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A gravitational action operator is constructed that is invariant under general coordinate transformations
and local Lorentz (gauge) transformations. To interpret the formalism the arbitrariness in description must
be restricted by introducing gauge conditions and coordinate conditions. The time gauge is defined by lock-
ing the time axes of the local coordinate systems to the general coordinate time axis. The resulting form
of the action operator, including the contribution of a spinless matter field, enables canonical pairs of vari-
ables to be identified. There are four field variables that lack canonical partners, in virtue of differential con-
straint equations, which can be interpreted as space-time coordinate displacements. In a physically distin-
guished class of coordinate system the gravitational field variables are not explicit functions of the coor-
dinate displacement parameters. There remains the freedom of Lorentz transformation. The generators of
spatial translations and rotations have the correct commutation properties. The question of Lorentz in-
variance is left undecided since the energy density operator is only given implicitly.

INTRODUCTION

LECTRODYNAMICS is characterized by the

property of gauge invariance—the freedom to alter
the phase of any charge-bearing field arbitrarily at
each space-time point while subjecting the electro-
magnetic potentials to a corresponding inhomogeneous
transformation. It is not surprising that Weyl, the
originator of the electromagnetic gauge invariance
principle, also recognized' that the gravitational field
can be characterized by a kind of gauge transformation.
This is the possibility of altering freely at each point
the orientation of a local Lorentz coordinate frame
while suitably transforming certain gravitational po-
tentials. Such a transformation is quite distinct from
the more familiar global coordinate transformation. In
a subsequent development of this conception, Yang
and Mills? introduced an arbitrarily oriented three-
dimensional isotopic space at each space-time point
thereby relating a hypothetical vector field to isotopic
spin. (The occasional remark that the gravitational
field can be viewed as a Yang-Mills field is thus rather
anachronistic.)

Due to the great interest in non-Abelian vector
gauge fields as a possible foundation for comprehending
the strong nuclear interactions, there have been some
developments in the formulation of a relativistic quan-
tum field theory of interacting vector fields. It is our
intention here to begin the task of applying this ex-
perience to the more difficult problem of “quantizing
the gravitational field”. Since this work is based upon
the quantum action principle, there will be areas of
contact with the similarly based but differently de-
veloped semiclassical considerations of Arnowitt, Deser,
and Misner.? ’
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ACTION PRINCIPLE

The field variables that we shall use? to describe the
gravitational field are 4X4 e.*(x) and the 4X6 wuas(%)
= —w,p(x). These are vector fields with regard to
general coordinate transformations,

&t (%)= (02+/9x)es” (),
&),mb(iz) = (ax’/ai;")wm(x).
The response to a local Lorentz transformation is

2o (%) = lL" (x)er* (),
uad (%) =1 ()Y (%) uar vy (%) +16% () Il (%),
where
laa/ (x>gu' b’lbb' (x) = gaby

and g, is the constant metric tensor of a Minkowski
space.

The inhomogeneous term in the gauge transformation
of wy.; must be removed to form a covariant that can be
used in the construction of an invariant action operator.

This is accomplished with the aid of the local spin
transformation

L ()7 [0u— 510uap (%) S* L (%) = 0 — Ficouap (%) 5%,
where
L () 1590 () = 1%,/ (26) Py () S¢'Y'.
We consider the coordinate-spin commutator (there is
no reference here to operator properties of wqs)
[6u_ %i“’w 395, 9,— %iw,,cds"d] = %iRuvab (x)Sa b,
where

anab(x) = ap.wvab—— aﬂnab_wuacwvcb'l'wmcwncb
= Rmab:

—Ruyba,
and observe that

Rua () =1 () 1" () Ry ().

4 The viewpoint and notation follow a previous paper of the
author [J. Schwinger, Phys. Rev. 130, 800 (1963)].
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Thus, Ru.s is an antisymmetrical tensor with regard to
local Lorentz transformations. It is also an antisym-
metrical tensor for general coordinate transformations,
in virtue of the curl derivative structure. The Jacobi
identity obeyed by a double commutator implies a
differential identity for the functions Ry.»(x). This is
expressed most compactly with the aid of the dual
tensor density

KR 4 (%) = 5 MRxap (%),

*R01ab=R23ab, M
as
an *R‘wab_wuac *Rﬂycb_-‘wubc *Rwac= 0.

