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If r « A ( 0 = A(— t) as it does for E(t), then where each of the quantities A, B, C is either a vector 
or a pseudovector. Under time reversal A will trans-

-r vtf \ fW \( A ( • A*/** w*/ >> ^i\ f o r m l i k e r * ^ ( w « ) < = ^ a * (««)•, where tA is either + 1 
! * « ( « ) = j ^ A( -* ) exp(-«o0*/2i r=«*(a) ) . (A3) i f A t r a n s f o r m s l i k e E o r _ j i f A transforms like H. 

~°° Similar transformations hold for B, C, etc. Then, under 

If r*A(0 = - A ( - 0 as it does for H ( 0 , then t i m e r e v e r s a l 

TR$=$= ( -1 )»2 Re[rBx(o)a,«6,«c,- • •)**.» 

r,*(a,) = - f A( -J ) erp(-&rf)*/2x Xa*(«.)«*(«0yC*(«.)*- • • ] , (A6) 
^-°° where w is the number of quantities A, B, C, etc., that 

= —4 {o>). (A4) transform like H. If <£> is to be a real scalar, % must 
_, . . transform as 
Consider a real scalar quantity <P: 

TRK(a)a,o)b,o>c,- ")= (-l)n2C*(^a,co&,wc,*..), (A7) 
$ = 2 Re[xK,co6,coc, • • • ) i j k . . . w h e r e t h e t e n s o r ^ h a g ^ i n d k e s t h a t t ransform uk e JJ 

X2l(ooa)i33(^6)i©(wc)fc- • • ] , (A5) on time reversal. 
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A discussion is given of the influence of the orientation of the electron spins on the quantum oscillations 
of the ultrasonic attenuation in metals. This effect occurs for the situation in which a longitudinal acoustic 
wave propagates along the direction of an applied magnetic field in a sufficiently pure crystal and at low 
temperatures. It is shown that the attenuation consists of two series of spikes which occur periodically as 
a function of the reciprocal of the intensity of the magnetic field. The period of either series is related to an 
extremal cross-sectional area of the Fermi surface of the material and the shift between the two series is 
proportional to the cyclotron effective mass of the electrons. 

w ITHIN the framework of the semiclassical theory electron in the magnetic field Bo are described by the 
of ultrasonic absorption by metals,1 the attenua- wave functions4 

tion of a longitudinal acoustic wave propagating parallel 
to the direction of an applied dc magnetic field B0 is \nkykz)=LQ~lex$(ikyy+ik£)un(x+bky/m*<tic), (1) 
independent of the magnitude B0 of B0. However, , ,, . ,. , 
« ^ . , , , « , i . 4.-U 4. -£ 4. ^ * a n d their corresponding eigenvalues 
Gurevich et at. have shown that, if quantum effects are r . 
taken into account, the coefficient of ultrasonic attenua- j?n ^ ) = fi0)c (̂ _|_ i ) - j -#^2/2 m *. (2) 
tion y experiences large oscillations as a function of Bo. 
These oscillations have been observed by Korolyuk and Here we have taken B0 parallel to the % axis of a 
Prushack3 in Zn at liquid-helium temperatures. Cartesian coordinate system (x,y,z). The length L0 is 

The mechanism responsible for ultrasonic attenuation the dimension of a cubic box of volume F = X 0
3 which 

is absorption of phonons by the conduction electrons of contains the electrons, o)c=eBo/m^c is the cyclotron 
the metal. In the simplest model of electrons having a frequency, e is the charge on a proton, and c is the speed 
spherical effective mass m*, the stationary states of an of light in empty space. The wave numbers ky and kz 

can take any values consistent with periodic boundary 
t , , , JT1 I _ T I - . A conditions with the fundamental period taken as the 

* Supported in part by the Advanced Research Projects Agency. . T , _ , £ , . * ,. , . 
1 M . H. Cohen, M. J. Harrison, and W. A. Harrison, Phys. Rev. vo lume V. T h e functions un (x) a re normal ized h a r m o n i c 

117, 937 (1960). 
2 V. L. Gurevich, V. G. Skobov, and Yu. A. Firsov, Soviet 

Phys.—JETP 13, 552 (1961). 4 L. D. Landau, Z. Physik 64, 629 (1930). The energy levels 
3 A. P. Korolyuk and T. A. Prushack, Soviet Phys.—JETP defined by the different values of n in Eq. (2) are called Landau 

