
P H Y S I C A L R E V I E W V O L U M E 1 3 0 , N U M B E R 4 15 M A Y 1 9 6 3 

High-Energy Nucleon-Nucleon Scattering* 
IVAN J. MuziNiCHf 

Lawrence Radiation Laboratory, University of California, Berekley, California 
(Received 20 August 1962; revised manuscript received 23 January 1963) 

The nucleon-nucleon problem is discussed from the standpoint of analyticity in angular momentum. A 
unique continuation of the partial-wave helicity amplitudes is given. The high-energy nucleon-nucleon prob­
lem is then considered from the point of view of the various Regge poles that have the same quantum num­
bers as the nucleon-antinucleon channel. In particular, the contribution of these Regge trajectories to 
nucleon-antinucleon scattering and, hence, their contribution by crossing to nucleon-nucleon scattering is 
given. The resulting formulas should be adequate to describe the total cross section and angular distribution 
for energies greater than approximately 3 BeV in the laboratory system. 

1. INTRODUCTION 

TH E nonrelativistic Schrodinger equation provides 
a framework for discussion of the continuation of 

the partial-wave scattering amplitude into complex 
angular momentum, I. In particular, it has been shown 
by Regge1-2 that the partial-wave amplitude continued 
as a function of complex /, on the basis of the Schrod­
inger equation, is analytic in the right-half I plane. Poles 
in the right-half I plane correspond to the resonances 
and bound states of an attractive potential and are 
called Regge poles. Recently, several authors3,4 have 
realized the importance of Regge poles in strong inter­
actions that are intrinsically relativistic in nature. 
These poles are important for an understanding of the 
analytically continued S matrix in energy and mo­
mentum transfer and for the formulation of the prin­
ciples of particle equivalence and maximal strength of 
strong interactions. I t is the high-energy behavior of 
scattering amplitudes (in particular, the nucleon-
nucleon elastic amplitude) that is our primary concern 
in this paper. If the Regge pole conjecture is accepted, 
then scattering cross sections at high energies are con­
trolled in a very simple way by poles in "crossed 
channels." 

For a relativistic scattering amplitude, Froissart and 
Gribov have proposed, on the basis of the Mandelstam 
representation, a particular continuation of the partial-
wave amplitude from physical values of angular mo­
mentum (positive integers) into complex angular mo­
mentum.5 Squires and Prosperi give conditions for the 
uniqueness of this continuation.6 
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All these considerations (with the possible exception 
of Gell-Mann et al.) have been made for spinless par­
ticles. This paper has a twofold objective; namely, to 
verify that the above results have an analog in the two-
nucleon problem when spin is taken into account, and 
to obtain results applicable to the high-energy nucleon-
nucleon problem. 

Section 2 is a brief discussion of kinematical pre­
liminaries. A complete discussion of the kinematics for 
the Mandelstam representation is given by Goldberger, 
Grisaru, MacDowell, and Wong (GGMW)7 ; however, 
this section is self-contained, and the reader is not 
expected to be familiar with all the results of GGMW. 

In Sec. 3, a unique continuation of the partial-wave 
helicity amplitudes corresponding to transitions of 
definite parity is derived from the Mandelstam repre­
sentation. I t is in this section that an alternate set of 
amplitudes can be defined that simplifies the discussion 
of analyticity in angular momentum for the partial-
wave helicity amplitudes. The Sommerfeld-Watson 
representation1-2 for the nucleon-nucleon amplitude is 
given. The results of this section are applicable to both 
nucleon-nucleon scattering and nucleon antinucleon 
scattering. 

In both nucleon-nucleon (NN) and nucleon-anti­
nucleon (NN) scattering there are five independent 
amplitudes, because of the spin. In Sec. 4, the question 
is settled as to which linear combinations of the five 
independent partial-wave NN helicity amplitudes are 
associated with the various _Regge poles having the 
quantum numbers of the NN system. The results of 
this section are presented in Table I. 

In Sec. 5, a discussion similar to that in Sec. 4 for 
Regge poles with the NN quantum numbers. Sections 4 
and 5, although qualitative in nature, are included be­
cause the results are important for practical calculations. 

Section 6 is devoted to the study of high-energy (NN) 
scattering. Formulas for the high-energy total cross sec­
tion and angular distribution are derived in terms of 
the Regge poles in the NN channels (crossed channels). 
The trajectory of a Regge pole determines the high-
momentum transfer behavior of the nucleon-antinucleon 
amplitude and hence (by crossing) the high-energy 

7 M. L. Goldberger, M. F. Grisaru, S. W. MacDowell, and 
D. Y. Wong (GGMW), Phys. Rev, 120, 2250 (1960), 
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HI 
t 0 FIG. 1. Scattering dia­

gram for the nucleon-nu-
cleon problem. 

behavior of the nucleon-rmcleon amplitude is also de­
termined. The contribution to backward np scattering 
of the IT and the p trajectories, in particular, is discussed 
in some detail. 

2. KINEMATICS 

A complete discussion of the kinematical prelimi­
naries, crossing, and the choice of amplitudes suitable 
for the Mandelstam representation has been given by 
GGMW.7 However, questions relevant to our purposes 
are discussed in this section. 

There are three physical processes related by analytic 
continuation of the momentum variables, 

and 

(I) Nt+N*-

(II) Ni+Nv-

>NV+NV, 

(2.1) 

(III) Ni+Nv-tRl+Ny, 

where the bars indicate antinucleons. The four-momenta 
of the particles 1, 2, 1', and 2' are denoted ph p2, pi>, 
and p2>} respectively, and all momenta are taken to be 
into the scattering diagram Fig. 1. Each of the momenta 
has the property (pi)2 = m2, where m is the nucleon mass. 
The metric chosen here is such that x-y^xty*—xy, 
where x and y are four-vectors. 

The customary scalar invariants are defined: 

and 

S=(pl+p2)2=(pl> + p2>)\ 

t= (pl+pl>)2= {p2+P*)\ 

U=(P1+P2>)2=(P1> + P2)2, 

(2.2) 

(2.3) 

with the constraint, 

s-\-t+u=4:fn2
J 

and conservation of four-momenta reads 

pi+p2+pv+p2> = 0. 

In nucleon-nucleon scattering, particles Nv and N% 
are outgoing and their momenta are described by — pv 
and —p2>; the variables s, t, and u are related to center-
of-mass quantities for nucleon-nucleon scattering by 

and 

s=4:^=4:(p2+m2), 

t=-2f(l-z), 

u=-2p2(l+z)1 

where p is the absolute value of the three-momenta of 
either particle and E is the energy of either particle 
in the center-of-mass system (cm.) . The quantity 

2=cos0 is the cosine of the c m . scattering angle. The 
physical region for the invariant variables is 

s>4ttn2, t<0, and u<0. (2.6) 

This range of variables is designated as the nucleon-
nucleon channel or the "s channel." 

For the nucleon-antinucleon process GGMW is fol­
lowed and we choose pi to be the momentum of the 
incoming nucleon, py the momentum of the incoming 
antinucleon, —pv the momentum of the outgoing 
nucleon, and —pi the momentum of the outgoing anti­
nucleon. In terms of cm. quantities the invariant vari­
ables take the form 

and 

s=-2pu
2(l+zu), 

t=-2pj(l-zu), 

u=4(pJ+tn*) = 4tEJ. 

The physical region of these variables is 

s < 0 , / < 0 , and u>4m2. 

(2.7) 

(2.8) 

This domain of variables is referred to as the "u 
channel." 

There is another nucleon-antinucleon channel, the 
"t channel." In terms of c m . quantities the invariant 
variables take the form 

and 

j = - 2 ^ ( l + z f ) , 

/ = 4 ( ^ 2 + w 2 ) = 4E,2, 

u=-2pt
2(\-zt)J 

(2.9) 

where ^<0 , t>4m2, and u<0 is the physical region. 
In all the following, charge independence is assumed 

to be valid and the formalism of isotopic spin is used. 
Space-reflection invariance and time-reversal invariance 
are assumed to be valid throughout. These symmetries, 
together with Pauli symmetry, limit the number of 
amplitudes in nucleon-nucleon scattering to five for 
each value of total isotopic spin (0,1). Similarly, the 
above symmetries, together with G parity, limit the 
number of amplitudes to five for nucleon-antinucleon 
scattering. 

