
P H Y S I C A L R E V I E W V O L U M E 1 3 0 , N U M B E R 4 IS M A Y 1 9 6 3 

Theory of Antiferromagnetic Spin Waves in some Metamagnetic Crystals* 
AKIO YoSHIMORlf 

The Ohio State University, Columbus, Ohio 
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The spin waves of metamagnetic hexagonal layer crystals, in particular, NiCl2 and C0CI2, are calculated in 
a semicontinuum model. Temperature variations of the specific heat and of the sublattice magnetization 
due to the spin-wave excitations are derived and discussed. 

1. INTRODUCTION 

TH E purpose of this paper is to calculate spin 
waves with low frequency in the hexagonal layer 

crystals which are called metamagnetics, in particular 
NiCU (and C0CI2) and to discuss a particular type of 
temperature variations of the specific heat and the sub-
lattice magnetization due to the spin-wave excitations. 

The anhydrous chlorides of the iron-group elements 
are sometimes called metamagnetics because of the 
field-dependence of their susceptibility. They have been 
a subject of numerous investigations.1-5 I t is assumed 
here that, in metamagnetic crystals, a ferromagnetic 
interaction makes spins parallel in the layer and a rela­
tively much weaker antiferromagnetic interaction makes 
spins of adjacent layers antiparallel as Landau assumed.1 

This type of spin superstructure has been confirmed in 
C0CI2, CrCl3, and FeG.2 by neutron diffraction experi­
ments.3,4 The spins in C0CI2 and CrCl3 are found to be 
oriented parallel to the layer. 

We take two types of Hamiltonian in the spin-wave 
approximation, based on a theoretical discussion of 
N1Q2 and C0CI2 by Kanamori.2 In these Hamiltonians 
an anisotropy energy, which makes the layer an easy 
plane for the spins, will also be considered in addition 
to these exchange interactions, and no anisotropy energy 
will be assumed in the layer. Therefore, we assume that 
spins in N1CI2 are also oriented parallel to the layer. 

A semicontinuum model, analogous to that for the 
lattice vibrations of graphite,6 will be used, namely, 
each layer is regarded as a ferromagnetic continuum7 

in two dimensions while discreteness along the threefold 
axis is taken into account. Since only the spin waves 
with very small components of the wave vector in the 
layer will be discussed here, the effects of the discrete­
ness of the atomic arrangement in the layer are very 
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small. Consequently, a semicontinuum model, which is 
much simpler, is sufficient for the present discussion. 

2. HAMILTONIAN IN THE SPIN-WAVE 
APPROXIMATION 

We take two types of spin-wave Hamiltonian in the 
semicontinuum model. The first, with spin unity, is for 
N1CI2 and the second, with anisotropic exchange inter­
actions with spin one-half, is for C0CI2, a Kramers' 
doublet being assumed for Co + + 

3C= = E f ^ 2 p U | g r a d p S . ( 9 ) | 2 

+B$n(9)'$n+1(9)+DSnJ(9)~], (1) 

3C = E / ^ P ^ C a i l g r a d p S n ^ l ^ + a n l g r a d p ^ n , . ^ ) ! 2 ] 

+B[alSn
,(9)'Sn+1

f(9)+anSn,z(9)Sn+U9n}, (2) 

with 

(and cyclic permutation of x, y, and z). Here, A is the 
exchange stiffness in the layer, B is an exchange coupling 
constant, D is an anisotropy constant, S„(p) is the spin-
density operator of the nth layer, 9 is a positional vector 
in the layer in units of square root of area per spin of 
the layer (the spin density of the layer is also in units 
of the reciprocal of this area), Sn '(o) is the projection 
of the spin-density operator onto the layer, and aL 

and au are numerical constants with order of magnitude 
unity and with ai>au. 

