the beta decays of Al26* and 
CI34. The Coulomb corrections to the nuclear matrix 
elements have been calculated in part for the latter,11 

but no calculations have so far dealt with the former. 
The presumably accurate values of Gp obtained from 

the 014(/?+)N14* and the Al26*(/3+)Mg26 transitions differ 
by (0.8±0.5)%. The bare coupling constants should be 
equal for a universal Fermi interaction with a conserved 
vector current.1 Because the electromagnetic renormali-
zations would be the same for the two nuclei in the single-
particle model of the decay discussed in Sec. IVA, and 
would probably not be much different in a more detailed 
model, the renormalized coupling constants Gp should 
also be essentially equal for O14, Al26*, and CI34, and 
should equal Gv as determined from the decay of the 
neutron. The apparent discrepancy between the values 
of Gp for O14 and Al26* may reflect, to the extent to 
which it is real, the difference between the corrections 
to the nuclear matrix elements in the two cases. I t is 
interesting to note that, because of the smallness of the 
negative correction to M expected for O14, the discrep­
ancy suggests that the correction for Al26* is positive. 
This in turn implies that the dominant correction must 
arise from T=2 isotopic spin impurities in the relevant 
states of Al26* and Mg26, a result consistent with that 
obtained by MacDonald11 for CI34. A more detailed 
study of this problem would be of considerable interest. 
Because of the large uncertainties in the ft values for 
CI34 and the neutron, and the additional uncertainty in 
the value of P=—GA/GV for the latter,30,50 it is not 

possible to check in detail the expected equality of the 
coupling constants for these decays with those discussed 
above. 

The correction to M arises in both models from the considerably 
different asymptotic behavior of the neutron and proton wave 
functions associated with the different binding energies. If the 
effects of the nuclear Coulomb field are included in the proton wave 
function, the added potential barrier leads to a more rapid de­
crease of that wave function with increasing radius, and to better 
overlap with the more tightly bound neutron wave function. Re­
cent calculations by Ian McGee, using WKB Coulomb wave func­
tions, yield correction to M of —0.05% for R = 3.3 F, smaller than 
that quoted above by a factor of six. A correction of this size is 
consistent with the estimates obtained in perturbation theory, 
references 11 and 14. Even if some allowance is made for a failure 
of the N13 core wave functions to overlap perfectly when the extra 
nucleon is inside the core, it appears unlikely that the Coulomb 
corrections to M could be larger by as much as an order of magni­
tude. We would like to thank Isaac Cole for performing the original 
calculations, and Ian McGee for his careful work on the Coulomb 
wave function problem. 
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V. DISCUSSION 

We have been concerned in this paper with the calcu­
lation of electromagnetic corrections to weak interac­
tions using the techniques of dispersion theory. The 
method, as has been seen, has the advantage that it 
yields relatively unambiguous results for the momentum-
dependent corrections to the weak vertex functions, 
hence, to the decay spectra and correlation parameters. 
However, this desirable feature of our results entails the 
use of renormalized rather than bare coupling constants, 
with the consequence that we are unable in the end to 
make any statements about the universality of the 
Fermi interaction without first appealing to cutoff 
perturbation theory for information about the re-
normalization constants. The concept of renormalization 
of the weak coupling constant was examined in detail in 
the case of the muon; similar arguments apply to the 
neutron, but the problem is there complicated by the 
presence of strong interactions. The renormalized 
coupling constants were in each case defined in terms of 
the value of a weak vertex function of an appropriate 
subtraction point. The latter was determined by the 
requirement that physically significant quantities not be 
infrared divergent when calculated including the effects 
of processes in which inner bremsstrahlung is emitted. 
The fact that the acceptable subtraction points are 
unique (with the exception of s0 for the neutron, refer­
ence 36) makes the resulting definitions of the re­
normalized coupling constants much more attractive 
than would otherwise be the case. We were also able in 
the present method to study the effects on the transition 
amplitudes of the finite electromagnetic structure of the 
particles in question, without being forced to make any 
assumptions about the behavior of form factors off the 
mass shell. 

