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pressure, Z and the electronegativity difference being 
immediately known for a given compound. 

Many predictions of polymorphic transitions stem 
from the present correlations. According to Figs. 4 and 
5, MgTe is very similar to CdS and there may be a 
close similarity in the pressure-induced transitions. 
Beryllium oxide may be expected to transform to the 
NaCl structure at only a few hundred kbar. Boron 
nitride will require considerably higher pressures than 
is required for the conversion of carbon to a "metallic" 
form, etc. 

Correlations beyond those obtained by Jayaraman, 
Klement, and Kennedy1 are not apparent from the yet 
scanty data for the melting slopes and/or phase 
boundaries among the several polymorphs common to 

I. INTRODUCTION 

TH E three deformation potential parameters de
scribing the* strain dependence of the fourfold 

degenerate level at the top of the valence band in the 
covalently bonding semiconductors are the independent 
components of the hole-phonon coupling tensor for 
long-wavelength acoustic phonons.1 Of these, only the 
parameter ZV describing the hydrostatic pressure de
pendence is not amenable to independent experimental 
determination. (In I2, we calculated the other two 
parameters; see the references therein for their experi
mental determination.) If there exists a temperature 
range low enough for the optical phonon scattering to 

* Supported in part by the Advanced Research Projects Agency. 
1 G. Bir and G. Picus, Fiz. Tverd. Tela 2, 2287 (1960) [trans

lation: Soviet Phys.—Solid State 2, 2039 (1961)]. 
2 L. Kleinman, Phys. Rev. 128, 2614 (1962). Referred to as I in 

this paper. 

these elements and compounds. Likewise, there is no 
attempt here to examine the behavior under pressure 
of the I -VII compounds which, in any case, should be 
considerably simpler because of the generally predomi
nant ionic character of the bonding. 
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be negligible and at the same time high enough for the 
acoustical phonon scattering to be large compared to 
impurity scattering, then in principle Ddv can be deter
mined from a variety of transport properties of the 
holes; in actual fact, the only experimental estimate 
of Ddv is obtained from optical3 determinations of 
Ddv—Dd°. Ddc is the equivalent parameter for the 
bottom of the conduction band and has been estimated 
by Herring et al.4 from a careful study of the transport 
properties of electrons in Ge. Recently, using cyclotron 
resonance, Bagguley, Flaxen, and Stradling5 have meas-

3 W. Paul and D. M. Worschauer, J. Phys. Chem. Solids 4, 89 
(1958). 

4 C . Herring and E. Vogt, Phys. Rev. 101, 944 (1956); C. 
Herring, T. H. Geballe, and J. E. Kunzler, Bell System Tech. J. 
38, 657 (1959). 

5 D. M. S. Bagguley, D. W. Flaxen, and R. A. Stradling, Phys. 
Letters 1, 111 (1962). I should like to thank Dr. S. Koenig for 
calling this work to my attention. 
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The hydrostatic pressure dependence of the energy of T25', the top of the valence band in Si, is calculated 
and expressed in terms of the deformation potential constant D<j°. There are three types of terms which con
tribute to Ddv: those involving the valence wave functions explicitly, a term involving the over-all zero of 
the crystal potential and an exchange and correlation term depending on the average valence charge density. 
It is shown that to obtain the correct change in the zero of energy with strain one may take the usually 
arbitrary zero of energy appearing in the Hartree-Fock self-consistent potential to be equal to the total 
energy of the ions in their equilibrium position divided by the number of electrons. The first term is deter
mined by applying perturbation theory to the wave functions calculated previously by Kleinman and 
Phillips. The second term is calculated using the Ewald summing technique and the third term is determined 
from the Bohm-Pines approximation. Our calculated value of the pressure dependence of the T25' —Li energy 
gap in Si is similar to the experimental value obtained in Ge. Our absolute energy shifts lie between those 
estimated by Herring from transport data, and those of Bagguley et ah, who determined the relaxation 
times appearing in Herring's theory from cyclotron resonance. 
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ured the transverse and longitudinal relaxation times 
appearing in Herring's theory, and obtained results in 
sharp disagreement with those of Herring. Unfortu
nately, there exist no data at all for silicon at the 
present time. 

