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The upper limit is the dangerous point, but as long as 
a>i<\ we see from Eq. (11.23) that there is no trouble. 
The Fredholm form has indeed been restored. 

Perhaps the most immediate subsequent question is 
whether our new kernel K/ (s,sf) is holomorphic in / over 
the same domain as Bip(s). This is equivalent to the 
corresponding question about Oi(s,sf), which then leads 
us to an examination of (11.22). Evidently, as long as 
0 < X z < l , so that Im&2z>Im&n, we are dealing with an 
analytic function of / wherever X* as given by (1.5) is 
analytic. Now it will certainly happen that, for some 
choices of Si or some guesses about Regge trajectories 
and residues for the crossed channels, we shall find from 
the formulas of reference 1 that Xz> 1 or Xz<0 for some 
Re />0 . When this catastrophe occurs, however, it is a 
sign either that we have made a bad guess or that the 
aforementioned formulas are insufficiently accurate, 
because in an exact calculation unitarity requires 
O^X*^ 1. Thus, if physically reasonable solutions of the 

I. INTRODUCTION 

IN a previous paper1 the "master" or Boltzmann "gain-
loss" equation was derived from the Schrodinger 

equation for an isolated "supersystem" [^4+^D com
posed of a "system of interest" [A^\ in relatively weak 

* Some of this work was done while the author was a National 
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1960-1961. 

t Part of this work was done while the authors were members of 
the Physics Division of the Aspen Institute of Humanistic Studies. 

{ The work of this author is supported in part by the National 
Science Foundation. 

1 A. Sher and H. Primakoff, Phys. Rev. 119, 178 (1960). This 
paper will be referred to as I in the present work. 

strip equations can be found they will have the property 
that the only singularities in the right half / plane are 
Regge poles, arising from the zeros of Di(s). I t is 
expected that Bip(s) and, therefore, X* has fixed 
singularities in the left half / plane. By analogy with 
potential scattering one might expect Regge trajectories 
to terminate at these points, but the continuation based 
on our approximate equations must fail somewhat 
sooner, when X* exceeds the unitarity bounds. 

I t follows, incidentally, from the manner in which our 
N/D equations have been constructed that both 
KeBi(s) and ImBi(s) are continuous through the point 
Si. In a one-channel approximation this means that the 
inelastic cross section vanishes at s=si and rises 
gradually to the correct Regge limit. If a generalization 
of the equations in this paper to several two-body 
channels can be made, a more realistic inelastic thresh
old can be achieved. 
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interaction with a larger system called the "surround
ings" [7T|. The random phase assumption was required 
for the state of the supersystem [ / I + 5 ] at the initial 
time only. The Hamiltonian 3C of such a supersystem is 

3C=3CU](0)+3C[B]®>+F, (1) 

where 3C[A](0) contains only \\A~] system dynamical vari
ables, 3C[B](0) only [B~] dynamical system variables, and 
V dynamical variables of both systems. A master equa
tion for the occupation probabilities of the system of 
interest was then derived in I under the assumption that 
the surroundings [_B~] have a large internal energy com-
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pared to that of the system of interest [_A~] ( [ £ ] » D 4 ] ) . ^w{Hw (eUjau) = €M^U] (eu,aM), 
Finally, a master equation was derived for individual ™ (0) # / a ) = ,/, ( a \ 
particle states in situations where the particles could be *° " u w' u ' 
treated as effectively independent, and several applica- where the states of the £A'] system, ^u](€M,aw), are 
tions were discussed. specified by their energy eu and by other quantum num-

This previous work did not, however, take explicit bers au which distinguish among the various degenerate 
account of interactions which connect different states of states with energy eu; we have au— 1,2, • • •, 9l^j (eu) 
the system of interest with the same energy. The purpose where dl[A] (eu) is the number of [A"} energy eigenstates 
of the present paper is to include such interactions in with energy eigenvalue eu. The states of the [BT\ system, 
some detail, to treat situations where the internal energy yp[B] (yu,Pu), are defined analogously. The interaction V 
of [_BT\ is not necessarily large compared to [A ] effects transitions among mutually accessible supersys-
{[B~]^[A~^)1 and to consider various other extensions tern states$[A](eu,au)'\p[B](vu,Pu),$[A](€v,oiv)'\l/[B](r}v,Pv) 
and generalizations of the results obtained in I. with the same total energy eu+rju= €v+r}v~E. 

To make the problem more definite we can write, in The interaction V can be divided, for our purpose, 
a notation only slightly modified from that of I, into a sum of three kinds of terms: 

V= Vui+ViBi+VuBi^ F U ] + F m + F u ^ s e c u l a r + F U 5 ]
n o n s e c u l a r (2) 

where V[A\ and V[B] depend only on dynamical variables of [^4] and [ £ ] , respectively, V[AB] depends on dynamical 
variables from both [_A~] and [B~], and 

[ C K W ° \ ^ ] ] = 0; [5Cm (0 ) ,F [B]] = 0; [ O C ^ P ^ ^ " ] ^ ; 

[5C[^ ( 0 ) ,F U 5 ]
s e c u l a r ]=0 ; [aC t i i]

( 0 ) ,F [ i U i]n o n 8 e c u l a r]^0; [36^^ ,7^11] n o n 8 e c , l l a r ] ^ 0 . ( 

The various developments below will also necessitate the assumptions: 

<KW°>»7W], F U 5 ]
s e c u l a r ; W{Br»V{Bh F u * ] s e c u l a r ; 5 C u ] ^ + 5 C [ s ] ^ » F U 5 ] n o n s e c u l a r . 

Suppose now that, in addition, VUh V[Bh F U i ? ]
s e c u l a r , F U £ ] n o n s e c u l a r , are such that2 

(e«,aM; rju,pu \ V[A] \ eu,au
r; r]u,pu)^0, for all au, a J with au9^au

f; 

(€WJQJW; i)ufiu\ V[B] | eu,au; rj^Pu^O, for all pu, pj with pu^pu
f; 

(eu,au',yu,Pu\ V[AB]SGCuUr\ €„,«„'; Vu,Puf)^0, for all au, a J and 0«, pj (4) 

with Puffin if au=au
r and au^au

f if Pu=pJ; 

<€W,«M; r)u,Pu\ F ^ i * " 0 " ^ " ! « « , « , / ; W V > = 0, for all aB, aj and ft,, ft/. 

Then, since Eq. (3) implies that (eu,au; rfu,pu\ V[A]\ eViav] yu,Pu)=0 for all VT^U (and similarly for corresponding 
matrix elements of V[B], V[AB]secuUr) and (eu,au) rju,pu\V[AB]nonsQCular \ev,av; TJ^P^^O for all v5^u, the interactions 
V[Ah V[B], V[AB]SQCular do not exchange energy between the [_A~\ system and the [_B~] system such energy exchanges 
being effected only by the interaction V[AB] n o n s e c u l a r . On the other hand, one can see from Eq. (4), that the inter
actions V[A], V[Bh V[AB]SQCula,r do^have a tendency to equalize the occupation probabilities3 P[A) (eu,au; t) and 
PlA\(eupJ\t)\P[B\(iiufiu\ t) and P[B}(yu,PJ', t). Thus, while the interactions V[Ah V[B], V[AB]secular do not con
tribute to the time rate of change of (e)t='52eu,au eMP[4](e«,a«; /), they nonetheless do play a crucial role in de
termining the nonequilibrium values of P[A](tu,au', t), P[B](r}u,Pu'y 0> as will be discussed in detail below. 

From the point of view of the individual particle states4 within the system of interest [A~] we shall show [see 
especiallyfEqs. (17), (18), (32)-(45), (70), below] that the transitions induced by the interactions V[Ah V[AB]SQCular 

tend to establish and maintain a quasi-equilibrium occupation probability distribution for the [x]th individual 
particle p[q]w™i-eqmi W](w(fl);;) = p[fl]q«asi-equii [A] (€(w(«)))a(w(«>); t) characterized by a time-dependent tempera
ture 6^ ] (t) = kT[A] ( 0 : 

p[fl]quasi-equil M] (w(fl); /) = p[fl]quasi-equil [A] (e(u
(q)),a(u(q)) J *) = £ p^quasi-equil Ml (€„,««; t) 

all states of every 
particle but the [g]th 

— E PU]q
uasi-equil U]({ W (*)}; / ) = e- e ( w ( Q ) ) / e ^] ( < ) /{ £ e ~ € ( w ( 5 ) ) / e ^ ] ( < ) } , (5) 

2 The necessity of this condition was pointed out to one of us (A. S.) by Professor A. Abragam. 
3 See Eq. (1-55). 
< See Eqs. (1-108) and (1-109). 
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where 
CuPu=e({uM}),a({u«>});{u™}=u<n,u<2>, •••,««>, • • •, u^~x\ u^,u^+1\ •••, 

and where we have neglected the effect of symmetry or antisymmetry of the many-particle wave function of [^4] 
(Boltzmann statistics). We shall also show [see Eqs. (36)-(45), Eq. (18) et seq., below] that dT[A] (t)/dt is governed 
by the strength of the interaction V\AB\ n o n s e c u l a r which exchanges energy between the system of interest [_A} and 
the surroundings (heat bath) [_B~] so that eventually T[A] (t) becomes equal to the ultimate and time-persistent 
equilibrium temperature common to both £ 4 ] and \_B~\. 