The 5 matrix for nucleon-nucleon scattering is 
written 

(2.4) < W ; P ' I ( S - 1 ) | A , M ; P > 

= -iVw^itn/EydWiPi+pz+Pr+ptOZT, (2.10) 

where A V a n d A, u are the helicities of the final and 
initial particles, respectively; (— p', p') and (— p, p) are 
the final and initial cm . momenta. Since conservation 
of isotopic spin is assumed, the S matrix depends upon 
the total isotopic spin T, and not the components of T. 

(2-5) The normalization of the amplitude !Er, called the 
Feynman amplitude, is such that the differential cross 
section per unit solid angle (cm.) is 

da/di1=\<t>yu',^(p',V)\2, (2.11) 
where 

4>xv,x„(p',p)= {my^wEW. (2.12) 
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It follows directly from rotational invariance that 
the amplitude <t> can be developed in terms of the partial-
wave helicity amplitudes by the expansion8 

1 00 

= - £ (2/+i)dx-Miv-M'/WrvM'.XMJ(W0-
p /=o 

(2.13) 
The beam is incident from the z direction and is scat­
tered into the Euler angles (0,0,0). The quantity 2YM'XA/ 
is the partial-wave helicity amplitude and is propor­
tional to the S matrix in the angular momentum 
representation 

r x v . x / W = (1/2*)(5VM'.XMJ-«X'XVM), (2.14) 

where W—2E, and 

{{J',M');\'»';p'\S\{J,M);\n;p) 

^SJJSMWS(W-W)SX',',X/- (2-15) 

The functions dmn
J(8) are reduced-rotation matrices, 

and have simple orthogonality properties9 which lead to 

7\v ,x/(W0 = 
PC1 

-— I dzd: 
2j_ x 

\—H,\'—JX' ' ( 0 W . x M ( W » . (2.16) 

Time-reversal invariance, conservation of total spin 
(which follows from charge independence and Pauli 
symmetry), and space-reflection invariance lead to the 
following symmetries for the partial-wave helicity 
amplitudes, respectively: 

TwS(W) = Tw,x/(W), 

T^.^J(W) = Tx^tx/(W)9 (2.17) 
and 

- X ' - M ' i_vvW=rxv.x/(W0. 
The indices A,/*, etc., are two-valued (zbl/2), and if 
one counts properly there are 16 configurations of 
helicities of the initial and final nucleons. However, 
the symmetries (2.17) reduce this number to five inde­
pendent helicity amplitudes for each isotopic spin, and, 
following GGMW, the independent amplitudes are, for 
each value of the isotopic spin T=0, 1: 

T1
J>T(W) = T1/21/2,1/21/2

J>T(W), 

T2
J'T(W) = T1/21/2^1/2-1/2

J>T(W), 

r3^
77(TF) = r 1 / 2 _ 1 / 2 i l / 2 _ 1 / 2 ^ r (^ ) , (2.18) 

and 
TtJ'T(W)=T: 1/2 -1/2,-1/2 l /2 J r ' r (T^) , 

T,J>T{W) = T1I21I2,V2„V2J>T(W), 

and likewise for the set #XV,XM-
The partial-wave helicity amplitudes (2.18) can be 

combined to give the amplitudes for definite total spin 
8 M. Jacob and G. C. Wick, Ann. Phys. (N. Y.) 7, 404 (1959). 
9 M. E. Rose, Elementary Theory of Angular Momentum (John 

Wiley & Sons, Inc., New York, 1957). 

5(5=0, 1) and definite parity (~1)L, where L is the 
relative orbital-angular momentum of the two nucleons. 
The appropriate combinations are 

Singlet(/=L)/^'r(W0 = ^ i J ' r ( ^ ) - ^ 2 j r ' : r ( ^ ) , 
Tvip\et(J=L)fJ>T(W)~T/>T(W)-TtJ>T(W)y 

and Triplet ( J = L ± 1 ) : 

fnJ^(JV) = T1^
T(W)+Ti^

T(W)1 (2.19) 

fnJ>T(W) = 2Tbs-T(W), 

f22
J>T(W)=T/>T(W)+T/>T(W). 

Because the Regge poles that correspond to definite 
parity are to be considered, the set (2.19) is appropriate 
for continuation into complex angular momentum. 

Also of importance for the next section is a choice 
of amplitudes suitable for the Mandelstam representa­
tion; this problem has been dealt with in detail by 
GGMW. By use of four-component helicity spinors for 
the initial and final fermions and expressing 5Er as an 
operator in the Dirac spinor space, a set of invariant 
amplitudes GiT(s,u,t) is found which satisfy the Mandel­
stam representation. This set is related to the <£'s by 

2E<j>1=zM*G2+E2Gi+m*Gz+mlzGi-p'1G^ 

2E<t>2=-E2G1+z(p2+E2)G2-M
2Gz+tnhGt-p2Gh 

2£03= (1+2) (-p2Gz+tn2G2+E2G4), (2.20) 

2E<j>^ (l-z)(p2Gz+m2G2+E2G,), 

and 

2m05= -m2(l-z2)^2(G2+G,). 

The Pauli principle, which requires that the S matrix 
be odd under interchange of the quantum numbers of 
the two nucleons in either the initial or final state, 
assumes the form 

GiT(s,u,t)=(-l)»TGiT(s,t,u). (2.21) 

The fixed-.? dispersion relation takes the usual form 

1 r tDiT(s,t')dt' 
GiT(s,u,t) = 

TrJ^t'-\-2p*(\-z) 

1 r uDiT(s,u')du' 

TrjAmSU'+lptil + z) 
(2.22) 

where tD and UD are the absorptive parts in the t and u 
channels, respectively, and mv is the pion mass. The 
lower limits of integration follow from physical con­
siderations of the least massive intermediate states with 
the quantum numbers of the nucleon-antinucleon pair. 
The one-meson exchange contribution is not displayed. 

The discussion in this section could have been 
carried out for nucleon-antinucleon scattering with a 
slight modification; namely, that G parity replaces 
Pauli symmetry. There is an analogous set of ampli­
tudes GiT(UjS}t) for the u channel, related to the set 
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GiT(syuyt) by the crossing matrix (GGMW): 

G/(*,fM) = £ AijBTT'G/'iu^t), (2.23) 

where 

1 
B = -

2L > 
so topic-spin crossing matrix) (2.24) 

and 
- 1 6 

1 2 
1 0 

- 1 0 
- 1 6 

4 
0 
2 
2 

- 4 

- 4 - 1 " 
0 1 
2 - 1 
2 1 
4 - 1 

(2.240 

There is also a set of amplitudes 4>ior the u channel; 
the amplitudes are related to the (?'s by an equation 
of the form (2.20) if p, E, and z are replaced by pu, 
Eu, and zu. 

3. ANALYTIC CONTINUATION INTO COMPLEX / 

In this section it is shown that, given the set of 
amplitudes (2.19) defined at the physical values of / 
by Eq. (2.16), the fixed-energy dispersion relation 
(2.22), and the assumption that the absorptive parts 
tD and UD behave like powers of t and u as (t,u) —> oo, 
it is possible to define a set of functions f(J,W) with the 
following properties: (i) f(J,W) = fJ(W) for 7=0 , 1, 2, 
• • • (physical / ) (Eq. 2.19); (ii) f(J9W) is holomorphic 
for R e / > N (s) in the complex / plane; and (iii) | f(J,W) | 
<exp—r Re/, r>0 , uniformly for / sufficiently large. 
The indices on the partial-wave amplitudes fJ(W) have 
been omitted here. A function of complex J with the 
properties (i), (ii), and (iii) is unique; the proof of the 
uniqueness is given by Prosperi.6 

Furthermore, it is assumed, following the work of 
Chew and Frautschi,3 that it is possible to move the 
boundary N (Re/>7V) to the left in the complex J 
plane and that only poles will appear. This assumption 
puts the relativistic problem on the same footing as the 
nonrelativistic problem for superpositions of Yukawa 
potentials, where Regge1,2 has given a continuation 
with properties (i) and (iii) but (ii) is replaced by 
meromorphy for Re /> —1/2. 