In the early 1930's cohesive energies and elastic 
constants were calculated for the monovalent metals.6,7 

The theoretical calculation of the absolute magnitude of 
Ddv is of interest not only because of its importance in 
hole-phonon interactions, but also because it indicates 
that those quantities depending on absolute energies 
which were long ago calculated for the monovalent 
metals are amenable to calculation in the semicon
ductors. The relative values of Dd's calculated through
out the Brillouin zone will be of importance in identify
ing various peaks in the optical absorption spectra. Thus 
far, only the Ly — Li peak in Ge has been observed to 
shift with pressure,8,9 implying that the shift of this peak 
is anomalously large. Theoretical estimates of the shifts 
of all the optical reflection peaks will be the topic of a 
later paper.10 

In the next section we discuss the deformation poten
tial theory of electron-phonon interactions. The one 
electron Hartree-Fock crystal potential is arbitrary to 
within an additive constant; it is shown how the 
arbitrariness in the change of this constant with strain 
must be eliminated if a Hartree-Fock potential is to be 
used in the deformation potential theory of the electron-
phonon interaction. 

In the third section, we describe the calculation of 
D<f. Those terms which depend on the valence wave 
functions are calculated by applying perturbation 
theory to the wave functions determined previously by 
Kleinman and Phillips11; this procedure requires only a 
simple extension of the work in I. These are the only 
terms needed12 for calculations of the relative values of 
the DdS. The terms depending on the average charge 
density consist of a Coulomb and an exchange and 
correlation contribution. The latter is calculated from 
the Bohm-Pines approximation. The former is calcu
lated using the Ewald summing technique. 

Although relative shifts between levels with applied 
pressure are well known to be reasonably independent 
of the semiconductor with which one is dealing,13 there 
is no a priori reason to believe that absolute shifts are 
as well. In the last section we compare our calculated Si 
results with the experimental data for Ge. Our energy 
gap dependence is in good agreement with the experi-

6 E. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933); 46, 509 
(1934). 

7 K. Fuchs, Proc. Roy. Soc. (London) A151, 585 (1935). 
8 H . R. Phillipp, W. C. Dash, and H. Ehrenreich, Bull. Am. 

Phys. Soc. 7, 78 (1962). 
9 R. Zallen, W. Paul, and J. Tauc, Bull. Am. Phys. Soc. 7, 185 

(1962). 
1 0 1 . Goroff and L. Kleinman (to be published). 
11L. Kleinman and J. C. Phillips, Phys. Rev. 118, 1153 (1960). 
12 This is only true on the assumption that all states see the 

same zero of energy due to exchange and correlation. This is nearly 
so for all states near the energy gap. 

13 W. Paul, J. Appl. Phys. 32, 2082 (1961). 

mental results and our absolute shifts agree moderately 
well with those of Bagguley et al.5 The discrepancy be
tween the experimental results of Herring and Bagguley 
is much larger than the uncertainties in our calculation, 
but we are unable to state that Bagguley's results are 
better because the pressure dependence of individual 
levels could vary considerably between Si and Ge. 

II. THEORY OF THE ELECTRON-PHONON 
INTERACTION 

In the usual theory of the electron-phonon interaction 
in metals,14 one writes the matrix element of the pertur
bation 3C' = Xz *?r dV/drji (where rji is the displacement 
of the /th ion core and V the crystal potential), 

M(k,k') = (nqs, ^ k 1 3 6 ' | n q s - 1 , i/v) 

r dV 
= i 4 E ^ q , 1 / * k % . iM«r, (1) 

i J drji 

where A = — i(fin(LS/2Nmo)qsy
/2, and where nqs is the 

number of phonons of wave vector q in mode s, tqs is a 
unit polarization vector of the phonon, coqs is its fre
quency, and the crystal contains N atoms of mass m.15 

Because of the periodicity of the integrand, the origin 
for each integral may be chosen in the /th cell so that 

f dV 
ilf (k,k') = 4 E ^(k'-k-q).i / ^*g q a ^k,^r 

f dV 
= ^5K>k'-k-q,V J $k%s <M«r, (2) 

J drji 

where K is a reciprocal lattice vector. Thus, the scatter
ing process seems to depend only on the change in 
crystal potential when a single ion is moved. If a 
Wigner-Seitz model is used (i.e., potential due to /th ion 
vanishes outside the /th cell), it is found that for small 
q, M(k,k') = A$(is'(l(iEF). If the Bardeen16 "self-
consistent" model is used M (k,k/) = ^4^qs-q(f£ir) for 
small q. However, if the "self-consistent" model is used 
for a semiconductor M(kih

,)^[e'q/q2e(q)'] which be
comes infinite as q —•> 0 because the dielectric constant 
e(0) remains finite. Since the q = 0 phonon implies only 
a translation of the entire crystal which cannot cause 
any scattering, this result is patently ridiculous. The 
theory has broken down, because a truly self-consistent 
calculation of dV/drji is not independent of all the other 
displacements rn. In the metal where each ion is screened 
from all but a few neighbors, the approximation is 
probably not too bad. Since the electron-phonon inter
action is much more strongly screened in metals than in 
semiconductors, the results for metals indicate that in 