II. THE MASTER EQUATION FOR THE SYSTEM OF INTEREST [_A~] 

To derive the master equation for the system of interest we begin with the master equation for the supersystem5: 

dP[A+B-\(eu,a.u\yiufiu\t) 
= Z , [W[A+B] {€u,Olu ; yufiu/CvjOlv ) Vv,Pv)P[A+B] \€vflLv J 7Jv,ffv ) t) 

dt *v,ctv',VvtPv 

-W[A+B](e ; yu,Pu)P[A+B] (e 0], (7) 
where 

2TT 
W[A+B] (eu,au; Vu,fiu/ev,av; rjV)Pv) = W[A+B] (ev,av; *0v,Pv/cu,au) rju,Pu) = —5(€w+r/u— ev—rjv) \ (eu,au; rjufiu\ V[A] 

ft 

+ V[B] + V[AB]secul&r+ F[AB]nonsecular | ev,av; rjvfiv) |2 . (8) 

In Eqs. (7) and (8), P[A+B](€M,aw; ??W,/3W; /) is the occupation probability at time t of the supersystem state: 
^iA](eUjau)'\f/[B](,nu^u) and W[A+B}(eu,au', Vu^u/ev,av; i)vfiv) is the probability per unit time for transition of the 
supersystem from the state \l/[A](€v,av)"tmirjvfiv) to the state $[A](eu,<Xu) "twiriufiu). 

Let us first assume that F[JB]^>>F[^]+F[^B]secular+V[AJB]nonsecular, a situation which can occur not only when 
[~£]^[^4], but also when [ £ ] ~ D 4 ] . Equation (7) may then be written as 

d 
—P[A+B] (ew,aw; r]u,Pu', t) 
dt 

= S W[A+B](eUiaul rju,pu/€u,au] VUJPU)L-P[A+B](€U)(XU} VujPu I t) — P[A-\-B]{eu^au) Vufiu) t)2 

+ Z) W[A+B] (€u,au; riufiu/eu.aj; Vu^uOL^U+B] (eUiau
f; rjufiu J /) — P[A+B) (eUyau) t]ufiu; 0 ] 

+ X) W[A+B] (eUyau; i\ufiul U&v \ VVM£PIA+B] (e„,av; yvfiv ] t) — P[A+B] (eu,au \ Vufiu', t)~]y (9) 

with [see Eqs. (8), (4), and (3)] 

€upu ) VujPu/ tupu j VujPu 

y>W[A+B](euPu; llufiu/evtOviVvyPv) (V9*U). 

Thus, the statistical configuration of the supersystem [^4+i3] associated with the quasi-equilibrium of the sur
roundings [B~] is described by 

P[A+5]
quas i-equi l ^HeuPuiVufiult^PiA+B^™'^* VHeuPulVufiu'ltht-hZTu^^n [B], (11) 

a condition which renders the first term on the right side of Eq. (9) equal to zero—it will be noted from Eq. (10) 
that if Eq. (11) is not satisfied this first term is generally large and so produces a large (d/dt)P[A+B] (eu,au; yufiu; t). 
In this way, Eqs. (9 ) - ( l l ) demonstrate that in cases where F [ s ] » F U ] + F U i s i s e c u l a r + F [ 4 5 ] n

<
o n s e c u l a r the occupa

tion probabilities P[A+BI (ew,cew; riUyfiu; t) first relax relatively rapidly toward the P[A+i?]quasl"eqml [ B ] (ew,«w; t}uftu; /) 
of Eq. (11) and then approach more slowly the ultimate and time-persistent equilibrium values6: 
P[A+B}equil(€uPuiyujPu) = P[A+B]equil(evPviyv,Pv) = l/^ also be emphasized that Eq. (11) shows 
that the P[i+B]quasi"equil [ B ] (eu,au; i)ufiu\ t) are actually independent of 0W.7 

5 See Eqs. (1-35), (1-36), and (1-54). 
6 See Eqs. (T41), (1-50), and (1-54); %{A+B](E) is the number of mutually accessible states of £A+B]. 
7 In I [see discussion after Eq. (1-63)] the P[A+B] (€«,«„; r}u,(3u; t) are shown to be independent of (3U if QB]>£>D4] and provided that 

£B2 is in equilibrium; our present discussion leading up to Eq. (11) establishes this same independence even if p3]«[yl[] provided that 
t—to>Tquasi-eqml [ B ] , 
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We now proceed to a derivation of the master equation for the system of interest [_A~\. Using Eq. (7) and following 
the procedure of Eqs. (1-53)-(1-62), we have for the time rate of change of the system of interest's occupation 
probability: 

d d d 
—P[A](ew,aw;0 = — Z) PiA+B}(€Ujau]7)u^u; 0 = —]£ P[A+B] (eU)au'y E— eu, (3u) t) 
dt dt ->iu,pu dt Pu 

= X) [W[A] (eu,au/ev,av; t)P[A} (ev,av; t) — W[A) (ev,av/eU)au; t)P[A] (eU)au', 0 1 (*2) 

with W[A](eu,au/ev,av;t) given in terms of W[A+B](e $v) by Eq. (1-57). This last equation also 
shows that the W[A] (eu,au/ex,av; t) are actually independent of time t if the P[A+B] (ev,av; r]VJl3v; t) are independent 
of ft,.7 Thus, in light of Eq. (11) et seq., we see that once the quasi-equilibrium statistical configuration of [ £ ] is 
attained, the corresponding system of interest transition probabilities W[A)quasi'eqnil [ s ] (eu,au/ev,av'} t) are actually 
independent of time t, and are in fact equal to their ultimate and time-persistent equilibrium values, i.e., 
pp^quasi-equil [B] (eUiCCu/ev,av; t) = Ww

 equi l (eu,au/ev,av) for /-/0>rquasi-equii [B]. Equation (12) and Eqs. (1-60)-
(1-62) then give 

P[A] e<iuil (€„,a„) W[A] equil (eu,au/6V)av) 91{B] (E- eu) 
= = ? (1 3) 

P[A]equil (ev,av) W[A]*
qnn (eV)av/eu,au) dl[B] (E- ev) 

and Eq. (12) becomes for t—t0> 1 quasi-equil [B] '* 

—P[A](eu,OLu] /) = £ W[Af*ml(eu,au/€u,au%P[A](€u,au]t)—P[A](eu,au'} / ) ] 
dt «»' 

+ E C^M] c«*K««W<*/OiV](e. ,^; t)-W[A]^(6v,av/eUjau)P[A](eu,au;t)~]. (14) 

We proceed to discuss the relative magnitudes of W[A]eqml(eUyau/eu,au
r) and W[A}eqml(eu^u/eV7av), (v^u) on the 

right side of Eq. (14). Let us suppose that not only is F [ 5 1 » F U ] + F [AB] s e c u l a r+F [A5]n o n s e c u l a r , but that in addition 
7U]_(_7[^B]secular>>FuB]nonsecular< T h e n f r ( ) m ^ ^ ^ w e h a v e 

W[Afqnil (6Ujau/eu,au') = L ^ [ A + B ] (ew,aw; E— e„, j8u/€„,att'; -E— €«, Pu')MiB] (E- ew)»l^[^] e q u i l (ew,aw/€»,«») 

= X) W[A+B}(eu,au;E—€u,/3u/ev,av;E—€v,pv)/'dl[B](E--ev) (v^u), (15) 

where the inequality follows since V[A]+V[AB]secuUr and y[AB]nonsecuUr contribute, respectively, to 
W[A+B] (eu,&u; E— e„, Pu/cu,<xJ; £— ««, /?,/) and W U + B ] (ew,aw; E— eu, fiu/ev,av; £— €„, ft,), (v^«) [see Eqs. (8), (4), 
and (3)1 Equation (15) shows that with arbitrary P[A] (ew,Q!w; to), to begin with, the first term on the right side of 
Eq. (14) will dominate the second term. Under these circumstances the P[A] (eUyau; /) will first relax relatively 
rapidly toward the quasi-equilibrium values: 

p u ] quasi-equil ^ ] ( e ^ ; t) = P[A] quasi-equil [A] ( ^ J . £ . *_*0> rquasi-equil W ] , (16) 

and then, i.e., for t—to> Tquasi-equii [^]»rqUasi-equii [B], approach more slowly the ultimate and time-persistent 
equilibrium values given in Eq. (13). I t is also worth mentioning that 

d d dP[A](eu,au',t) 
—(e)t=— H euP[A](eu,au', t) = 5Z eu = Z) (€«— ev)W[A]^u{l(eU)au/€V}av)PiA](€V)av] /), 

so that the transitions [e t t,a«] —* [€«,««'] associated with the action of V[A]+V[AB]secular do not contribute directly 
to the time rate of change of the average value of the energy of the system of interest £ 4 1 