The term tensor density refers to the general coordinate
transformation property
*Rw oy (£) = (detdw/ o) (93+/a>) (37 / 0x) *RM 4 (1x).
There is also a double dual tensor density
ok Ruvab — LM R, cabod

with the local Lorentz transformation behavior

ok fpwad () = [detl (x) Tl ()15 (x) **Rea'¥ ().
This object obeys the differential identity

3, **Ruab— 0 FERurch_ gy b % Rurac— (),

To construct an invariant action operator

W= | (dx)£,
[ @

we must devise a local function of the gravitational
field variables that is a scalar density for general
coordinate transformations, and a scalar with respect
to proper local Lorentz transformations. The two
simplest possibilities are

[dete,2(x) Je*e (x)e?® (%) Ruvan (%),

FHER#eY (1) Ry (),

which share the property of reversing sign under an
improper local Lorentz transformation. The second
choice is constructed entirely from wyep. It is not an
effective contribution to an action operator, however,
for the differential identity obeyed by **Reeb implies
that

and

5[%**Rum bR/-wa b] = au[**Rﬂm b803ya b:l)

which is devoid of consequences for field equations.
Let us adopt provisionally the gravitational action
operator

W= / (dx)(dete,®) (—1/2k)R,

where
R=¢"¢"R,yep= R,

while « is a constant with the dimensions of length
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squared, and proceed to use it in a heuristic manner,
without regard to precise operator properties. Then,
apart from divergence terms,

W= (—1/2) / (dx)[dete de*(2R,*— €,2R) +dwuap Ko,
in which
Krab=§,[ dete(e*e’®— e be™) ]

—w,%[dete(e e”d— e*be’°) ]

—w,b[dete(ererc— e e) ],
and
R"a____ Rwa be = R“vav-

We have also written
dete=dete,®.

The functions defined by the variations must obey
differential identities as a consequence of the invariance
of W under local Lorentz transformations and coordi-
nate transformations. Thus, the infinitesimal local
Lorentz transformation

dest= dw.ber”,
0wyab= 00aWyett 005 Wyact 0y0uas,
0,5 (%) = — dwpa (),
implies the identity
9,Kab—,8 Kreb— b Krac= — dete ghoe?d (Rw— R,),
where
Ru=Ra>= 6" Rnap.
The infinitesimal coordinate transformation
det= — 0a7 0,6+ e.70,0xH,
8wyap= — 02 Nyab— Wrap0y0a™,
gives the identity
d,[dete(2R>—6,’R) |+dete(2R,*—€,°R)d,e
= 9, (K"*w,45) — K**3 y0yap.

These identities become more familiar if we set K”eb
equal to zero, for then

Ry= Ry,
while

o= / (%) (— )1 30g (— 1/i) (Ru—3gR),

in which
guv_: ea[tgu.bebv’

and
3,L(—g)'"*(R/—38/R)]

+ (=" (Rv—38uR)50,8=0.
Thus, R,y—%g.,.R is Einstein’s tensor.

The field equations
Krav=0
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can be presented in the form

Qﬂab—'e“c(wabc_wbac)'*‘eb”)\a_ ea"?\bzo,
where
Qﬂab = euvave o= ebyavea“,
and
A= (dete)™19,[ (dete)es’ J+wPsa.
An equivalent version is given by
chb_wabc+wbac+gbc)\a_gac)\b'__oy
and a special consequence of the latter is
_bea_wbba—i_s)\a: 0-
But
Q bba: 6veav - ea”eu bave b“
= (dete)™'9,[ (dete)e.”],

and, therefore,
Ae=0.

