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Assuming (wsT)2>1, equations that determine the electron energy distribution and drift velocity in the
EXB drift frame of reference are derived, including a detailed treatment of inelastic collisions. These equa-
tions are valid when E, B, and the distribution function of the gas molecules are spacially uniform and con-
stant in time, the component of E along B is negligible, and E<B (in Gaussian units). The equations are
suitable for numerical computations if the electron velocity distribution is assumed to be isotropic in the
EXB drift frame. When the rms molecular speed in this frame is much smaller than the rms electron speed,
the equations can be greatly simplified. Although the resulting equations are not new, this derivation clarifies
their physical interpretation and limitations. The treatment is, of course, also applicable to cases where

slightly ionized gas is moving across a magnetic field.

I INTRODUCTION

HE distribution function of the electrons in a
slightly ionized gas under the influence of external
fields is determined by the Boltzmann equation. The
electron distribution function in the gas frame, i.e., the
reference frame in which the mean velocity of the gas
molecules vanishes, is usually found by expanding the
electron distribution function in spherical harmonics in
velocity space.! When the rms electron speed is large in
comparison with the electron drift speed and the rms
speed of the gas molecules, the expansion converges
rapidly and this “usual” or “‘conventional” method of
solution works well. Under such conditions, elastic
collisions are often much more probable than any other;
this leads to further simplification of the calculations.
When in the gas frame the electric field E and the
magnetic field B are perpendicular with E<B (in
Gaussian units) and the electron cyclotron frequency
wp is much larger than the electron collision frequency
1/7, it is advantageous to use a reference frame moving
at velocity va=c(EXB)/B? with respect to the gas
frame. In this frame, which we will call the drift frame,
the electric field vanishes and the gas flows with velocity
—v, perpendicular to the magnetic field; therefore, the
(kinetic) energy of an electron is constant between its
relatively infrequent collisions. The basic problem is to
solve the Boltzmann equation in the presence of a gas
wind instead of an electric field. This procedure is
preferable because when v, is comparable with the rms
electron speed the electron velocity distribution is quite
anisotropic in the gas frame but may be nearly isotropic
in the drift frame. Notice that the phenomenon of
runaway electrons? cannot occur as it does when E is
not perpendicular to B or when B is smaller than E.
In this paper we restrict ourselves to the nonrelati-
vistic limit, which requires £<<B. The derivation of the
equation governing the electron energy distribution in

*This work was performed under the auspices of the U. S.
Atomic Energy Commission.

1W. P. Allis, in Handbuch der Physik, edited by S. Fliigge
(Springer-Verlag, Berlin, 1956), Vol. 21, p. 404.

2 G. Ecker and K. G. Mul]er, Z. Naturforsch. 16a, 246 (1961).

the drift frame is outlined. We discuss the evaluation of
quantities of physical interest, including the electron
drift. The physical interpretation of the results is made
clearer by considering the limit of “small”’ 4, in which
the usual approach would also be adequate. Further
discussion and details of the derivations as well as some
numerical results of calculations applied to molecular
hydrogen are given elsewhere.?

II. COLLISION PROCESSES, CROSS SECTIONS,
AND COLLISION FREQUENCIES

The electron-molecule collision process j is dis-
tinguished by the energy e;=3%ma; inelastically trans-
ferred to the molecule and by the number #; of electrons
leaving the collision. Considering a molecule initially at
rest, we denote the velocity of the incident electron by
v/ and the velocities of the outgoing electrons by v;,
where i=1, 2---%;, and we define cosf;=(v'-v;)/v'v;.
For each process, the collision frequency is »i(v’)
=ng0'c9(v"), where o’(v) is the cross section for the
process and #, is the number of molecules per unit
volume.