14, 1201 (1962). levels. 
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oscillator wave functions5 (n=0, 1, 2, • • •). The mass is 
m* and the characteristic frequency coc. Now, not all 
electrons can absorb phonons. In fact, the restrictions 
imposed by the laws of conservation of energy and 
momentum (longitudinal phonons propagating parallel 
to Bo can be shown6 to be able to induce transitions be­
tween electron states belonging to the same Landau 
level only, i.e., between states having the same value of 
n) show that only electrons having kz such that 

hke/m*=a)/q—fiq/2m* (3) 

can participate in the absorption. Here co and q are the 
angular frequency and wave vector of the acoustic wave. 
For acoustic waves of frequency co<C2X10n sec -1, the 
second term on the right-hand side of Eq. (3) is negli­
gible7 as compared with the first. This indicates that 
only those electrons whose velocity in the z direction 
is equal to the velocity of sound s are capable of absorb­
ing phonons. However, because of the Pauli principle, 
at 0°K only electrons having energy between Eo—ho) 
and EQ can participate in the absorption. Here Eo is 
the Fermi energy at 0°K but in the presence of Bo- In 
this paper we shall make the assumptions that #wc<$CEo 
and co^>r_1, where r is the electron relaxation time. Be­
cause fooc<<CEo, the quantity EQ differs from the Fermi 
energy f o in the absence of a magnetic field by a negli­
gible amount. A simple calculation shows that absorp­
tion of a phonon is possible whenever there is an integer 
between the numbers A+ and A_ defined by 

EQ 1 W*C02 / M \ 2 

A ± = 1 ± ) . (4) 
tiuc 2 2fiucq

2\ 2rn*w/ 

The difference A_—A+=co/coc so that, whenever co<coc, 
the attenuation coefficient is zero if there is no integer 
within the interval (A+,A_) and Y=YO(COC/CO) otherwise. 
The quantity Yo=7rco/2^ (where VF is the Fermi 
velocity) is the coefficient of ultrasonic attenuation in 
the absence of a magnetic field. The result quoted above 
follows from the fact that the attenuation averaged 
over a sufficiently large range in B0 should yield 70 in 
agreement with the semiclassical theory. This means 
that the ratio 7/70, when plotted as a function of 
(Eo/#coc) — \ has spikes of width co/coc and height coc/co 
which occur, approximately, at integral values of 

( E o / * « c ) - i 
The purpose of this paper is to investigate the effect 

of the alignment of the electron spins in the field BQ 
upon the results outlined above. First, we discuss 
this question and how it could be used to obtain informa­
tion about the electronic structure of metals. Second, 

5 See, for example, L. I. Schiff, Quantum Mechanics (McGraw-
Hill Book Company, Inc., New York, 1955), 2nd ed., pp. 64-65, 

6 J. J. Quinn and S. Rodriguez, Phys. Rev. 128, 2487, 2494 
(1962). 

7 For the purpose of this numerical estimate we assumed 
s=o)/q = 3 X105 cm/sec and w* of the order of the free electron 
mass. 

we investigate the effect of a finite temperature on the 
consequences deduced for 0°K. 

If the orientation of the electron spins in the field Bo 
is taken into account, the energy levels (2) become 

En^ (*,) - En(kz)±±gnBB0y (5) 

where the positive and negative signs correspond to 
states having spin parallel to and antiparallel to BQ, 
respectively, fjLB=eh/2mc is the Bohr magneton (m is 
the free electron mass), and g is the g factor. The argu­
ment given above can be repeated in exactly the same 
fashion. The conclusion is that each of the spikes in 
7/70 as a function of (EQ/hcoc) — § splits into two a dis­
tance (giJLBBQ/fouc) = (gm,*/2m) apart. The conditions for 
resolution of these lines depend, obviously, on how 
m^/m compares with unity and with the ratio ca/cac. 
Thus, the effect of the spin is to give rise to two sets of 
spikes that occur at regular intervals of BQ"1. One set 
owes its origin to electrons with spin parallel to B0 and 
the other to electrons with spin antiparallel to Bo. 

We turn now our attention to a metal with an arbi­
trary electronic structure. The maxima and minima 
in the ratio 7/70 occur whenever the field BQ is such that 
a state exists having average velocity in the z direction 
equal to the velocity of sound and energy within ftoo of 
EQ. Since S<ZIVF such states correspond, for practical 
purposes, to extremal orbits on the Fermi surface.8 

Onsager9 has developed a method for describing the 
stationary states of electrons in a real crystal in the 
presence of a magnetic field. I t is assumed that the 
motion in k space is governed by the Lorentz equation 
ftdk/dt= — (e/c)YXB0, where v is the velocity of an 
electron characterized by wave vector k. Using the 
Bohr-Sommerfeld quantization rule it is possible to 
show that only those states which correspond to orbits 
in planes characterized by a constant kz having areas 

S=2Tr(n+$)eB*/hc (6) 

are stationary states. (Here 5 is a constant phase factor 
that lies between zero and unity; for free electrons 
6 = | . ) This indicates that, in the absence of the Zeeman 
splitting of the electronic energy levels, there is a maxi­
mum whenever BQ is such that an integer n exists for 
which the left-hand side of 5 is SQ the area of the ex­
tremal orbit on the Fermi surface (see footnote 8). 
Now the effect of the spin is to give absorption arising 
from separate contributions by the electrons of either 
spin orientation. The Zeeman energy of the electrons 
in the field Bo causes them to repopulate their states so 
that the extremal orbits on the Fermi surface for elec­
trons with spin up or down are S±. A maximum of at­
tenuation occurs when an integer n exists for which 

S±=2ir(n+d)eBo/hc. (7) 

8 In what follows we shall describe these orbits as extremal. 
Strictly speaking they are not, since extremal orbits have zero 
average velocity in the direction of the magnetic field. 

