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Localized Mode Detection by Means of the Mossbauer Effect*
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The Méssbauer effect in a simple cubic crystal, disordered by light isotopes was studied for the possibility
of observing the localized mode vibrational spectrum over the background of the continuum.

I. INTRODUCTION

GREEN’S function solution for the motion of a

three-dimensional crystal with defects and har-
monic, nearest neighbor forces has been presented by
Montroll.! The solution contains an integral which
arises frequently in mathematical physics, and has
consequently been tabulated in a short table for values
of the argument in the neighborhood of the defect.? Its
use in lattice defect problems is restricted, however, to
solutions whose frequencies lie above the maximum fre-
quency of the perfect crystal. With the tables, the con-
tribution to the motion of a light isotopic defect from
its localized mode has been obtained. It has been stated®
that since the amplitude of this contribution is larger
than that of any propagating mode in a large crystal, a
considerable recoil in a Mdssbauer type nucleus, of
energy equal to the excitation energy for a phonon of
this localized mode (LM), is probable. The presence of
such modes would become observable by means of this
recoil, as an additional peak in the cross section, shifted
from the recoilless part by the LM excitation energy.
A calculation of this alteration in the Mossbauer single
phonon spectrum has already been performed, for the
case of a single such impurity in a crystal. The calcula-
tion gives a value of 10*b for absorption with LM ex-
citation.! This paper performs that calculation in a
different manner, which directly demonstrates the
effect of the LM coupling on the recoilless and nonrecoil-
free spectrum.

The question of observability, however, is not settled
on this basis. Additional considerations are first the
fact that in a real crystal the phonons interact anhar-
monically, thereby attributing to each lattice vibration
a natural width, considerably greater than that of the
nuclear transition. Estimates of this width have been
made from data on the thermal conductivity, leading
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to the conclusion that at absolute zero, the lifetime of a
localized mode is only of the order of 100 periods,® a
width of 1073 or 10~ eV, compared with 10~° eV for
the 14.4 keV level of Fe¥. Secondly, in a real crystal the
situation to be treated is one of a certain concentration
of defects. Considerable attention has been given to the
treatment of disordered distributions of defects in
linear chains, by means of perturbation theory, which
demonstrates that the vibrational motion of such a
system can be described by a superposition of phonon
states, only for a brief interval, due to the scattering
of phonons from the perturbing defects.® The spectrum
of a disordered linear chain, of light impurities, has been
given in orders of the concentration by means of a
diagrammatic perturbation theory in which only proper
diagrams need be considered.” This method is directly
generalizable to the three-dimensional case, yielding a
usable expression for the impurity band spectrum,
which is simply related to that of the perfect crystal.
Again reference is made to the tables mentioned above.

In Sec. I, the case of a single light Méssbauer isotope
is developed for the absorption cross section at T'=0.,
The amplitude of the LM motion, D,, is calculated in
Appendix I. In Sec. III, the spectrum for the LM band
of a disordered cubic crystal is found for a concentration
dilute enough to permit one to neglect superposing the
localized mode of the nearest neighboring impurity.
The cross section for absorption with such a concen-
tration of Mossbauer isotopes is found in Sec. IV, by a
procedure which underestimates, not too seriously, the
cross section. The numerical evaluation of the cross
section is discussed in Appendix III.

II. RESONANCE ABSORPTION BY A LIGHT
ISOTOPE AT THE ORIGIN

The amplitude for a transition of the vibrational state
of the crystal when a photon of momentum p is ab-
sorbed by the light isotopic impurity is

({ﬂa}lexpEnu(O)]l{aa}), )

where u(0) is the displacement of the center of mass of
the Mossbauer impurity from its equilibrium position
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at the origin and where |{a,}) and |{8,}) are the initial
and final-phonon states of the crystal. The amplitude
is expressed in normal modes of a crystal of V atoms,

exp[%p ‘u (O)]
Dy
= expl:’i zk: ﬁ(ak+ ax")+iDg (ao+dof)j], (2)

where Dy/+/N and D, are the contributions to the dis-
placement from the propagating and LM’s, respectively,
and the a’s are creation and annihilation operators. In
finding the cross section, the analysis is similar to that
in the original work by Lamb® on neutron resonance
absorption in a perfect crystal: the propagating modes
are still those of the perfect crystal as are the corre-
sponding initial and final states. The use of these un-
perturbed modes as an approximation is based on the
fact that the nonlocalized, perturbed normal modes
have amplitudes which are of the same order 1/4/N, in
determining the displacement, w(0). The analysis de-
parts from Lamb’s in summing over the initial and final
states of the LM. These sums must be done separately,
because the amplitude of this mode is not weakened,
as are the amplitudes of the propagating modes, by the
factor, 1/4/N. The independence of the modes allows
the separation. The cross section is then