III. THE MASTER EQUATION FOR AN INDIVIDUAL PARTICLE OF THE SYSTEM 
OF INTEREST [ 4 ] AND TIME-DEPENDENT TEMPERATURES 

Following the procedure of Eqs. (1-108)—(1-111), Eqs. (14) and (1-61) yield for the time rate of change of the 
occupation probability of the Cg]th individual particle [see Eq. (5) for notation]: 
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where 

a n d 

E %i^({«(«}/{^«})Pi i ] ({^^}) / E A 

E P[i]({»(|,>};0 

E i W { ^ } } ; 0 (18) 

a n d where / — ^ T V a s i - e q u i i [B]. T h e individual par t ic le t rans i t ion probabil i t ies W [q-\(u
{q) / v{q) \ t), w[q](u

{q)/v{q); t) 
are t hus seen to be associated wi th t ransi t ions of the sys tem of interest [A~] be tween s ta tes of equal energy a n d 
unequa l energy, respectively, a n d arise from the in terac t ions V[A] + V[AB]SQQUlar a n d F [ A 5 ] n o n s e c u l a r , respect ively. 
[See E q s . (8), (4) a n d (3 ) . ] If the sys tem of interes t [A~\ is, as a whole, close to equilibrium, we can wri te 
PlA]({v™}; 0 ^ P [ A ] e q u i l ( { ^ a ) } ) so t h a t combining E q s . (18), a n d (13) or (1-60): 

W[q]
e(luil (^ («>/V<q)) W[g]

e(luil (U{s)/Vq)) 
= = E PlAf^({u^})/ E PlAf^l({v(i)}) 

W[q]e(lUil (^( Q)/U( Q)) W[q]^
Uil (fl( q)/u{ q)) { ud) J (3) j ,(.') J (fl) 

- E ^ A I - M C ^ - ^ D ^ W ^ 

= E 3 l [ A ] - [ d ( « « - « ( M ( 9 ) ) ) 9 l [ B ] ( £ - e 0 / Z 9 l w ] - [ 9 ] ( € » - « ( i ' ( 5 ) ) ) 9 I [ B ] ( £ - 6 , ) 

==e-e(w(<z))/0[^]e-[e(M(9))]2/2[0[A] /]2. . . / e-t(vM)IQ[A]e- [«(»<fl)) ]2/2 [G[A]']2 . . . ( 1 9 ) 

w i t h 

[0 [ iU]~* l s 5 E( T ~ ln9l[A]-[Q] (e«) J91[A]-[Q] (ew)^[£] (E— eu) / E 9fl[iU-[«] ( O ^ t B ] (E— e„) 
\deu 

d 
r+u_ • l n3 l W ] - [ , ] ( e t ( £ ) ) ^ - - l n 9 l u ] ( « t ( £ ) ) (20) 

a n d 

CeIx]']-,=Z(-—9i[A]-I(,](««)pIB] (£-e„) / E 9i[A]-[9l(^)3i[B](£-«««)+Ceu]]-2, (21) 

where, in E q . (20), e t (E) is the va lue of eu for which 9lui-[«](€tt)-9l[i?](E— eu) has a (very sharp) m a x i m u m . An 
a l te rna t ive form of [ B u i ] - 1 can be obta ined b y differentiat ing: 

E 9l[il]-[g](€M)9fl[J8](JE—€„) = E 3t[A]-r<?](£ — 17«)9ft[B] (l?tt) 

with respect to E ; we find: 

/ d 

-^El 
[©[AiJ-^El — ln3l[B] (E-€„) J9l[A]-[fl](eu)9fl[B](E-ew) / E 9l[A]-[«](ew)3l[B] (E-eu) 

\dE 

ln9l [ B ] ( £ - € + ( £ ) ) . (22) 

Since, in addi t ion [see E q . (13) or E q . (1-60)] 

( € ) e q u i l ^ € - _ € ( « ) ) e q u i ! s = £ [ e . - e ( « ( « ) ) ] i ) [ A H < r ] e < l u l , ( { « ( i ) } ( 8 ) ) 

= E [ e « - € ( « < « > ) ] t t [ A ] - [ « ] ^ 

£t f (£) , (23) 
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we have from Eqs. (22) and (23) 

Similarly, we obtain 

d 
[ G p i ] ] - 1 ^ — l n V l [ B ] ( E - ( 6 ) ^ ) . (24) 

dE 

ZQui'Jr*^ lnSfyjB] ( E - ( e ) e q u i l ) 

dE2 

s [e w (£)]-1- [eUi (£)]-1/£, (25) 

so that, as long as [/I] and [_B~] each contain a large number of individual particles, we can replace 
e-Uiu^Wl2[e[Ar]^e-leiuW)ie[A]][e(u^)j2E] b y u n i t y a n d w r i t e Q n ^ g b a g i s Q f E q s < (JQ) a n d (l7) 

l^[ff]equi l(^ (5 )A ( ( z )) w [ a ]
e c iu i l(w ( 3 ) /^ ( 3 )) e~

€(M)lelAl 

W[ q]
 e ( i u i l (z>( q)/u( q)) W[q]

 e ( i u i l (z;( q)/u( q)) e~
€(v(q)),eM' 

P[g ie q u i l(^ ( a )) = ^ 6 ( w < a ) ) / e [ A 1 /E^~ e ( M ( ( ? ) ) / e ^ ] . (26) 

It is to be emphasized that Eq. (24) for Q[A] is identical with Eq. (1-63) for O^kTprovided that (€)e q u i l«£~(??)e q u i l , 
i.e., provided that D 4 ] « [ £ ] ; thus Eq. (26) and in fact all of the results in the present paper, derived for the case 
D4]« [ .B] (i-e-> <e)equil«£~<?7>equil), become the corresponding results for the case M « [ # ] if Q[A] is replaced by 
0. I t may also be mentioned that Q[B], defined, e.g., as in Eq. (22) but with the roles of [A~], [_B~] interchanged, can 
be shown to be equal to 6[A]; this result is, of course, necessary for a consistent treatment of equilibrium between 
[A] and [ £ ] . 

As a particular application of Eqs. (17), (18) we deduce the equation for the time rate of change of the average 
energy of the Q J t h individual particle, (e^)*. Thus, 

d d dP[q](u^;t) 

dt dt „(«> „(«> at 

= E e(«<«>)[Wi,,(«t«>A<«>; t)Plq](v^;t)-Wlq](v^/u^; t)Plq](u^; 0 ] 
u(«),c(a) 

+ E 6(^«>) [W [ 9 ] (M(«VZ;(«) ;0P[ 9 ] (» ( 9 ) ;0 -W [ 9 ] (» ( 9 ) /M(«) ;0P[ 9 I (M ( 9 ) ;0 ] 
„(«>,,<«> 

= E (eM /3lw])[^[^ e q u i I({^ i )}/{^ i ,})^[A]({» ( i )} ; ( ) - F u l ^
i l ( { 8 ' « } / { « ( i , } ) i ' [ i ] ( { « < * } ;03«(e-,«.) 

+ E Ce(«<"))-e(»(«))I«'t«i(«(,')A<«);0i>[9](»
(«);01 (27) 

where we have used, in the first term on the right side, the identity of the individual particles and the effective 
additivity of their energies to form ew. This first term on the right side is now seen to vanish [because the d(eu,ev) 
only admits contributions to ]£{««},{»«}" * * with € „ = e j and we obtain 

-<«[„]>.= E ^(u^)-e(v^)Xwlg](u^/^;t)Plq]^;t)2 
dt «<«>.»<«> 

= i E [€(«(«>)-€(^«>)]^ [ f l ](«<«Vw<«>; 0 P [ , ] ( ^ ( a ) ; 0 - w [ f l ] ( ^ « > / « ( « ) ; t)P[q](uW;Q, (28) 
tt(«)ft,(8) 

which is to be compared with the expression derived above for (d/dt)(e)t in that again only transitions of the system 
of interest between states of unequal energy contribute to (d/dt)(e[q})t. 