14 J. M. Ziman, Electrons and Phonons (Oxford University Press, 
New York, 1960), Chap. 5. 

15 We shall assume only one atom per unit cell to simplify the 
equations. 

16 J. Bardeen, Phys. Rev. 99, 1140 (1955). 
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semiconductors M should approach zero no more 
rapidly than q. Note also that in the W-S model 
Jleii^k*V\f/kd

sr is just the Coulomb contribution to the 
cohesive energy. We see that, in a better treatment, this 
Coulomb contribution to the cohesive energy involves 
all the ion cores and valence electrons and, hence, cannot 
be determined directly from a one electron potential, 
but that it still plays an important role in electron-
phonon scattering. 

In the deformation potential theory of electron-
phonon interactions, one usually writes 

where 
^e=(papa/2m)+VQ(r), (3) 

p P-
3 C L - ^ q S+|Mco(q^)Qq^-q g , (4) 

1M 

OeaL=F(r,Q)-Fo(r). (5) 

Whitfield17 has shown that if we use as basis states the 
orthogonalized deformed Bloch (ODB) functions,18 the 
Hamiltonian becomes (in the Bloch representation) 

3 C = 3 C « + X L + 3 C ' + 3 C " , (6) 
where 

— pCtPfi 
Dfia= +tf*«(r), (8) 

m 

where the strain in the lattice due to a phonon is 
£ ( r ) = — ieq8q£lqse~i(i'T= — iqrjqse~i(l'T, and where U^a(r) 
is the coefficient of the linear term in the expansion of 
the crystal potential in the strain 

F ( r ) « F 0 [ r - 8 ( r ) r ] + ^ ( r ) « / J « ( r ) . (9) 

3C" comes from transforming 3Cz, back to the Bloch 
representation and is ~ 10~ZS eV, and may, therefore, be 
neglected in comparison with 3C' which is of order 5 £ eV. 
The advantage of the deformation potential theory is 
that the perturbation 3C' can be calculated self-con-
sistently and since the entire crystal is involved rather 
than just a single ion, the difficulty inherent in the 
Bardeen approximation is not present. 

Let us examine the scattering matrix element for 
longitudinal phonons19 of long wavelength (q —> 0) in 
the jellium limit, i.e., the limit in which the Bloch func
tions are single plane waves. I t can be shown that be
cause of energy conservation requirements, the phonon 
wave vector must be nearly perpendicular to the wave 
vector of the electron which it scatters. Thus, since the 

17 G. Whitfield, Phys. Rev. 121, 720 (1961). 
18 The ODB basis consists of the original Bloch set which has 

been deformed with the lattice, re-expressed in the undeformed 
space and multiplied by a Jacobian to preserve orthogonality. 

19 The restriction to longitudinal phonons is not necessary but 
simplifies the discussion somewhat. The long-wavelength require
ment is necessary so that the expansion (9) of V(r) does not 
require terms in the derivatives of the strain. 

contribution to the scattering of the kinetic energy term 
of Eq. (8) is of the order (q-k)2/^, it is negligible. 
Therefore, 

M(k,k') = A80,k^-qqV-i [uqq(t)d*r, (10) 

where V is the volume of the crystal. 
Because we took the Bloch functions to be plane 

waves, only the average value of the change in potential 
per unit uniaxial strain in the q direction enters into the 
scattering matrix. The average value of £7qq(r) is zero, 
because, due to charge neutrality, Fooo, the average 
crystal potential is zero in both the strained and un
strained crystal.20 Hence, it appears that in the deforma
tion potential approximation, the electron-phonon 
matrix element vanishes more rapidly than q which 
contradicts an inference we drew from the results in 
metals.21 

I t is interesting to note that if one approximates the 
crystal by a superposition of spherical charge densities, 
one finds Fooo^fo2 where ro is a characteristic radius for 
the spherical charge.22 This apparent discrepancy is due 
to taking the limit of an infinite crystal differently in the 
two cases and is simply an example of the fact that the 
crystal potential is always arbitrary to within an 
additive constant. Thus, if we can find some condition 
to fix this previously arbitrary constant and if the 
condition is such that the constant is different in the 
strained and unstrained crystals, then the matrix 
element (10) will be linear in q. We now show that the 
condition is determined from the requirement that the 
Hamiltonian be separable into 3Ce, 3CL, and 3C6L as given 
by Eqs. (3), (4), and (5). 