Wo(8,T)
=j4£ (p[ug— Iu|§+g(u,T):D

X (2 githeoBo-a0)d (gy) [ (B eP0tarte0D) | g | 2)dp,

0,80
(p-e.)?

gw,T)= Z N[ (@, +1) exp(—ifwu)

s

+ &, exp (thwsp) — 28— 1], @= (ePwd/*1)—1),

@)

where ¢’ is the resonance absorption cross section for
the first excited state, energy Eq, of the impurity nu-
cleus; E, the energy of the incoming photon; I, the
total width of the nuclear excited state; §=E— E,,
d(ag)= (1— ol k1Y) g=eo(iwol kT and o is the LM fre-
quency. For T'=0, we may set ap=0 and

| (gal et |O)
— (0 l e—iDo(aotaot) |50>(30| eiDolaotaot) l())

The sum over final states is performed by means of
their completeness.

> e—iphwoﬂol By giPotavtaod) | 0|2

Bo
= (()| ¢~ Do(aotaot) p—iufiwoaotaggiDo(astaot) l 0>' (4)
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The evaluation of this expectation value (Appendix II)
gives

{ Yo,o=e"Do* exp[ D e irhon], (5)

The absorption cross section, at =0, is

Wo(8,0)
O’O,F ©
=—‘—1—3‘D ¢ / exp[¢p8—]pl ~+g(,0)+D¢e “‘"“"’:'d#
© D02n
=3 e P —W (8—nhw,, 0), (6)

n=0 n!

where W (8,0) is the cross section for a perfect crystal.
In Appendix I, D¢ is found to be 7X1073, so that the
first two terms in the sum predominate,

Wo(8,0)=e"2" W (8,0)
+DgePPW (8—%0w0 0),+0(Det). (7)

Thus, the LM resonance is about 1/100 of the recoilless
absorption, or about 10%b.

III. THE LOCALIZED MODE SPECTRUM OF
THE DISORDERED CRYSTAL

Langer has calculated the vibration spectrum of a dis-
ordered linear chain, §(w), from

2w 1
§(w)=—1lim lim — Im TrD(w?-ie), 8)

m 0 Now 3N

where D(w?) is the inverse of the secular matrix of the
disordered chain, by a perturbation theory in orders of
the concentration, ¢, of impurities of mass M’, less
than M, the mass of the host atoms. To first order in g,
a diagonal element of D is, for the simple cubic crystal,

Di=[w@—w+Gi® (w9 T, 9)

where wi? is an eigenvalue of the unperturbed secular
matrix of the simple cubic crystal, with nearest neighbor
forces and force constants, v;,

3 2’)/1 27{'Kj
wil= ——<l—cos ),
=1 N3
(Kj=—3LNV3, —LNVs1, ... ANY)  (10)
grwi®
Gk(l) (w2) = H]
1+ (xw2/3N) Zk’ (wkfz—w2)‘1
’
k=1——>0, (11)
M

Substituting (10) into the sum over the unperturbed
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Fre. 1. LM spectrum for a dis-
ordered simple cubic crystal, with pa-
rameters k=0.4, ¢=0.01, a=1. For
#iwar, the Mossbauer effect fitted Debye
energy for Feb70f 4.22X1072eV is used.
The dashed rectangle is the approxi-
mation employed in Sec. IV.
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spectrum and passing to an integral as N — oo,

1
—_— Z (wk,z__ w2)—1_)
3N w

M1 ’j/’ sk’ }
27{ 1r3//; (24a)B—cosk,’— cosky’ —a cosks’ )

(12)

For values of w greater than the maximum frequency of
the perfect simple cubic crystal, the expression in the
brackets is tabulated as 7(0,0,0;c;B), where y=
yi=7s,a=v3/y the ratio of central to noncentral
force constants, 8= 2w?/wi?—1 and wy is the maximum
unperturbed frequency. Thus,

grooi?
G V= , W>Wi (13)
1— (k®M/2v)I(0, 0, 0; a; B)
and
_ P wk2 w2
Dy(w*+ie)=———, fid=—7) fil=—7 (14)
szﬁfzp—ié wn? W
where
1—kMa?l/2y
Ww>w. 15)

= 1— kMol /2y + gk

To evaluate the trace of D, the squared frequency
function for the perfect cubic crystal, G(w?), is used to
convert the sum to an integral.

