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The cross section for the excitation of rotation of a molecular ion by low-energy electrons has been calcu-
lated using first-order perturbation theory and approximate Coulomb wave functions. For ions with vanish-
ing electric dipole moment, quadrupole moment @, and rotational quantum number J, the cross section is
found to be 2.0X 10715 cm?(Q/eac?®) (1 €V/E:)n(J), where E; is the incident electron energy and § <n(J) <}
for all J. The rate-of-energy loss to molecular ions arising from these inelastic collisions is found to be about
10%, of the loss from elastic Coulomb collisions, independent of energy. This mechanism, thus, will result
in a slight increase in the energy-transfer collision frequency under conditions where molecular ions are

present.

INTRODUCTION

HE rotational excitation of molecules is an im-

portant mechanism by which very slow electrons
lose energy in gases. In fact, at energies below the
threshold for vibrational excitation collisions involving
rotational excitation account for most of the energy
loss of electrons in neutral molecular gases. The energy
exchange in elastic collisions is limited to about
(2m/M)E, where E is the incident electron energy,
whereas the energy exchange in excitation of the
rotational state J is of the order 27 (2m/M) Ry. Thus,
the smaller inelastic cross section is more than offset
by its greater energy transfer—especially in the low-
energy limit.

In low-temperature partially ionized gases, such as
the ionosphere or microwave plasmas, a large fraction
of the ions may be molecular in form. Depending upon
the fractional ionization, collisions with either neutrals
or ions will determine the energy-transfer frequency.
The question naturally arises as to the effect of inelastic
collisions with molecular ions. Do these inelastic
collisions—as in the case of inelastic collisions with
neutral molecules—yield larger energy-loss rates than
do the elastic collisions?

The rotational excitation of neutral molecules has
been widely investigated both theoretically and experi-
mentally, but the excitation of molecular ions
apparently has not been studied. In particular, Massey!
and Altshuler? have calculated the cross section for
excitation of neutral polar molecules, while Gerjuoy
and Stein® have found the cross section for excitation
of molecules with zero electric dipole moment but
nonvanishing quadrupole moment. The calculations
are generally in agreement with the experimental
measurements®® to within a factor of 2. In this paper,
we calculate the cross section for the excitation of
positive molecular ions with zero dipole moment—the
case of diatomic homonuclear ions. The cross section
is used to find the energy-loss rate which is then
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4L. S. Frost and A. V. Phelps, Phys. Rev. 127, 1621 (1962).
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compared to the elastic Coulomb and inelastic neutral
loss rates. We will find that the answer to the above
question is no—that except when great accuracy is
desired the energy loss resulting from the excitation of
molecular ions may be neglected.

The theory is straightforward, following to a large
extent that given by Gerjuoy and Stein® for the ex-
citation of neutral molecules. As in their treatment we
deal only with 2 states of the molecule so that the
rotational wave functions are spherical harmonics. We
further neglect the small perturbation of the ¥ terms
due to the electron spin. Thus, the analysis can be ap-
plied reasonably to ground states Nyt (22, +), Hot (2Z,1),
He,*(22,1), etc.

Three approximations are made to facilitate the
calculation: (1) the use of first-order perturbation
theory, (2) the expansion of the perturbing potential
in spherical harmonics, and (3) the use of the low-energy
approximation to the initial and final Coulomb wave
functions. As discussed below, we feel all of these
approximations are reasonable and, hence, that the
calculated cross section is the right order of magnitude.
Tt is difficult to obtain a more quantitative estimate of
the likely error.