The total Hamiltonian is 

pi2 1 PJ 
3C = E — + 4 £ ~ 7+Z — 

i 2m i>r,^j \t{ — tj\ n 2M 

+i £ 7,T^T+2:TF^_tUoooOP' (11) 

where we have added a term T)oooop which when operat
ing on any wave function multiplies it by an arbitrary 
constant T)ooo times its charge. This operator has no 
physical effect since only relative values of energy levels 

20 This follows from writing 

Fooo= V~lfV(r)dh= F - W ( r ' ) \x-x'\-HhdV. 

Because of the periodicity of p(r'), *' may be taken to lie in the 
unit cell containing the point r = 0. Thus, expanding |r—r'l"1 in 
spherical harmonics outside the first cell, 

Fooo= F-yVx <PrSv P M I ' - ' ' l " W 
+ V-yV-vi r-Hhfv, p (x')dh', 

whence it follows Fooo^F 1. 
21 We have here ignored the nonvanishing exchange contribution 

to Uq(l(r)d3r because exchange is ignored in the calculation for 
metals. 

22 J. L. Birman, Phys. Rev. 98, 1863 (1955). 
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are meaningful. We may write the electronic part of 
the Hamiltonian in the Hartree-Fock approximation 

3 C = Z rcd-3Cion-'Ooooop, (12) 

where 

X.i=(pi*/2m)+V(i%), (13) 

Pr? 1 

3£ion—jLt 12 ^L ~ ~ T 
n 2M n,m;n^m j R w — R m | 

+ E / -d*n. (14) 
n,i J \Rn— Ti\ 

pi{ri) is the charge density of the ith electron assumed 
to be computed self-consistently from (13) and V(Yi) is 
an operator which yields just the self-consistent 
Coulomb and exchange potential energy when operating 
on vKr*)> but is zero when operating on \f/(tj). JCion 

operates only on the many ion core wave function, 
while Dooo05 operates on all wave functions. Thus, we 
obtain a set of equations 

(5C,+eOooo)^(ri) = £ ^ ( r , ) , (15) 

(5Cion-iVeO000)*(Rn- • •R«) = £5*(R„« • «RW). (16) 

Now if we write R n=R n°+i7n and make the usual 
transformation to normal (phonon) coordinates, we find 
3Cior&=C$(Rn'• •Rm)+5CL(i)(*7q), where C is the self-
energy of the ions (at Rw= Rw° for all n). If we write the 
electronic charge density p(r) = P O + S K pK.eiK'T, we may 
write C= C O + X ! K CK, where Co is the energy of the ions 
due to their mutual interaction and the constant back
ground of charge po, while CK is the energy of the ions in 
a potential VK= pK.eiKx/K2. The calculation of CK is 
trivial (assuming pK is known), while Co is just the 
total cohesive energy of a crystal whose electrons form 
a constant background of charge. (This is because the 
average value of the crystal potential is zero so the 
electrons sitting in this potential contribute nothing to 
the cohesive energy.7) 

Thus, we see that if we require Dooo^ C/N, we obtain 
3C=3Ce+3CiH-3eeL where 3Ce, 3CL, and 3ZeL are given by 
(3), (4), and (5) with V(r) replaced by F(r)+13ooo. 
Had we set ^000=0, Eq. (4) for 3CL would contain the 
constant C and on transforming to the ODB basis C 
would contribute to the term 3C" in (6) making it no 
longer negligible. This many electron-many ion term 
would, of course, contribute precisely the same thing to 
the scattering matrix as Vooo= C/N does.23 

23 We wish to emphasize that we have not corrected the deforma
tion potential theory for it is correct as it stands. Rather, we have 
shown that the separated Hamiltonian of Eqs. (3), (4), and (5) 
which follows directly from a cellular model also follows for a 
Hartree-Fock crystal potential when the T>ooo transformation is 
made. 

TABLE I. Kinetic, potential (excluding Fooo), and orthogonali-
zation energy contributions in Ry to 3Caa' per unit dilation. The 
wave function <pa has been expanded in symmetrized combinations 
of plane waves with coefficients bi; contributions with coefficients 
bih, 2bib2 and b2b2 are listed separately to show convergence. The 
row labeled remainder contains all kinetic energy terms bi2 

and potential and orthogonalization energy terms 2b2h where 
|fc|>0.014. 

bih 
2bxb2 

b2b2 

Remainder 
Total 

V 

-0.517 
0 

-0.288 
-0.054 
-0.859 

V 

-0.129 
0.336 

-0.037 
0.150 
0.320 

VR' 

-0.155 
-0.254 
-0.104 
-0.142 
-0.655 

oLaa 

-0.801 
0.082 

-0.429 
-0.046 
-1.194 

III. CALCULATIONS 

In I we obtained satisfactory agreement between 
theory and experiment using a physically reasonable 
model for the crystal potential in which the core elec
trons were considered to be perfectly rigid to any 
deformation and in which the valence electrons re
sponded self-consistently like a free electron gas to the 
effective crystal potential. The shift in energy of the top 
of the valence band by a dilation S (strain tensor 
8 = ^81) is given by applying first-order perturbation 
theory24 to the undeformed wave functions. 