That property is still implied by the resulting equation
Wabe™ Wpac = Leaby
which has the solution
Wave=5[LocatLcab—Lasc |-

This represents a dynamical deduction, based upon
Krad=0, of the symmetry restriction

Tope=Tbac
for the quantities

I1abc =Wabec ™ (ea”aveby)euc-

Invariance with respect to arbitrary local Lorentz
transformations and coordinate transformations implies
that the field equations exhibit a corresponding in-
completeness in the description of the time evolution of
the system. In order to obtain a clear physical interpre-
tation of the formalism one must limit this arbitrariness
by restricting the choice of local Lorentz frame and
general coordinate system. We shall designate such
restrictions as gauge conditions and coordinate condi-
tions, respectively.

TIME GAUGE

The first objective will be to give the time coordinate
a physical meaning by locking the time axes of the local
coordinate systems to the time axis of the general coordi-
nate system. The time coordinate x° can be distin-
guished by the requirement that e,°(x) shall be a time-
like vector in the local coordinate frames,

— e (%) g*%e? (x) > 0.

Then it is possible to choose each local coordinate
system so that the spatial components of e, vanish.
This is the time gauge,

e(k)o (x) =0,
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An equivalent characterization in terms of the inverse
system e, is
e: @ (x)=0.
Note also that
€@ = (e")™,

and
e(m)"el("‘> =§f= em"“’e(l)’",
while
2o = — g, ®g,Pg 1.
Furthermore,

dete,2=e,@ dete;® = [e(o)° detey* .

The gravitational action operator appears in the
time gauge as

W= (I/K)/(dx) detsye[ €D Roxoy 1y

— 360" W™ Riy(my (myF-e0Ve* Me oy Rirmy (05
where

Rox0) (1y= 000y (1) — w00y (1)
Fwr @y ™wo0y (myF Wk 0) (my@0 ™ 1y,
Ri1(my 0y = — 0110y (m)+ 0109%.(0) (m)

Fwrim) W10y () — W1(m) MWk (0) (n)5
and

Rit¢my (0= 3 Rr1(m) (n) = @k (0) (my@1(0) (n) F @10y (m)®Wk (0) (m)-

In the last equation, the notation s)Rri(m)ny implies
the formation of this tensor from the three-dimensional
quantities wr(m)n). We have also written

det(s)e= detel(’”.

It will be observed that wk ) and detsye e*¥ obey
equations of motion. There are no equations of motion
for wo() 1y, Wo1) (m), Wk (1) (m), €0, OF €(0y’. When only the
gravitational field is considered, the variations of the
first three sets of variables give equations of con-
straint which are, respectively,

dr(det(ze ey®) —wry™ (detzye emy*)=0;

WD) (0) (m) = W (m) (0) (D)5
where

W) (0) (m) = €W Wk (0) (m) 5
@KFm ™ =det gyele* ™ (w0 0™ — €™ d; Ine®)
— 6 (w0 0y ™ — €1 (M 3, Inep®) ],
in which
@) 0™ = e wio ™ +e w0 ™,
and (3 K*™ (™ is formed from three-dimensional quan-

tities in the manner of Krad,
If the first constraint equation,

dx(det(ze eqy®)+det e 0™ (myy=0,
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is combined with the formula for (3K%m)(n), the latter
simplifies to
@K my (my=—det@me[ &2 my(m

— 5P (@ (m) (n) (2) @ (n) (m) () s
and a second application of this constraint shows that

ex'™ K" (my )
= —det e[ Q2 (m) (my T 0™ (my () ]=0.

Accordingly,
@(0) (0) (m) = €(m)' 01 In€y®,
and
@K my(my=0,
or

@ @ om = 3L m m+ @Lm o= @R @ (s
all of this being a three-dimensional counterpart of the
four-dimensional discussion.

In virtue of the symmetry possed by w)(oy, there
are six pairs of variables in the time-derivative term of
the action integrand. A particularly convenient choice
is obtained by introducing

0O = — w0y (myer™
=, O,

and the three-dimensional tensor

@8r= e ™e1(m)= gr1,
together with its inverse

(s)gklz ek(m)e(m)l;,fgkl.
Thus,

det(a)e ek(l)aowk(o)(l)—__ "‘g1/26k(l)60(wk(0)mb’(l)m),

where
g=det s gx1,
and this becomes

—l/2 (a>g’°’30cwc‘°’z~%g"2wk“”zao (3)glcl
—1 3
=38 0r©190(g 8*) — [ 8" 1].

