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The Regge parameters a(s) and B(s) of trajectories which cross one another at some point so are proved
to form different branches of an analytic function with the branch point at s,. A new set of Regge parameters
are found which are regular in the neighborhood of so. Dispersion relations written for these parameters thus
take a simple form and should be the ones to use for the dynamical determination of the Regge parameters.

In the example of nonrelativistic scattering by a superposition of Yukawa potentials, crossing of trajec-
tories is shown to happen for an infinite number of Regge trajectories. We also give a method to obtain the
asymptotic series of a(s) and 8(s) for large s, in the nonrelativistic case, and from this we show that in the
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all @ (s) and B(s)e*=(® are real analytic functions of s.

I. CROSSING OF TRAJECTORIES

HERE has been the hope! that dispersion relations
satisfied by the Regge parameters a(s) and B(s)
together with the unitarity conditions, may help to
determine these parameters in a dynamical way. This
approach faces, however, the difficulty that when Regge
trajectories accidentally cross, extra branch cuts for
a(s) and B(s) may arise. Since there is no way to deter-
mine where the crossings occur without actually know-
ing all a(s) themselves, the feasibility of this method
was controversial.

It is the purpose of this paper to point out that a new
set of Regge parameters, all of them algebraic functions
of a(s) and B(s), can be introduced which do not have
branch cuts arising from crossing of trajectories. Dis-
persion relations satisfied by these parameters should
therefore be used for dynamical calculation, instead of
those satisfied by a(s) and B(s), which can be used only
when the effect of crossing is neglected.

We first note that the a(s) are the roots of the analytic
function 1/4(l,s), where A(l,;s) is the partial wave
amplitude with s the c.m. energy squared in the rela-
tivistic case, and the laboratory energy in the nonrela-
tivistic case. Writing D(l,s)=1/4(l,s), we find

D(a(s),5)=0. @

If D(ls) is regular in the neighborhood of (ay,so), and
D(ct,50)=0 then we can expand (1) in a Taylor series in
this neighborhood, obtaining

ala(s)—ao +b(s—so)+cLals) —ao |2
+d(s—so)2+e(s—so)[als)—ap |+ - =0, (2)

where a=9dD(l,s)/dl, b= 0D(l,s)/ds, evaluated at (x,S0).
If 420, we have from (2)

a(s)=ao—(b/a)(s—s0)+- -, 3)

and a(s) is analytic in the neighborhood of s,. However,
1 H. Cheng and D. Sharp (to be published).

if =0 and ¢#0, then we have from (2)
o) =ank (= b/ (s =)ok 5 (4)

thus, there are two Regge trajectories which cross at so
and both of them have s, as a branch point. It should be
noticed that if 5=0, a(s) need not have a branch point
at so. Crossing of trajectories does not always give rise
to a branch point for the Regge parameters a(s) and 8(s).

Consider now two trajectories a;i(s) and as(s) crossing
at so, which is a branch point for the functions a;(s) and
ay(s). Then we can write

a1(s) = (s—50)V2f1(s)+ fa(s),
ay(s)=—(s—s0) /2 f1(s)+ fa(s),

where, fi(s) and f.(s) are both regular in the neighbor-
hood of so. Thus, both of the functions a;(s)+as(s) and
ai1(s)az(s) are regular in the neighborhood of so. Dis-
persion relations written for these two functions do not
have to take account of the branch cut arising from
crossing of Regge trajectories. One may also note that
in the complex plane %, = (s—s0)"2, a1(%) and as(u)
are both regular in the neighborhood of the origin, and
satisfy the relation

©)

oy (1) =a(—u). (6)

The fermion Regge trajectories can also be discussed
from this view point.2

Assuming that a;(s) and as(s) are real analytic func-
tions of s, which we shall shortly see to be true for all
trajectories in nonrelativistic scattering by a super-
position of Yukawa potentials, then if ai(s) and as(s)
cross at so they also cross at so*. In analogy to (5) we
can again write in the neighborhood of s¢*,

ai(s) = (s—s0*)"2f5(s)+ fu(s),
az(s)=— (s—50*)2fs(s)+ fa(s),
where f3(s) and f4(s) are both regular in the neighbor-

Q)

2V. N. Gribov (to be published).
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hood of s¢*. From (7) we get
J()=3Lar(s)+ax(s) 1= fals),

o )—a2 30 1z 8
=2 (S)=(S =) 5. ©

2(s—so*)M2 \s—so*

If so7s0*, combining (6), (7), and (8) gives

a(s) =[(s—s0)(s—s50*]"%g(s) + fals),
as(s)= —[(s—s0)(s—s0*) ]"*g(s)+ f2(s),

where g(s) and fs(s) are both regular in the neighbor-
hoods of sy and so*. The crossing of a;(s) and asx(s) at so
and so* thus produces a branch cut from s, to so*, if 5o is
complex, and from so to o if 5o is real, for both as(s) and
az(s). The function [ai(s)—az(s) 1/[(s—s0)(s—so™) ]2 is
also regular in the neighborhood of both so and s¢*. If
a1(s) and az(s) do not cross with other trajectories and
if so is known, dispersion relations written for this
function also take a simple form.
Let us write