We now consider the values of W[q](uiq)/v(q); t) in the quasi-equilibrium statistical configuration for [A"]; in this 
statistical configuration p^as i -equi i W](€ t t > a a ; ^p^quasi-equii Ml ( € u j a f / ; t) for all au, «„ ' ; * - /o>r q u a s i . e q u i l U ] 
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[Eqs. (14)-(16)]. From Eqs. (18) and (16) we then have 

J]/ [e ]quasi-equil [A}(U(Q)/V(Q) J / ) 

j^ [ e ]quasi-equi l [Ali(y(Q)/u(Q) j f) 

= E P[A]qUasi-e^uil W 3 ( { « ( i ) } ; 0 / E P[Af^i-eqnll W]({V«>} ; /) 

= E 9l[A]-[fl](e«-€(«<«>))PEii]^
a8i-e(iuil W](€W3«W; 0 / E 9lu]-[a](€,-e(^^))P[A](iuasi-eciuil ^ (* ,o* ; /), (29) 

so that, by an argument similar to that in Eqs. (19)-(26), we have 

flf[(r]quasi-equil [A](u(q)/V(q); /)/Jp [ f l ]quasi-eqiiil M](w(fl)/W(«r); / ) = e-e(t*(«))/e [^ ](0/ e-e(«(«))/e [A](O j (3Q) 

with a time-dependent temperature Q[A] (t) defined by 

«»\oeM / / 

L 3lM-£«|(eu)PUltluasi-e<luil t/,](e«,«M; 0- (31) 

Equations (31) and (20) show that as pU}<m**wn lA\eUyau; t) -> P[A]
equ*(eu,au) = W[B](E-eu)/% [Eq. (1-60)], 

We proceed to treat Eqs. (17) and (18) for the evolution in time of the P[«](«(ff); t) for t—£o>; Pquasi-equil [A] 
^>^quasi-equii [B] i n a self-consistent approximation where we replace PF[e](w

((Z)/fl(e); J) and W[q](u^q)/viq); t) by 
•^^^uasi-equii Wl^cy^u) . t) a n d W[fl]^

uil(^f l)A(f l); 0- We then have from Eqs. (17), (18), (30), and (26): 

d f r-[e(v^)-e(u^m i 
—P[f lj(«u); 0 = E W[q]^^-^il W](w(«)/W(«); /) ]PIfl] (»<*>; /)-exp P[<z](^«>; 0 
* ,(«) I L 0 f A](O J J 

f r-C€(v(ff))-€(«(fl))]i l 
+ E wIff]«i«a(«<«>A<«>) P[9](^(9); 0 - exp lP[tr](«(fl);0 • (32) 

«,(«) I L 9[A] J J 
The replacement used is suggested by the fact that Eq. (18) shows that the transition probabilities W[q] (u^q)/v(q); t) 
and W[q](uiq)/v^q); t), in general, depend on time much more slowly than P[A]({v(i)}; t) and P[q-\(v

(q) ;t) 
=Ei^)}(«)^U]({^(')};0, and by the fact that W[q]{u^q)/v^q)\ t) and w[q](u

iq)/v^q);t) tend to establish quasi-
equilibrium for [A~] and equilibrium between [^4] and [P] , respectively. Supposing further that V[A]+V[AB]secula,r 

»FUB] n o n s e c u l a r , we have [see Eqs. (18), (15), (8), (4), and (3)]: 

j ^ q u a s i - e q u i l [A1 (*<*>/»<«>; t)^>W[q]^
uil(u^/v^)y (33) 

so that, setting 
P[q](u^; / )==P M qt ias i -equi l W3(«<*>;*) + # [ « ] ( « ( f l ) 5 0 , 

p , jquasi-equil [A](u(«);/) — e-e(u(i))lQ[A}{t)/ S£ g-e(M(fl))/e[A](0 (-34^ 

P> [ e ] («<«>; / ) « P [ , ] ^ ^ i ^ u i l M ] ( « ( « ) ; 0 ; * - / 0 > Pquasi-equil W ] , 

and substituting Eq. (34) into Eq. (32) we get 

d 
^^[ 3 ] q U a S i " e Q U i l ^A * (U<i Q) ) 0 

f rf 1 J/ 1 1 \ 
= [p [ g ]quasi-equi l \.AJ(u(o>; / ) ] — ) 

W(i/e[A](/)) )dt\e[A](t) eiA]/ 

= E ^[a ] q u a s i ' e q u i l wi(«(«)/»<«); /){z>[fl](v<«>; 0 -^ [ € ( v ( 9 ) ) ~ € ( w ( a ) ) 1 / e [ ^ ( O Ad(^ ( g ) ; 0} 

+ E^[3] e q u i l(^ ( a )A ( s )){^[«]q u a s i" e q u i l f^](^(5); 0—^~Ie(t,(e))~e(M(a))]/0[^]^[ff]quasi"equiI W ](« ( f l [ ) ; 0 } ; 

/—/o^Pquas i -equi l [ ^ ] . ( 3 5 ) 
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Equation (35) determines the relatively small terms D[q] (u(q);/) if the time-dependent temperature 9[A] (t) is known. 
To find this G[A)(t) we substitute P [g](w (Q); 0=^[d q u a s i" e q u i l M ] (^(a); 0 [Eq. (34)] and w[fl](«<«>/»<*>; *) 
^w [ g ]

e q u i l (^ ( 5 ) A ( 5 ) ) [Eq. (32) ff] into Eq. (28) for 

d dP[q] 

dt u(q) f at 
and obtain 

dt\e[A](t) e[A]/ 
— 2 Z [e (w ( g ) ) -e (^« ) )> [ g ]

e ( i u i l (^ ( g ) A u ) ) 
tt(5)ft,(Q) 

X{P[Q]q U a s i" e q U i l [ ^ ] ( ^ U ) ; 0 — 6-[e(i ,(<z))-e(M(a))^e^]P[3]quasi-eqml M] («<«); /)} 

{(€[«])2)«qUaSi"eqUil [ / 4 ]— ((€[g])^Uasi"e(lUil [ ^ ) 2 

t—to^Tquasi-equll [A], (36) 
with 

<(e[*])n}*quasi-equil [ /4 ] = E [e(^(g))]^P[g]quasi-e<iuil Wl(«<«>; 0. (37) 

Equations (36) and (37) yield 0[A](O which, apart from the P[g](^ ( g ) ; /), determines the evolution in time of the 
"Boltzmann-like" P[q](u^;t) of Eq. (34)—it will be noted that on the basis of Eqs. (35)-(37) 

D[q](u^; t)^lwe^(u^/v^)/Wquasl-equn [A} (u<*>/v<*>; 0](P [ g ]
q u a s i- e q u i l [A1 («<«>; t)-P[q]

e*uil(u^)) 

and so D[q](u(q); t)<Kl [Eq. (SS)"]. Two specially simple cases of Eqs. (36) and (37) may be mentioned8 

a* Q[A](t), 6 [ i ]» t (w ( 9 ) ) for all important states u{q) 

if 1 1 

dt\e[A](t) e[A]/ " \e[A](t) e[A] 
( ^-r^f \ (38) 

T a - ^ i E [ 6 ( ^ ^ ) - 6 ( ^ ^ ) > [ g ] e q m l ( ^ ( < z ) / , ( . ) ) / { £ e ( » ^ ) 2 - [ E e ( « ^ ) ? / ( £ 1)} , (39) 
tt(«)fV(a> u<«> tt<a) w(f l ) 

f } = ( V(*-<*) /r a ; ^ _ / o > / * _ ^ = r q u a s i - e q u i l [^]. (40) 

/ W-rrH )> (4i) 

W O < W V e ^ * ) e U ] 

jS: e(uiq))(l/Q[A](t) — l/B[A])<^il for all i m p o r t a n t s ta tes u{q) a n d all / considered 

df 1 

* \ 0 [ A ] ( O 0 [A] / " \B[ i l ] (0 0 [ A] 

^ - l s 4 £ [ € ( w ( 5 ) ) - € ( ^ ( 5 ) ) ] 2 w [ Q ] e q u i l ( ^ ( 5 ) A ( 5 ) ) ^ [ d e q u i l ( ^ ( 9 ) ) / 

{ £ [€(«^>)]2P I f l ]«i^(«<«>)-[ Z e(u^)P[qf^(u^)22}} (42) 
U(<Z) w ( « ) 

f ) = ( L-(f-^*)/r^ / -^ 0>/*-^ 0=rquasi-equil [A], (43) 
\0[A](O 0[A]/ \G[A](/*) Q[A]f 

Equations (40), (43), (34), and (35) determine the evolution of P[q\{u{q)) t) toward its equilibrium value of 
P[«]equil(w(fl)) g i v e n i n Eq. (26) (see also Appendix A). I t is also interesting to mention that for 

0[A]«e(l^))-6(O^>); e(0<*>)<e(l^)<e(2<*>)<-'-, (44) 
Eq, (42) reduces to 

W[(riequil(0(«)/1<«>) 
Tfl = -— ——, (45) 