The Hamiltonians (1) and (2) are derived from spin 
Hamiltonians for NiCl2 and C0CI2 suggested by Kana­
mori2 by taking 

Sw(j>) = 2Zm $n,mS(9— 0m), (4) 

where Sn>m is the spin at the mth lattice point of the 
nth layer, 9m being the position of the mth lattice point. 
Then we have 

A = 2J1z1a/2, a=lzrl^dx 

B = 2J2z2/2, 
(5) 

where J\ is the exchange integral between the nearest 
neighboring spins in the layer, %\ is the number of the 
neighbors in the layer, 5 is a distance between these 
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neighbors, 8X is the x component of 5, J\ is the exchange 
integral between nearest neighbors of adjacent layers, 
and z2 is the number of these neighbors. 

The interlayer exchange interaction is not neces­
sarily between neighboring spins along the threefold 
axis but it can be between neighboring spins along a 
direction having a finite angle to the threefold axis. 
Such an interaction will add another term to the Hamil-
tonian, but it can be incorporated in B because the 
wave vector component in the layer is assumed to be 
small. 

The following approximations will be used: 

•S2i,*(0) = 3—02^(9)021(0), 

521+1, x ( p ) = — S+02Z+l t(e)fl2Z+l(p), , ^ 

S2iK9) = SuA9)+iS2U9)=(2S)^a2i(9)y 

S2i+iK9) = S2mA9)-^2i+iA9)^(2S)^a2i+i(9), 

with 

[ 0 n ( 9 ) , ^ t ( 0 / ) ] = = ^ ) ^ ( 0 - 0 / ) J (fJ, 

[an(0),0^(9 /)]==O-

The part of the Hamiltonian quadratic in a (there is no 
linear part) can be diagonalized by a transformation, 

a2z+;(e) = (2/A01/2 E k e x p [ ^ , ( 2 / + i ) + i k / . 0> k , y , (8) 

ak iy=2-1 '2[-4k.o cosh0k<+>+,4_k,oT sinh0k(+> 
+ (-iy(Ak,1cosh6k^+A^1Umhdk^)^ 

(9) 
I^I^TT/2, i=0, 1, 

with 
tanh20k<±> = ( ± 6 cos*,-j\d) (kf2+b+±d)-\ (10) 

(for the NiCl2 type), 

tanh2(9k^ = [ ( l - f ) ^ 2 = F 5 ( l + r ) c o s ^ - ( l - f ) a - 1 ] 

X{{\+r)k'2+b[_2^{l-r) cosfeJ+(l+r)f l - 1}- 1 , (11) 

(for the C0CI2 type), where 

b=B/A, d=D/2A, r=au/aly 

and a was given in Eq. (5). From the fundamental 
assumption, b is much smaller than unity. 

The resulting approximate Hamiltonian is as follows: 

3C=^J^3~Q,ificokijAk,^Ak>j, (12) 
with 

(flO>kJ/2A3)2 = {kf*+b[l - ( ~ 1) ' COS*,]} 
X{k'2+bll+(-l)> coskz~]+d}, 

i = 0 , l (13) 

(for the N1CI2 type), while the expression of fio)k,j for 
the C0CI2 type is that of Eq. (13) in which 2AS and d 
are replaced by 2AS{alau)

112 and 0 - 1(l+&)(l—r)/V, re­
spectively. Therefore, discussions based on Eq. (13), 
which will be given in the remainder of this section and 
in the next section, apply to both the types of spin waves. 

FIG. 1. The curves of x/b vs kz. £x=ha>/2AS.~] (1) d/2b = 0; 
(2) d/2b = i; (3) d/2b = l; (4) d/2b = §. 

There are two branches of the spin waves #cok,o and 
feok.i. When d is finite, these two branches are not de­
generate. The two modes with k = 0 have frequencies 0 
and (fi<jo/2AS)~(2bd)112. These are the antiferromag-
netic resonance modes. Since no anisotropy energy in 
the layer is considered, one of them has zero frequency. 

I t can be seen easily from Eq. (13) that, if the range 
of the kz values is taken from — w to -w instead of from 
—ir/2 to 7r/2, Eq. (13) with j=0 represents both Eqs. 
(13) with y = 0 and with j= 1 in the enlarged reciprocal 
space. Hereafter, this Eq. (13) in the enlarged reciprocal 
space will be used. 