SEPARATION OF THE HAMILTONIAN
We are concerned with the reaction
e+ Xy (J,M) — e+ X (T, M), (1)

where J and M are the total and azimuthal rotational
quantum numbers of the molecule. All other quantum
numbers of the molecule are unchanged in the tran-
sition. The total Hamiltonian for the system is

zZe? Ze? 2z-1  ¢? n?
H=Hx—————«+—+4 3> ——V.2 (2)
rts| Irtdsl = Jror] 2m

where Hx is the Hamiltonian for the molecular ion,
r is the coordinate of the incident electron relative to
the center of mass of the molecule, s is the internuclear
coordinate, and r; the coordinates of the bound elec-
trons. In order to use perturbation theory we write H

in the form
H=H+H', (3)

679



680 ROBERT C.
where
e n
Hy=Hx————V,2 (4)
r 2m
e? Ze? Ze? 22-1 g2
et L®
v |r—3s| [rt+3s| = [r—r

The solution to the unperturbed wave equation,
H ()l,l/ = E‘P, (6)

separates into the product of a Coulomb wave function
for the free electron and a molecular wave function.
On restricting our attention to 2 states of the molecule
and neglecting the spin-axis interaction (which is
usually small for = states), the molecular wave function
separates further into a vibrational-electronic part® and
a spherical harmonic. Thus,

Hx[Yx (11, - x22-1,8) Vs (Q,) ]
= (Ex+Ex(ry,- - -,8)Y M), (7)

so that the solution to the unperturbed wave equation
(6) becomes

H olp = H oDl/Coulka YJ M:l
= (Ei+Ex+Es)Ycotbx¥ s, @)

where E; is the energy of the incident electron, Ex the
total nonrotational energy of the molecular ion, and
E; is the rotational energy.

COULOMB WAVE FUNCTIONS

The unperturbed Coulomb wave function satisfying
the initial boundary condition must have the form of a
plane wave plus outgoing spherical waves at infinity.
In an attractive field (Z=1) this wave function is’

w I'(l4+1—1 kid
¢+Cou1 (r,ki) = gm/2kiao Z _._(_+___/_0)_
1=0 @n!

X Py(ki #)F (14+-1—i/kiao, 242, —2iks), (9)

(2ikg)leitsr

where
ki= 2mE;/h*)\2, (10)

where F is a confluent hypergeometric function, and
P; the usual Legendre function of order I, (m=0).
Ytcour 1s normalized to have flux #k;/m at infinity.

The final-state wave function must have the form
of a plane wave with ingoing spherical waves at infinity.”
Normalized to have flux %k;/m, it is

o T(+1+4i/ksa0)
¢_Coul(r,kf)=e1r/2kfao Z ___(________/_f_(i_
=0 2!

X Pi(ks#)F 4141/ ksa0, 242, 2ik).  (11)

% Separation of the vibrational and electronic wave functions
is not required in this analysis, and since the rotational wave
function separates exactly, no use is made of the Born-Oppen-
heimer approximation.

"L Landau and E. M. Lifshitz, Quantum Mechanics
(Pergamon Press Ltd., London, 1958), pp. 422-3.

(24kysr)te—iksr
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In this calculation, we will be concerned with
incident electron energies <1 eV. At higher energies,
vibrational excitation will take place and make a larger
contribution to the energy loss than rotational ex-
citation. In this energy range an expansion of the
radial Coulomb wave functions in powers of ka0 may
be used. The lowest order term yields®

U k)~ (n/k)2 g Q+1)

X T o1l (87/ao) 1Py (k7). (12)

The final-state Coulomb wave function has the same
form in the limit of low k;. Equation (12) holds only
for small . The maximum value of 7 for which (12) is
a good approximation to ¥ may be determined from the
radial wave equation for a Coulomb field

z(1+1)]m=0‘

rao 72

&g, 2
oy )+l:k2 (13)

ar?

Solution (12) results from dropping the %2 term in the
brackets of Eq. (13). This is valid where either

IrI(4-1) ] (14)

or

kr<k2/kay. (15)

It will turn out that the dominant contribution to the
radial matrix element comes from r~7, where

(87./ao)?~2041, or 7.~ (2l141)%,/8.

Thus, for this calculation conditions (14) and (15) both
reduce to the condition on %

(16)

4

kag—. 17)
2041

We will find that values of I>1 contribute negligibly
to the cross section so that (17) holds fairly well for all
incident energies of concern here (E;<1 eV).