4 (l’s):Nl(l:s)/[l—'al(s):l[l_a2(s)];

then N1(J,s) is regular in the neighborhood of (ao,s) and
(aro*,50*). We have, as before,

b1(s)=Ni(a(s),5)
=[(s—s0)(s—50*) J"/*h1(5) + ho(s),

ba(s)= N1(as(s),s)
= —[(s—s0)(s—5¢*) 1"%h1(5) + hra(s),
with £;(s) and %2(s) both regular in the neighborhood of
so and s¢*. The functions 8,(s)+52(s) and 8:(s)bs(s) are
thus regular in the neighborhoods of s and s¢*. The

residue of A(l,s) at ay(s) which we shall call 74(s), can
be obtained from (9), (10), and (11) as

1 hz(S) 1 hl(s)

)

(10)

(11)

r1(s)= , - . (12)
© 2[(s—s0)(s—s0*)]% g(s) 2 g(s) (
and, similarly,
ra(s)=— ! 19 1O 1)

2L(s—so)(s—se*) 2 g(s)  g(s)

A similar expression holds for 8(s), which is equal to
—a[2a(s)+17Jr(s). We note from (12) and (13) that
both 71(s) and 75(s) are infinite at so and so*, and for this
reason it is more convenient to discuss the quantities
b1(s) and b2(s). It should be remembered that in (9),
(11), (12), and (13), the factor [(s—so)(s—so*)]"2 is
replaced by (s—so)Y2 if so is real.

We also see from (9) that on the two sides of the
branch cut from so to so*

ai(s+e)=az(s—e),

as(s+e)=ails—e). (14)
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This result can also be obtained by arguing that since
A(l,s) does not have a branch cut there, the two sets of
Regge poles on the two sides of this branch cut are the
same. Similarly

bi(s+€)=ba(s—e),
bo(s+€)=bi(s—e).

If three Regge trajectories ai(s), ax(s), and as(s) cross
at so, several possibilities arise. (i) All three functions
are regular at so; (i) One of the functions is regular at
so, and the other two have sq as a branch point (this case
is the same as the one already treated). (iii) All three
functions have sg as a branch point. In the last case, we
shall have

(15)

ar(s+e€)=as(s—e),
ax(st+e)=as(s—e),
as(s+e)=ai1(s—e),

when s is at the branch cut. Thus, ai(s), as(s), as(s)
form three branches of an analytic function with the
branch point at so. In general, if » Regge trajectories
cross at so and sp*, and form »# branches of an analytic
function, it can be shown that we may write

ai(s)=F1(s)+ (s—so) V7(s—so*) " DInFy(s)+ - - -
(s s0) 507 ),
as(s)=F1(s)Fe2mi(s— s0) V(s — 50*) *~D/nFg(s)+-+ - -
epmit=DIn(s— 5\ (i=Din(s— g F)UR, (s),

(16)

a"(S) ___FI(S)+e21ri/n(n—1)(s_so)l/n
X (S"“S()*)(n—l)/"Fz(S)‘l‘ N
+e27ri[(n—1)ln] (n—l)(s_so) ("_1)/"(S~SQ*)1/nF"(S).

In (17) the functions Fi(s), Fy(s), - - - Fa(s) are regular
in the neighborhoods of so and so*. We see from (17)
that a branch out from s¢ and s¢* exists for each of the
functions a;(s), as(s), - - -a(s).

The functions Fy(s), Fa(s), -+ -Fu(s) can be easily
expressed in terms of the a functions. We have

Fz(S) = (s_SO)—(z—l)/n(s__SO*)-—(n—l+1)/n

1 n
X=X e lr-DImG-Dig(s), [x1,
7 =1

(18)

1 »

Fil)==2 ay(s).

n =1

Similar expressions for the 3 function can be obtained in
the same way and will be omitted.

The prescription for finding a set of Regge parameters
which are real analytic functions of s without irregular
branch cuts can now be stated. Suppose there are alto-
gether m Regge poles in the amplitude 4(Z,f), and for
simplicity of argument we assume # finite (in practice
we are only able to take care of a finite number of
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Regge poles anyway). Let us define

anls)= é (),

w()=3 5 ails)a(s),

=1 j<i

()= T 3 ailsas(sas(s),

i=1 j<i k<j

m
an(s)=TI ai(s).
i=1
The parameters a:(s), az(s) - - - an(s) then have no branch
cuts arising from the crossing of Regge trajectories. To
prove this, we write

A(l,s)=zv<z,s)/ﬁ11 [i—ai(s)], (20)

where N(l,s) has no pole. When crossing of two or more
Regge trajectories occurs, branch cuts may arise for two
or more Regge trajectories. But 4(J,s) does not possess
this branch cut, hence the two sets of Regge poles at the
two sides of the branch cut have to be the same. In
other words, one set must be a permutation of the other.
From (19) we see that a:(s), a2(s), « « - an(s) are invariant
upon permutation. Thus, they do not have branch cuts
arising from crossing of trajectories.
In the same manner, let us first define

bl(s) =N(a1(s),s)e—-i1ra1(s),

ba(s) = N(as(s),s)e w2, 1)

bm(s) = N(an(s),s)eiram(®),

The factor e~i72() is added to make all & functions real
analytic when a(s) is real analytic. Then let

()= 3 i),

i=1

()= % X bls)bi(s),

=1 j<t

(22)

on(s) =TT B:(s).