The frequency at very small kz and k' is given 
approximately by 

(^k/2Asy^(2b+d)i(kf/ky+b(kz/k)23^ (w) 
The frequency, in this limit, is proportional to k, as for 
isotropic antiferromagnetic spin waves, but its propor­
tionality constant varies rapidly with the direction of k 
because of the very small value of b. Therefore, con­
tours of constant frequency in the vicinity of the origin 
of the reciprocal space are very prolate ellipsoids. 

With increasing kz (k' = 0), the following two cases 
will be distinguished with regard to the variation of 
fiwk vs kz: (I) b>\d and (II) bSid. There is a maximum 
of ^cok at kz<T in case (I) and a maximum at kz=w in 
case (II), as is shown in Fig. 1. The aspects of the con­
tours of constant frequency in both cases, shown in 
Fig. 2, are different, though both the contours have a 
prolate shape along the kz axis. The contour connects, 
finally, the zone boundaries in the zhkz direction at 
fa>=2AS(b+%d) in case (I) and at fiu=2AS(2bd)112 in 
case (II). 

For fia>»2AS(b+id) in case (I) or fko»2AS(2bdyf2 
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FIG. 2. The contour of constant frequency in the enlarged 
reciprocal space: (I) d/2b = i; (II) d/2b = %. 

in case (II), we can neglect terms with b in Eq. (13); 
we then have 

(fk»k/2A S)2^kf*+ 2 (b+id)k'\ (15) 

This frequency expression is similar to that of a two-
dimensional ferromagnetic system with the anisotropy 
in Eq. (1). 

3. SPECIFIC HEAT 

The frequency distribution function /(x) (x=fiu/2A S) 
is calculated from a formula, 

where 8(x) is the delta function. The summation in 
Eq. (16) is replaced by an integration, and one of the 
integration variables k' is changed to (fUoij2AS). This 
gives 

N rT rxo dk'2 

/ ( * ) = / dk, 

( ?W \ 
Xd(ftcck/2AS)8( x 1, (17) 

\ 2ASJ 

where 2ASx$/fi is a cutoff frequency. This cutoff fre­
quency is determined by the normalization of f(x), 

f 
Jo 

f(x)dx=N. (18) 

A calculation of the function f(x) in cases (I) and 
(II) gives the following result : 

Case (I): b>%d 

f(x) = N(2ir)~* 
r~ r kz, l /• 7T - i 

X / I(kz;x)dkz+ I(kz;x)dkz\, 
\-J 0 J fcs>2 J 

with 

kZti=/c+, kZt2=T for 0^x2^2bd, 

kz,i=K+, kZf2=K- for 2bd^x2^L(b+%d)2
J 

Ki=kZt2 for (b+W<**-

Case (II):b^d 

with 

where 

rkz,l 

" ' 
Jo 

f(x) = N(2T)~2 I(kz;x)dk 
Jo 

kz>1=K+ for 0£<x?^2bd, 

kz>i=ir for 2bd^x2, 

(19) 

(20) 

(21) 

(22) 

I(k2; x) = x[(b+W+%2-b2 $m2kz 

-2bdsm2(±kz)~]~1/2, (23) 

K±=cos~l{-d/2b±Z(d/2b+l)2- (x/b)2J>2}. (24) 

The function f(x) becomes simpler in several limiting 
cases depending on the values of x or d. Firstly, we have 
approximate expressions for f(x) at small or large x 
values, as shown in Table I. Case (I) and case (II) 
will be further differentiated in two and three subcases, 
respectively, with respect to the behavior of f(x) at 
small and large x values depending on the value of d: 
(la) (W,2«b112, (lb) mm<b112, (Ha) (Wl2>b112, 
(lib) GM)1/2»61/2 and d~x0, and (lie) d»x0. 

