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An analysis is given of the change in the velocity of sound as a function of an applied magnetic field. It is
found that at room temperature and for ultrasonic frequencies of a few Mc/sec, the velocity of sound in-
creases by an amount proportional to the square of the magnetic field in agreement with the experimental
results. A brief discussion is given of the change in the sound velocity as a function of a magnetic field at

low temperatures.

I. INTRODUCTION

EASUREMENTS of the velocity of sound in
metals in the presence of an applied magnetic
field have been carried out by Alers and Fleury.! These
measurements have been made on single crystals of
Cu, Ag, Au, Al, Ta, and V at room temperature and
using 10 Mc ultrasonic pulses. They have shown that
the change in the velocity of sound is proporational to
the square of the magnetic field B, and depends on
different geometrical arrangements in a way that will
be described below. There has also been experimental
work by Galkin and Koroliuk? and by Beattie, Silsbee,
and Uehling® in a few polycrystalline metals. They
obtain results similar to those of reference 1.

A macroscopic theory which accounts for the main
features of this phenomenon has been given by Alpher
and Rubin.* However, a microscopic theory seems to be
desirable. The first step towards the construction of
such a theory has been taken by Harrison.® The model
used by Harrison is that of a metal consisting of a free-
electron gas and a uniform background of positively
charged ions. The present work makes use of the same
model but differs in that we have considered the colli-
sions of the conduction electrons with lattice imperfec-
tions such as thermal phonons, impurity atoms, etc.
Therefore, this work is directly applicable to the ex-
perimental work in which the electron relaxation time
7 is much smaller than the period of the acoustic waves.
Furthermore, in the limit of zero magnetic field it yields
the well-known®7 result for the velocity of longitudinal
sound for this model. Finally, the results of this paper
are applicable to both longitudinal and shear waves.

We now describe some of the experimental results of
Alers and Fleury. For longitudinal waves the relative
change in the velocity of sound is (B¢ sin’/8mpss?),
where p is the density of the material, s; is the speed of
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longitudinal acoustic waves, and f is the angle between
the direction of propagation of the sound wave and the
magnetic field Bo. For shear waves the relative change
in the velocity of sound is (B¢ cos?d/8mps2) and is the
same for all transverse waves independently of the
direction of polarization. The quantity s; is the speed
of shear acoustic waves in the absence of the magnetic
field. These results can also be obtained by a simple
generalization® of the theory of Alpher and Rubin. In
this paper, we discuss these results under several cir-
cumstances. First, we consider the conditions applicable
to the experiments of Alers and Fleury where we expect
wr~10"% Here w is the angular frequency of the
acoustic wave (0=06.28 X107 sec™?). Ordinarily 7=10—
sec for a metal such as copper at room temperature.
This discussion together with a few examples of calcu-
lations carried out for situations in which wr is not
negligible (low temperatures) is given in the next
section.

II. THEORY

Let us consider an acoustic wave of angular frequency
w and wave vector q whose displacement field £(r,f) at
position r and time ¢ is given by

E=&y exp(iwt—iq-r). 1)

We assume that we have n, conduction electrons and
#0/2 positive ions per unit volume (i.e., there are z con-
duction electrons per atom). The equation of motion of
one ion is

Mo*E/3=CV(V-£)—C VX (VX¥)
—2eE— (ze/c)uX (Bo+B)+F.. (2)

Here M is the mass of the ion, C; and C; are elastic
constants describing the interaction between the ion
cores in the absence of the long-range Coulomb inter-
actions between ions and electron, u=090%/9t=1iw¥ is the
velocity field associated with the acoustic wave, and e
is the charge on the electron. The vectors E and B are
the electric field and magnetic induction of the electro-
magnetic field that arises because of the passage of the
acoustic wave through the metal. The average force
F. owes its origin to the collisions of the electrons with
lattice imperfections. This force can be described by

8 S. Rodriguez, Phys. Letters 2, 271 (1962).
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VELOCITY OF SOUND

introducing a phenomenological time =, the average
time between two successive collisions of one electron.
In Eq. (2) we have assumed that the forces between the
ion cores are elastically isotropic. This is certainly not
the case in practice. However, this assumption has been
made for the sake of simplicity and because our purpose
is to investigate the effect of the conduction electrons
on the propagation of acoustic waves in metals.

