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It is shown that the tensor virial theorem and certain generalizations of it are satisfied by optimum energy 
variational wave functions in which the variational parameters are elements of a square matrix that scales 
the column matrix of particle coordinates. 

I. INTRODUCTION 

IT has been shown by Epstein and Hirschfelder1 that 
a sufficient condition for an optimum energy varia­

tional wave function SPo to satisfy the hypervirial 
theorem 

( * o , [ ^ , # > o ) = 0 (1) 

is for the trial function ^ to admit variations of the 
form dty/da = i/fiWty, where H is the Hamiltonian 
operator, W is an Hermitian operator, a is a variational 
parameter, [W,H~]=WH—HW is the commutator of 
W and H, and 0^,$) = f^?*$dT is the overlap integral 
between the two functions ^ and <f>. The energy £ , of 
course, is defined by the relation 

E(V^)=(y,Hy). (2) 

Fock2 showed that if a parameter is introduced into 
an approximate wave function in such a way that all 
distances are scaled, and if the parameter is varied so 
as to obtain the optimum energy, then the correspond­
ing optimum function satisfies the familiar virial theo­
rem to which Eq. (1) reduces3 for W=^(xpjppj-\-ppjXpj). 
Here, and henceforth, xpj is t he j t h Cartesian coordinate 
for the pth particle of an ^-particle system, and we 
use the summation convention that repeated Greek 
subscripts are summed from 1 to N while repeated 
Italic subscripts are summed from 1 to 3. Fock's 
original proof requires that the potential for the system 
be a homogeneous function of the coordinates, but 
Epstein and Hirschfelder have given a proof which 
does not depend upon the nature of the Hamiltonian. 
We shall give an alternative proof to that of Epstein 
and Hirschfelder and shall then give a generalization 
of Fock's result, showing that the tensor virial theorem4 

and certain generalized tensor virial theorems are 
satisfied by optimum energy variational wave functions 
in which the variational parameters are elements of a 
square matrix which scales the column matrix of 
particle coordinates. Epstein and Hirschfelder have 
given a formal variational function such that the opti­
mal function satisfies the hypervirial theorems for 
several Wys simultaneously. Our matrix scaling gives 
the explicit functional form of these formal functions 
for W's which correspond to tensor virial theorems. 
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II. SCALING AND THE VIRIAL THEOREM 

If sfr=ty(yPj) where ypj=Axpjy then the coordinates 
xpj are said to be scaled by the parameter A. Notice that 

dV dV dyp d* 

and similarly 

dA dypj dA dyp 

dV dV dyH d<P 

dxpj dyai dxpj dypj 

(3) 

(4) 

Upon using Eq. (4) to eliminate the quantity d^/dyp 

from Eq. (3), we obtain the identity 

A— = xD 

dA 

d* 

dxDi 
(5) 

Consider the result of optimizing E with respect to 
the (real) parameter A. Upon applying the operator 
Ad/dA to both sides of Eq. (2), differentiating under 
the integral sign, and then using Eq. (5), we obtain 

d*\ 
3 I 

dXpj/ 

(xpj ,HA+U,HXI 
\ dXpj / \ 

dE / d* \ / 
=A— (*,*)+£ xpj ,* )+E[ %xt 

dA \ dXpj / \ 
P3 ) • 

dXoi/ 
(6) 

If we multiply Eq. (6) by ifi and recognize that (fi/i)d/ 
dxpj is just the momentum operator pPJ; we have 

(xpjppjy,HV)- $f,Hxpjpp&) 

dE 
= it&—(%*)+E(xpjpM%*)-E(%x„i>Pj*). (7) 

dA 

I t follows from the fundamental commutation relations 
that xpjppj=W-\-ifi3N/2, where W=%(xpjppj+ppjXpj). 
Upon substituting this expression for xpjppj into Eq. 
(7) and using Eq. (2) and the fact that W is Hermitian, 
we obtain the identity 

dE 

dA 
(8) 

I t is clear from Eq. (8) that if A is varied so as to opti-
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mize E, then the corresponding optimum energy func­
tion ^o satisfies the virial theorem. 

III. MATRIX SCALING AND TENSOR 
VIRIAL THEOREMS 

If l&=ty(yPj) where yPj=AjkXpk, (same Ajk for all p), 
then we say that the column matrix of each particle's 
coordinates is scaled by the third-ordered square 
matrix [AyJ. Notice that 

dV dV dypj dV 
= = 0Cpn \y) 

dAin dypj dkin dypi 

and similarly 

d^ d^ dyaj dV 
= = A*,. (10) 

OXpm dycrj OXpm Oy pj 

Upon multiplying both sides of Eq. (10) by the element 
Ami~

l of the inverse matrix to [Am J , we have 

= A^"1 . (11) 
uy pi U%pm 

If we substitute this expression for d^/dypi into Eq. 
(9) and multiply the result by A#, we obtain the identity 

J\.i] =%pn • K*-^) 
dAin dXpj 

An obvious generalization of the derivation given in 

Sec. I I leads to the identity 

dE 
iftAi3 ( ¥ , ¥ ) = (%[W^ffyk), (13) 

dAin 

where Wnj=%(xpnppj+ppjXpn). For this W, Eq. (1) re­
duces to the tensor virial theorem which has been 
discussed by Parker.4 Hence, it is clear that if the nine 
elements of the matrix [A4 J are varied independently 
so as to optimize E, then the corresponding optimum 
energy function ^ 0 satisfies the nine relations of the 
tensor virial theorem. 

IV. GENERALIZATIONS 

I t is easy to show that if ty=s&(yPj) where ypj 
— ApjakXaic, and if each of the 9N2 elements of the 
matrix \jApajk] are varied independently so as to opti­
mize E, then the corresponding optimum energy func­
tion ^o satisfies the hypervirial theorems for the 9N2 

operators Wp<Tjjc=i(xpjp<xk+paxxpj). 
However, for a system of identical particles, these 

operators are not observables, since they do not com­
mute with the general permutation operator P. There 
are eighteen independent linear combinations of the 
Wpajk that commute with P. Nine of these are just the 
Wnj of Eq. (13). The other nine are the operators Wnj 
— ̂ llp^aWpanj. I t j_s clear that the hypervirial theorems 
corresponding to Wnj express a correlation between the 
position of one particle and the momenta of another. 
I t is not difficult to prove that if one sets Apajk equal to 
Aafijk for pT^a and aT^P, and sets Appjk equal to Aaajk 
(no summation on p and a), and if each of the eighteen 
independent elements of the matrix [A p<,.?•&] are varied 
so as to optimize E, then the corresponding optimum 
energy function ^ 0 satisfies the hypervirial theorems for 
the eighteen operators Wnj and Wnj-