Secondly, if d~0, i.e., case (la), we have for any 
value of x, 

/ ( ^ = N ( 2 T T ) - 2 2 V ( 1 + ^ 

3 ^ 1 , (25) 

f(x) = N(2w)-22y(l+y2)-1i2Kl(l+y2)-1i2'], y> 1, 

with 
y = x/b, 

where F(k,<p) and K(k) are, respectively, the incomplete 
and complete elliptic integrals of the first kind. Thirdly, 
if dy>b [case (lib) and a part of case ( I la) ] , we have 

f(x) = N {2ir)~22x(Jd2+x2)-1'2 sin-1^(2bd)~1^2 '] , 
xS(2bd)l>2, (26) 

f(x) = N(2w)-2irx({d2+x2)-1f2
7 x> (2bdY'2. 

TABLE I. Approximate expressions for 47rW_1/W-

Lower frequency Higher frequency 
Case expression Case expression 

~~ (la) 2r2x2 , x«b (I) (Ha) ir, x»b+& ~~ 
(lb) (II) b-WQ+id)-*/***, (lib) ire&P+a?)-1 '2, 

%<&(2bdy/2 x^(2bd)V2 

(lie) 2ird~lx, x^ (2bdyi2 
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TABLE II. Lower temperature and higher temperature expressions for Cv/R. 
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Case 
Lower temperature 

expression Case 
Higher temperature 

expressiona 

(la) 1.316(Zy0ia)», r « © i a ' 
(ib) (ii) 0.658 (r/Oi)3 , r « e / 

(I) (Ila) 0.262r/02, 7>>©2' 

die) i.i48(r/@llc)
2, r » e / 

a The corresponding expression in case (lib) is not simple. 

The approximate expressions of f(x) for cases (la) and 
( l ib , c) in Table I can, of course, also be obtained from 
Eqs. (25) and (26). 

The function f(x) in cases (lb) and (Ila) is compli­
cated at intermediate x values. In order to know the 
values of f(x) in this range of x, a numerical evaluation 
is required of the integrals in Eqs. (18) and (20) with 
a given value of b/d. 

In evaluating the integral in Eq. (18) in order to 
determine XQ, one may replace f(x) in the integral by 
the approximate expressions at the larger x values given 
in Table I. This follows from our fundamental assump­
tion which makes (b+^d) in cases (I) and (Ila) and 
(2bd)112 in cases ( l ib , c) very small. We have, for cases 
(I) and (Ila) 

X0 = 4T, (27) 

and for case ( l ib, c), 

#o=[47r(47r+d)] : 1/2 (28) 

The specific heat due to the spin-wave excitation is 
given by the equation, 

f Cv=kB j 
Jo 

E(2ASx/kBT)f(x)dx, 

with 
E (x) = (expx) [_ (expo;) — 1 ] V . 

(29) 

(30) 

One can obtain expressions of CV at lower temperatures 
and also at higher temperatures, by using the approxi­
mate expressions for f(x) given in Table I. Low-
temperature expressions are derived in the same way 
as one derives the T5 law due to ordinary antiferro-
magnetic spin waves. 

High-temperature expressions are obtained as follows: 
Let us take case (Ib) as an example. Using the expres­
sion of f(x) for case (Ib), given in Table I, one has, 
from Eq. (29), 

Cv/R^ / I 
Jo 

E(2ASx/kBT)N~lf(x)dx 

r>XQ 

+ (27r)-2/ E(2ASx/kBT) 
Jb+id 

X{T+O[>/(6+§<0]}<fc. (31) 

This gives, with y=2ASx/kBT, yo=2ASxo/kBT, and 

yi=2AS(b+id)/kBT, 

Cv/R^(kBT/2AS)\ (2AS/kBT) / E(y)N-1f(x)dx 
rb+hd 

+ (4T> 1 E (y)dy+0(yi2lnyi) (32) 

The first term in the right-hand side of this equation 
has at most the order of magnitude of y±, therefore, if 
3>i<̂ Cl, yo^>l, one obtains 

Cv£*R(kBT/2AS)(4>. 
Jo 

E(y)dy. (33) 