The momentum-transfer collision frequency v,’(2’)
for process j is defined by

n
Vvnd(v") =v3(0")(v'— 3 v; cosbs);,

=1

¢y

where ( ); denotes the average effect of a collision

process j for specified incident speed ¢’. The total
momentum-transfer collision frequency is
vm(v') =225 vm(v'). @

In this paper we may consider 7 to be defined as 1/v,,.
Processes with #;,=0 are electron attachment proc-
esses. From Eq. (1) we see that

vm?(0") = v3(0"). A3)

3 G. A. Pearson and W. B. Kunkel, Lawrence Radiation Labora-
tory Report UCRL-10366, 1962 (unpublished). Recently A. G.
Engelhardt and A. V. Phelps have reported numerical results for
hydrogen and deuterium; see Bull. Am. Phys. Soc. 8, 161 (1963).
These results, however, were based upon the “usual” method
of solution.
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IONIZED GAS WITH ELECTRIC AND MAGNETIC FIELDS

Processes with #;=1 are elastic if ¢;=0, and are in-
elastic otherwise. They are characterized by a differ-
ential cross section ¢4%(f; v") in terms of which

af(v')=27r/ a9%(0; v') sinbdb 4)
and ’

ij(‘v/) = 27!'7’5971,/

ae’(0; v")
0

a\ 12
Xsinﬁ[l—(l——,;) coso]do, (5)
v

if terms involving m/M are neglected.

Processes with #;> 2 are ionization processes charac-
terized by a differential cross section ay,,%(0,v;7") in
terms of which

n,vf(v’)=27r/ dv/ a9.,°(0,v; v") sinfdo (6)
0 0

and
me(v’)=21rng7)’/ dv/ 00,,9(0,; ")
0 0

1 wvcosh
Xsinf <————

n; v

)do, )

if terms involving m/M are neglected.

III. ELECTRON ENERGY DISTRIBUTION
IN THE DRIFT FRAME

We limit ourselves to cases in which the applied fields
and the distribution function of the gas molecules are
spacially uniform and constant in time. We may avoid
considering the spacial dependence of the electron dis-
tribution function either (a) when it has no spacial de-
pendence or (b) when a localized swarm of electrons is
being considered. In case (b) we integrate the Boltz-
mann equation spacially over the entire swarm. Al-
though the integrated Boltzmann function in case (b)
and the Boltzmann function in case (a) have different
dimensions, they are governed by the same equation.

In the drift frame the energy € of a free electron is
constant between collisions; therefore, the electron
energy distribution f(ef) changes with time only be-
cause of collisions. Because we have assumed w,7>>1, the
effects of each collision process are independent of the
other collision processes, and we have

L), ®

where (9f/3%); is the effect of collisions of process j.*
In evaluating the collision terms in Eq. (8), we will
simplify the algebra by neglecting molecular recoil and

4 If free electrons are produced by processes other than ioniza-
tion of gas molecules by electron impact, additional terms must
be added to Eq. (8); these terms will not be discussed here.
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by assuming that the gas molecules are stationary in the
gas frame. These assumptions are not necessary; they
will be relaxed and discussed in Sec. V. We also assume
that even with the strong fields, the scattering is inde-
pendent of the azimuthal angle about the direction of
the incident velocity.

We denote the probability distribution of a real
quantity o for specified values of parameters 8, y- -+ by
P(a; Byy- - +), where

P(a;Byy--+)20 and /P(a;ﬁ,v- - da=1.

The function P(v; €), which is the distribution of speed
v in the gas frame of the electrons with energy e=3mV?
in the drift frame, will appear throughout our formulas.
Notice that P(v; €)=0 unless | V—vq| v < V+va. We
will discuss the evaluation of P(v; €) later.

The collision terms for each process j can be written
in the form

(8f/00);= / G¥(e; ) (€ )de' = Ni(e) f(et).  (9)

0

Equation (9) states that electrons are removed from the
distribution at a rate proportional to N¥(e), and elec-
trons are inserted into the distribution by the first term
in a manner determined by Gi(e; ¢'). Clearly, we have

Ni©)= / vi(@) P(v; . (10)
0
The general properties of G¥(e; €’) are that
Gile;¢)>0 and / Gile; )de=mN(¢). (1)
0

For electron-attachment processes, #;=0, so we have

Gi(e; €)=0. (12)
For ionization processes, we may write
g+ VvV’ T V+va
G¥(e; e’)=/ d‘v'f do dv P(v'; €)
1V'—v4l 0 1V—val
X [2 sinf n,9'a4,,°(0,0; ') 1P(e; v',0,0,€"), (13)

where P(e; v',2,0,€¢') is the distribution of energy e of the
electrons ejected at speed v and angle 6 from collisions
in which the incident electron speed is »’. The function
P(e;v',9,0,6') can be derived from the collision kine-
matics with the result?