FIRST-ORDER PERTURBATION THEORY

In ordinary first-order time-dependent perturbation
theory the probability per unit time, dw, for an elec-
tronic transition k;— k; accompanied by a molecular
transition J — J’ is given by

&k,

(2m)?
XO(E+E;—E;—Ez),

2 1
dw=— 3 ——|WHY:H)|?
o omm 2741

(18)

where we have averaged over the azimuthal quantum
number M of the initial states and summed over M’

8 See Ref. 7, p. 127.
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of the final states. The total cross section is

1 dw
o(J,J)=— / —dQy
Vi dﬂf

m \? vy 1
2w/ vy Mo 2741
X / [, HYit) 242y (19)

We assume that the second and higher order terms are
small compared to the first-order contribution. This
assumption is difficult to verify without substantial
calculations. It is easily seen that the second-order term
has the same dependence on k; as the first-order term.
In addition, in the case of the excitation of neutral
molecules it has been shown that the numerical co-
efficient of the second Born approximation is small
(=0.15). The only statement that can be made with
complete confidence is trivial: The second-order con-
tribution becomes negligible in the limit of small Q
(see below).

MULTIPOLE EXPANSION OF H’

The matrix element in Eq. (19) becomes on sub-
stitution of the initial and final wave functions from

):
Ap=§HYi)

= / V" con1 (K7, ) V5 M ™" Yx"H'"Yx V 5+ cout (ks 1)

X&Prd’sd®ry- - - dPraz_1.  (20)

If we assume, for the moment, that »>s/2, #; (for all 7),
and define (H')x to be the integral of H' over s?ds and
the coordinates of all the bound electrons, we have

e 276
Wx, HYx)x=————2 r"Pu(? $)¥x,(s/2)"¥x)
r r n
e? 22—1
+— 3 T Yx,r"Pu(?)¥x)
r =l =n
e e
=——=2 r"Pu(7-$)[2Ze¥x,(s/2)"Px)
Is v n
— (2Z—1)elYx,r"Pn(? $Yx)]
e e
=——— Y P, (7 §)Ch, (21)
7 Y n

where C, is the nth electric moment of the charge
distribution of the molecular ion3:

Co={g(@)r"Pn(?-5))x. (22)
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Since (g(r))x=e and we are treating molecular ions
with a vanishing dipole moment the lowest order term
in (21) is er—3CyPy(7- §)=Qecar3Py(#-5). The con-
tributions to the cross section from P,(#- §) and higher
terms in the multipole expansion are negligible.?
Dropping these we are left with

Agi= Q€2002/¢Cou1* (kp, )Y 5 MY g M Py (7 5)
X¥coul (ki,1)rd*rdQ,.  (23)

The major approximation in (23) clearly is the false
assumption that the multipole expansion holds down
to »=0. This approximation—of a point quadrupole—
is good, providing the major contribution to the radial
integral arises from values of » greater than the mo-
lecular size. In fact, since the S-wave contribution to
the cross section will be shown to vanish, this is approxi-
mately true [see also Eq. (16)7].

EVALUATION OF THE MATRIX ELEMENT

Substituting Eq. (12) for the Coulomb wave functions
into Eq. (23) yields

Api=nQea (kks)12 > (214+1)(2U+1)
1,
X / Tora[ (87/a0)* 1 ava[[ 87/ ao) 1P (ki 7)
. dr
X Pu(by APV 1MV s 4—d0d0.  (24)
v

From the integration over dQ we see that 4y; vanishes
except when I=10' or |I—0'|=2. It also vanishes for
I=0'=0. But the radial integral is just'®

dr
/ ;]214-1[ (87/a0)"* 1T 2vr41[ (87/a0)"']

16 r*dz

=— | —Jaun(8)Jar41(2)
Qo Jo 28
4 (+r—1)!

=— . (25
ao (I=V+DI—=1+1)10+1+2)! )

The denominator of the right-hand side of Eq. (25)
becomes infinite for J, I integral and [I—1V|>1.1 We
are left with the selection rule that /=17" which yields

7rQ62(lo © 21+1 N a
_ / Pulhs- ) Pi(hy-7)
(kikf)I/Z =1 l(l+ 1)

X Po($- 7)Y 1 M™Y ;MAQdQ,.