W«a' = iS(<pa\V*]<pa) + i:(VK-itiK?--Vj 
K 

X(<Pa\eiK-*\<pa)+2(E-E2p)Z bibj 

-A*(Ki)A (Ky)] cosft/ c o s [ ( K ~ K y ) • * ] , (17) 

where <pa= (M2)-1 '2 £ t - bi E < K t . V K A r is the "smooth" 
part of one of the degenerate I ^ " (a = xy, xz, or yz) 
wave functions at the top of the valence band, O is the 
atomic volume, (K^) represents the ith. symmetrized 
combination of plane waves transforming according to 
a, 4 ( 2 0 = Sr1/2<^2p,eiK,r>, VK is the Kth Fourier trans
form of the crystal potential of reference 11, the super
script D refers to the deformed crystal, 0# is the angle 
between Kt- and Ky, and % is the vector (a/8,a/8,a/8). 
Compare (17) with Eqs. (13) and (23) of I. Calculation 
of the first (kinetic) term of (17) is straightforward, 
while that of the second (potential) and third (orthogo
nalization) terms is similar to their calculation in I with 
the added complication that the normalizations of VKD 

and ^ ( K ) as well as the dielectric constant eD(K) 
depend on fi^^O; this was ignored in I because it does 
not lead to a splitting of degeneracies. These terms are 
calculated in the Appendix. From (Al), (A2), (A5), and 
(A6) we calculate and list in Table I all three terms 

24 Because a hydrostatic perturbation does not change the 
symmetry of the Hamiltonian, it does not mix wave functions of 
different symmetry; thus first-order nondegenerate perturbation 
theory is sufficient. 
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TABLE II. 3Caa' of Table I plus various contributions to 
Fooô — Fooo and "Oooô — ̂ ooo in Ry per unit dilation. The values in 
parenthesis are obtained by reducing VR of Table I as discussed 
in the text. 

tH^aa 

SFooo c o r e _ v a l ex 

SFooo v a l - v a l ex 

S F 0 o o v a l " v a l c o r r 

5=0000° 
5=U0ooK 

Total 

-1.194(-1.108+o.o3-°-06) 
0.039±0.001 
0.202_o.o2+0-04 

0.011d=0.01 
0.700±0.000 

-0.023±0.02 
-o^st-o.m+o.io-0-11) 

appearing in (17) except that the contribution of the 
zeroth Fourier transform of the crystal potential to the 
second term is not included. The convergence of the 
result in the number of symmetrized combinations of 
plane waves used to expand <pa is displayed in Table I. 
I t is seen that fair convergence is obtained with just two 
sets of plane waves. Excellent convergence is obtained 
with five. In Table I I , we list the total 3Ca«' of Table I 
as well as the terms depending on F0oo and "Uooo which 
we now discuss. 

In footnote 20, we showed that because of charge 
neutrality FoooCoul=:0 and, hence, makes no contribution 
to D<f. The exchange interaction of the valence electrons 
with the ion cores may be written as a one-electron 
potential. (Core valence correlation is negligible.) The 
Fourier transforms of this potential are listed under 
j^core-vaiex^ i n T a b l e n o f r e f e r e nce 11. Thus, we 
have 

VK-HKD~ VK= F O O O ( 0 / ^ - 1) 

= - 8Vp
core-™1 ex(0) = 0.039£ Ry 

as the contribution of Fooocore'val ex to Dd
v. The valence-

valence exchange and correlation interactions are not so 
easily approximated by a one-electron potential. We 
have used the Slater p1/3 approximation25 for the ( K ^ 0 ) 
exchange potential. The contribution of exchange to 
VK?*O is included in the first entry of Table I I . I t has 
been shown by Phillips26 that the effect of correlation on 
VK^O is mainly to screen the exchange term. This 
screening seems to be an inherent part of the Slater 
exchange hole and calculations of off-diagonal matrix 
elements of the screened Hartree-Fock exchange opera
tor27 yield results in substantial agreement with those 
calculated from the Slater approximation. Hence, the 
best approximation we can make for F ^ o c o r r is to 
neglect it. In order to calculate the K = 0 contribution 
to exchange and correlation, we must separate out their 
dependence on the average charge density. This may 
be done because p0 is more than four times larger than 
any PK. Thus, for example, if the exchange is taken to be 
proportional to [p(r)]1 /3 , we may use 

[p(r)] 1 / 8=Cpo+EKPK^K- r] 1 / 8 

~ P 0 1 / 3 + * P 0 - 2 / 3 E K P K ^ K ' r . (18) 
25 J. C. Slater, Phys. Rev. 81, 385 (1951). 
26 J. C. Phillips, Phys. Rev. 123, 420 (1961). 
27 J. C. Phillips and L. Kleinman, Phys. Rev. 128, 2098 (1962). 