G (wn’fi
#G(w f)d

1 1
— TrD(w2+ie)=/ fi. (16)
3N

o Jié—[fp—ie
The imaginary part is just, mpG («?p), and
wuf(w) = 2fpor’G(wr’fp?), (17)

Referring to the table? for I and to a graphical represen-

w>wi.

4.305 4.325 4335 4340 o (IO-2 eV)

2

tation® of w?G(wa’f?p),a=1, we find the spectrum
shown in Fig. 1, for ¢=0.01, x=0.4. The dashed
figure was chosen to have almost the same area as the
calculated spectrum, but is broadened to underestimate
the cross section that will result from its use in the next
section. The lower edge of the pulse coincides with the
lowest frequency of the spectrum, which is the LM fre-
quency found by Montroll for the case of the single
light defect.

IV. ABSORPTION IN THE REGION OF THE
LM SPECTRUM

The normalized spectrum found in the last part is
taken to be a rectangular pulse of height 1/wy over the
interval (wi,ws). This is done to make the integration
below simple. The probability that an absorbing nucleus
has its LM in the interval (v, w+dw) is

©2 dw
P(w)dw= gdw// jdw=—,
w1 Aw

The cross section for absorption of a photon of energy
E¢+ 8 in the region of the LM spectrum is just the
integral

(18)

Aw=ws—w1.

W (8,0)= / szO( 8,0) P (w0)des,. (19)

W(8,0)=¢"D* W (8,0)

iDer'"DOQ ao'T' . T
St (expl:wé— ],u]~+g:|>
hAw 4 J_ o 2

e—iuhwg_ e—i,uhwl )
><< - —)du+0(004). (20)
o

The first term is the absorption cross section for proc-
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esses other than LM excitation. The second term repre-
sents processes in which only one LM can be excited.
Higher orders permit the excitation of more than one
for a given frequency in the LM band, and are negli-
gible at T'=0. The cross section for an §=4.3X102eV
photon is calculated in Appendix III for LM excitation
and continuum excitation.

V. SUMMARY

The LM spectrum of the disordered simple cubic
crystal was related in Eq. (17), to the squared fre-
quency distribution of the perfect crystal, the function
p(w?) determining the shape of the spectrum. From (8)
and (16) the width of this spectrum is determined
since (16) can have an imaginary part only when f2p
lies between 0 and 1. The lower bound is the Montroll
localized mode frequency, fo, and the upper end of the
band is reached when f2p= 1, because of the dependence
upon the squared frequency distribution. From (15)
one can see that the band narrows down to fo as the
concentration ¢ is reduced or as the mass parameter «
approaches its least permitted value for which a LM
can appear.? The value ¥k=0.4 was chosen to make
reasonable the appearance of such modes in a real
crystal. The resulting band has a width at half-maxi-
mum? of 10~ eV.

Although the absorption cross section for LM ex-
citation in the case of a single absorbing light impurity
is large, about* 10*b, the widening of the vibrational
line produced by concentrations of such nuclei, reduces
the cross section to the order of a barn. Diluting the
concentration as a means of narrowing the bandwidth
would probably not increase the cross section, because
the anharmonic attenuation of the LM’s produces a
comparable widening of the band, 10~ or 10—3 eV.5 The
ratio of LM band excited absorption to continuum ex-
cited absorption is 103, neglecting the anharmonic
widening of the LM states. Even without phonon inter-
actions, the background of atomic absorption, 103 b,
prevents the use of absorbers of sufficient thickness for
a detectable dip in the transmission through them. A
1 mm absorber reduces by 1/e of its initial value, the
intensity of transmitted 14.4 keV photons. The ab-
sorber, assumed to have a concentration of 102 Feb?
nuclei, in a host crystal of atomic mass, ~95, has an
LM cross section of 0.36 b, which causes only a 0.019,
dip in the transmitted intensity.
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APPENDIX I
The LM contribution to the displacement is
we*(R)= eo"uo“(O)M 9(1{)(.2)1/2
IR 2a0
X (aotaoh),

where R is the lattice vector; €%, the & component of
the LM polarization and G(R) is the Montroll Green’s
function. The normality of the transformation to normal
coordinates requires

(21)

M
16M'[uoa<0>]2xf4[92(o>+§@92<k>]=1. 22)

For k=04, f¢*=1.063 and with a=1
G(R)=(9/9)1=(R; 1;Bo). (23)

Since f4I is a decreasing function of fin the LM band,
fois chosen to calculate %¢*(0). The band is sufficiently
narrow to permit the use of #¢%(0), underestimated in
this manner, for all the LM frequencies. The sum in
(22) is found from the Green’s function tables for
|R| £4/14 and from an asymptotic expression when
|R|>4/14:
#%(0)=~0.69/4/M".