In attempting to find a set of functions with prop­
erties (i), (ii), and (iii), it is found that even and odd / 
have to be treated separately; this leads to the concept 
of / parity which has been introduced for spinless par­
ticles by several authors.4,6 

For a set of functions with property (iii), it is possible 
to construct the Sommerfeld-Watson representation for 
the amplitudes <j> or G, and this section concludes with 
a discussion of the Sommerfeld-Watson representation. 

To remove certain trivial nonanalytic factors, we 
consider, instead, the set of functions defined by 

and 

A / = (E/pW, 

Au'= (E/p)fn
J, 

k22
J=(E/p)faJ, 

hiJ= (E/pW, 

hn
J= (m/p)flt

J. 

(3.1) 

By use of Eqs. (3.1), (2.18), and (2.16), the set is re­
lated to the set <j> by 

2 jL i 
h0

J(s) = ~ dz lE^W^-E^W^d^id), 

hn
J(s)=- dz lEfaiWrf+E&iW^do/ie), 

27_i 
(3.2) 

1 r1 

h22
J(s)=~ dz lE^(WJz)d11

J(d)+EMWJz)d.11
J(en 

2j_x 
1 f1 

* / (* ) = - / dz [_E<l>,(W,z)dnJ(d)-EMW,z)d^1
J(en 

2j_i 
and 

1 r1 

huJ(s)=- / dz m4>6(W,z)d1Q
J(6). 

27-i 

The h's are even functions of W and E and, hence, 
functions only of s=W2 because E<j>i(W,z), 1(^)4, and 
m4>s(W,z) are related to the set G through relations of 
the type (2.20), and the G's are functions of s, t, and u. 
Next we use Eq. (2.20) and notice that the angle-
dependent factors are 

z=dQ0
1(0), 

i(l+z) = d11
1(e)-d^1^(6), 

±(l-z) = dU(6) = d^1
1(e), (3.3) 

and 

(1-^)1/2= -mi0
l(0)=-^2d^1

1(6) 

=\5^io1W=V5rf01
1W. 

When Eq. (2.20) is substituted into Eq. (3.2), a 
product of dJ functions is encountered because of the 
effect of Eq. (3.3), and, to get rid of the dJ functions 
entirely, we use the identity 

dmn
J(6)d^n

1(0)= E C(J, \,k\m, -m, 0) 
k=J-l 

XC(J, l,k',n, -n, 0)Pk(cosd). (3.4) 

The foregoing identity follows directly from Eq. (4.25) 
of Rose9 and the fact that dook(d) = Pk(cosd). The 
quantities C(J, l,k;m, —tn, 0) are Clebsch-Gordan co­
efficients and their phases are fixed by the conventions 
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of Rose.9 The following set of equations results: 

_ rJg2J-1'T(s)+(j+i)g2^-T(sU 

L 2/+1 J 
+m2gsJ-T(s), 

•Jg2J-1-T(s)+(J+l)g/+^(s)-\ 

- N U C L E O N S C A T T E R I N G 1575 

function of the second kind (Whittaker and Watson),10 

1 fl Pk(x)dx 
G*(«0 

we have 

1 r Fk{x)dx 
= - / — ", *=0,1 ,2 , •••, 

2y_! z-x 

(3.8) 

2 T W W V 2*V 

hu'*(s) = M 

+m2\ 

2 / + 1 J 

-Jgi
J-l-T(s)+(J+l)g/+l>T(s)-

27+1 

h2S-*(s) = -pWT(s) 
~P%J-T(s), 

XW(s,r)+(-)* uD^is/Udt'. (3.9) 

If we use Eq. (3.9) in Eq. (3.5) and analytically con­
tinue in / , the resulting set of functions h(J,s) will 
certainly satisfy condition (i) since all the steps in 
arriving at Eq. (3.9) were true for integral J. 

Next we use the assumption that Di(s,t) behaves 
like a power of t as t approaches infinity, 

r(J+l)g2J-1-T(s)+Jg2J+1-T(s) 
•\-rrn 

L 2 / + 1 

(J+l)g/-^(s)+JgS+^(s) 

] 
ZM*,0<<WW, (3.10) 

hi* 

riJ+VgS-^W+Jg^-^sn 
+E\ , (3.5) 

L 2/+1 J 

L 2/+1 J 

where N(s) is, in general, some complex-valued func­
tion of s. With this assumption and with knowledge of 
the asymptotic behavior of Qk(z) for large z [i.e., 
Qk(z)~\/zk+r\, we see that the integral (3.9) converges 
and defines a holomorphic function of k in the region6 

Rek>N(s). (3.11) 

and 

2 / + 1 

+m*g/-T(s)+Eig*J-T(.s), 

^ [ / ( Z + l ) ] 1 ' 2 

hS-T(s)=— tg2J+l'T(s)-g/-i>T(s) 
2 2J+1 

where 
+ giJ+l.T(s)_giJ-l,T(sn 

1 r1 
Pk(z)GiT(s,u,t)dz. (3.6) 

The only remaining problem is to establish property 
(iii); the function Qh(z) has the integral representation11 

&(*)= [ r^-i(i-2^+a-i/2^, 
Re&>-1 . (3.12) 

Changing the variable of integration in (3.9) to 2=1 
-\-t/2p2, using (3.12), and interchanging the order of 
integration, we have 

giT(k,s) 

The fixed-energy dispersion relation (2.22) for 
GiT(s,u,t) is substituted into Eq. (3.6), and we obtain 

1 r00 * r ^ ) + ( - l ) * «<*(*,*) 
: - / d$ -, (3.13) 
*V*o+(*o2-D1/2 £*+1 

I .oo ! -1 

W w 2J_if 

1 r1 dzPk(z) 
-dtf 

+2p\\-z) 

1 r I f 1 dzPk(z) 
+- uDiT(s,tfy dt'. (3.7) 

W w 2j„1t'+2p*(l+z) 

The order of integration has been interchanged [which 
is certainly permissible if the integrals in Eq. (2.22) 
exist uniformly in z]. The dispersion relation was 
written down without subtractions and, to be com­
pletely rigorous, the subtractions should be included; 
however, the explicit display of the subtractions only 
complicates the algebra. 

Using the Neumann representation for the Legendre 

where 

and 

}(*+1/{) t,uDi(s,z)dz 

{\-2^z+e)m 

Zo=l+2(mxy/f. 

If it is assumed that D(s,z) behaves like a power of z at 
infinity, then it follows that <r(s,£) behaves like the 
same power as £ approaches infinity, and we write, 
for <r(s,£), 

eis&SF as $-*oo. (3.15) 

10 E. T. Whittaker and G. N. Watson, Modern Analysis (Cam­
bridge University Press, New York, 1927). 

11 This argument is similar to that of M. Froissart, Phys. Rev. 
123, 1053 (1961). 
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Thus, the integrals f[t<n{s,k)/£.k+1~} and ./"!><(*,£)/ 
| j ;+ij a r e b o u n ( j e ( j : 

I fX t,n<Ti{s,£) I f°° 

\ dt\< ^ir"-1^ 

term is 

-if—!—T 1 
•exip(N-k) 

- 2 0 + W - l ) 1 / 2 J * - i V 

Xln[s 0 +(*o 2 - l ) 1 / 2 ] , (3.16) 

since \n£z0-{-(zo2—l)1/2]>0 for p2>0. However, the 
factor (— l)k spoils the desired exponential behavior 
for large k; because of this, two different sets of func­
tions are denned, 

& r ( ± ) (*,*)= f Qk(l+—) 
2wp2JHm^ \ If) 

XltDir(s,t)±J)i
T(s7t

f)yt,
J (3.17) 

with the properties 

giTW(k,s) = gik>T(s), where 4 = 0 , 2 , 4 , . . . , 

and (3.18) 

giT(-)(k,s) = gi
k>T(s), where 4 = 1 , 3 , 5 , . . . . 