An expression for the force F, can be obtained as
follows. If j® (r,t) is the electron current density within
the metal at position r and time ¢, the average velocity
of the electrons is (v)=j®/nee so that each ion ex-
periences an average increase in its momentum in the
amount (zm/7)((v)—u) per unit time. Thus,

F.= (mz/7)[{v)—u]= (zm/neer)] ¥ — (mz/7)u. (3)

In the fourth term on the right-hand side of Eq. (2),
B can be neglected without introducing an appreciable
error. Substitution of F. given by Eq. (3) into Eq. (2)
yields a relation containing the self-consistent electric
field E, the electron current density j®, and the dis-
placement £. We must now establish relations connect-
ing E, j and & One relation is provided by Maxwell’s
equations connecting the total current density

1=3® —noeu, )

to E by an equation of the form®

i=T-E. (5)
Here T is the tensor
ic2q? o? 1c?
r= [1——~]1———qq, (6)
drw gt w

where I is the unit tensor. A second relation which is
required to obtain a complete solution is the so-called
constitutive equation which gives the electron current
density in terms of the field E. This current density has
components originating from three different causes.
The first component is the current caused by the direct
action of the electric field E, the second comes about
because the electrons, upon being scattered by the
lattice, retain a drift velocity u, and the third is a dif-
fusion current that takes place because the dilations
and contractions of the lattice alter locally the position
of the Fermi level giving rise to currents from regions
of higher concentration to regions of lower concentra-
tion. The constitutive equation is found by standard
arguments of transport theory which we shall briefly
discuss.

Let us designate the probability of finding an electron
in a state described by the wave vector k and at position
r and time ¢ by f(k,r,t). In equilibrium f(k,r,t) reduces
to the Fermi-Dirac distribution f,(k). We assume that

9 M. H. Cohen, M. J. Harrison, and W. A. Harrison, Phys. Rev.
117, 937 (1960). The reader is referred to this work for a more
detailed discussion of Egs. (4)-(12).
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in the presence of the acoustic wave f differs from f,

by an amount fi(k,r,f) which is small as compared to
fo(k) for each value of k:

f(k,l’,t)=f0(k)+f1(k,l’,t). )

Furthermore, fi varies as exp(iwi—iq-r). The present
formulation is valid if the de Broglie wavelength of an
electron at the top of the Fermi distribution is much
smaller than the acoustic wavelength. This is satisfied
if wmsvo/h, where m is the mass of the electron, s is
the velocity of sound, and v, is the Fermi velocity (for
a typical metal msvo/h~5X 10" sec™?). The distribution
function must satisfy the Boltzmann transport equation
for the motion of the electron gas in the presence of the
fields By and E. In place of the collision term we use
— (f—fo)/ where f, is not equal to the equilibrium dis-
tribution fo but rather, to the local equilibrium distri-
bution. f, differs from f, in two respects. First, fo
depends on the kinetic energy of the electron measured
in a coordinate system moving with the velocity u
rather than on the kinetic energy with respect to the
laboratory system. Second, the Fermi energy asso-
ciated with f is the local Fermi energy ¢ (r,t) rather than
its equilibrium value {o. Let #(r,t) =no+n1(r,t) be the
electron concentration at r and ¢. Then, since 7,<Knq
we have

) =¢otn1/g(¢o), 8)

where g(€)=3ne2/2¢#”? is the density of electronic
states per unit volume and per unit energy range at
¢ (e is the kinetic energy of an electron). Since the rela-
tive kinetic energy of an electron in the state k is
ex—mVy-u, where vy is the electron velocity, we have

3 fo
Jo(k,x,0) = fo(k)—[mvy-utn/g(t o)]—a-f—- (©)

From this result, it follows (even in the case in which

a magnetic field is present) that
jV=¢-&§—eD-Vn. (10)

In Eq. (10) ¢ is the electrical conductivity tensor, D is
the diffusion tensor given by

D=o¢/e*g(¢0) (1+iwr),
&=E+ (mu/er).