_ . l - e x p { - [ 6 ( l c « ) ) - € ( 0 ^ ) ) ] / e u l } 
8 The result in Eqs. (38)-(40) was first obtained in the special case of magnetic resonance (Q[A}(t) is then the time-dependent spin 

temperature Q[S](t)) by L. C. Hebel and C P. Slichter, Phys. Rev. 113, 1504 (1959). 
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so that the rate of relaxation of 0[A](t) toward Q[A] becomes independent of Q[A] for very low Q[A] provided that 
W[e]e q u i l(0 ( s )/l ( e )) is itself independent of Q[A]. This is expected on the basis of physical considerations in many 
instances—e.g., when the [g]th individual particle of the system of interest [^4] is the [g]th nuclear spin with 
ground, first, •••, excited states: faq](0™), ^[q](liq)), • • -{e(0^>)= -ju#o, e(l<5))= - M [ ( / - 1 ) / / ] # O , •••} and 
when the relaxation transition ^[ff](l

(<z))—»^[«](0(fl)) involves the creation of a phonon in the surroundings [B~], 
We next consider situations where F U ] + F U 5 ]

s e c u l a r « F U j B ] n o n s e c u l a r so that W[q] («<*>/*»<*>; t)<<iw[q] (U^/V™ ; 0 
in Eqs. (17), (18), and (32). In this case Eq. (32) for the P[q](uiq); t) becomes to a sufficient approximation 

d f r e(v^)-e(u(q))-\ } 

TP[fl](f«<«>; 0= E w[9^Hu^/v^)\piq](v^;t)-^\ LP[,](« ( f l ); t) , (46) 
dt „(fl) I L e[A] J J 

and its solution is given in Eqs. (I-130)-(1-132) in the general form 

i )[d(^ ( 5 ) ;0 = ^[dequ i l(^ (3 ))+E J '^(^ (9 ))^WyU"" i o ) , (47) 

with the coi, C02, • • • playing the role of \jw[q]
eqml(u^q)/v^q)) — dependent] relaxation rates and the KP(u(q)) depending 

on P[q](uiq)] to) as well as on w[q]
eqnil(u^q)/viq)). This case is discussed in detail in I [see Eqs. (1-110)-(1-145)]. 

IV. TIME-DEPENDENT SPIN TEMPERATURES IN MAGNETIC RESONANCE 

We proceed to apply the general theory of the preceding three sections to the concept of a time-dependent spin 
temperature Q[s] (t)=Q[A] (f) in magnetic resonance. I t is now fully appreciated9 that the supposition that the spin 
system of interest \^A ] returns to equilibrium along a succession of Boltzmann distributions, each described by an 
appropriate Q[A] (t), is not just a convenient artifice to find an approximate solution of the master equation for [_A~\ 
but is in many circumstances an accurate description of the corresponding relaxation process [see the general dis
cussion in Eqs. (32)-(45) above]. 

The spin system of interest [_A~} will be properly characterized for times t—to> Tquasi-equii lA] by a time-dependent 
spin temperature 6 U ] ( 0 if W[q]

qnasi'equil lA^(u^/v^;t)^>W[q^(u^/v^) [Eqs. (33)-(45)]; in general no such 
characterization will be possible if the inequality is reversed. An example of how one calculates 
jp^quasi-equii [A\ („<«)/„(«). t) i s WOrked out in Appendix B where it is shown that w[q]

quasUqui] W(u^/v^;t) 
arises from the "flip-flop" terms of the secular part of the magnetic dipole-dipole interaction; from Eq. (Bl) these 
"flip-flop" terms are 

FU]^Fdip-dip secu l a r flip-flop = J £ i4 / . [ / [ / ]+ / [a ] -+ / [ / i - / [ r t+ l 

f.o 

Afg^ ( - i f t V A / a » ) ( l - 3 cos20 /ff), (48) 

If—-rg=(rfg,Ofg,<j)fg), 

r / s R,+ C^R/ (rigid lattice), 

whence Eqs. (B6), (B7) yield, with u^q) = mq=I[q]Zi e(u^q))= —fiyHomq, 
fl^quasi-equil Wl( W f l —1/ W f l ; /) = e-^We[A](0^7[g]quasi-equil [A1 (m Jmq—\ ^ /) 

= (I-mq+l)(I+mq)W[q](t)/{j: e - ^ w e ^ K O } ^ 
mq (49) 

W[q] (0 = -(7ffo)E (A Qp/%yHo)2tI(I+l)-(MP
2)tq™si-equn [^l-^^^^i-equil W ] ^ 

8 p 

and a spin temperature 0[A] 00 exists if this j^[g]q
uasl-e<iui1 [^] (mq— l/mq; t)^>W[qf

qml(mq— l/mq). In a nuclear spin 
7 = 1 / 2 insulating crystal with a normal concentration of paramagnetic impurities W[q]

eqml(mq—l/mq) arises 
ultimately from F[^B]n o n s e c u l a r= {^dip-dip of nuclear spin-impurity electronic spin} and this in general gives 
w[q] (mq— l/mq)<^W[q]

qnasi'e(ini1 W ] (mq— l/mq). In a normally impure crystal with nuclear spin I> 1/2, e.g., NaCl 
with 7(Na23) = /(Cl35) = 3/2, w[qf

qun(mq-l/mq) is however dominated by F U B] n o n s e c u l a r =F q u a d . n o n s e c u l a r of Eq. 
(1-125) [ the corresponding W[qf

qml(mq—l/mq) are then given by Eqs. (I-126)-(I-129)]; in this case it is not 
difficult to set up situations where w[q]

equ{l(mq—l/mq) is ̂ > as well as <^7[(?]q
uasi-equii [Ai^m^__ym^^ ( s e e 

below). As an illustration we shall in fact consider the case of NaCl and first suppose that the 
p^quasi-equii W l ( W f l _ i / W f l ; f) of Eq. (49) is much larger than the w[q]

equil(mq-l/mq) of Eqs. (I-126)-(I-129). 

9 A. Abragam and W. J. Proctor, Phys. Rev. 109, 1441 (1958). See also R. T. Schumacher, ibid. 112, 837 (1958). 
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Then a time-dependent spin temperature Q[A](t) exists and is determined by Eqs. (36)-(40) and the 

mQ 

indeed, return to equilibrium along a succession of Boltzmann distributions. The longitudinal magnetization 

(fj)t=((1iy/V[A])Iz)t=lL P[q\(fnq; t) hymq; 
mQ V[A] 

[Eq. (1-133)] is then given by10 

(fi)t—(fj)equ{l 

—— = - 2 e x p [ - ( 2 4 / 5 ) ( « / + 4 z O ( ' - < * ) l (SO) 
(M)equil 

where wr and w" are quantities defined in Eqs. (I-126)-(I-129) as proportional to w[q]
eqn{l(mq— l/mq) and 

W[q]
eq-ml(mq—2/mq), respectively,11 and the conditions at time t* correspond to those existing immediately after a 

180° pulse, i.e., (/x)^*= — (/x)equil. On the other hand, if w[q]
equil(mq— l/mq) is much larger than 

j^quasi-equii [A\(Wg_l/mq\ t\ no Q[A\(t) can be denned and Eqs. (46) and (47) must be used to obtain the 
P[q](mq;t). A long but straightforward calculation (see also, Appendix B of I) then yields these P[q](mq',t) and the 
corresponding (n)t is 

(JU)«—{fx) e q n i l 

— — — - — = - 2 { ( 1 / 5 ) exp [ -24z£ / ( / - / * ) ]+ (4/5) e x p [ - 2 4 ^ " ( * - / * ) ] > . (51) 
(M)equil 

We now remark that the (ji)t of Eq. (50) and the (ji)t of Eq. (51) are identical if w'=w" so that an experimental 
distinction between the case where a time-dependent spin temperature is present and one where no time-dependent 
spin temperature exists depends on the magnitude of the parameter (wf—w")/wf. This parameter can be obtained 
from the explicit values of W[q]

eqml(mq—l/mq)1 w[q]
equil(mq—2/mq) (and hence of w'9 w") given by 

Van Kranendonk12 and is 
w'-w" 78-390o:2 

w' 723-312a2 (52) 

a2=ai2a22+ai2Q!32+a22a32, 

where «i, 0:2, a 3 are the direction cosines between the magnetic field He and the three cubic axes, and O ^ a 2 ^ 1/3, 
so that {wf—wn)/w'=l/10. Thus, the difference between the (n)t of Eq. (50) and the (n)t of Eq. (51), while small, 
should be measurable. A proposed experiment in NaCl designed to set up the conditions p^[d^asi-equii U] 
» w k ]

e q u i l and W[q]
quasi-equ{l U ] « ^ [ g 3

e q u i l and so establish alternately the (p)t of Eq. (50) and the (4t of Eq. (51) 
may be attempted as follows. 