The functions giT(±)(k,s) each have the desired ex­
ponential decrease for large k. We can now find the 
even and odd / -pari ty amplitudes h{±) by evaluating 
the Clebsch-Gordan coefficients and separating even 
and odd / in Eq. (3.5). (The physical significance of / 
parity is discussed in Sec. 4.) We obtain a set of equa­
tions identical to Eq. (3.5), except for the replacements 

*/•*•(*) for 7 = 0 , 2 , 4 , >hi^<T(J,s) 

where i = 0 , 11, 1,22, 12, 

h/>T(s) for / = 1, 3, 5, > hi<~>T(J,s) 

where i=0, 11, 1,22, 12; 

and (3.19) 

gt**(s) for * = (), 2, 4,-*#<+>*(*,*) 

where i = l , 2, 3, 4, 5, 

gt*-T(s) for * = 1 , 3, 5,-•#<->(*,*) 

where i= 1, 2, 3, 4, 5. 

Equation (3.5), with the above replacements, satisfies 
properties (i), (ii), and (iii). The coefficients in front 
of the g's which depend upon / do not change the 
asymptotic behavior in / so that condition (iii) is 
satisfied and the set is unique. 

If one expects an extension to the left-half plane with 
Eqs. (3.19) and (3.17), the factor of 2J+1 in the de­
nominator of certain terms in Eq. (3.19) is disturbing, 
but does not lead to a fixed pole in / . A typical such 

(J+l)g2mT(J~l, s)+Jg2mT(J+l, s) 

2J+1 

1 
f \ (J+1)QJM+-A 

H-lJwL \ If) 2irp22J+lj 

+JQj+i(l+—\\tDtT (s/)=FuD
T(s/)ldt'; 

(3.20) 

by use of the property of the Q functions for n=half-
integer Qn(z) = Q^n^1(z), the numerator in Eq. (3.20) 
goes to zero when 2 7 + 1 goes to zero. Thus, the factors 
of (27+1) do not cause singularities in J . The only 
other disturbing factor is [ J ( / + l ) ] ] 1 / 2 in hn of Eq. 
(3.19); but, instead of continuing hui±)T(J,s), we may 
consider 

h12
(±)T(J,s)/tJ(J+l)Ji2, (3.21) 

this quantity being related to the </>5 scattering ampli­
tude through the Sommerfeld-Watson transformation. 

Following the work of Chew and Frautschi,3 it is 
assumed that one can move to the left of the boundary 
N (3-11) and only Regge poles will appear. The posi­
tion a: of a particular Regge pole depends upon the 
energy s. In the nonrelativistic problem for super­
positions of Yukawa potentials, it has been shown by 
Regge1-2 that the only limitation on the region of 
meromorphy is the line Re J— —1/2. Also, it has been 
shown by Froissart,12 Regge,12 and Mandelstam13 that 
the boundary of meromorphy can be moved arbitrarily 
far to the left (left-hand / plane) for the nonrelativistic 
problem. In the relativistic problem, Froissart has 
shown that the boundary of holomorphy can be ex­
tended to R e / > 1 for negative s.n Also, several authors 
have shown that it is possible to prove meromorphy for 
R e / > 1 in the relativistic problem.14 

A. Sommerfeld-Watson Transformation 

Using the partial-wave expansion (2.13) and the 
relations between the partial-wave helicity amplitudes 
and the set h(s), Eqs. (2.19) and (3.1), we obtain the 
following set of expansions: 

£ [ > i ( J M - f c ( P F , 8 ) ] 

= E h0^
J(s)Pj(z)(2J+l) 

J even. 

+ E h0^
J(s)Pj(z)(2J+l), 

J odd 

12 M. Froissart, J. Math. Phys. 3, 922 (1962); T. Regge, Nuovo 
Cimento 24, 518 (1962). 

13 S. Mandelstam, Ann. Phys. (N. Y.) 19, 254 (1962). 
14 K. Bardacki, Phys. Rev. 127, 1832 (1962); A. O. Barut and 

D. Zwanziger, ibid. 127, 974 (1962); G. M. Prosper!, Nuovo 
Cimento 26, 541 (1962). 
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BftiOM+fcflF,*)] 
= E hll<-+^(s)PJ(z)(2J+l) 

J even. 

/ odd 

£03 (IF,*) 

+ E Aii (- ) J(s)iM£)(2/+i) , 
FIG. 2. Contour C in 

the / plane. 

<L 

= i E [*i ( + ) / (*)+*M ( + ) J ( j ) ]<*i i / (0)(2/+i) 

J even. 

J odd 

= 1 £ [A22 ( + " (* ) -Ai ( + ) ^) ]<Z- i i ' (0 ) (2 /+ l ) 
,7 even 

+ | E [ A M ( - ) / W - A I ( - ) / ( * ) ] ^ I I J W ( 2 7 + 1 ) > 
/ odd 

and 

/ even 

transformation; however, the details are discussed only 
for the first of the expansions in Eq. (3.22). The^ex-
pansions in Eq. (3.22) can be formally written as con­
tour integrals where the contour C encloses all the 
positive integers in the / plane (Fig. 2) : 

El<t>i{Wfi)-fa(W,zy] 

dJ 1 r dJ 

4iJ c sinx/ 
-Ao ( + ) ( J» 

- s inx/ 

X [ P J ( - S ) + P / ( * ) ] ( 2 / + ! ) + ( + • -) (3.23) 

[where the symbol (H > —) indicates that another 
term is to be added in which hw(J,s) is replaced by 
A ( - ) (/,,?) and Pj(z) is replaced by — Pj(z), and simi-

We can now use the assumption that the set of functions larly for /3 ( + ) in (3.24)]. 

+ E h^-)J(s)d1Q
J(6)(2J+l). (3.22) 

/ odd 

h(±)T(J,s) contains only Regge poles, and we can per­
form the Sommerfeld-Watson transformation and ob-

We distort the contour to run along a line Re J—N 
parallel to the imaginary axis in the / plane and close 

tain the set of scattering amplitudes <l>(W,z) in terms it by a large semicircle R (half-plane), where this new 
of the Regge poles. The dJ functions do not cause any contour encloses the poles of h(J,s). The quantity 
difficulties when we perform the Sommerfeld-Watson E\j>i—$2] then takes the form: 

1 
El4>i(W9z)-4>2(W,z)2=-

dJ 
-h0«KJ,s)LPj(-z)+Pj(z)-](2J+l) 

4iJ R sinwJ 

1 rN+i™ dJ 
+-

MJ N-iao s inx/ 
h^{J,s)lPj{-z)+Pj{z)-]{2J+\) 

JO, n (+) (s) 
- - E [2«(W)+1]' 

2 Rea(n)>N smira(n) 
tP«C»>(-*)+P«<»> (*)]+(+ -> - ) , (3.24) 

where po,n(±)(s) 1S the residue of the nth pole of the integral over the large circle tends to zero if 

Ao<±> (J,s) at J=a(n,s); in general, l m 0 < l n [ s o + (zf-1)*]. (3.27) 
&<*>*•(*) = Jim [/-a(»,*)]*< (±) r(/,*), (3.25) 

J _ a ( n ' 5 ) Condition (3.27) is the Lehmann ellipse,1,2 which is 
where i = 0 , 1, 11, 22, 12, and r = 0 , 1. Using the fol- nothing other than the region in 6 for which the partial-
lowing formulas15 for the asymptotic behavior of wave expansion (3.22) converges. Both the integrals 
P j ( d = s ) i n / : 

(3.26) 