Afi

(26)

9 The lowest order transition arising from the P4 coupling is
the I=1'=2 transition which we find is already very small in the
case of the P, coupling due to the rapid falloff of the radial integral
with /.

10 G, N. Watson, Theory of Bessel Functions (Cambridge
University Press, London, 1944), 2nd ed., p. 403.

11 The selection rule |Al| <1 arising from the radial integration
is not exact if allowance is made for the finite size of the quad-
rupole; however, the |Al| =2 contribution to the cross section
will be small in any case.
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Using the addition theorem to expand P($-#) and
Py(ks+#) in terms of x=#-k, and integrating over do
yields

271%Qe%ay » 20+1 2 e, (2—m)!(I—m)!
(kikf)1/2 =1 l(l+1) m=0 (2+m)’(l+m)'

Aﬁ=

Xle(ki‘}%f)/YJ’M’*YJMPZM(f‘iei)

Xcosm(®— ;) | dxPom(x) Py (%) Py(x).

-1

@7)
The last integral in Eq. (27) results in a sum of terms
[cf., Eq. (c.14) of Ref. 7] which may be reduced to
(—1)"H2 (3 1) [ 20 (m2— 1)+ 3m?]
(42 —1)(21+3) 2—m) 1(—m)!

The sums over M and M’ are greatly simplified by
considering only the total cross section. We square
(27) and integrate over d; to obtain:

647r5Qze4a0
/ |47:]2dQy=————

(1—1)!2
X 1 (2—1)2(2043)2(2141)
2 e[ 20(m2—1)+3m2 ]

X
= (24-m) B(1Hm) 1 I—m) !
X/YJfM'*(s) VM (s) Py (S B;) cosm(d—3')

XV M (Y 7 M (5)Pym(8- b)dQdSY.  (28)

Substituting (28) into (19), writing the molecular
spherical harmonics with respect to the axis k;, and
integrating over d® and d®’ we have

2

a(],]’)=7rk£2(2]’+1)

w (—1)r
X2
1=1 (21—1)2(214-3)2(214-1)
2 en[ 20(m2—1)+3m 2
Xm=0 2+4m) 2(I4+m) | (I—m) !
J! J—M) (J'—M'
X Z 2. ene M( ) )
M=0 M'=0 J+M) (J'+M)

2

Xl:/_ll PyM(x)P s M (x)sz(x)dx:l

X[ a4 arrym O 21— st 4m+0 a1t st 1m0 00— 37—m ] (29)
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Due to the restrictions on the azimuthal quantum
numbers through the Kronecker deltas the remaining
integral in Eq. (29) is seen to vanish unless |J—J'| =0,
2. The case J=J' just yields a correction to the elastic
Coulomb scattering cross section due to the quadrupole
moment. Integrating and summing over all the azi-
muthal quantum numbers we finally obtain

6302 w (21—2)!
o(J, J£2)= nt(J) 2 ) (30)
Sk? 1=1 (2]43)!
where
J+1)(T+2)

)=,

QI+1)(27+3) 31)
J(T—1)
7 (J)=

(27—1)(2J+1)

The sum over ! in Eq. (30) may be evaulated in closed

form:
w (21—2)! 1 2
> =~<ln2——>.
=1 (214-3)! 3 3
Note that about 959, of the cross section arises from

the /=1 partial wave, and thus that Eq. (17) is readily

satisfied.’? Numerically the cross section is
32(In2—2)730?
2

A 7E(J)

=2.0X10"1 cm? Q*(1 eV/E;)n=(J) (33)

(32)

c(J,J£2)=

with
o(J,J+2)=0, E;<Es2—Ejy, (34)

where Q, being the quadrupole moment of the molecular
ion in units of ea¢?, is of order unity, and where $ <yt
<%, 0<#%~<%. The threshold behavior of the excitation
cross section is similar to that of the photoelectric cross
section—zero below threshold and rising discontinu-
ously to a finite value above threshold in agreement
with Wigner’s laws.!?