The error introduced by this separation is probably 
smaller than the error incurred by using the Slater p1/3 

approximation for exchange in the first place. The fact 
that the experimentally determined plasma frequency 
in Si is equal to the value calculated on the free-electron 
model is a good indication that our simple separation 
of exchange and correlation into K = 0 and KT^O terms 
is valid. 

The exchange and correlation energy per electron for 
a free-electron gas is according to the Bohm-Pines 
approximation2 8 

ec= -OSlfo^+O.OSlS lnr .-0.114+0.0005r a , (19) 

where rs is the interelectronic spacing and the error in 
ec is estimated28 to be no more than 15% of the correla
tion energy (last three terms of ec). If our separation of 
p into PK and p0 is valid, the K = 0 exchange and correla
tion energy at the top of the valence band must corre
spond to that at the top of the Fermi sea in a free-
electron gas. The energy to remove an electron from the 
top of the Fermi sea is 

E™+c™=d(nec)/dn=ec-idec/d(liirs), 

E e x + c o r r= - 1.221rs-
1+0.0313 lnrs 

(20) 

-0.124+0.0003r s . (21) 

Thus, using that under dilation rs goes to r8+^Srs, we 
obtain for the change with dilation of the K = 0 exchange 
and correlation energy £ e x D —£ e x =0.407 Srs~

l and 

Ec o r r Z )-£c o r r=0.03131n(l+|<S)+0.0001r s<§ 
~0.0104£+0.0001r s£. 

Using rs= 2.006 we enter these results in Table I I . The 
correlation term is so small that even if the derivative 
is much less accurate than the term itself, the error is 
not appreciable. Using the general "exchange hole" 
arguments of Slater,25 we expect the functional form of 
the exchange term is correct, hence, the derivative 
should be as accurate as the term itself. 

We now calculate eOoooK= CK/N and VGQO° = CO/N. AS 
pointed out in Sec. I I , Co is just the cohesive energy of a 
crystal of Si ions in a constant background of electronic 
charge. As long as the ions do not overlap no error is 
made by replacing them with point ions. Therefore, 
we wish to calculate the electrostatic energy per electron 
of a Si lattice of 4 + point ions with a compensating 
constant electronic charge density. Wigner and Seitz6 

have approximated such an electrostatic energy by the 
electrostatic energy of a single ion surrounded by a uni
form sphere of negative charge and radius r0 where 
(4/3)7rr0

3 = a The energy of the sphere is - (9/5)Zr(r
1 

= —2.26 Ry. Because the atomic cell in Si is so non-
spherical (the distances from the atom to the edge of 
the cell in the ± [ 1 1 1 ] directions are in the ratio of 2:1) 
the W-S approximation should not be expected to be 

28 D. Pines, in Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press Inc., New York, 1955), Vol. 1, pp. 368. 
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accurate. A better approximation can be made by dis
placing the ion in the W-S sphere so that it is fro from 
the wall of the sphere making the ratio of the nearest 
to farthest distance from the wall 2ro/3: 4r0/3 = 1 : 2 . The 
energy of the displaced W-S sphere is — (76/45)Zro~l 

= 2.12 Ry. The electrostatic energy of the lattice may be 
calculated exactly using the Ewald29 summing technique 
as extended by Fuchs7 to nonionic crystals. Fuchs' 
Eq. (15) written explicitly for the diamond structure is 

eu0oo0= -̂1{327T-1 Z ' hrttr'W* 
i 

+ 4 L z v F ( M ^ ^ 0 ^ ^ - 1 - 8 ^ - 1 / 2 - 3 2 7 r / x - 2 } , (22) 

where the primed sum is over all hi= a(2T)~~1Ki7^Qi 

oRiw' is the distance from the yth atom in the Oth cell 
to the pth atom in the Zth cell, F(x) = l-27r~lf2f0

x e~fidty 

fx is an arbitrary parameter chosen to optimize the con
vergence of the two sums, and a is the dimension of the 
cubic unit cell. Summing (22) we obtain 13000°= —2.10 
Ry. We thus obtain for the change in electrostatic self-
energy under dilation VoooOD—Vooo0=Vooo°(a/aD—l) 
= -i#Uooo°=0.70§ Ry and so enter in Table II. 