Because f satisfies 4xf2G(0)=1, we may write

R
e*(R) = e (0.69)&(

50

The amplitude of the LM is of order 1, whereas that of
a propagating mode is of order 1/4/N. From the esti-
mate above of %0%(0), we find for D¢, Dg*=[10*(0) J?
X (p2/6M " Tuso)="17X10"3 for the 14.4-keV photons of
Fe® in an isotropic crystal.

1/2
+aof). (24

APPENDIX II
Let
| 0)=exp[iDo(ao+ao") ]| 0). (25)
Since [ao,a0t]=1, the identity,! e*tv=¢ 3=.vlgz. v,
where the commutator [#,y] is a ¢ number, may be
used to factor (25);

v|0)= g~ (PeI2)giDuetgiDoco| (), (26)
Expanding the last factor on the right, we have
| 0)= g~ Do¥2giDoact | (), 27
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or
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The expectation value becomes
(0 ! yte—inhiwoaotany i 0>
© (z)r ( — i)sDor+s

(rlshi2

= e‘D 02

e~ inhoor(s|r)  (28)

r,8=0

and by the orthonormality of the phonon states the
expectation value simplifies to

DDZT

0
< >0,0___ 6_D°2 Z e—iuhwor

=0 7!

(29)

or
( >0,0= e“D"z exp[:D(;?e‘i“”“"’].

APPENDIX III

The function g(u,0) in (20) is obtained by using a
Debye spectrum to pass from the spectral sum, shown
in Eq. (3), to an integral.

3R'(1—«)
go(p,0)=—"—
(wp)?
ithe—ithu e—iuhwu_l (th)2
X[ -+ - ] (30)
u u

R'=P2/2M'=0.19X10"2 eV for Fe’’. A Debye tem-
perature of 490°K (4.22X 1072 V), as determined by
the Mossbauer effect is chosen. For convenience call

3R'(1—«)
I
O'QIP
A= exp[—D¢@— 8 (hwp)?/2]~7.72X 1072,
wp
G'Q’F
B= D¢ exp[—Do*— 8 (hwp)?/2]~1.14X 107,
2hAw
From (20)
W(8,0)

) (ﬁwp)2

® «T
G
0 Zhwz) x2

(x sinx+-cosx—1) ] )

BY MOSSBAUER EFFECT 539

X { cos[x——g———}- (fon) (x cosx— sinx)] }dx

hw D x2

® 2l 8(hwp)?
+B f lexpli—— +
0 2hwp x?
(31)

X [ sin[x(ﬁw2_ 8) — ’ (h(:D)z (x cosx— sinx):'

hwz) X

E—hwr\  8(hwp)? dx
+sin|:x( )+ (x cosx—sinx)] }~
T 2

D X X

(x sinx+ cosx— 1)] }

Choosing the value §=4.30X10~2 eV, halfway be-
tween ; and ws, we may approximate W(E,0) by
dividing the range of integration into two intervals,
(0,0.1) and (0.1, ). In the first interval the trigo-
nometric contributions to the exponential factor and to
the cosine and sine factors may be expanded. In the
second interval Laplace transforms are used to
advantage.

The integral whose coefficient is A in (31), gives the
contribution to W from absorption without LM ex-
citation. Its value is determined in the first range of
integration (32). Absorption by means of LM excita-
tion is measured by the integral with coefficient B,
which is determined in the second interval (0.1, ) by
a Laplace transform.

Al:(l.04)/. c0s(0.993)xdx

0.1

0.1
— (0.01)/ x? cos(0.993)xdx—/ cos(1.02)xdx:|
0 0

~7.72X1072[4X 10“"{]%0.31 mb, (32)
2 sin(0.0024)x
e
X 8=5.4%1078
~1.14X10'r=0.36 b. (33)

The ratio of LM absorption to continuum absorption
is, therefore, about 103, at 7=0.
Altering T to include the anharmonic width of the
LM phonons, we find from (33), for I'=10"4 €V,
I 2 sin(0.0024)x}

Zth

= ~0.125 b,

, WLM=BLT{

X

WLM/WCON r~4X 102,