The electromagnetic corrections to the decay, and the 
renormalization problem, appear to be well understood 
in the case of the muon. No other significant corrections 
to the decay rate are known. The status of the theory of 
the OH > 0+ nuclear transitions is less clear. Aside 
from the still-outstanding uncertainties with respect to 
the magnitude of the Coulomb corrections to the nuclear 
matrix elements,11-14'51 there remains the question of 
the possible influence of the structure of the nucleus on 
the electromagnetic corrections. We have considered two 
models, in one of which the nucleon directly involved in 
the beta transition was treated as a free particle (Sec. 
IVA), and in the other of which the nuclear structure 
was disregarded altogether, the nuclei being treated as 
elementary particles with spin 0+ (Sec. IVB). The sub­
traction point in the second model is somewhat artificial, 
and it is probable that the single-particle model is to be 
preferred. Some support for this view may be found in 
the work of Gell-Mann and Berman,40 and Chern.10 The 
difference between the results obtained with the two 
models is fortunately quite small (^0.24% in the decay 
rates). The known theoretical corrections to the decay 

rates of the 0 + - > 0 + transitions 014(/3+)N14*, 
Al26*(/?+)Mg26, and Cl34(/3+)S34 are summarized in 
Table I. The as yet uncertain Coulomb corrections to 
the nuclear matrix elements11-14*51 are not included. 

The theoretical results of the present paper have been 
used in conjunction with the very accurate results of 
recent experiments on the beta decays of the muon,5 

O14,3,4 and Al26*,49 to derive values for the renormalized 
weak coupling constants GM and Gp. These values, and 
the less accurate value of Gv obtained from the decay 
if the neutron,30 are summarized in Table II. As noted 
previously, there is a discrepancy of (0.8±0.5)% be­
tween the values of Gp obtained from the data on O14 

and Al26*. This may disappear when the Coulomb cor­
rections to the nuclear matrix elements are known. Be­
cause the theoretical uncertainties are probably less in 
the case of O14, we will use the value of Gp obtained 
from that decay in the following discussion. With this 
choice, the "discrepancy" between G> and Gp is seen to 
be (1.0±0.2)% (there is in fact no reason to expect the 
renormalized coupling constants to be equal). The re­
normalization factors obtained by comparing our results 
with those of perturbation theory,6 and choosing for the 
ultraviolet cutoff in the case of the neutron and the 
nuclear beta decays the value A=mPi are listed in the 
third column of Table II. The extent to which one can 
rely upon the cutoff theory is essentially unknown.37 If 
the results are accepted, one obtains for the bare coupling 
constants the values listed in the fourth column of Table 
II,52 and a discrepancy between GM,bare and G .̂bare (O14) 
of (1.9=b0.2(±0.5))%, where the final uncertainty is theo­
retical.9 A part of the discrepancy may be removed when 
the Coulomb corrections to the nuclear matrix element 
for O14 are better known, but it seems unlikely that it 
will be removed altogether.51 However, it should be 
recalled, first, that G .̂bare as defined above is actually 
renormalized with respect to the strong interactions, 
and that the renormalization constant need not be 
unity1,2 if electromagnetic corrections to the strong 
interactions are considered; and second, that the effect 
on the decay rate of diagrams such as that in Fig. 2(d) 
have been ignored altogether. Although such effects 

52 The expressions in Eqs. (118) and (119) relate the completely 
renormalized coupling constants GV(l-fp) and GV(1— p) to the 
partially renormalized coupling constants G ' ( 1 + P ' ) and G'{\—p') 
introduced in Sec. I l l A. If we write GV(l±p) ^ ^ ' ( l i p ' ) , we can 
solve for Gv and p as follows: Gv = \{Z++Z~)G'-\-\{Z+-Z-)G'p', 
Gvp = %(Z++Z-)G'p'+i(Z+~Z-)G'. The difference (Z+-Z~) is 
of order a, as are the differences between Gv, Gvp and Gf, G'p'. We 
may, therefore, replace the partially renormalized quantities by 
the renormalized quantities in the second terms on the right-hand 
sides of the equation, and obtain at once the desired relations, 
correct to order «, G, = 2 G y ( Z + + Z - ) - 1 [ l - i p ( Z + - Z - ) ] , 
p'=p-j-i(Z+—Z~)(p2—l). These expressions relate the partially 
renormalized quantities to the measureable, renormalized quanti­
ties Gv and p. If electromagnetic corrections to the strong interac­
tions do not significantly affect the strong renormalization, then 
C ^ G , where 6 is the bare coupling constant of the universal 
Fermi interaction. Using a cutoff A = mp, we obtain from Eqs. 
(118) and (119) the values Z+= 1.0117 and Z~= 1.0102 for the 
renormalization constants, thus, assuming that GV = 1.42X10~49 

erg cm3 and p = 1.25, the ratios of renormalized to partially re­
normalized coupling constants Gv/G' = 1.0120 and p/p' = 0.9996. 
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TABLE II . Values for the vector coupling constant. 