We first study the Na resonance and produce the condition where w[q]
quasi-equil M ] « w [ 3 ]

e q u i l [9[ii](0=O{Na](0 
does not exist; Eq. (51) applies] by reducing the Aqp(N&—Na) of Eqs. (49), (48) to very small effective values. 
This reduction is accomplished by rotating the NaCl crystal rapidly about one of its cubic axes, the axis of rotation 
being set at an angle « i = 1/V3 relative to the magnetic field.13 On the other hand, the condition J7u]quasi-equii [A] 
^>W[q]

eqnil [G[Na] (t) exists; Eq. (50) applies] holds normally in the nonrotating crystal which, for simplicity, can be 
oriented with ai=0:2=0:3= l/y/3. 

A second method to pass from one of the two cases of interest to the other involves the study of the CI resonance. 
Since 7(Na)^>>7(Cl) the local magnetic field seen by a typical CI nucleus is essentially due to the various Na nuclei, 
and this local field varies rather rapidly from one CI site to another.14 As a result the secular character of 
lT,f,oAfg(Cl-Cl)tI[f]+I[g]-.+I[f]-I[g]+] is destroyed [see Eqs. (48) and (49)], w[q]

quasi-equil [A1 becomes 

10 The expression in Eq. (50) was first obtained by R. S. Meiher, Phys. Rev. Letters, 4, 57 (1960). 
11 On the basis of Eqs. (34)-(45) it should be emphasized again that the time dependence of the 0[A](/) and so of the 

•Pfol(wg;/)^:P[g]<iuasi-equil [Ali(mq; t) is given solely by the w^equii(«(«)/©(«)) even in this case where W[flieqt"i(«<«y»(«>) 
<£JF"[g]quasi-equil M l (u<*>/v™; t). 

12 J. Van Kranendonk, Physica 20, 781 (1954). 
13 See for example J. Dreitlein and H. Kessemeir, Phys. Rev. 123,835 (1961); I. J. Lowe, Phys. Rev. Letters 2,285 (1959); E. Andrew 

and R. Newing, Proc. Phys. Soc. (London) 72, 959 (1958). 
14 A similar idea has been successfully exploited by R. V. Pound who measured the change in Ti(Li) ((fx)t~-(^)eQuil'^e"~(*~'o)/rO for 

a LiF crystal Dy(Li)<3C7(F)] as a function of a2. In this case Ti(Li) is dominated by nuclear spin diffusion to paramagnetic impurities. 
See R. V. Pound, J. Phys. Chem. 57, 743 (1953), and A. Abragam, The Principles of Nuclear Magnetism (Oxford University Press, New 
York, 1961), p. 386. 
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<^W[Q]eqml and 9[ci]00 does not exist [Eq. (51) applies]. If contrariwise, the local magnetic field due to the various 
Na nuclei is averaged out by application of an intense rf magnetic field at the Na resonance frequency, 
^dip-diP

secular f l i p- f l o p(Cl-Cl) is returned to its normal value, W[q]
quasi-equil {A} i s a g a i n >>W[e]equii a n d a 0 [ C 1 ](/) [s 

present [Eq. (50) applies], 
We now proceed to a discussion of the transverse magnetization (^f)t={(fi'y/V[A])Ix)t from the point of view of 

the existence of a time-dependent spin temperature in a frame rotating with angular velocity yH0 relative to the 
laboratory frame.15 Here the theory of Eqs. (7)-(47) cannot in general be immediately used, since as shown in I 
[Eqs. (I-162)-(I-190)], a master equation for the time evolution of the appropriate statistical configuration cannot 
in this case always be defined. 

To treat the problem we consider instead the transverse magnetization {p!)t following a 90° pulse and assume 
further that the rf magnetic field associated with the pulse, Hi(/), is not removed at time to but rather has a (—90°) 
phase shift introduced into it. We then have 

w/2 
Hi(0 = - f f i{s in[«L( / - /o ) ]*+cos[«L( / - /o ) ]^} , k St^k) 

H 1 (0=-i2 r i{s in[co L ( / -^o)-7r /2]^+cos[co L ( / - /o)-7r /2]^}, k<t) 

o)L^yH0; 0 ) 1 = 7 ^ 1 . 

In addition, Eqs. (1-146) and (1-147) yield 

(53) 

where 
= (hy/ViA]) Tra.ce{Ptot(t)Ix:rot(t)}, (54) 

p(t)=p(.h)+W)[ Lp(t')M?w, [i/b)[ D»(0 

5C[A](0)=-feoi/«; 3 C r f ( 0 = - - W - # i ( 0 , 

e*<aLlxlO[A]e-W[B]W>IQ[B] 

p(fe)= ; e [ i ] = 0 I B ] , (55) 
Ti3Lce{e*ULl*ieMe-xm{0)iem} 

ProtW = ̂ * M ) ( < ~ f 0 ) 3 C [ A ] ( 0 ) p(0^~ ( ^ ) O " f 0 ) a C [ ^ ] ( 0 ) 

— e~io> L( t— to) IZp / A e io> L( t— to) Iz 

/x:rot(0 = ^ ( i M ) ( f ~ f 0 ) a C [ A ] ( 0 ^ ^ ~ ( i M ) ( ^ ' 0 ) a C ^ J ( 0 ) 

= IX cos[ooL(t—to)2+Iy sm[o)L(t—k)~], 

< A = (*7/F[A]){cos[a>L(/-/o)] Trace(prot(0^*)+sin[coL(/-/o)] Trace(p r o t00^)} (56) 

identical with Eq. (1-154). In I it is also assumed on the basis of a physical argument that Trace(pTot(t)Iy) = 0; with 
this argument Eq. (56) becomes 

W)t= &V/VUT) cos[coL(*-Z0)] Trace(p r o t(0/*) . (57) 

We proceed to calculate p r o t(0. Equations (55) and (53) yield 

Prot(t)=p(to)+(i/tl)[ [ p r o t ( / 0 , ^ [ 5 ] : r o t ( 0 ) ( / 0 + ^ r o t ( O + ^ r f : r o t ( O ] < (58) 

with 

so that 

^ [ 5 ] : r o t ( 0 ) ( O - ^ ~ ^ L a , ~ W z ^ [ 5 ] ( 0 ) ^ W L O , - < 0 ) l 2 = ^ [ S ] ( 0 ) , 

^ r f : r o t ( O = ^ ~ ^ i ( < , ~ i ° ) J ^ r f ( O ^ ^ L a , ~ < 0 ) 7 " = = - ^ l ^ a ; , 

VT t(t
,) = e~io}L(t'~tdI*(ysecular JL. ynonsecular}eio>Lit'— to)Iz 

— ̂ secular _|_ y nonsecular hf\ 

(59) 

15 See for example, A. Redfield, Phys. Rev. 98, 1787 (1955); W. I. Goldburg, ibid. 122, 831 (1961); C. P. Slichter and W. C. Holton, 
ibid. 122, 1701 (1961); M. Goldman, and A. Landesman, Compt. Rend. 252, 263 (1961). 
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which is equivalent to 

cr(0 = cCi/*)(l"lo)ltProt(0«r(*/*)(*~IWlt=p(fe)+- f l*(t'),U(t')W 
% J t0 

I ft / JAion secular \ 2 

=p( fc )+ - / [ p ( / o ) , ^ ( 0 ] ^ + t e r m s - ( ) , • • • , (60) 
ft J t0 \ 5C(0) / 

with 
K~ -feO l / J B+jc [B] ( 0 )+ Fsecular=/c<0)+ F s e c u l a r ; 

(61) 
U (jfy = e( */*) ( t - to) K^ ro tnonsecular (t)e~^im ( l ~ t o ) K. 

We are now ready to evaluate (fxf)t by substitution of Eqs. (60) and (61) into Eq. (57). We obtain, using also 
Eq. (MO) and the fact that [><0>,J*] = 0, 

<**')«= &Y/VIAI) cos[coL(/-/0)] Tmceie-^^-^'pMe^^-^'I,) 

/l\ ft / ^secu la r J/nonsecularv / j/nonsecularv 2 -j 

+ ( - ) / T r a c e ( [ p ( / 0 ) , t / ( O ] / , ) ^ + t e r m s - ( — - ), ( — - ) , • • • (62) 
\hJJto \ (5C(0))2 / \ 5C(0) / J 

and note that the second term on the right side of Eq. (62) vanishes since 

Trace([p( / 0 ) ,^ ( / / ) ] / , ) = Trace([7 iC,p(/o)]t/(/ /)) {^) 

for any three operators p(tfo), U(ff), Ix, and since, on the basis of Eq. (55), 

[J*,p(*o)] = 0. (64) 

We therefore see from Eqs. (62)-(64), (57) that, apart from the there indicated higher order terms, the effective 
Hamiltonian for the time evolution in the rotating frame of the statistical configuration of [ ^ 4 + 5 ] is the K of Eq. 
(61) where, for subsequent discussion, we identify F s e c u l a r with FdiP-diP

secular. Further, if (FdiP-dipsecularAt0))3, 
(FdiP-dipsecularA(0))4> ••• and {r t rans~1/[wi+(^^DebyeA)(^iatt/^Debye)4]} are all small compared to unity (r t r a na 
is a characteristic relaxation time for the transverse magnetization and T\att is the lattice temperature) a master 
equation holds for P[A+B\rot(u;t) = (u\ Prot(f) \u)^(u| er**/*><*-<°>"p(/0)e