Pj(—z)/sinwJ 
~ e x p ( - R e 0 | I m / | ) exp(Re / | Im0 | ) , 

Pj(z)/$imrJ 
~ e x p [ - (TT- Red) \ ImJ | ] exp(Re/1 Im01), 

and the exponential decrease of & o ( ± ) ( ^ ) for large / 
derived previously Eqs. (3.16) and (3.19), one sees that 

15 This asymptotic behavior is due to E. Squires (reference 6). 

along the line R e / = i V converge if 

O<Re0<7r. (3.28) 

The Regge-pole terms dominate asymptotically over 
the contribution from the integration parallel to the 
imaginary axis. We assume that the / plane is free 
from singularities, except for poles, and that the inte­
gration along the line ReJ=N is always to the left of 
the Regge-pole terms. The extension to the left-half / 
plane has been considered by Mandelstam.13 
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In a similar way we can perform the Sommerfeld- Er / 03 04 \ 1 
Watson transformation over the partial-wave helicity T2 0 i + 0 2 + 2 | —- ' ~ ~ ) 
amplitudes and obtain the G's directly: By use of the ^ 
inverse of relation (2.20),16 2s E2+m2 05 

? i = - ( 0 i - 0 2 ) + -

£L /Al+s 1-s/ 

w 2 / 03 04 \ p2 m (1-z2)112 
, (3.29) 

^2 \ l + 2 1 — 2/ and by use of Eq. (3.22), and the relation of the dJ 

functions to Legendre functions, 
Iz E -1 

- z f •• • • ' 

/ p 3 4>4 \ 2z £ -i 
\~ • J — 95 , 1 + 8 

\ l + s l - 8 / (1 —a»)i^ m J rfu'(0) = [ - ( l - z ) P / ' ( z ) + P / ( z ) ] , 
7 ( 7 + 1 ) Er 03 04 2E 05 

~ _ # « L l + 8 1 -2 m ( l - z 2 ) 1 ' 2 ! <*i-iJ(fl) = ' " [ ( l + z ) P / ' ( z ) + P / ( z ) ] , (3.30) 
G 2 = 1 + + — I , . . . . 1 - z 

~7(7+l) 

[ 93 94 "1 

1 + 8 1-8-1' 
1/2 

*»Ll+8 1 - z J <*i</(0) = Pj'iz), 

G 4 = _ L-1 u we have the following set of expansions for the invariant 
* 2 L l + z 1 - z J *2 (1-z2)1 '2 ' amplitudes: 

• ' ( « ) ) -

1 / A2j,(+'J'r(j)f»* 
G i r = - E (27+l)U,(+>'.r(s)P.,(*) - P / ' ( z ) + z [ z J V ( z ) ] ' 

Eleven \ 7(7+1) I £2 

fti(+>/-r(*)[f»* 1 2£2 A«<+>-r-T(*) 
+ • \—IZPJ'(Z)J+ZPJ"(Z)\+ : . . 

7 ( 7 + 1 ) \f \ m* [ 7 ( 7 + l ) ] 1 / 2 / J odd 

1 fAi«+>J'r(j) A2*< + ) / i rW 2£2 A « w . r ( * ) 1 
( ? 2 T = - E (27+1) P / ' ( s ) lzP/(z)J+ P/(z) + ( E ) , 

/>2 .7 even I 7 ( 7 + 1 ) 7 ( 7 + 1 ) W2 [ 7 ( 7 + l ) ] 1 / 2 I /odd 

1 ( 2 / + 1 ) 
G / = - £ - { W + > ^ ( s ) P / ' ( z ) - W + > ^ ( * ) [ z P / ( z ) ] ' } + ( £ ) , (3.31) 

>̂2 / even / ( /+1) J odd 

G4T = _ £ - [ s P / ( 8 ) ] ' - P / ' ( Z ) - — —P/{Z) + ( £ ) , 
£2 /even I 7 (7+1) 7(7+1) [/(^+1)]1 / 4 J J ° d d 

and 
1 ( hnM,-T(s) 1 ( teWJ'JW 

G 6
r = E ( 2 / + 1 ) A i i W - r ( 5 ) P / ( 8 ) + z[_zP/{z)-}> 

/>2/even I 7(7+1) 

Ax(+)/.r(,) 2(£2+m2) ft12<+>'-T(s) 
-*P,"(8) sP/(s)} + ( E )• 

7 ( 7 + 1 ) w2 [ 7 ( 7 + l ) ] 1 / 2 J J odd 

The Sommerfeld-Watson transformation can be performed with the expansion (3.31); the presence of derivatives 
of Legendre functions does not alter the convergence of the integration along the line parallel to the imaginary 
axis and does not alter the vanishing of the integration around the large semicircle R. We obtain a set of equations 
similar to Eq. (3.24), except that A,-(±)!r(7,$) in Eq. (3.31) is replaced by - (ir/2)(3i<-^T(s), ZzP/(z)J is replaced 
by lzPa'(z)J=FZ-zPa'(-z)2, and P/'(z) is replaced by Pa"(z)±Pa"(-z). 

Asymptotically in z, the quantities Pa(z) and Pa'(z) go into: 

r (o+ l /2 )2«z° 
Pa(8) , 

r («+ i ) r ( i / 2 ) 
(3 32) 

Pa'(z) r(«+3/2)2a+1s«-1 

for Rea >—•§-, a(a+l) r ( H - 2 ) r ( l / 2 ) ( 2 H - l ) 
16 The appearance of poles at 7 = 0 and J— — 1 in Eq. (3.29) is spurious, since the numerators also vanish at 7 = 0 and 7 = — 1, 

i.e., P0"(s) = i V « = P-i"(s) = P-i'G0 =0. 
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and keeping only the leading terms in z, we obtain17 

TV 

G i 1 

r E 

2 n sin7ra(V) E2 

1 1 

1 1 f 2E 2 

: — J [ 2 a ( » ) + l ] j 8 o l »
/ ( + ) r W - i 8 2 2 , n / ( + ) r W a ( » ) + 0i2 ,n'(*) [*a(n) 

w 2 

2 n sin7ra(n) ^ 

2E 2 
X [ l + e x p — w r a ( t t ) ] + ( H > — ), 

- f e , w
, ( + ) T W a W + / W ( + ) r W 2 « ^ - i { i + e x p - i i r a ( » ) } + ( + - > - ) , 

7T 1 1 
G8r £ _ / 3 l | n / ( + ) T ( J ) 2 « ( n ) - i t l + e x p _ f T O ( w ) j + ( + _ > _ ) 

2 n §m.ira(n) p2 

7T 1 1 
G 4

T ~ T E ~ r 7 - [ - f t 2 ) . , t + ) 7 7 W a W + 2 ^ 1 2 > n ^ + > r W > ^ - ) - 1 { l + e x p - i 7 r a W } + ( + - » - ) , 

(3.33) 

2 w sin7ra(^) p2 

G 6
r — E -

1 

2 n sin7ra(^) >̂2 
j 8 l l . n , C + ) r W C 2 a ( » ) + l ] + j 8 2 2 I n / ( + ) r W « ( w ) -

2(£2+w2) 
n2,n'(+)T(s) 

The foregoing analysis could have been carried out for 
the NN channel. The quantities G, z, p, and E would 
be replaced by G, zu, pu, and Eu. 

4. REGGE POLES IN THE NUCLEON-
ANTINUCLEON CHANNEL 

In this section the Regge poles with the quantum 
numbers of the nucleon-antinucleon channel are studied. 
As stated in the previous section, the position of a 
Regge pole moves with energy and is said to have a 
definite trajectory in energy which is controlled by 
dynamics. Chew and Frautschi have proposed that 
stable and metastable particles (resonances) are points 
on Regge trajectories.3 Each Regge trajectory has a 
definite set of quantum numbers: isotopic spin, baryon 
number, strangeness, G parity (if applicable), etc. A 
particular Regge pole will appear in all S-matrix ele­
ments with the quantum numbers in question, regard­
less of the number and configuration of external 
particles. 