(11)
(12)

These results have been discussed in detail in refer-
ence 9. We are now in a position to solve for E and j®©
in terms of the displacement field. It is convenient to
use the fact that the operations d/d¢ and V are equiva-
lent to multiplication by iw and —iq, respectively,
because all variable quantities behave in the same
fashion as £ Equation (2) can be rewritten in the form

Me?E= (C1—Caq- £+Ci?E
+ (ze/a0) (Ioo—T) - B+ (2ei09/c) EX By,

and

(13)
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where

E="[eg(fo) (1+iwr) 1 (I-R-T)- Vn
— (noeiw/ao) I—R-T)1(I—0oR)- £

The tensor R is the resistivity tensor, i.e., the reciprocal
of o and oo=mne?r/m is the ordinary dc conductivity.
The gradient of the electron concentration can be ob-
tained from the equation of continuity for the electron
charge density. To obtain V# we neglect the displace-
ment current. This approximation is valid at all but the
highest ultrasonic frequencies and is equivalent to the
assumption of quasi-neutrality. Then

(14)

(15)

Equations (13)-(15) permit us to obtain a secular
equation giving the complex angular frequencies of
acoustic waves in terms of q, B and the parameters that
characterize our model of the metal.

We shall discuss first the experimental situation ob-
tained in the experiments of Alers and Fleury. Under
the conditions of their work both wr and w,7 (where
w;=—eBq/mc is the cyclotron frequency) are negligible
as compared to unity. Also ¢/<<1, where I=v¢r is the
electron mean free path. Under such conditions the re-
sistivity tensor acquires a very simple form that can be
obtained from the solution of the transport equation or
from simpler considerations.® We shall assume that q is
directed along the z axis of a Cartesian coordinate sys-
‘tem and that the magnetic field Bo= (0, B, sind, B, cosf)
lies in the y-z plane and makes an angle § with q. The
components of the tensors T" and R are given, under
‘these conditions, by

Vn=nwqq- .

Te= rU!I: iB‘TO: (16)
I..= —iw/4nx, an
szz Ryy= RZZ= 1/007 (18)
Ryy=—Ry,=w.r COS@/O’O, (19)
Rzz;_— -—R”= —WT sin@/ao, (20)
and

R,.=R.,=0. (21)

The parameter 8 is defined by
_ B=c/ drwa. (22)

We are now in a position to obtain the components
of the electric field E by calculating the tensors
(I-R-T)! and (I-R-T)L.(I—0¢R). Since we are
only interested in obtaining the first-order correction
to the speed of sound, these tensors are calculated keep-
ing terms up to (w.r)? along the diagonals and up to
w.r off the diagonals. This is permissible since we as-
sumed w,7<<1. The parameter 8 can be of the order of
unity or less. In the absence of a magnetic field the
acoustic ‘waves which one obtains are purely longi-
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tudinal or transverse. Strictly speaking this is no longer
true when the magnetic field B, is present. However, it
is interesting to notice that under the approximation
given here (i.e., keeping terms in the secular equation
up to second order in w,7) the acoustic waves are still
either purely longitudinal or purely transverse. The
calculations are rather simple so that they will be
omitted. The relative change in the speed of shear waves
is

As/si= B cos’0/8mps2(1+62). (23)
For longitudinal waves we obtain
As/si= B sin?0/8mps2(1452). (24)

We remark that the value one obtains for s; is the same
one as that given by Bohm and Staver. The results
given by (23) and (24) are in good agreement with the
experimental data of reference 1.