{m(*"to)K\u) [see Sec. G of I and Eqs. (1-22)-
(1-36)]. As a result we can introduce a time-dependent spin temperature in the rotating frame provided that 
j^quasi-equii [A] ^q_1/M<?. ^)>>W[ff]eqiiii(Me_ i / ^ ) w h e r e /*«=/[«]. and where J7[fl]qi*«i-equii W ] 0 i f l - 1 / M ( r ; 0 a n d 
W[gjequil(/xQ— 1/nq) arise, respectively, from Vdip-dipsecular fllP-fl°p and {Fdip-dip of nuclear spin-impurity electronic 
spin}, the last interaction being appropriately expressed in the rotating frame.16 

In concluding this section it is interesting to make a few further remarks about the {ix')t of Eqs. (62)-(64): 

W)£*(frY/VU}) cos[«L(*-fa)] T r a c e [ ^ ™ ^ - ^ K p ( / o ) ^ ^ ^ - < 0 ^ / J , 

In the limit of a rigid lattice we have [3C[B](0),Fdip-dipsecular]==0 (see Sec. G of I) and Eq. (65) becomes 

W)t^(fiy/V[A]) cos[coL(*-/0)] Trace{expftwi(*-/o)/«- (i/ti)(t-h)Vdip-dipsecular]p(/o) 

Xexp[ - to 1 ( / - /o ) / a ; +(^ ) (^ - /o )Fd ip -d ip s e c u l a r ] /4 , (66) 
which in the limit of Hi —» 0 for t>to is 

W&Qn/ViA}) C O S [ « L ( / - / O ) ] Trace{exp[ - (i/^)(/-/0)Fdip-dipsecular]p(/o) exp[(^) ( / - /o)Fdi P -d i P
s e c u l a r ] / ,} (67) 

identical with Eq. (1-175). Equation (67) predicts an oscillatory approach of {(M')*/COS[CO.L(/—/0)]} to equilib
rium—Lowe-Norberg beats—which is presumably absent when Hi is introduced to the extent: iiyHi>fi2y2/ (r/g)m in

3 

so that Eq. (66) applies. In this connection an explicit evaluation of the trace in Eq. (66) and performance of the 
corresponding (fi')t vs / measurement would be of great interest since we believe that no Lowe-Norberg beats will 
be present even for a rigid lattice if tiyHi^ffiy2/(rfg)min

3. In fact, this last condition is necessary when the lattice 
is rigid for the validity of a master equation for P[A+B]Tot(u; t) (and hence for the absence of the beats) and is in 
that case essentially equivalent to the condition (Fdip-dipsecularA(0))3, ( F dip-dip s e c u l a rA ( 0 ))4 , • • « 1 . 

16 Nuclear relaxation in the rotat ing frame due to spin diffusion to impuri ty electron spins is worked out in detail by I . Solomon and 
J . Ez ra t ty , Phys . Rev. 127, 78 (1962). 

file:///hJJto
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V. THE LAW OF ENTROPY VARIATION AND TIME-DEPENDENT TEMPERATURES 

We develop in this section equations for the evolution in time of the "individual particle entropy": 

Sia(*)=-*£ Pi*(«(a); 0 lnP [a ](« (a ); t). (68) 

Comparison of Eq. (1-67) with Eq. (68) indicates that the entropy of the system of interest [_A~\: 

Sw(f)^-k £ PlAi(Wi)};t)\nPUi({u(i)};t)=NlA]S[ql(t), (69) 

if 
iW{«< 0>; 0=11 P M ( « < " ; t)=ipia («<«>; t)yw, (70) 

V 

the last relation being consistent with the definition of P[q](uiq); t) in Eq. (18) or Eqs. (5) and (6), for individual 
particles which are identical and effectively independent. Equation (69) shows that in statistical configurations 
of [A~\ in which S{A\{t) is extensive, S[q](t) is independent of N[A]. 

Equations (68), (17), and (18) yield 

dS[q](t) k 
——-=- E { [ ^ ^ ( ^ ^ A ^ J O + ^ U I ^ ^ A ^ ) ; / ) ^ ^ ^ ^ ; / ) 

dt 2 tt(«).»(«) 

-lWlq] (»<«>/«<«>; /)+Wl(,i (*«>/«<«>; /)]P[9l («(«); 0} i f ' ' " ' ' I , (71) 

which is to be compared with Eq. (1-68). Defining further the net heat flow from [B~] to [_A~] per particle as 
dQiAt) ^ , , dP[,i(«(8>;0 , N 
— s £ «(«(8)) , (72) 

<W M ( s ) <K 

[see the analogous Eq. (1-70)3 a n d using Eqs. (27) and (28) we obtain 

=4 E Ce(«<«))-«(»(«))Xa'[,i(«<,'>A<«);/)P[9](l>(«J;/)-«»[,](»(«>/«(«); 0/'[,](«<« );0]. (73) 

It is to be noted that our dQ[q] (t)/dt is to be identified with the d(e[Q])t/dt of Eqs. (27) and (28) and differs from the 
time rate of change of the internal energy per particle : 

dU[g](t) d 
= - E e ( ^ ) ) P [ ? ] ( # ; l ) 

dt dt u{q) 

/ de(u^)\dV[A] dQ[q](t) dViA] 

= £ e(u^)(dPlAu^;t)/dt)-Z( ) — ^ - ^ ~ ^ ] — ^ , (74) 
U<Q) u(«)\ dVu] / dt dt dt 

by a term which represents the work per particle per unit time by [A~\ on [B~] £see the analogous Eqs. (1-69), 
(1-70)]. Introducing the quantities 5[fl] («<«>; t), \[q](u^q^/v(q)), A[q](u^q) ]t), A[g](u^q)/v^q);t) and referring to Eqs. 
(26), (34), and (30) we have 

, , , N P[Q](u^;t)-P[qf^(u^) 
htiWq))t)^ 7 7 7 - , 

P [ 5 ] e q u i l (^ ( g ) ) 

P[Q](u(q); 0-i>[dq u a 8 i- e q u i l [A] (u(q); 0 D[q] («<«>; 0 (75) 

p [ 9 ]quasi-equil [A} (u(q) j /) p^quas i - equ i l M ] (w(a) . / ) 

A[q\ (u(q)/v^q) J j)== J^[<z]quasi-equil U ] (U(Q)/V(Q) ; / )p [ g ]quasi-equil [ 4 ] (̂ (<z) . j) 

= JF[<z]<luasi-e<luil W ] (» (« ) /« (« ) ; / )p u ] quas i -equi l [^] (^(<z) . *)==A I f l ] (v^q^/u(q) J / ) , 
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so that, replacing PF[4](«<«>/»<«';/), w [9](«^>/V'>;/) in Eqs. (71) and (73) by pF [ 9 ]i
u a s i-^u i I m(w<«VV«>;0, 

W[3]
eQUlI(«(9)/z)(9)) Csee Eq. (32) and associated discussion^ and combining Eqs. (75), (73), and (71) we finally 

obtain 

dSlq](t) k r l + A [ a ] («<*>;/) 
- = - E Al8] (w^A^MOCAi,](«(«>; 0 - A I d ( t » O ; 0 ] ln|-

<ft 2 , M , , M Ll+A[9](i><*>;0. 

i + 8 [ « ] ( « ( i ) ; 0 l ! ^ [ 9 i W 
(76) 

2 „(«),„(«) Ll+8 [ 9 ] (»<«>;*) J r dt 

^ ~ ^ = - i E x[9](«^A<«>)p[,](«««>;0-*[«i(«'(a);0I«(«(«))-«(«'(«>)],. (77) 
dt «(«>,»<«> 

which is to be compared with Eqs. (1-74) and (1-72). Equation (76) describes the evolution in time of the individual 
particle entropy and may be analyzed as follows: The first and second terms on the right side of Eq. (76) are each 
always ^ 0 and represent time rates of change of the individual particle entropy associated with the tendency of 
the system of interest [_A~] to attain quasi-equilibrium and equilibrium, respectively—these two terms are second 
order in the deviations from quasi-equilibrium and equilibrium, A[q] (u

(q); t) and 8[q] (u
(q); t). The third term on the 

right side of Eq. (76) represents the time rate of change in the individual particle entropy associated with the net 
heat flow from [BT\ to [A~] and may be > 0 or <0—this third term is first order in the 8[q] (u

(q); t) [Eq. (77)] and 
hence dominates the first two terms for sufficiently small deviations from quasi-equilibrium and equilibrium and 
for sufficiently low temperature. 