The position of a Regge pole a(u), where u is the 
square of the center-of-mass energy of the channel in 
question is conjectured to be an analytic function of u; 
its imaginary part vanishes for (real) u below the 
threshold of this channel. The physical points of the 
Regge trajectory are those points such that Rea(^) is 
an integer, and these points correspond to resonances if 

17 In Eq. (3.33) the residues have been redefined 

0o. u'<*>*(*) = w ( T t w w o A nWT(s), 
r(a+i)r(i/2r 

and 

j 8 i « ' W ( j ) = f 

T(a+2)T(1/2T 

T(a+3/2)2«+1 

r^i2<±)rW. j>(«+i)]1/2r(a+2)r(i/2r 
The quantities fii(±)T(u) are defined as follows ^^±)T{u) 

=(3i'(±y>T(u)(so/2pu
2)a, where i=0, 1, 11,12,22 and s0 has been 

taken to be 2m2 by several authors (reference 4). 

mL 

Xza(w)[l+exp—i7ra(»)]+ (+ • -). 

u is above threshold, and to bound states if u is below 
threshold. Also, for u above threshold the imaginary 
part of a (u) at resonance energy is related to the half-
width of the unstable configuration by 

MY = Ima/(d Rea/du), (4.1) 

where M is the mass of the unstable configuration. The 
real part of a (u) is assumed to be a monotonically in­
creasing function of u for u below threshold and in the 
region in which resonances occur. Also, lma(u) is 
assumed to be small for sharp resonances. The value of 
u for which a (u) turns around and acquires a negative 
slope is purely a question of dynamics. 

Also, each Regge trajectory is assumed to have a 
definite / parity, (— 1)J, and the physical points of the 
Regge trajectory occur for either even or odd / , but 
not both simultaneously. 

The foregoing has been elaborated in detail by Chew 
and Frautschi.3 From here on, the number of Regge 
trajectories accessible to the nucleon-antinucleon chan­
nel is studied; in particular, the important question 
concerning which Regge trajectories are contained in 
the various amplitudes in Eq. (2.19) is answered. 

The quantum numbers of the nucleon-antinucleon 
systems are as follows: 

(a) baryon number = strangeness=0, 

(b) 

(c) 

(d) 

(e) 

isotopic spin 

total spin 

parity 

G parity 

= 

= 

= 

= 

T 

S 

P 

G 

= 0,1, 

= 0,1, 
= (-l)*H 

= (~l)iH-«-r 

where L is the relative orbital angular momentum of 
the nucleon-antinucleon system. Each Regge trajectory 
is assumed to have definite baryon number, strangeness, 
isotopic spin, parity, G parity, and / parity. The 
nucleon-antinucleon system that is coupled to a given 
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Regge trajectory has the same quantum numbers as 
this trajectory; thus, (a), (b), (d), and (e) are specified. 
The total spin is not independent but is specified by 

( - l ) ^ - ^ - ! ) ^ (43) 

and the right-hand side of Eq. (4.3) is specified by the 
Regge trajectory. Since (—l ) s is given by Eq. (4.3) 
and S is either 0 or 1 for two spin-1/2 particles, S is 
determined. Therefore, if the quantum numbers of a 
given Regge trajectory that is coupled to the nucleon-
antinucleon channel are specified, then this trajectory 
is contained in either the singlet or triplet partial-wave 
amplitudes (2.19), but not both. 

There are two important classes of trajectories to be 
considered separately for the nucleon-antinucleon chan­
nel ; they are 

(a) P ( - 1 ) ^ G = - 1 , 
and (4.4) 

(b) P ( - 1 ) T G = 1 . 

I t is easily seen from Eq. (4.3) that S is 0 for class (a) 
and 1 for class (b). 

The / parity of a given trajectory is determined by 
the even or odd nature of (— 1)J. For trajectories of 
class (a) where S is 0, then / is equal to L by the usual 
rules of addition of angular momenta. In this situation 
( 5 = 0 ) , J parity is redundant to the parity of the 
nucleon-antinucleon system, since 

( - 1 ) / = ( - 1 ) ^ = - ( - 1 ) w = - P . (4.4a) 

The Regge trajectory in question is thus associated 
with h^±)T(J,u) only, and (-1)T=GP. 

For trajectories of class (b) where S is 1, then / is 
either Zd=l or L by the usual rules of addition of 
angular momenta; this statement also holds for all 
points on the Regge trajectory coupled to the nucleon-
antinucleon channel. In this situation, / parity is not 
specified by ordinary parity (the parity of the nucleon-
antinucleon system), since 

( _ ! ) / = ( - 1 ) L = . _ P for / = L , 

and (4.4b) 
( - l ) ' = - ( - l ) * = P for J=L±1. 

However, Eq. (4.4b) leads to the important result that 
the value of (— 1)JP determines whether a particular 
Regge trajectory is associated with J=L triplet or 
/=Zrd=l triplet partial-wave amplitudes for class (b) 
trajectories. In particular, for 

( - i ) ' p = - i , 

the trajectory is associated with hi(±)T(J,u); for 

( - i ) j p = i , 

the trajectory is associated with hn(±)T (J,u) 7hn(±) T (J,u), 
and h22

(±)T(J,u). 
I t is worthy of note that in all the foregoing the 

quantities L and S are specific to the nucleon-anti­
nucleon system, and constraints are imposed on these 

TABLE I. The independent quantum numbers of the NN channel. 

G T P (-iy S (-1)JP 

(+) 
(+) 
(+) 
(+) 
(+) 
(-) 
(-) 
(-) 
(-) 
(-) 
(-) 
(+) 

0 
1 
0 
1 
1 
0 
1 
1 
0 
0 
1 
0 

(+) 
(+) 
(-) 
(-) 
(-) 
(+) 
(+) 
(+) 
(-) 
(-) 
(-) 
(+) 

(+) 
(-) 
(+) 
(+) 
(-) 
(-) 
(+) 
(-) 
(+) 
(-) 
(+) 
(-) 

1 
0 
0 
1 
1 
0 
1 
1 
1 
1 
0 
1 

(+) 
;—) 
[—) 
;—) 
'+) 
[—) 
{+) 
{—) 
[—) 

1+) 
[—) 
.-") 

Vacuum, ABC 

x, to 

p 

CO 

7T 

quantities when the nucleon-antinucleon channel is to 
have the same quantum numbers as some given Regge 
trajectory. 

To summarize the results of this section, all the 
"good" quantum numbers of the nucleon-antinucleon 
channel including / parity, are given in Table I. Also 
5 and (— \)JP are given so that the amplitudes con­
taining the Regge trajectories can be easily identified. 
Some particles whose quantum numbers have been 
indicated experimentally are entered at the far right. 
From the table it is seen that there are twelve inde­
pendent sets of quantum numbers. In those cases in 
which 5 is 0 (class a), / parity and parity are not inde­
pendent; this fact reduces the number from 16 to 12. 
There would be 16 independent sets of / parity and 
parity were always independent. 

5. REGGE POLES IN THE NUCLEON-
NUCLEON CHANNEL 

This brief section is devoted to the study of Regge 
trajectories with the quantum numbers of the nucleon-
nucleon channel. Such a study is important because 
the deuteron and the enhancement of the singlet np 
scattering18 cross section at threshold can be considered 
as points on Regge trajectories. 