P(e; v 0,0,e')= [—cos20+2b cosb+c V2, (14)

TGV

(v’2+v42— V,2)(7)2+7)d2_ V2)
bz
27),1'1)’ Zvdv

where
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G. A.

Gelas(s; mvd2/2)

F1c. 1. The energy-scatter function for elastic scattering when
¢’ =3mv4? and when the scattering is isotropic and the cross section
is constant. The electron velocity distribution in the drift frame
is assumed to (1) be isotropic, (2) be weighted by sin¢, or (3) con-
tain only £= /2, where £ is the angle between B and the electron
velocity in the drift frame.

and

1)/2+‘Ud2—V’2 2 v2+7)d2_'[/2 2
() )

2vq0" 2040

This function is defined to be zero except when
—1<b—(B24c)V2 < cos Kb+ (B2+-c)V2 <,

and when 624-¢> 0. The latter condition simply implies
that [V—uv4| <2< V+vs must be satisfied whenever
| V' —vg| <o/ L Vv, is satisfied.

If the scattering is isotropic, the angular integration
in Eq. (13) is trivial and yields

1 Vtea dy
Gg=— [ =
2mvq 1V—vg| ?
V'+vq
X/ P@'; np'a,(v; 0" )dv’, (15)
|V =gl
where

a,9(v;v)= 21r/ sinf ay,,%(8,v; v")d6.
0

For ionization process j, G¥(e; ¢') is nonzero for values
of e between zero and approximately ¢ —e;.
For elastic or inelastic processes, we may write

V'+vd T

G'(e; e’)=/ dv'/ do P(v'; €)
1V'—val 0

X[27 sinf nv'ce?(0; v') 1P (e; v',0,€"), (16)

where Pi(e;v',0,¢') is just P(e;v',,0,¢’) from above
evaluated at »2=v"2—q;. If the scattering is isotropic,
the angular integration in Eq. (16) yields

Gile; )=

av’
/ —P(@; )W), 17

2mvq v

where the limits are given by |[V—u4|<(v"2—a;)!?
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£ V+wva. For elastic or inelastic process j, G¥(e; €') is
nonzero only for e within a definite range about ¢’ — ;.

The function P(v;e€) that appears throughout the
equations depends only upon the angular dependence of
the electron velocity distribution in the drift frame.
With large wyr, the most general angular distribution of
interest is independent of the azimuthal angle about B,
and is an even function of cosf, where £ is the polar
angle measured from B. Such a distribution can be
expanded in the even Legendre polynomials of cos&, and
P(v; € can be written in terms of coefficients of the
expansion. Since our procedure gives no way of calcu-
lating these coefficients we must make an assumption.
We assume that the use of

P(v; e)=v/20,V for |V—uv4|So<V+uvg, (18)

which is correct for an isotropic distribution, will give a
good approximation to the correct physical results.

From physical arguments we expect the anisotropy of
the velocity distribution to be largest when e=~%muvs®
and to decrease rapidly as e increases or decreases from
this value. We also expect that anisotropy to be such
that large values of |cos#| are less likely than with an
isotropic distribution. To illustrate that the assumption
of using Eq. (18) can be rather good even when the
anisotropy is large, we calculate G¥(e; €’) for elastic
collisions from Eq. (17) for the case ¢ =3mvs>—assum-
ing that »%(2’) is proportional to »’. Figure 1 shows the
results for (1) an isotropic distribution (zero-order
Legendre polynomial only), (2) one weighted by sin2¢
(the largest anisotropy using only the zero- and second-
order Legendre polynomials), and (3) one containing
only £=m/2 (the largest possible anisotropy).

Often the angular dependence of a scattering process
is not known well enough for use in Eq. (13) or (16). In
this case one can assume the scattering is isotropic and
use Eq. (15) or (17). For elastic collisions, the elastic
momentum-transfer collision frequency should then be
used in evaluating Egs. (10) and (17).