We proceed to discuss several cases of physical interest on the basis of Eq. (76). Consider in particular the situa
tion where wiq^

s{'^n{X [A}(u^q)/v(q); 0^[ f l ]
e q u i l (« ( f l ) A ( f l ) ) so that the system of interest [_A~] is properly charac

terized for t—to>Tquasi.equ[\ [A] by a time-dependent temperature Q[A](t) [Eqs. (33)-(45)]]. Under these circum
stances. and confining ourselves to times such that t—to>Tquasi.eqviii [Ah Eq. (76) becomes 

dS[q](t) k 
——^" E A I ( r l(«(«)/^>;0CA I f l ](«^;0-A [ ( l l(^>;0]2 

dt 2 „(«>,„<«) 

k r 1 1 1 1 dQia(t) 
— E xIe](«<»>A<*>)p[4](«

(*>; /)-«[,](»<«>; 0X«(«(a>)-«(»<«>)] — + 7 — 
2 „{«)tI,((i) L9[A](0 QIA]J T dt 

k 1 dQlq](t) 
= - £ A(.u^/v^;t)ZAlg](u^;t)-Alq](v^;t)J+ , (78) 

2 u(q)tV(Q) T[A]{t) dt 

where we have also used Eqs. (77), (34), and (26). 
We can now distinguish two cases depending on whether 

k 1 dQ[q](t) 
- £ A ( ^ ^ ^ ; 0 [ A [ 3 i ( ^ ^ ; / ) ~ A [ g ] ( ^ s ) ; 0 ] 2 « o r - , (79) 
2u(g)tV(Q) T[A)(t) dt 

which, using Eqs. (75), (77), and the estimate for D[q] {u{q); /) given after Eqs. (36) and (37), is roughly equivalent 
to 

^equil^Cs)/^)) / p[e]quasi-equil Ul(^(<z);/) \ f t(u{q))\ 
« o r « )( ). (80) 

JjTquasi-equil [A] (W(fl)/W(fl); t) \p [ f l ]quasi-eqiifl [A} (w(fl); * ) — P [ f l ] e q u i l ( w < f f ) ) / \ e [ A ] ( / ) / 

Thus, in the case of the <<C sign, Eq. (78) becomes the intuitively expected and often used 

dS[q](t) 1 dQ[q](t) 

dt T[A](t) dt 
(81) 

while, in the case of the « sign, the terms ~(A[ a ] (« ( s ) ; t) — A [ 3](J> ( 9 ) ; t))2 on the right side of Eq. (78) contribute 
appreciably to dSlq](t)/dt. In view of Eq. (80) and the assumed W^^^11 M] („<«>/„(«). <)»wequii(^(«)/„<«)) t h i s 
last case can hold only if [p[dq«asi-equii M]( # ( 5 ) . ^ p ^ e q u i i ^ c ^ / p ^ e q u U ^ u ) ) i s n o t t 0 0 s m a l l ( i e ; i f r e q u i l 

•*• quasi-equil [A] 

) and if e(u^q^<KQ[A](t). 
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APPENDIX A 

There is a third case where Eqs. (36) and (37) simplify sufficiently so that an explicit solution can be found for 
Q[A](t). This is the case characterized by e(u(q)) — e(0(q))<£&[A}(t), Q[A) for all important states u(q). In this ap
proximation Eqs. (36) and (37) reduce to the expression 

dp(t) 
^~-w[q](0^/^q))L^e-^2/e-^\ (Al) 

dt 
where 

^0-[e( l<«>)-e(0<*>)]r - - — 1. (A2) 
LO[A](t) QiA]J 

The solution of Eq. (Al) is 

e - m o = i _ [ i _ ^ ( e * ) ] exp[- W [ f l ] (0C«) / l^ ) ) ( / - /*) ] ; / - / 0 > ^ - / o ^ r q u a s i . e q u i l W ] . (A3) 

We note that for times t for which the system has almost returned to equilibrium, i.e., for Q[A](i)=Q[A] and so 
/3«1 , Eq. (A3) reduces to Eq. (43). 

The average value of the energy of the qth individual particle, {e[q])t, is here given by 

^ € ( 0 ^ ) ) + [ € ( l ^ ) ) - € ( 0 ^ ) ) ] e X p { [ € ( l ^ ) ) - € ( 0 ^ ) ) ] / e [ A ] } ^ ( 0 , 

whence, substituting from Eq. (A3), 

€[ff]>i-6(OC«>) = C€(l<«))-6(O^))]exp{-C€(l<«))-€(O^))]/0W]} 
X{l-Ll-e-^^lexp\:-w(O^V^q))(t-^)']}' (A4) 

APPENDIX B 

We wish to calculate l^[e]quasi"equil [A^(u^q)/v{q); t) arising from a secular dipole-dipole interaction. We take 
3C[A](0)= — fiyHoIz= —Y,gftyHQl[g]z and u(q) = mq=I[q]z, v^q) = mqdzl. We also suppose that the temperature is so 
low that r /0=R/0+^/ f f :=R/ f f , i.e., assume the rigid lattice approximation [see Eq. (1-168) etseq.~]. Equation (1-168) 
then becomes 

Fdip-dipsecular=\ E Afo{hUu]-Jio\-+hn-Iu\+~]--lIin*hou} 
f . o 

^FdiP-dipsecular f ^ i o p + i £ A/a{-2I[f]J[oUh (Bl) 
f,g 

Af&-i(fcy*/Rf0')(l-3 cos2G/,), 
and 

(Vu,l3u\ ZAfg\wA)=Hvu,Vv)(0u\ Z i / f l | M = 5 ( ) i t t , ^ W w 0 I ^ / f f , (B2) 
/ ,0 /,ff Atf 

while Eq. (18) yields 

fl7[g]quasi-equil [/I] (w(«) = mq/v^q) = mq— 1 J /) 

L(M(« 

W W ] ({*«>); £ - € „ , /V{*> ( 0} ; £ - * , ft) 
E 

XP^jquasi-equil W]({»«>} ; t)d(eUyev) /p [g]q«asi-equil W l ^ f l ) ; / ) 

W W ] ( { « ( 0 ) ; £ - € „ , / V { * ( i ) } ; £ - « « , / V ) -r = 
L{tt(«} («),{,(«} (a);/?.^.' 9l[B](JS—€«) 

XpU]quasi-equil W] ({„(0} ; t)d(eUj€v) /p [ dquasi .equil M]•(„<«); / ) . (B3) 
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The nonvanishing 

W W ] « « ( 0 } J £ - € „ , Pu/{v(»} ; E-eu; t3u') = d(f3u,t3u')W[A+B]({uii)} \ E-eUj pu/{^} ; E-eu, /3U) 

contributing to Eq. (B3) arise from Fdip-dipsecular fllp"flop which is here identical with VA and we have, using Eqs. (8) 
and (Bl), 

= — 8 ( e u - e v ) \ ( { m i } ^ ^ \ mq, mp; E-eu, 0U\\ £ i 4 / i r ( / [ / ] + / [ ^ + / m _ / [ a ] + ) 
& /.* 

x | {»i ,} ( f l , < p ) , « « - i , » p + i ; £ - € « , i8«)|2 

= — 5(eu-ev)(I-mq+l)(I+Mq)XAqp*(I-Mp)(I+mp+l)8^^ (B4) 

where 8(eu—ev) = 8Q2imi—^2imi)/fiyHo is a Dirac delta function. Equations (B4) and (B3) yield 

PJ^quasi-equil {A} ( W f l / W f l —1 ; j) 

(r/8ti)(I-mq+l)(J+tnq) 

e x p [ - € ( w 3 - l ) / e [ A i ( / ) ] p {»»}<«).{«<'}<«> 

X 5 ( { m / } ^ H ^ , { w 4 ^ ^ ^ ) 5 ( w / , ^ p +l )P [ A ] ^ a s i - e ( i u i l WJ({*».-'}; t)(I-mp)(I+tnp+l)}, (B5) 

and inserting the approximation 

p[A]quasi-equil L 4 ] ( { W / } ; ^ ^ J J P[flq«asi-equil M ] ( W / ; /) = I I e r e ( m i ' ) / e ^ C 0 / { ] C e~ e ( w i ) / e tA ] 0 )} 

into Eq. (B5), we obtain 
e*yHo/e[A}(t) 

J^quasi-equil [A] (mQ/mq- 1 ; /) = ( J - W f l + 1 ) ( / + W f l ) PF[«](0, (B6) 
(J2 emqbyHo!Q[A](t)\ 

Wlq 

where 

W[q](t)z=-(yHo)i:(--— ] [ / ( / + l ) - < W p
2 ) ^ ^ s i - e q u i l [ ^ - ( ^ q u a s i - e q u i l U ] } 

' xhyHJ p \fiyHo 

e—e(mp)lO[A](t) 

(mp
n)^uasi-^uil W]=s£ mp

n ; » = 1 , 2. • • •. 

Wp' 

(B7) 
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