The quantum numbers of the nucleon-nucleon system 
are 

(a) baryon n u m b e r = B = 2, 

(b) strangeness = 0, 

(c) isotopic s p i n = r = 0 , 1, (5.1) 

(d) total s p i n = S = 0 , 1, 
and 

(e) p a r i t y = P = ( - 1 ) L , 

where L is the relative orbital-angular momentum of 
the nucleon-nucleon system. Not all the above quantum 
numbers are independent, however. For the scattering 
of two identical fermions, Pauli symmetry imposes the 
following constraint for the nucleon-nucleon system: 

( - l ) ^ ' s + r = - l . (5.2) 
18 A. O. Barut, Phys. Rev. 126, 1873 (1962). 
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Once the parity and isotopic spin of the Regge tra­
jectory with the same quantum numbers as the nucleon-
nucleon system are specified, the total spin is no longer 
independent but is determined by 

( _ ! ) * = _ P ( - l ) r (5.3) 

And, as in the nucleon-antinucleon channel, there are 
two classes of trajectories to be considered separately. 
They are (a) P(-1)T=-1 and (b) P ( - l ) r = + l. In 
class (a), 5 = 0 , and in class (b), 5 = 1 . The results of 
Sec. 4 are immediately applicable for the nucleon-
nucleon channel. If P(— 1)T= — 1, 5 = 0 , and / = £ , 
then the trajectory is associated with ho(±)T(J,s). If 
P(— l ) r = l , 5 = 1 , J=L, or Zdbl, then there are two 
possibilities: P(— 1 ) J = 1 where the trajectory is associ­
ated with h^±)T(J,s), and P ( - l ) j r = - l where the 
trajectory is associated with hn^)T(J,s), &22(±)T(/,s), 
and h12

(±)T(J,s). 
Table I I shows the independent quantum numbers 

of the nucleon-nucleon system together with 5 and 
P(—\)J. If one counts properly there are six inde­
pendent trajectories with the quantum numbers of the 
nucleon-nucleon channel. This is only half the number 
for NN channel because G parity is not well defined for 
states with baryon number=2. 

6. HIGH-ENERGY NUCLEON-NUCLEON 
SCATTERING 

In this section we treat the exchange of systems with 
the quantum numbers of the nucleon-antinucleon chan­
nel as Regge trajectories of classes (a) and (b) men­
tioned in Sec. 4. In particular, the pion and p-meson 
trajectories are considered, the Pomeranchuk trajectory 
already having been discussed by a number of authors.4 

The co and % trajectories are not considered, since they 
are isotopic spin 0 and do not have the quantum num­
bers of the u channel for np scattering that is of primary 
interest for backward scattering. 

A. The Pion Trajectory 

The quantum numbers of the pion are such that the 
trajectory is associated with the partial-wave amplitude 

TABLE II . The independent quantum numbers of 
the NN channel.* 

T 

0 
1 
0 
1 
1 
0 

P 

(+) 
(+) 
(+) 
(-) 
(-) 
(-) 

( - 1 ) J 

(+) 
(+) 
(-) 
(-) 
(+) 
(-) 

5 

1 
0 
1 
1 
1 
0 

i-iyp 

(+) 
(+) 
(-) 
(+) 
(-) 
(+) 

* 
deuteron 

a The deuteron has been entered at the appropriate place and the 
asterisk indicates the enhancement of the singlet np system at threshold. 
Experimentally, these are the only two trajectories that reach the right-half 
J plane. As explained by Barut (reference 18) the virtual singlet 5 state 
of the NN system corresponds to a trajectory that turns around just before 
reaching / =0. 

FIG. 3. The 7r-meson 
trajectory. 

Rea(7r,u) 

-0.02 Im7 

h^+)l(J,u) (Sec. 4). From Eq. (3.30) the contribution 
of the pion trajectory to the invariant scattering 
amplitude in the u channel is,17 from Eq. (3.33), 

G^(u,s,t)-
T ^ o , x ( + ) 1 W [ 2 « ( 7 r ) + l ] / ^ \ « ^ 

2EU
2 sin7ro: (T) \ SQ. e 

X[l+expz7ro:(7r)], (6.1) 

510=e2 l=(?20=(?80=541=540=S51=5SP = 0, 

where a(ir) is the position of the Regge pole for the 
pion. Following the work of Chew and Frautschi3 we 
assume that Rea has a positive slope —I/SOMTT2 as 
shown in Fig. 3. Note that zu—~-l—(s/2pu

2) in 
Eq. (3.33). 

The amplitude Gil(u,s,t) satisfies the Mandelstam 
representation and has only the singularities required 
by unitarity; hence, Po,ir(+n(u) has a zero of order Eu

2 

at £ u
2 = 0 so that Eq. (6.1) be finite at Eu

2=0. 
Using the crossing matrix (2.24/, the contribution of 

the single-pion exchange to nucleon-nucleon scattering is 

G^^uti^-iG^^sMtfA), 
G 2 ^ - 1 ) ( ^ , 0 = i G 1

1 ( ^ , 0 K 3 , i ) , 

G^(s,u,t)^iGS(u,s,t)U3A), 

G4^(s,u,t)=-lGHu,sM(3A), 

(6.2) 

and 
G6«>» (s,u,t) = - W(u,sM (3,1). 

From Eq. (2.20) the contribution to the "physical 
amplitudes" of nucleon-nucleon scattering is 

x ^ 0 , , ( + ) 1 ( w ) [ 2 a ( x ) + l ] / s \ «•<*> 
Efa^ (W,z)=- : 1-\ 

sin-7ra(x) \so/ 

X[ l+exp«ra (T) ] l (3 , l ) , 

7r |3o,.(+)1 ( « ) [ 2 O ( T ) + 1 ] / S \ a M 

£03<o.D (W,z) = : — - ) 
4 sm7ro:(7r) \ so / 

(6.3) 

X[l+expi7ra(7r)]K3,l) , 

and <^i=04=05=O. 
Note that this amplitude will vanish as u approaches 

zero because of the residue /?o(+)1M- The vanishing of 
the amplitude at u=0 (backward direction for nucleon-
nucleon scattering) will be true for all the class (a) 
trajectories of the nucleon-antinucleon u channel. 
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Similarly, using Paul i symmet ry (2.21) and the 
crossing matr ix , ( 2 .24 / , we can calculate the contribu­
t ion of the single-pion exchange in the / channel to 
nucleon-nucleon sca t te r ing; t he result is 

Rea(/>,u) i 
0.5 

FIG. 4. The p-meson 
trajectory. 

29 m-

EfaWiWd* 
4 sin7ra(7r) \sQJ Xd° 

X[l+expi7ra(7r)]J(3,-1) / x 
and (6.4) 

E4>I<M (W,z) - / -( - ) 

4 sin7ra(7r) \so/ 

XCl+expi7ra(7r)]|(3,-1), 

where 0i=^3=^5=O. Note that the single pion of the 

nucleon-antinucleon t channel will give zero contribu­
tion to the nucleon-nucleon amplitude in the forward 
direction. 

B. The p-Meson Trajectory 

The quantum numbers of the p meson are such that 
the trajectory is associated with the amplitudes 
hn^KJv), ^22 (~ )1(^), and hn^{J,u) (Sec. 4). The 
contribution of the p meson to the invariant ampli­
tudes G asymptotically in zu is: 

Qjfasjy 
T 1 1 

2 sirora(p) Eu
2\ 

IT 1 1 

2 sin7To;(p) p u
2 L 

7T 1 1 

r 2EM
2 -l 

- /3 2 2 i p
, ( - ) 1 (« )« (p )+ Pi2,P'(-)lM La (" ){l-expC-.Va(p)]}, 

L m2 J 

U H { l - e x p [ - i i « ( p ) ] } , 
IE 2 

(P)+-^-/?12,P"-)'(«) 
m2 

G£(u,s,ty 
2 sin7ra(p) p% 

- C - / 3 2 2 ) / ( - ) 1 W « ( p ) + 2 ^ 1 2 ! ; ^ 1 W > ^ ^ ) - 1 { l - e x p C - i 7 r a ( p ) ] } , 

(6.5) 

7T 1 I f 2(Eu
2+m2) 

Gt(u,s,t) T - — — | - / 3 l l l P
, ( - ) 1 W C 2 a ( p ) + l ] - f e ) / ( - ) i W « ( p ) + fe./^W 

2 sin7ro:(p) pu
2 

Xzu
a{p){l-exip[_-iira(P)2}. 