The time-derivative term may be omitted since the
action operator of a given dynamical system can be
altered by the addition of boundary terms. The required
pairs of variables are

F=g @g",
and

Hk1= (1/2K)g‘”2wk(°)1.

Note that the other terms in Rorcoyy are effectively
equal to zero by virtue of the constraint conditions,
provided that ey and 9re0® vanish sufficiently
rapidly at remote spatial points.

The resulting form of the action operator is

W=/(dx)[nkzaoqkl—“60(0>3(0)k7k—eo(O)g_IIZTO:],
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in which

7= =1 3¢ "+ 05 21 1ng* ™) — 8, (2L g’ ™),
and

9= (1/2x)g 3 R— 2kII1:(g"g™"— g*"¢"™ ) .
The explicit structure of

g »R=¢" Ru

is given by

q* @ Riu= 0xd:9"'+0Q,
where
Q= —1¢""9nq"dnqr1—39mq"qindrg™"

—3¢"0x In(¢"?)9; In(g'7%),
and
g=detg"'=¢’,
while
qkz=g‘1gkz

is the matrix inverse to ¢*.

MATTER FIELD

We shall consider here only the simplest example of a
matter field. The action operator of a zero spin field in
a prescribed metric field g,, can be written as

W= f ()9, 3 (— ) gutr— i (— )7,

where ¢* is a vector density. The constraint equation
implied by variation of ¢* is

0=+ (—g) 7' "gne’,
or equivalently, in the time gauge,
—ew dp=e)’¢ e rd’.

The square of this local vector equation gives the
relation

01bq*1019= (e(0’)’p*gu"+ (¢°).
An alternative combination, obtained by multiplication
with ¥V a;¢, is
—e0 Vg 201pgM 9 1p = ¢ i — 0 Ve ()" ¢ 0.

The resulting form of the action operator, from which
¢* has been eliminated, is

W=/(dx)[¢°ﬁo¢—eo(°)e(0)ka-ea(‘”g_”zTO],

where
Tlc = ¢oak¢)
and

=30+ dubgort-g i

The equal-time commutation properties of these opera-
tors follow easily from the canonical commutation rela-
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tions obeyed by ¢ and ¢°. Thus,

—i[T°(%),T°(+")]
=—[¢"(x)T1(x)+¢* («") T1(x") 106 (x—X),
and

—i[Tw(2),T2(*')]
= — T3(%) 93 (x—X') — T (2) 9,8 (x—X).

COORDINATE CONDITIONS

The action operator of the combined gravitational
and matter field system is

W= / (dx)[T11100g" 40— €0 @e 0y * (714 T'x)
—e (O)g—l /2 (TO+ TO):l.

The constraint equations supplied by variation of e)*
and e® are

1+ Ti=0, 79+71°=0.

Alternative forms are

2000 5— 0:k1ly) = ti+Ti= 01,
and

- akalq“= 2K(t0+ TO) = 2K60,
where
te=—1m0%q" ™+ O] 2101, (¢*"— 1) ]

— [ 2Mgm ('™ — 61m) ],
and

1= (1/26)Q+ 21111 (g*"g" ™ — ¢*¢™") I n.

This version presents the constraint equations as im-
plicit determinations of certain linear differential func-
tions of the fields ¢** and Il;.

The same field combinations will occur in the time
derivative term of the action operator if one writes

¢"'= " T+3 (91qi+ 01gK) — 0510 mgm 01919,
and

= I3 "3 (35104 9110%) — 8220 I+ 010,11,

where ¢F'T, for example, the transverse-traceless part of
g*, is such that

M T=0, ¢*T=0.