=1

By the same argument the ¢;(s) functions can be shown
to possess no branch cut arising from the crossing of
trajectories. In the case of scattering by a superposition
of Yukawa potential, for instance, the dispersion relation

(S)__/ m f(s”)

— s (),
is satisfied by all of the a(s) and ¢:(s) functions.
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To express a;(s) in terms of a;(s), we first note that

T [1—ai(9) 1= I a(S)

i=1
Fas(s)im 2+ - Fanl(s). (23)

Equating the right side of (23) to zero and solving the
mth-order polynomial will give m roots, which are pre-
cisely ai(s), aa(s), * - *an(s). Since the coefficients of this
polynomial are real analytic functions of s, it is once
again obvious that the a;(s) are real analytic functions
of s, and when some of the roots coincide, a branch cut
of the form (s—s¢)” would arise. The same holds,
needless to say, for b;(s) and c;(s).

II. REGGE TRAJECTORIES IN THE
SCHRODINGER EQUATION

In this section we turn to the Schrodinger equation
in the potential

[

/ o (u?)——du?,
m? 7

which takes the form
La?/dr*+k2—I(1+1)/r* Wk br) =V ()Y (k7).

For large 7, the right side of (24) is exponentially small,
and for small 7, it is small compared to the term
[U(I41)/r" W (k,Lr). As k2 approaches infinity, therefore,
the right side will be small for all  and can be treated
as a perturbation. We, thus, write

(24)

lﬁ(k,l,x):xl”fx(kx)'l'zz / (ay) 2
0

XLH\® (k) Hy D (ky) — H\® (ky) Hx D (kx) ]
XV kly)dy, (25)

where A=/-+%. The right side of (25) is defined by
analytic continuation if the integral does not converge
at the lower limit. From (25), we easily obtain

f(l,s)=51;[—vr / " ) V(y)w(k,z,wdy] /

[1+—m / ylmﬂwaey)V(y)w(k,z,wdy]. (26)

Substituting ¥(k,l,y)=y"27\(ky) in (26), we obtain
the first Born approximation

|| S/
/m °: du? o(u?) [ie—;”@( 1+g§)

™2 cos(2l+1) ed e
/ ————————-] } . (@0
o (qu+scos?p)!/?

{1+

2 coslr
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The Regge pole trajectories are determined by the
vanishing of the denominator in (27). Thus,

1 —iam 2
Dlays) =1+ / a? aw)[i—w( =)
2 cosam

™2 cos(2a+1) ed
+f S |

(§u*+s cose)/?

(28)

For very large &, the second term in (28) is small com-
pared to 1 unless o is near —1, <+, —mn, - -where
Q« has a pole. [At a=(n+3), although cosamr= 0

jg—iar u? ™2 cos(2a+1) ed e
can W
0

2s (du2+s cos?e)!/?

also turns out to vanish.] Thus, the Regge poles approach

—1, =2, -+ —n st large s. After some algebra we find
g ¢
an(s)=—n—1——+F—Iun+-- -,
2y 4n?
(29)
g'm g g
)= b= ot D) -
2 " 2y
where

g2=/ 6(u?)du? and 9= —ik.

The first two terms of a,(s) and the first term of B.(s)
agree with the behavior of a.(s) and 8,(s) in a Coulomb
potential, as was concluded earlier.? Higher order terms
for a(s) and B(s) at high energy can be obtained by
taking into account the second and even higher order
Born approximation.

3 H. Cheng, Phys. Rev. 127, 647 (1962).
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Several interesting properties of Regge poles can now
be obtained. First, since there is an inﬁnite number of
Regge poles approaching the point /=—3% in complex-
conjugate pairs, at negative energy,* each pair would
remain complex-conjugate to each other at all negative
energies, until they cross. Therefore, if this pair of
trajectories does not cross, they would both ap-
proach the point —# at high, negative energy in
complex-conjugate pairs. However, it can be seen that

dD(a,s)/ da£0

at large s, hence there is only one pole approaching each
—mn. Thus each member of the complex-conjugate pairs
of trajectories cross its complex-conjugate partner at
some negative energy. The Regge poles in the left-hand
plane thus behave in the following way: each of them
comes out from a point —# at infinite energy, and stays
on the real axis, as can be seen from (29), until it crosses
with another trajectory. Then both of them may leave
the real axis and become complex-conjugate pairs at
negative energy. All a(s) and B(s)e~*"*() are, therefore,
real analytic functions of s.

Finally, we mention that in the nonrelativistic case,
the Regge trajectories do not cross in the right-hand
plane Re/> —3% when the energy is negative. To see this
we observe that if two Regge poles cross at (a,so), 50<0,
then both ¢ and dy/d! vanish exponentially for larger »
at this point. Differentiating (24) with respect to I,
multiplying it by ¢ and integrating from 0 to o« will
give us the desired result.
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