The quantity a (p) determines the trajectory of the p meson; the real part of a(p), Rea(p), is equal to 1 at u= 29mT
2, 

and is illustrated in Fig. 4. From Eqs. (2.24)' and (2.20), the contribution of the p meson to the "physical ampli­
tudes" of nucleon-nucleon scattering is 

2E<t>i '.«(!*» = [• w 
rt(Gf-Gt)-(f+&)Gt (GV+GV+GV) (3,1), 

u u 
2E<j>^v{W,z)~ \ -2(^2+E2)(52

1 lm2G,1+E2G,l+(p2+E2)G2
12—Gi1 }£(3,1), 

4^2 4 

and 

— — (G2I+G^+-GA+-G 
2p2\2 2 / 4 

2E<t>^°'1)(W,z) = 

W 
t r(p2+E2)G4

l m2 

4(3,1), 

2^2L 2 
(Gtf+Gt) 4(3,1), 

m2(ut)1/2 

2m<£5
(0*1)G^) = (G2

1+G4
1+G5

1)K3,1). 
4p2 

(6.6) 
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Keeping only the leading terms in s= — 2pu
2(l+zu) and (u/2p2) (2p2 = mTL>100mr

2, where TL is the lab sys­
tem kinetic energy, TL>,3 BeV), we have 

7T 1 

2E<j>^^ (W,z) = - 2£04
(o '1) (W,z) 

2 sin7ro:(p) 

f U U 

X - [ 2 a ( p ) + l ] ^ 1 1 , p ( - ) 1 W + - - f e 1 p ( - ) 1 W i^22,p(-)1(«)«(p) 
[ w2 4w2 

/ s \a{p) 

X f - J [ l - e x p i r o ( p ) ] i ( 3 , l ) , 

7r 1 r u u ~i 
2JS«2(0'1)(^,2) = 2£*,» '1>(^ ls) -p22,p^(u)a(p)+—fe.H1^) O t o + l ^ i i . p ^ W (6.7) 

2 sin7ra(p)L m2 4w2 J 

X H C l - e x p ^ ( P ) ] K 3 , l ) , 

2m4>5(0'1)(W» - [ 2 a ( p ) + l ] ^ 1 1 ) P ( - ) 1 W - f e , P
( - ) 1 W + 2 ^ i 2 ) p ( - ) 1 W + Bi^~)l(u)\ 

2 4:p2 sin7ra(p)l 2m2 j 

/ s\a{p) 

Xi-J [l-exp^(p)]K3,l). 

Similarly, using Pauli symmetry (2.21) and the crossing matrix (2.24)', we find the contribution of the Regge 
trajectories in the t channel with the quantum numbers of class (b) (Sec. to 4) the nucleon-nucleon channel to be 

and 
7T (Ut)1/2 1 

TV (-1)TBTT' 
2Ect>1

T(W,z) = 2Ect>zT(W,z) E 
2 T> sirwra 

- ( 2 a + l ) f t x
( ± ) r ( 0 + " ^ i 2 ( ± ) r ( 0 fa{±)T'(t)a ( - ) ( e x p m r i l ) , 

x (-\)TBTT' 
2E<t>2

T(W,z) = - 2£</>4ir(TF,s)— L 7 
2 T' sinxa 

and 

2EfcT(W,z) £ • 

X - & 2 ( ± ) r ' ( 0 H - — & 2 < ± ) r X 0 ( 2 a + l ) & i ( ± ) r ' ( 0 ( - ) ( e x p m x i l ) , (6.8) 
L m2 4w2 J \ 5 o / 

2 4^2 T' simra 

X [ - ^ a + l ^ n ^ ' - f e ^ a+2pn
(±)T'+—Pi2(±)T,Y-) ( e x p ^ i l ) , 

L 2w2 J\so/ 

where (— \)TBTT' is the isotopic spin crossing matrix the incident beam. For unpolarized incident beam, 

•1 3 
•1 - 1 

17=8xx 'W4, (6.10) 
and 

The total cross section is given by the optical 
theorem: { r = w ^ O Im EMM' EXX' S X X ^ M ^ X V , A M ( ^ 0 ) 

a= (4*r/p) I m [ T r ^ ( T F , 0 ) ] (6.9) = VWp) Im[^1(TF,O)+03(^,O)]. (6.11) 

in matrix notation, where U is the density matrix for For example, from (6.8), the contribution of the p 
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meson to the np and pp total cross sections is 

*„= C2a(p,0)+l]^1 1 , /-)1(0) 
s v «(P,0) 

2pE 

and 

2^£ 
- [ > ( p , 0 ) + l ] £ 

0 
"•'M,(0 • 

(6.12) 

The difference between the above cross sections con­
tains the quantum numbers of the p and ir mesons in 
the t channel; however, the IT meson does not con­
tribute to the forward amplitude in Eq. (6.11), and 

<r P P - e r„ p =— [2a(p,0)+l]ft1 ,p(-)1(0) ( - ) . (6.13) 
pE \ so/ 

The differential cross section per unit center-of-mass 
solid angle is given by 

da 

d& X'X/X'M 

= | ( l ^ i l 2 + l 0 2 l 2 + l ^ l 2 + l 0 4 l 2 + 4 | ^ 5 | 2 ) (6.14) 

for an unpolarized incident beam. The differential cross 
section per unit momentum transfer, A2——u, is related 
to the differential cross section per unit center-of-mass 
solid angle by 

do-/dA2 = (w/p2)da/dtt. (6.15) 

Thus, the contribution of the p meson to the np dif­
ferential cross section near the backward direction is 
from Eqs. (6.7) and (6.14) (keeping only the leading 
terms in s and the linear terms in A2) 

dA2 16p2E2 

s \ «(P) 

so 
\l2a(p)+l^n,P^1(~A2)\ 

2A2 

m2 
22,P<->I(-A2MP)I2+— I ^ . / ^ H - A 2 ) ! 2 

x- (6.16) 
{cos[>(p) /2]} 2 

where a(p)=a(p,u)=a(p, —A2). For A2<£2tn2, we have 

da irz 

dA2 16p2E2 
( c \ «(p) 

(-) l 

X-
(-A2)[2a(p) + l ] | 

{coS[7ra(p)/2]}^ 
(6.17) 

The combination of residues £220:+ (A2/2m2)fii2 drops 
out for small A2 since this combination has a zero of 
order A2 at A 2=0 from Eq. (6.5). Equation (6.17) will 
be useful for the analysis of the energy dependence of 

the backward peak in np scattering; from a study of the 
energy dependence of da/dA2 for small fixed A2 (A2<<C2w2), 
a(p,A2) can be determined in the region of A2 equal to 
zero. Equation (6.16) will be useful for a study of the 
dependence of the combination of residues in the curly 
bracket upon A2 as A2 is increased. The pion trajectory 
has not been included in Eq. (6.16), since the pion 
trajectory lies below the p trajectory and dominates the 
high-energy differential cross section to a lesser degree. 

The quantity &{u)/{px?)a is real for u<0w; the ratio 
of the real parts of the amplitudes in (6.7) to the 
imaginary parts has the definite value of tan(7ra/2). 
The imaginary part of <j>i and 04 for np scattering for 
^ = A 2 = 0 is 

4E 
i M 1 ( 0 ) [ 2 a ( p , 0 ) + l ] ^ j , (6.18) 

which is given by the optical theorem in the difference 
of the pp and np total cross sections, Eq. (6.13). Also 
by use of Eqs. (6.17) and (6.13), this difference of total 
cross sections is related to the np differential cross 
section by 

~ira(p,0)~\/danp\ | 
(app — anp)

2= I6ir COS2 

dA2) 
(6.19) 

A2=0 

7. CONCLUSIONS 

The high-energy nucleon-nucleon problem has been 
considered from the point of view of the Regge tra­
jectories with the quantum numbers of the nucleon-
antinucleon channel. In particular, the analyticity of 
the partial-wave amplitude in total angular momentum 
was discussed, and a unique continuation was found. 
In the last section, the contribution of the p- and ir-
meson trajectories to NN scattering was found, and the 
resulting formulas (6.16), (6.17), and (6.19) should be 
useful for an analysis of the np differential cross section 
near the backward direction for energies greater than 
«3BeV. 2 0 
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