Only the zeroth and (111) Fourier transforms of the 
valence charge density are appreciable in Si.2,11 Thus, 
Eq. (A5) with K = (2w/a) (1,1,1) w n e n multiplied by the 
structure factor COSK-T gives the change in the non-
constant valence charge-density contribution to the 
potential in which the ions sit. Since the potential varies 
spacially as eiK'T and the ions sit at ± r in the unit cell, 
another factor of cosK- T appears in the energy. Hence 
5<00ooK= £(-0.157+0.177+0.027) cos2K- ^ = 0.023£ Ry 
is the last entry in Table II. Because of the large 
cancellation in the three terms appearing in (A5) the 
error in our estimate of 5D0ooK is probably of the same 
order as 5DoooK itself. 

IV. CONCLUSIONS 

In Table II are listed the contributions to Df with 
what we believe are reasonable estimates of the un
certainty in each term. In I, we discussed how the Si 
energy band calculation11 could be brought into agree
ment with experiment by reducing E—E2p from 7.42 to 
6.42 Ry; the value of 3Caa' listed in the parenthesis 
contains this correction. In I, we also pointed out that 
the change in E and E2p caused by the strain affects the 
repulsive potential and, hence, causes an additional 
change in E: [Eq. (30) of I ] 

AE= AEo+0.072 (AE- AE2p). 

Now AE2p can be broken into two parts: the first due 
to all the other ions plus a constant background of 
charge and the second due to the nonconstant part of 
the electronic charge density. The negative of the 

29 C. Kittel, Introduction to Solid State Physics (John Wiley & 
Sons, Inc., New York, 1956), 2nd ed., Appendix A. 

TABLE III. Comparison of calculated deformation potential 
constants in Si (in eV per 106 atm) with those determined in Ge 
by two conflicting experimental methods. The numbers in paren
thesis have the estimated spin-orbit contribution subtracted off to 
facilitate comparison with Si where the spin-orbit contribution is 
negligible. 

Dd
v 

Ddc 

gap 

Theory 
1.95 
6.19 
4.24 

Transport 
-3 .6( -4 .04) 

1.4 
5.0(5.44) 

Cyclotron res. 
3.98(3.54) 
8.98 
5.0(5.44) 

second, we have previously calculated and called 
5DoooK. The negative of the first is just twice what we 
have previously calculated and called SD0oo0. Because we 
are calculating the energy of a single ion in the 
(Madelung) potential due to all the others, we would if 
we summed over all ions, count every ion-ion interaction 
twice. Thus, we get twice the average energy Dooo°. 
Therefore, AE2p = — 25T)ooo0— 5D0ooK; the change in sign 
comes about because we are here dealing with negative 
core electrons rather than positive ion cores. Since E 
represents the energy of the valence electrons relative to 
the core electrons, it should not include the average 
energy term which it was found necessary to include in 
the electron-phonon interaction. Thus, AE= D<?— SUooo0 

— 5D0ooK and 

ZV=Azo»+0.072(ZV+TOooo°). (23) 

Thus, we have Dd
v= -0 .179+0.072(ZV+0.700) which 

yields Dd
v= - 0 .138 R y = 1.88 eV (per unit dilation) 

= 1.95X10~6 eV per atmosphere. We have also calcu
lated10 '3031 Z V - 6 . 1 9 X 1 0 - 6 eV/atm which gives a cal
culated gap dependence of 4.24X10 - 6 eV/atm. These 
results are compared in Table III with experimentally 
determined data for Ge. 

The experimental values of D£ are obtained by sub
tracting the experimental gap dependence3 from the 
experimental values of Ddc. Ddc is obtained from the 
transport theory of Herring and Vogt.4 We are unable 
to explain the large discrepancy between Herring's4 

original result in which he uses TU/TI determined from 
magnetoresistance data and the recent results of 
Bagguley et al} in which TU/TX is determined from 
cyclotron resonance. The theoretical value for the 
pressure dependence of the r25' — L\ energy gap in Si is 
within 15% of the experimental value in Ge in accord 
with the fact that the pressure dependence of any given 
energy gap varies only slightly from semiconductor to 
semiconductor.13 The theoretical values for Di and 

30 By Ddc
} we mean the deformation potential constant at L\ in 

Si as well as Ge even though Lx is the bottom of the conduction 
band in Ge only. 