Renormalization 
G, uncorrected11 G> corrected1* factor, Grexx/Gba.T* Gbaree 

Particle (10"49 erg cm3) (10~49 erg cm3) (%) (10~49 erg cm3) 

Muon 1.428±0.001 1.436 -f-0.32c 1.431±0.001 
O 1 4 1.416±0.002 1.419 1.20(±0.50)d 1.402±0.002 (±0.007) 
Al26* 1.428±0.002 1.430 1.20(±0.50)d 1.413±0.002 (±0.007) 
Neutron 1.352±0.068 1.356 1.20(±0.50)d 1.340±0.068 (+0.007) 

a Uncorrected values for G for the muon and O u from Bardin et al., reference 3. Uncorrected value of G for Al26* from Freeman et aL, reference 49. 
b Total corrections for the neutron, O1* and Al26* from Table I. 
0 Calculated using the result of perturbation theory, Eq. (43). 
d Calculated using the result of perturbation theory for the neutron, Eqs. (118) and (119), with the cutoff chosen as A —mv. The method is discussed in 

footnote 52. The indicated uncertainty in the renormalization factor is the estimated uncertainty in the value of the cut off given in reference 9. 
6 The values of G given for the neutron, O14, and Al26* are "bare" values only if the effect of electromagnetic interactions on the strong renormalization 

factor, equal to unity in the absence of such effects, can be neglected. See, for example, the discussion in Sec. IIIA. 

might account for the remaining discrepancy between 
the "bare" coupling constants, they are difficult to 
estimate in any reliable fashion. 

It is interesting to note that the discrepancy between 
GM,bare and G$,bare (O14) could be eliminated if the weak 
interaction is mediated by a charged vector meson.15,17 

Lee and Yang15 have considered this possibility, and 
find that the decay rate for the muon in the absence of 
electromagnetic corrections is given by 

Tli(LY) = (Gyi92)7r-%/[l+f K/JWV)2], (149) 

where Mw is the mass of the intermediate boson. The 
radiative corrections to this expression have been 
studied by Lee16 on the basis of the theory of the 
electromagnetic interactions of charged vector mesons 
developed by Lee and Yang.27 The results are essentially 
those of perturbation theory,8 except for the appearance 
of the extra factor in Eq. (149) and some additional 
terms which depend on the anomalous magnetic moment 
K of the meson and diverge for K—»0. An analogous 
calculation leads to results for the neutron similar to 
those of perturbation theory, with the ultraviolet cutoff 
A replaced in the leading correction by Mw Because of 
the small momentum transfer in this decay, the non-
locality of the interaction does not lead to any significant 
change in the uncorrected matrix element. Lee16 finds 
that the discrepancy between the values of G„ and Gp 
(which now have the significance of effective coupling 
constants for a local four-fermion interaction) would 

disappear for a meson mass on the order of 500-600 
MeV, but the result cannot be regarded as decisive 
pending the discovery of the intermediate vector meson, 
and a more careful consideration of nuclear and electro­
magnetic corrections which have so far been omitted. 
The intermediate meson approach nevertheless appears 
to be the most promising, if one is to insist on the uni­
versality of the Fermi interaction. 

It may be noted finally that, to the extent to which 
the nonlocality of the interaction may be ignored (cf. 
Sec. IVC), the momentum-dependent radiative correc­
tions are given correctly by our calculation even if the 
intermediate vector meson exists. (The effect of the 
meson on the uncorrected matrix element may be 
treated in the usual fashion.) Our results are in this 
sense universal. The precise relation of the effective 
coupling constants GM, Gv, and G$ to more fundamental 
quantities of course depends on the details of the under­
lying interaction, but the determination of this relation 
is a separate problem, and need be considered only in 
connection with questions concerning the universality 
of the basic weak interactions. 

ACKNOWLEDGMENTS 

Two of the authors (L. D. and L. F. L.) would like to 
thank Robert Craig and the Physics Division of the 
Aspen Institute for their generous hospitality during the 
summer of 1962, during which this work was completed. 