With the assumptions we have made, the electron
energy distribution in the drift frame is determined by
Eq. (8), which may be written symbolically as

af(e)/at=n, / (e ) f(€,)dd,  (19)

where for a particular gas, x(e,€’; v2) is a kernel depend-
ing only upon 74. Physically we expect that any initial
distribution will quickly approach the separable form

fle,)=Cfo(e)eft with /fo(e)de=1, (20)

where C and 8 are constants, and fy(¢) > 0. Substitution
of this important form of the solution into Eq. (19)
shows that for a particular gas fo(e) and 8/, depend
only upon vg=cE/B.
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Once fo(e) is known, many quantities of interest can
be calculated. The mean electron energy in the drift
frame is &= f fo(e)ede. The distribution of electron
speed in the gas frame is /" P(v; €) fo(e)de, and the mean
electron energy in the gas frame is é+3mv42 The rate
at which a collision process—such as ionization, dis-
sociation, or excitation—proceeds is determined by

[ dore) [ ae s 0= [ae i,

where »%(v) is the collision frequency for the process.

IV. DRIFT ALONG —E IN THE GAS FRAME

Other quantities of interest are the diffusion tensor,
which we will not discuss here, and the drift speed of the
electrons along —E in the gas frame. To calculate the
latter we assume E=Ed, and B= Bd, so that vy=v.4d..
From the electron equations of motion in the gas frame,
the y position of an electron is y= Y+ (va—1v.)/ws, where
Y is the y position of its guiding center. One can verify
that the effect of a collision of process j at y upon the
mean guiding-center position of the electrons is deter-
mined by

nj ng

2 (YVi=Y") =2 (vsi—vs)/wn,

i=1 =1

where the guiding center of the incident electron is at
V', and those of the outgoing electrons are at ¥;, and
where the speeds are those at the collision. The con-
tribution of collision process j to the drift speed of the
electrons with energy ¢ =%mV’? and speed v’ is

VW) (/= V))i= Dom6)+ (n— D) T oy

=1

where we have used the definition of the momentum-
transfer collision frequency, and where

v, = (v24v2— V'2) /20,4,

Notice that electron attachment processes do not con-
tribute, since for them #;=0 and »,,=»7% For elastic and
inelastic processes only the momentum-transfer collision
frequency is important, since for them #7;=1.

By averaging over ¢ and v’ and summing over the
collision processes j, we find (dropping the primes)

V+v4d

oo V22— V2
‘11E=/ de fo(e) ———)
0

dv P(v; 6)(

|V—vqi Zvdwb

X [rm(0)+ 5 (m— 1i0) . (21)

In addition to the term involving »,,, we have a term
> i(nj—1)»7 that accounts for the changing number of
electrons. This result does not depend upon the neglect
of molecular recoil.

867

V. SIMPLIFICATIONS WHEN v, IS “SMALL"”

In the conventional approach, the assumption of
“large wpr”’ consists of replacing [14 (ws7)2]Y2 by wsr
throughout. When this approximation is good, the two
methods of solution should agree in the limit of small
v4. This agreement can be demonstrated.

To illustrate the comparison, we consider vz as given
by Eq. (21). By assuming that 14V and that P(v; ¢) is
given by Eq. (18), we can carry out the integral over v
by expanding the integrand in a Taylor series about V.
The result is a power series in (v¢/V)? with the first
term being

Vd 6
3V OV

(VLo (V)+ (= (V) ).

If most of the electrons in the distribution satisfy the
condition (v4/V)2<1, we can use this term in Eq. (21)
to find

/ fole) @
VE="Vq -_—
3V2w, 0V

XAV V) + 5 (= Dyi(V) de. (22)

If we assume elastic collisions are much more probable
than any other, this formula is identical to that found
by the usual method.! We clearly see that the usual
method is adequate when &>imvs® and when elastic
collisions are much more probable than any other. The
conventional approach also shows that the drift speed
along EXB in the gas frame is vq4, as expected.

In the same manner, we can demonstrate the equiva-
lence of Eq. (8) to the equation in the usual approach
that determines Fo(v,t), the isotropic part of the electron
velocity distribution in the gas frame. By using P(v; €)
as given by Eq. (18) and Gi(e; ¢) as given by Eq. (15)
or Eq. (17), we carry out the integrals in Egs. (9) and
(10) by assuming V>>v4 and proceeding as above. This
yields (9/d¢);in a power series in (vq/ V)2 For inelastic,
electron-attachment, and ionization processes the first
term in this expansion is identical to that found by the
usual approach.® For elastic collisions the first term
vanishes, but because the usual approach assumes elastic
collisions are much more probable than any other, we
keep the second term. To facilitate comparison with the
conventional method we introduce an isotropic dis-
tribution of velocity in the drift frame by defining
2(V.5)=mf(et)/4wV. Then, after a considerable amount
of algebra, we find

(0g/00)e10s=Vv-DvVvg(V,0), (23)
where
DV= ,Ud2ymelas( V)/3
Thus elastic collisions cause the isotropic velocity dis-

5 T. Holstein, Phys. Rev. 70, 367 (1946).
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tribution g(V,¢) to diffuse in velocity space, the diffusion
constant being that from kinetic theory with the mean
free path replaced by vq. This result can also be derived
using the conventional approach.