31 The strain dependence of Fooocore"val ex should be about 
0.04 Ry larger in Ge because of the larger core, but 5F0ooval~val ex 

and Ŝ ooo0 should decrease by about the same amount due to the 
4% larger lattice parameter. The behavior of 5eU0ooK and 
5F'oooval'valcorr is too complicated to predict, but these are too 
small to have much effect. However, one cannot conclude that the 
pressure dependence of 3Caa

f is the same in Ge and Si just because 
the gap dependence is the same. 
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Ddc lie between the two sets of experimental values but 
favor Bagguley's. If, however, one assumes the first 
term in Table I I is the same for Si and Ge when ex
pressed as a function of pressure while the remaining 
terms are the same for Si and Ge when expressed as 
functions of strain}1 one finds better agreement with 
Herring's values. Thus, although the uncertainty in our 
calculation is only about \ of the difference between 
Herring and Bagguley, we are unable to choose between 
the two. I t is interesting to note how important the 
many-body self-energy term is to the final numerical 
result. Without Dooo, we would have obtained Z>/= 10.8 
eV per 106 atm. 

We have not calculated the contribution of the spin-
orbit coupling to Ddv; however, it may be estimated as 
follows. The difference between the two spin split Lv 

deformation potentials in Ge has been measured9 at 
0.8X10~6 eV/atm. If we multiply this by the ratio of 
the unstrained splitting at T25' to that at Ly and by \ 
to account for the fact that the 7 = | level is raised by 
\ while the / = § level lowered by f of the spin-orbit 
splitting, we should have a good estimate of the 
spin-orbit contribution to Z?/. We obtain 0.8X10"6 

(0.30/0.18) (i) = 0.44X10-6 eV/atm. To obtain an esti
mate for Si we substitute the Si value for the unstrained 
r2 5 ' splitting (0.044 eV) and obtain 0.06 eV/atm. If the 
spin orbit contribution is subtracted from the experi
mental results for Ge to facilitate comparison with Si, 
the agreement between theory and Bagguley et a/.'s 
results is improved. 

I should like to thank Professor J. R. Schrieffer for 
several interesting discussions about electron-phonon 
interactions. 

APPENDIX A 

The orthogonalization (third) term of Eq. (17) may 
be written 

VBaa'=iS(E2p-E)Z bibj £ Z LA*(Ki) 
ij (Kia) <Kja) 

X — tefr+A (KM )KiKi 
\dK/ \dKJ 

+$A*(K%)A(Kjy\ cosfltf c o s [ > ( K < - K y ) ] . (Al) 

The term in A {K%)A (K3) arises from Q D - f t = 8Q; such 
terms were ignored in I because they do not split 
degeneracies. The potential energy (second) term may 

be split as follows: 

VK~UKD- F K =cosK- * [ - 8VoKio» 

\ dK / 
K+V: K-isK 

sD 

- VK*+ F K - I &KexD~ F K
e x ] , (A2) 

where the superscripts 5 and ex refer to Coulomb and 
exchange potentials due to the valence electrons and 
F0Kion is the Kth Fourier component of the total 
(Coulomb+exchange) potential due to a free ion. The 
first term again arises from tiD—Q— SQ. We discussed 
in I how a good approximation to a self-consistent 
calculation could be made by considering the valence 
electrons to be like a free-electron gas responding to the 
(111) Fourier component of the effective ionic potential 
(true potential plus repulsive potential due to ortho
gonalization). Thus, in Eq. (18) of I 

VK
s=V0K

ioneH[.e-1(K)-lli 

and in Eq. (A4) of I 

VK
e*=-iX0AllK2VK\ 

so that 

VK-HKSD-VKS . 

= -SV 
/dV0

ionGH\ 
Ks+m [I-€-K*OK 

\ dK JK 

• _ ! LI 
.<P(K-\6K) e(K)J 

(A3) 

Now the dielectric constant e may be written e(K) 
= 1-f-K~~lf(K'IKF), where TTF is the Fermi momentum 
and KF

D = KF-\SKF, SO that 

<P(K-\6K)= ( l - * S ) - i [ € ( 2 S . ) - l ] + l . (A4) 
Thus 

VK-HK8D~VKS 

= -SV. 

Finally 

/dV ioneffV 

K*+m Uci-e-KiOK 
\ dK / 

-iSVoK™ Qiie~2(K)Ze(K)-1]. (A5) 

F K - H K e x D - F K e x = - f X 0 . 4 1 1 [ ^ ( F K - | S K s Z > ~ F K
s ) 

-iKSVK'l. (A6) 
All the quantities appearing in these equations are 
tabulated in I. 