The expressions for CV obtained in cases (Ia)-(IIc) 
are given in Table II, where the ©'s are defined as 
follows: 

kB®u'=2ASb, kB®iz=2ASbW, 

* B 0i '= 245(26rf)1/2, * B © I = 2ASbli«(b+Wli, 
kB®z'=2AS(b+%d), kB<d2=2AS, 

kB®n,= 2ASd}i\ 

(34) 

In this calculation, the following values of the integrals 
are used: 

Jo 
Tv= E(y)ydy, 

(35) 
r0=i7r2, r1^0.2337r2, 

T2= ( 4 / 1 5 ) T T 4 . 

4. SUBLATTICE MAGNETIZATION 

The sublattice magnetization is calculated, with Eqs. 
(6), (8), and (9), to be 

M/g^(Zifd*pS2l,x(9)y 

= i#S+ iEk( l - cosh20 k ) 

-h Ek [_exp(2ASx/kBT)~ l ] " 1 cosh20k, (36) 

where 0k is 0k
(+) in Eqs. (10) and (11) and the summation 

is over k in the enlarged reciprocal space introduced in 
Sec. 2. The decrease of the sublattice magnetization 
from the value at absolute zero with increasing tem­
perature is given by the third term of the right-hand 
side in Eq. (36). 
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TABLE III. Approximate expressions for ^TV2N~1G{X). When 4msN"1G(x) for the CoCl2 type is different from 
that for the NiCl2 type, it is shown in curly brackets. 

Case Lower frequency expression Case Higher frequency expression 

(la) 2b~1x, x<£b 

(lb) (II) b-^ib+id)-1^, x<Z(2bdyi2 

(I) (Ha) 7r/2,x^b+id 
{ ( H f ) r V 4 , * » H W } 

(lib)a {(1 + r ) r - V / 4 - i (1 ~r)r~l[l + (2x/d)23~ll2> 
x^ {2bd)1'2} 

(llc)a {TT/2, X^ (2bd)^2} 

1 In cases (lib, c) G(x) for the NiCh type is not given, because the present spin-wave calculation is not valid as is discussed in Sec. 5. 

If the summation in this term is replaced by an G^i(x) = N(27r)~2 sin_1(#/6), 
integration and when one of the integration variable k' 
is changed to x, one finds 

AM/gn 

• / 
Jo 

= N(2T)~2 / £exp(2ASx/kBT)- \~]-lG(x)dx. (37) 

Here, G(x) for the NiCVtype spin waves is given by 

Gm(x) = iN7r*(kZtl+T-kz,2), (38) 

GCo (x) = N(2x)~2{ (1+r) (2r)~l sin"1 (x/b) 
- (l-r)(2r)-1 sm-1[x(b2+x2)-1'2']}, 

x^b, (41) 
Gm(x) = N(2ir)-*(ir/2), 

Geo (x) = N (2TT)-2{ (1+r) ilr)-1 (TT/2) 

- (\-r)(2r)~l s i n - W ' + x 2 ) - 1 ' 2 ] } , *>#> 

and, in case (lib), 

GCO(X) = N(2T)-2 sirr1lx(2bd)-ll22, x^ (2bd)112, 

where ksl and &22 are given in Eq. (20) in case (I) and, GCo(x) = N (2>n)-2(Tr/2)[_(\+r)r-1 (42) 
in case (II), kzl is given in Eq. (22) and kz2=ir. The _ ( i „ ^ - 1 1 ^ ( 1 ^ ^ - 1 / 2 ^ x>(2bd)112. 
function Gco(x) for the C0CI2 type, is somewhat dif­
ferent, because of the difference in the expressions of T h e function Gm(x) in case (lib) is not given, because 

the present spin-wave approximation is not valid for 
the NiCl2-type Hamiltonian in this case, as we discuss 
later. 