In Eq. (19), vq represents the molecular speed in the
drift frame. If the molecules are not at rest in the gas
frame, so that they have a distribution P(#) of speed %
in the drift frame, Eq. (19) is generalized to

8 f(e;t)
at

=n,,/f(e’,t)de’/x(e,e';u)P(u)du. (24)

When &>1imv,2 and elastic collisions are much more
probable than any other, we have shown above that
x(¢,€’; v4) depends upon v, only through Dy in Eq. (23).
Thus the integral over % in Eq. (24) simply generalizes
Dy from Eq. (23) to

Dy=(u?)rn®(V)/3= (v’ +28/M)vn(V)/3, (25)

where & is the mean kinetic energy of the molecules in
the gas frame. This result generalizes the result of the
usual approach, which assumes the molecules have a
Maxwellian velocity distribution in the drift frame.!

The inclusion of the molecular recoil will Jead to a
term in (9g/8%)e1as that is of zero order in (v4?/V?). We
can deduce this term from the following facts: (a) This
term cannot alter the number of electrons, and it must
vanish when m/M=0. (b) When v3=0 and the gas
molecules have a Maxwellian velocity distribution,
(8g/0t)e1as must vanish when g(V) is a Maxwellian
velocity distribution with the same temperature. The
result is that when &>imvq?,

(ag/at)elasz Vy: [DVVVg( V,t)
+(m/M)vnles(V) Vg (V 1) ].
The term in m/M agrees with that found by the con-

ventional approach. By multiplying Eq. (26) by e=mV?
and integrating over velocity, we find

9 2mé Ve
<—-) = <mvd2+._) <ymelas( V) ._l__ _,___Vmelas< V)>
ot elas M 39V

2 (VY (21
M<€Vm ( s ( )

(26)

where the brackets denote averages over g(V,). In
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doing partial integrations leading to Eq. (27) we as-
sumed that V3,,°18(V)g(V,f) vanishes at V=0, as is
almost always the case. Equation (27) shows that the
average energy gain per elastic collision (neglecting re-
coil) is approximately mvs?4-2m8/M. However, the
recoil term prevents & from increasing beyond about
$Mv2+ 8, which is clearly much greater than 3mv,2.
From Eq. (26) we actually conclude that elastic colli-
sions always tend to make g(V,f) a Maxwellian velocity
distribution with & equal to $Mvs2+ 8, the mean energy
of a gas molecule in the drift frame, since for this dis-
tribution (9g/d¢t)elas vanishes. This result is correct for
any v,°s(V).

The conventional approach should be used whenever
E>3mva® because of its relative simplicity. From the
above discussion we see that this condition is satisfied
except when inelastic and ionization processes are very
much more effective than molecular recoil in holding &
to a low value. We expect 3mv42 to be comparable to &
only when & becomes comparable to the ionization
energy of the gas. Since & must be smaller than the
ionization energy if the gas is to be only slightly ionized,
we conclude from Eq. (27) that the gas “temperature”
& and molecular recoil may be neglected whenever the
usual approach is not adequate and our more general
approach should be used.

VI. CONCLUSION

By assuming the electron velocity distribution is
isotropic in the drift frame, we derive an equation that
determines the electron energy distribution in the drift
frame. We then showed how to calculate quantities of
physical interest, such as ionization rates and electron
drift speeds, from this energy distribution. We expect
the results calculated with this assumption to be a good
approximation to the correct results, as we discussed
briefly.

Comparison of our results with those of the conven-
tional method of solution in the “large wyr” limit
[when (wsr)2>17] showed that the usual method is
adequate when the mean electron kinetic energy is large
compared with Zmwvs2. When these conditions are
satisfied, the effect of elastic collisions without recoil is a
diffusion of the electron velocity distribution in velocity
space, and the diffusion coefficient has a very simple
form.
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