We now obtain general formulas for the change in the
sound velocity for propagation both along the direction
of the magnetic field B and at right angles to it. In
each case we orient the Cartesian coordinate system so
that Bo points along the z axis. We first consider the
case in which q is parallel to Bo. In this case the con-
ductivity tensor has been given by several authors.® We
have I';e=T,=1800 and o,,=0,, and o,y= —0y,. Itis
convenient to rewrite the general equations (13) and
(14) using &, =¢,+14¢, and oL =0,,Fio,,. We find

zewBy Lzmiw (1—4B) (eeRr—1)

wy?= (Cy/ Mg+ ,  (25)
. M 1—iooR, (
and
m vt Imiw 1 (g0
I S [ao P ] (26)
3M 1+t Mr 3 14wie?

Equation (25) refers to the two shear waves in £, and
(26) to the longitudinal wave. In (26) the quantity
(C/M)¢* has been neglected as compared with
zmgv?/3M. The quantities R, and R,, are the recipro-
cals of o and o,., respectively. Within the framework
of the semiclassical transport theory R,, turns out to
be independent of the field B,. The discussion of quan-
tum effects in this connection has been given by Quinn
and Rodriguez.!® It seems useful to make the remark
that from Egs. (25) and (26) we find not only the sound
velocity as a function of B, but also the coefficient of
ultrasonic attenuation y=2ws/s, where w, is the imagi-
nary part of w as given by either (25) or (26) and s is
the appropriate sound velocity.

When ¢/<1, we find
ooR =14 1wrFiw,T. 27

In this expression w.r, however, can be quite large.

107, J. Quinn and S. Rodriguez, Phys. ‘Rev. Letters 9, 145
(1962).



VELOCITY OF SOUND IN METALS

Then after assuming that |BooRy|<K1,

Wy 2 C t B()2 (O] 2
(%) o+ (1=).
q M A4np e
This equation is implicit in the work of Kjeldaas (see
reference 5). This implies that, for shear wave propa-
gating along the direction of a magnetic field there isa
different sound velocity for the right and left circularly
polarized components. This gives rise to a rotation of
the plane of polarization proportional to By as the wave
progresses within the metal. However, the angle of ro-
tation turns out to be of the order of 1071 deg per cm
of path and per G of applied field. This is negligible
under almost any circumstance.

We now turn our attention to the other geometrical
arrangement of interest. This is the one in which q is
perpendicular to Bo. Now we choose the y axis parallel
to q and the z axis parallel to By as before. The com-
ponents of the resistivity tensor are now

(28)

Oyy

Rig=—""ri, (29)
axxa'yy+0zy2
R e (30)
" o'zzo'yy_i"axy?’
Oy
Ray=—Ryp=——""", (31)
U'zxa'yy_i_axyz
and
Rzz= 1/Uzz~ (32)
Using Egs. (13) and (14) we obtain
w2gz=sz£x+A.cyEy, (33)
WEy=A b+ A vk, (34)
and
e =A,.¢,, (35)
where
C zmiw (ooRz:—1)(1—1B
a:x='—:q2+ ); (36)
M MT 1— 'i,BO'OR:ca:
zmiw f (1—i8)aoR.,
Aoym— e v M), @7)
Mr\ 1—i800R,.
Ci 2mgve? 2miw
Ayy=—¢+ .
M 3M(A+4+w?r?) Mr
#B(0oR ) (g
X (UORy)/_ 1— ’ )) ( )
1—4B0Rzs 3(14w?7?)
and
C: zmiw (6oR..—1)(1—1B)
21 .

(39)

2z= Q"1

Mr 1 _7:/30'0Rzz

Equations (33)-(35) show that in this geometry a wave
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polarized along the z axis is purely transverse. However,
the normal modes that arise from longitudinal waves
and from shear waves polarized along the x axis are
mixed. For the wave that is approximately longitudinal
we have

F=A4y— A/ (sP—sO¢, (40)

while for the waves that are almost transverse and
polarized along the x axis

wt= Aot A 2/ (s2—sP)g. (41)