tanh20k [Eqs. (10) and (11)]. One has 

Gco(x)=(l+r)(2r)-1Gm(x)-liN7r-2(l-r)(4:r)-^ 

X 
hz,l 

J(kz;x)dkz+ / J(kz;x)dkz , 

with 
J(kz; x) = (^d-\-b co$kz)x

 lI(kz; x), 

(39) 

(40) 

Using the expressions given in Table III we can 
derive expressions of AM/gn at lower temperatures and 
also at higher temperatures in a similar manner to 
that for the calculation of the specific heat in Sec. 3. 
Results are given in Table IV, where 

where kz\ and kZ2 are the same as in Eq. (38), and 
I(kz;x) is given in Eq. (23). As was mentioned in 
Sec. 2, we have for the C0CI2 type 

d=a-1(l+b)(l-r)r-1^a-1(l-r)r-\ 

and A in Eq. (37) should be replaced by A (auai)112. 
Approximate expressions of G(x) at small x and at 

large x, corresponding to those of f(x) in Table I, are 
shown in Table III. Quantities in curly brackets in 
Table III and also in Table IV are for the C0CI2 type. 
The function G(x) at arbitrary value of x is simple in 
cases (la) and (lib). In case (la), we have 

kB®ia^ = 2ASb112, 

kB@1^ = 2ASbll4(b+Wl\ 

v±= I 4:Tr2N~1G(x)x-1dxJ 

J 0 

l > 2 = 

(26d)l/2 

(43) 

(44) 

Air2N-lG(x)x-ldx. 

5. DISCUSSION 

As is seen from Tables II and IV, the specific heat 
and the sublattice magnetization have a different tern-

TABLE IV. Lower temperature and higher temperature expressions for AM/iNg/j,. When AM/iNgfx for the C0CI2 
type is different from that for the NiCl2 type, it is shown in curly brackets. 

Case 

(la) 
(lb) (II) 

Lower frequency expression 

0.0833 (27OiaW)2, r « @ i a
/ 

0.0417 ( r /Oi^) ) 2 , r « ® / 

Case Higher frequency expression* 

(i) (iia) o.o796(r/e2) in(r/©2
,)+o.o505z;1r/©2j r » e 2 ' 

(0.0796J(1 +r)r~1 (T/&2) In(7702') +0.0505^7/02} 
(IIc)b (O.O796(r/02) ln(r/0!')+O.O5O5z;2r/©2j r » © / } 

a The corresponding expression in case (lib) is not simple. 
b In cases (lib, c), expressions for the NiCh type are not given, because the present spin wave calculation is not valid as is discussed in Sec. 5. 
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perature dependence at lower temperatures as well as 
at higher temperatures. An interpretation of this result 
is rather simple. As is mentioned in Sec. 2, the lower 
frequency spin waves are similar to those of an ordinary 
three-dimensional antiferromagnetic system and the 
higher frequency spin waves \jhu>2>2AS (b+^d) or 
2AS (2bd)ll2~] are similar to those of a two-dimensional 
ferromagnetic system. Since (b+^d) in case (I) and 
(2bd)112 in case (II) are much smaller than xo, almost 
all modes of spin waves in this model are of the latter 
type. Therefore, at temperatures so low that only the 
low-frequency modes are excited, we have the T3 law 
for the specific heat and the T2 law for the sublattice 
magnetization, which are derived for an ordinary three-
dimensional antiferromagnetic system. At temperatures 
so high that all modes are excited, specific heat obeys a 
T law if d<^%Q and a T2 law if d^>>xo7 which can, for this 
two-dimensional system, be derived with the frequency 
expression (15). The magnetization of this two-dimen­
sional system is divergent due to the very lowest fre­
quency modes, as is known. However, the lower 
frequency modes in the present case have a three-
dimensional character and we have convergent results 
for the higher temperature expressions of AM shown 
in Table IV. 

We may regard this change in the nature of spin 
waves with increasing frequency as a zone boundary 
effect in the kz direction due to the high anisotropy in 
the magnitudes of the exchange interactions. 