9 L. Onsager, Phil. Mag. 43, 1006 (1952). 
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But 

S±= S0± (dS/dE)oig!xBB0, (8) 

where (dS/dE)o is the rate of change with respect to 
the energy of the extremal cross sectional area of the 
Fermi surface by a plane perpendicular to Bo. We know 
that (dS/dE)o can be related to the effective mass m* 
which one obtains in cyclotron resonance experiments,10 

namely w*= (h2/2w) (dS/dE)o. (We use the same symbol 
m* as in our previous discussion; no confusion need 
arise.) Thus, Eq. (7) becomes 

5 0 = [>+S=F (gm*/Amy]2TceB*/hc. (9) 

This result implies that if 7/70 is plotted as a function 
of .Bo-1, we obtain two sets of spikes which occur at 
regular intervals of BQ~X with period 

A(l/B0) = 2ve/hcSQ. (10) 

Two contiguous spikes belonging to different sets are 
separated by11 girern*/ficS<m- This result is the same as 
that given for a spherical band but now m* has a well-
defined meaning in terms of the geometrical properties 
of the Fermi surface. 

Let us discuss now the effect of a finite temperature 
upon the results described above. The results of the 
calculation which we shall now present are similar to 
those found by several authors12-16 for the case of the 
de Haas-van Alphen effect. For this reason our descrip­
tion will be brief. The coefficient of ultrasonic attenua­
tion can be obtained from the imaginary part of the 
sound frequency given by17,18 

«2=op
2 /€«(q,«)- (U) 

Here Qp is the plasma frequency of the positive ions of 
the metal and 

€„(?,«) = 1+4TT [f0(E)(dx/dE)dE, (12) 

10 See, for example, R. G. Chambers, Can. J. Phys. 34, 1395 
(1956). 

11 This is true if gm*<2m. If this is not the case, the problem of 
interpretation is obviously more difficult. In particular, if gm* = 2m 
it is impossible to detect the effect due to the electron spins. 

12 A. Akhieser, Compt. Rend. Acad. Sci. USSR 23, 974 (1939). 
13 E. H. Sondheimer and A. H. Wilson, Proc. Roy. Soc. (London) 

A210, 173 (1951). 
14 R. B. Dingle, Proc. Roy. Soc. (London) A211, 500 (1952). 
1 5 1 . M. Lifshitz and A. M. Kosevitch, Soviet Phys.—JETP 2, 

636 (1956). 
16 M. H. Cohen and E. I. Blount, Phil. Mag. 5, 115 (1960). 
17 J- J- Quinn and S. Rodriguez, Phys. Rev. Letters 9, 145 

(1962). 
18 J. J. Quinn and S. Rodriguez, Phys. Rev. 128, 2487, 2494 

(1962). 

where fo(E) is the Fermi-Dirac distribution function 
and 

m*cop
2 

X(£) = £ ' {ZEn(kz+q)-En(kz)-fiu+iti/TT1 

4wNq2 nkykz 

+£En(kz+q)-En(kz)+ha>-ifi/Tj-1}. (13) 

We assume we are dealing with electrons with a spherical 
effective mass tn*, that «7v£>l, and that q = (0,0,g) 
points in the direction of Bo (longitudinal wave propa­
gating along the z axis). The quantity a)p is the electron 
plasma frequency and N the number of electrons in the 
system. The sum in Eq. (13) extends over all states 
having energy less than E [i.e., En(kz)<E~], The 
important parameter in the determination of 7 is the 
imaginary part of ezz. We find (co^r"1) 

Imx(E) 

3cop2coc 

= ZA(E+^BB0)+A(E-igfxBBon (14) 
\.6<fVpZ 

A(E) is the number of integers within the interval 
defined by the quantities A± given by Eq. (4) except 
that we replace Eo by E. If co <coc, we can perform a 
Fourier expansion of A (E) and after use of the integral 

r df0 f2m(E-S)i\ 
\ dE — exp ) 

J dE \ tiuc J 

2mt*kT 
= , (15) 

iio)c smh.(2nir2kT/fio)c) 
we obtain 

00 ^irkT /7rno)\ 
7/70= 1 + E ( - 1 ) " - — Sin 

»=i no) \ coc / 
/gTrnni*\ cos(2Tn£o/fuac) 

X cos! . (16) 
\ 2m /smh(2Tr2nkT/fia)c) 

If only the first Fourier coefficient in Eq. (16) is ob­
served, the effect of the electron spin is simply to in­
troduce the factor cos (giwi*/2w) which is absent if 
spin is not taken into account. However, if 2-K2kT<£ho)c 

several Fourier components of Eq. (16) are important 
and the two sets of spikes in the graph of 7/70 as a 
function of B0~

l may be detected. 
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