In these equations we have assumed that (sZ—s?)
X ¢*>>A .2 which is certainly the case except for mag-
netic fields for which quantum effects play an important
role. An obvious approximation has also been made in
the denominators of the second terms of Egs. (40) and
(41). Inspection of Egs. (36)-(39) shows that the ve-
locity of sound is not, in general, a monotonic function
of the magnetic field. In fact, the velocity of sound ex-
periences oscillations of the same nature as those found
in reference 9 for the coefficient of ultrasonic attenua-
tion. To exhibit this behavior we shall discuss the situ-
ation that obtains at low temperatures for metals of
high purity in high magnetic fields. More specifically,
we study the case in which w,7>>1 and B<Kwr<1. The
second inequality requires that the dc electrical con-
ductivity oo be much larger than w,cq/4nw, where w, is
the plasma frequency of the conduction electrons of the
metal. A more detailed analysis is reserved for a future
publication.

Using these approximations and the results of
Cohen et al® we obtain the relations

4 Cy 2+zmiw zmw2(1+s ) @)
T T =
y o) 2+qu2%2 zmz'w(s 1)+ZW2S (43)
w= Mq B3Y; iy vy Y; vy
2MIw
Aoy= ""'M‘—(‘*’c’l'qﬂoszy), (44)
and
C: zmiw 2meo?
Azz=—_ 2+ Szz_ (1+Szz)- (45)
M Mr M

In these equations Szz, Syy, Szy, and S, (see reference 9)
are given by

Sao=3$[s0+(g0/2)/ 1—go) 1, (46)
P I So
= 1], @
3 (1+w27-2)|_ (1—go)so+ (go’/2)? ] @7
55/ “

* 3so(l—go)+(@0/2T
Sue=(1/3r0)—1,

and
(49)
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-2M(s-s)) /zms,

Fic. 1. Relative change in the velocity of shear waves as a
function of w=gvo/w.. The wave propagates along the v axis and
the magnetic field is parallel to the z axis. The full line corresponds
to a shear wave polarized along the « direction and the broken line
corresponds to polarization parallel to the magnetic field.

with the functions g, so, and 7o defined by means of the
relations

/2
go(w)= [ J¢*(w sing) sinfdy, (50)

/2
so(w)= / [J o’ (w sing) ? sin®9ds, (51)

and

2
ro(w)= / Jo (w sind) cos? sinfde. (52)
0

Here

W= quo/w,, (53)
and J, is the Bessel function of order zero. It is useful
to remark that for large magnetic fields (w<<1) the ex-
pression for A,, approaches zero. In fact, using
Egs. (48), (51), and (52), we find that for w1,
Sey=—0./qvo. Now, since in Eqgs. (40) and (41), 4.,
appears to the second power it is a simple matter to
see that its contribution to the change in the velocity
of sound is negligible. In fact, the term 4,2/ (s2—s?)g>
can be neglected in comparison with contributions of
the form zmw?(14+S.,)/M and similar ones because
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Fic. 2. Relative change in the velocity of a longitudinal sound
wave propagating in a direction perpendicular to the magnetic
field as a function of w.

m/M is of the order of 10~ or less and 4 ,,? contains this
ratio to the second power. We can now calculate the
relative change in the sound velocity under these con-
ditions. We find

(s—s8)/se=—2m(14+S.2)/2M, (54)

for shear waves polarized along the x axis. For longi-
tudinal waves we obtain

(s—s1)/s1=2mSy,/2M,

while the relative change in the velocity of sound for
shear wave polarized along the z axis is

(s—s4)/se=—2m(14+S..)/2M. (56)

These changes in velocity are of the order of 10 ppm
and can be detected experimentally.! In Figs. 1 and 2
we give graphs of the relative change of the velocity
of sound as a function of w= gve/w.. These graphs were
drawn by calculating S, Syy, and S., using the values
of the functions gy, so, and 7o given in reference 9.

It is possible to generalize this treatment to take into
account quantum effects in the variation of the ve-
locity of sound with a magnetic field. This can be easily
accomplished using the results of Quinn and Rodriguez.!!

(55)

U7, J. Quinn and S. Rodriguez, Phys. Rev. 128, 2487, 2494
(1962).