According to the estimation and discussion by Kana-
mori,2 2/2^2 is 7 cm - 1 in NiCU and 3 cm"1 in C0CI2 from 
the susceptibility, D in NiCl2 may be fairly much 
smaller than 2/2^2, and the quantity 2ASa~1(l — r)r~1 

— 2Ji%\{al—au) in CoCl2, corresponding to D in NiCh, 
may have an order of magnitude of 2JiZi. Therefore, 
case (I) would be realized in NiCl2 and case (II) in 
C0CI2. 

If we assume arbitrarily D=\ cm - 1 in NiCU in order 
to obtain orders of magnitude of the characteristic 
temperatures in Tables I I and IV, © / and ®2' defined 
in Eq. (36) are estimated to be, respectively, 4 and 
10 °K. If we assume the limiting case of the large orbital 
separation2 in C0CI2, that is, aL—2 and ce n =l , and if 
we use a value of 2 / i2 i=68 cm - 1 from the Neel tem­
perature 25 °K on the molecular field approximation, 
then ©2 ' is estimated to be 10°K. 

The characteristic temperatures, particularly for 
C0CI2, are so high, according to this rough estimation, 
that the higher temperature behavior might not be 
very clearly observed even if the semicontinuum model 
would be a good approximation up to one-third of the 
Neel temperature which is 50 °K in NiCl2 and 25 °K in 
C0CI2. In the case of CrCl3, which is discussed below, 
the semicontinuum model seems to be valid up to the 
highest temperature, i.e., about one-fourth of TV, in 
the experiment. However, the effect of the zone bound­
ary in the present model could still be observed. In 
order to obtain a full theoretical curve, a numerical 

calculation with a suitable choice of the value of b/d 
in Eqs. (19), (38), or (39) is required. If both the lower 
and higher temperature behavior is observed, we can 
determine the value of b/d from the 0 ' s of the approxi­
mate expressions in Table I I or IV. 

The temperature variation of the sublattice mag­
netization of CrCU, observed in the nuclear magnetic 
resonance experiment of Cr53 by Narath,5 is propor­
tional to TlnT at the higher temperatures in the 
experiment. Since the anisotropy energy is comparable 
to the interlayer exchange energy, as can be seen from 
the observed anisotropy of the critical field for the 
transition from the antiferromagnetic state to the 
ferromagnetic state,4 this case corresponds to case (lb) 
or (Ha). Therefore, we expect the T law for the mag­
netic specific heat in that temperature range. If in this 
case a large part of the anisotropy energy originates 
from the dipolar interaction, the lower frequency spin-
wave modes have to be treated more carefully. The di­
polar interaction would give an extra k dependence to 
fico, which would not be negligible compared with that 
from the interlayer exchange interaction. This k de­
pendence is, however, negligible compared with that 
from the larger intralayer exchange interaction when 
ĉok is much larger than b+^d or (2bd)112. 

Narath explained the sublattice magnetization suc­
cessfully in the temperature range of the experiment 
by a model which is also a semicontinuum model, but 
in which the interlayer exchange interaction is replaced 
by an effective field. The higher frequency spin wave in 
the present model is almost identical to that in his. 

The anisotropy term, DSZ
2 in the NiC^-type Hamil-

tonian has matrix elements between states with dif­
ference ASX=±2. This has the effect of reducing the 
expectation value (Sx)y as is seen easily in the molecular 
field approximation. This effect is also considered, in a 
fairly good approximation, in such a simple spin-wave 
theory as the present calculation, insofar as D is much 
smaller than 2/iZi. When D becomes larger and com­
parable to 2/i2i, the simple spin-wave theory cannot be 
a good approximation, because the ground state would 
be very far from the classical ground state assumed in 
the spin-wave theory. The excited state will not be 
described well by such a spin-wave theory, either. 

Since D/2JiZ\ is believed to be much smaller than 
unity in MCI2, the present calculation will be a good 
approximation. The quantity, corresponding to D/2JiZi, 
in C0CI2 has come, fortunately, from the anisotropic 
exchange interaction. Therefore, the above-mentioned 
danger does not exist. 
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