As would be expected, the cross section for the
excitation or de-excitation of positive molecular ions
is large compared to that for neutral homonuclear
molecules. The ratio of (33) to the neutral cross section,
ag, obtained by Gerjuoy and Stein?® is

ot(J, J£2) 1222(In2—2)
coll, J£2)  kikjai
3
e (35)

which becomes infinite near threshold.

2Tt should be noted that in the excitation of neutral molecules
also, a large fraction (27/40) of the cross section arises from the
l=1—1=1 transition. Thus, the quadrupole field despite its
“long-range tail” does not interact strongly with partial waves
1>2

1 E. P. Wigner, Phys. Rev. 73, 1002 (1948).
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ENERGY-LOSS RATE

The net rate of energy loss of an electron due to the
excitation and de-excitation of rotational levels of a
molecular ion is given by

- dWinel

=73 Z NJ(T(J, ]+2) (EJ+2_EJ)
dt J

—o(J,J—=2)(E;—Ej_2), (36)

where Ny is the number density of molecules with
rotational quantum number J. Setting E;=J(J+1)B,
and noting that the threshold for excitation by an
electron of energy E; occurs at the level J; given by

E; 3
Ji=——,
4B 2
we find
— AW ine 1287r3(1 2300 ( /) )
- - n2—=% B -
dt 5 e mh;
J(J—1)
X[ 2 No— X% NJ-————]. (37
J<J1 s>n 2(2J+1)

The second term in the brackets is negligible when the
rotational temperature, T, is small compared to 2 7'E,.
This condition is equivalent to the condition that
E>>4(kT,B)'?,

which is satisfied for almost all cases of interest.

The rate of energy loss from inelastic collisions given
by (37) must be compared with the energy loss from
elastic Coulomb collisions. Neglecting the kinetic
energy of the ions, the latter quantity is about!

—dWe 8t (In4)
=——Ry(InA)N,
dt Mk,

where R,=13.6 eV and A is a cutoff factor* (InA~10
for low electron temperature). Thus,

AW e/l 167 (In2—2)0? ( B ) (M)
AWa/dt 5  InA

111/
l 0

where B Bo= (m/M) Ry and as noted above Q1.

U1, Spitzer, Jr., Physics of Fully Ionized Gases (Interscience
Publishers, Inc., New York, 1956), pp. 72-3 gives a definition and a
table of values of InA. For a discussion of the various expressions
for the Coulomb energy loss see Ref. 16.

(38)

(39)

m

(40)
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The result given by (40) is quite general, showing
that over 809, of the total rate of energy transfer to
homonuclear molecular ions is accounted for by the
elastic losses below the threshold for vibrational excita-
tion. The comparison of the elastic and inelastic losses
differs markedly from the case of scattering from neutral
molecules due to the different energy dependences of
the relevant cross sections.

DISCUSSION

We have calculated an approximate cross section for
the excitation and de-excitation of molecular ions by
electron impact. The result is very large—being of the
order of 107 cm? for electron energies ~0.1 eV [see
Eq. (33)]. About 959, of the total inelastic cross
section arises from the p-wave scattering. This partial
cross section is

011 (I>>1, J+2)= (x2Q%/25) 3 /k3), (41)

where 3w/k? is the theoretical limit imposed by flux
conservation.!® It is clear from Eq. (41) that first-order
perturbation theory breaks down for (9?>2.5. In the
limit of Q and ko<1, however, the derived cross
sections should be reasonably accurate.

The rate of energy exchange due to inelastic col-
lisions between low-energy electrons and molecular
ions will range from 1 to 209, of the elastic exchange
rate, depending on the values of Q and B and on the
electron temperature and density [see Eq. (40)]. The
only experimental measurements of this quantity are
those of Dougal and Goldstein'® who have measured
the energy-transfer rate between electron and ions in
low-temperature weakly ionized gases. They find
order-of-magnitude agreement between their obser-
vations and various theories for the elastic exchange
rate. Since, as they point out, there are many in-
determinancies in the analysis (in particular, the mean
ion mass), no information can be obtained relating to
the inelastic cross sections obtained here.
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