VELOCITY OF SOUND

This effect has been observed in bismuth by Mavroides
et al.? However, the theory given here is not applicable
to semimetals in the present form.

2 J. G. Mavroides, B. Lax, K. J. Button, and Y. Shapira, Phys.
Rev. Letters 9, 451 (1962).
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Expressions for spin wave energies in normal and inverse spinel have been obtained which are exact to
all orders in the spin wave momentum. These dispersion curves have been compared with existing experi-
mental data on magnetite and good agreement found if the principal exchange interaction is taken to be
2.4X 1073 eV. The surprisingly small range of validity of the usual %2 approximation is pointed out and
possible effects of the deviation from %2 behavior on the magnetic part of the heat capacity are discussed.
The small (like-like) exchange interactions have been included (also to all orders in the spin-wave momen-
tum) with the most important result that agreement with the experimental dispersion curves is improved.

INTRODUCTION

AGNETITE (Fe;0,) is the simplest of the so-called
ferrites,! compounds of the form X?*(¥3+),0,
crystallizing in the spinel structure, (space-group
Fd3m-0,7). This structure is basically cubic having in a
unit cell sixteen octahedral (B) sites and eight tetrahe-
dral (4) sites. At normal temperatures magnetite has
the inverse spinel structure in which the A sites are
occupied by ferric ions and the remaining ferric and
ferous ions are distributed over the B sites. As the
temperature is lowered below 120°K many magnetic
and thermal properties undergo a sudden change. There
is also a sharp drop in the electrical conductivity. This
transformation was ascribed by Vervey? to an ordering
of the ferric and ferrous ions on the B sites into alternate
planes perpendicular to the C axis producing net ortho-
rhombic symmetry. This proposal has been confirmed
by neutron diffraction measurements® and recently by
Moéssbauer absorption measurements. A sketch of the
unit cell below the transition temperature is shown in
Fig. 1.
There have been a number of calculations of the spin
wave spectra in the normal and inverse spinel struc-
ture.58 Most results indicate a quadratic acoustic

1 J. Smith and H. P. J. Wijn, Ferrites (John Wiley & Sons, Inc.,
New York, 1959).
( 2 I%.)J. W. Verney and E. L. Heilmann, J. Chem. Phys. 15, 174

1947).

3W. C. Hamilton, Phys. Rev. 110, 1050 (1958).

4 R. Bauminger, S. G. Cohen, A. Marinn, and E. Segal, Phys.
Rev. 122, 1447 (1961).

5 H. Kaplan, Phys. Rev. 86, 121 (1952).

6S. V. Vonsovski, Y. M. Seidov, Izv. Akad. Nauk. SSSR 18,
319 (1954) (translation available through Columbia Technical
translations).

7T. A. Kaplan, Phys. Rev. 109, 782 (1958).

8 L. Kowalewski, Acta. Phys. Polon. 20, 675 (1961).

branch. A linear behavior was found by Vonsovskii and
and Seidov, but this work has been criticized by Kaplan
and Kowalewski. (The latter also points out an error in
Kaplan’s calculation.) Apparently the only calculation
for the ordered inverse spinel structure has been made
by Kouvel.?

The ordered structure may be considered to consist of
six interpenetrating face-centered cubic lattices, two
consisting of 4 sites and four of B sites. Thus, the spin
wave spectrum will have six branches. Kouvel assumed
that the z axis was the single anisotropy direction and
that at 0°K the A spins were down and the B spins up.
Assuming only nearest-neighbor 44, BB, and 4B ex-
change integrals he set up the (sixth degree) secular
equation for the frequencies and succeeded in finding the

r——=—-N

1) il

D

o
——
Pt

x’ I

F1c. 1. One quarter of the unit cell for ordered inverse spinel.
One cation site of each variety is labeled. The open circles repre-
sent oxygen sites.

9J. S. Kouvel, Technical Report 210, Cruft Laboratary,
Harvard, 1955 (unpublished).