The two independent components of this field combine
with ¢ and ¢ to represent the six-component field g*%.
These representations are such that

/(dx)l’lkzaog“=/(dx)[Hk;Taoqle

— (3040:11;+3 V2T1)dogi+ 119, (V?)2q ],

under the conditions that validate the partial integra-
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tions, and here
§040,11,45 V211 = 8,151 — 9x1lus= 50y,
(V2)2q= 401g1=— 2689,

The action operator can now be reduced to

W=/(dx)[szT60q“T+¢°ao¢
+6x00(—3gx) —6°0(—2«I1)],

which also exploits the freedom to add boundary terms.
The operators 85, and 6° are to be constructed from ¢°,
¢ and II;;7, ¢*7, together with ¢; and II. The pairs of
fields are evidently canonical dynamical variables
while ¢ and II are numerical transformation param-
eters. The action operator is formed additively from
operators describing infinitesimal increments of 9,

Waurm / (@)L dgH T+ 40
+0xd(—%qr)—6°d(—2«IT) .

The infinite-dimensional parametric transformation
given here can be identified with a local description of
the physical space-time evolution of the system. Thus,
d(—%qx) and d(—2«II) are interpreted as infinitesimal
local space and time coordinate displacements, while
0, and 6° appear as momentum and energy densities,
respectively. With this physical identification of coordi-
nate parameters, we can proceed to restrict the mathe-
matical freedom of coordinate transformation in order
to exhibit a physically distinguished class of coordinate
system.

Under what circumstances are the ¢** not explicit
functions of the space coordinate displacement param-
eters? The condition is

3 (0xdqit91dqi) — 8119 mdqm=0,

or equivalently
akdql+ aquk—_— 0,

which also implies that
Vqu = 0.

As a consequence of these restrictions, —2dq; can only
be the linear space coordinate function

- %qu= dek (x") it dwkl(x")xl,
dwptdwy,=0,

which describes a rigid translation and rotation of the
coordinate system. The associated generating operators
are the total linear and angular momentum

Pi= / (dx)6x,

Jkl=/(dx)(xkt9;—xlﬁk).



1258

In a similar way, IIx; will not be an explicit function of
the time displacement parameter if

0 k6 de = 0,
so that dII is a linear space coordinate function,
—2kdII=d¢ (x") -I—dka (x")xk

The corresponding generating operators are the total
energy

Po= / (dx)6°,

and the Lorentz transformation generator
JO%—aPp=— / (dx)x9°.

A given member of this distinguished class of Lorentz
transformation equivalent coordinate systems is char-
acterized by the coordinate conditions

— 2kII=2".

- %Qk= Xky

In such a coordinate system, the field operators simplify
to
gt=q*T4-0,0:(q+3x2)+dx1,
and
M= 15"+ 3 (0: 114 9:11%) — 8500 L.

A spatial boundary condition thereby indicated for
points far outside regions occupied by energy,

919:(g+3%%) — 0,
is compatible with the fourth order differential equation
obeyed by ¢ or ¢g-+3x2.

The linear and angular momentum operators involve
only the canonical variables in the explicit forms

x| o,

Pk=/(dx)[—¢°c')k¢——H,mT6kq”"T],
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and

sz=/(dx)[—¢°(xkar—xzak)¢

._HmnT(xkal_xlak)qmnT_l__ZHlngka_ 2HkaqlmT].

All the anticipated commutation properties of these
operators can be derived from the equal-time canonical
commutation relations:

—i[¢(x),6°() =8 (x—X),
—iLg*T (), Mmn” (') J= [0 mn*' 8 (x—x') I,
6mnkl= ,%_ (6mk5"l+ 6nk5ml);
including
L' (x),Pe]= —19xg'" (x),
and

[qmnT(x)yjkl]= _’i(xkal—xlak)qmnT(x)
+i(8lnqk'm7’+ BlmgknT__6knqlmT_ 6kmqlnT>.

These observations show that the quantum-mechani-
cal formalism associated with the canonical commuta-
tion relations satisfies the requirement of invariance
under three-dimensional translations and rotations. The
question of Lorentz invariance depends upon integral
aspects of the energy density equal time commutator.
It is at this vital point that the gravitational field differs
from all other physical systems, for there is no explicit
formula for 6° in terms of the fundamental variables
but only an implicit determination by means of the
constraint equations. While such a lack of explicitness
in a classical theory would raise computational diffi-
culties, in a quantum theory it could also be a formidable
barrier to verifying the consistency of the formalism.

We shall consider aspects of this basic problem in a
separate paper.



