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The consequences of the existence of complex poles in scattering amplitudes, corresponding to resonances 
or unstable particles, are investigated. Specific examples show that corresponding to such poles are normal 
threshold cuts lying near the physical region and which cause "wooly cusps" in scattering cross sections. 
The discontinuity across such a cut is expressed by a unitarity-like relation in terms of unphysical amplitudes 
with unstable external particles defined by the residues of the complex poles. More generally, it is shown 
that the Landau equations for the singularities must be extended to include all unstable as well as stable 
particles. The Cutkosky formulas specify the corresponding discontinuities in terms of the physical and 
unphysical amplitudes. 

I. INTRODUCTION 

IN the description of scattering phenomena provided 
by the theory of the analytically continued 5 

matrix, a stable particle appears as a fixed pole in the 
scattering amplitude on the positive real axis of the 
complex energy plane. Similarly, a resonance corre­
sponds to a fixed pole at a complex value of the energy, 
on a second, "unphysical/ ' sheet at a point near to the 
physical value of the energy at which the resonance is 
observed. The angular momentum in both cases is 
determined by the residue which contributes generally 
to only one partial wave in an angular momentum 
projection of the amplitude. An investigation is made 
of the consequences of the existence of poles on unphys­
ical sheets. I t is found quite generally that properties of 
scattering amplitudes which are known to hold for 
stable particles also hold for unstable particles. The 
following two sections are devoted to special cases and 
the last section to general results. 

In Sec. I I the known properties of complex poles on 
the second sheet of elastic two-body scattering ampli­
tudes are first reviewed. In a pair theory it is shown 
that there are poles in the amplitude for two particles —» 
four particles which is coupled to the elastic amplitude 
by unitarity. Unphysical amplitudes in which one or 
more external particles have complex masses are defined 
in terms of the residue at the complex pole in the 
physical 2 —> 4 amplitude. Such unphysical amplitudes 
are shown to be simply proportional to the projection 
onto the angular momentum state of the unstable 
particle of the physical amplitude, evaluated at an 
energy equal to the complex mass of the unstable 
particle. Analyticity and unitarity properties of the 
unphysical amplitudes follow. 

In Sec. I l l we investigate the amplitude 3—> 3 
which is related to the 2 —> 4 amplitude by crossing. 
We study the analytic continuation across the three-
particle cut from the physical sheet onto the adjacent 
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unphysical sheet. A two-body cut is found there 
corresponding to a normal threshold of a stable and an 
unstable particle. Such a branch point on an unphysical 
sheet was first pointed out by Blankenbecler et al.1 

The discontinuity across this cut is expressed by a 
unitarity-like relation in terms of the unphysical 
amplitudes defined earlier. As a simple application we 
derive the known formula2,3 for the "wooly cusp" which 
appears in an elastic scattering cross section at the 
onset of unstable particle production. The suggestion 
that a prominent known resonance in a scattering cross 
section strongly influences the cross section at an energy 
corresponding to the appearance of the resonant state 
in a competing inelastic channel was first put forward 
by Peierls4 and developed by that author and co­
workers5 into the isobar model of inelastic processes. 
That model is the approximation to the physical three-
body unitarity condition which is obtained by retaining 
the resonant pole terms. This approximate physical 
unitarity condition closely resembles the exact uni­
tarity-like relation obtained in this section for the 
unphysical discontinuity on the second sheet. Ball, 
Frazer, and Nauenberg,6 to whom the reader is referred 
for an extensive bibliography on production amplitudes 
and unstable particles, have also made a detailed study 
of the approximation which results from the retention 
of resonant terms in the three-body unitarity condition, 
and obtained a similar approximate unitarity formula. 
The analysis of three-body unitarity leading to Eq. 
(21) of this section is modeled on that of these authors 
and of Stapp.7 

In Sec. IV it is shown that the Landau equations 

1 R. Blankenbecler, M. L. Goldberger, S. W. MacDowell, and 
S. B. Treiman, Phys. Rev. 123, 692 (1961). 

2 M. Nauenberg and A. Pais, Phys. Rev. 126, 360 (1962). 
3 A. Baz', Zh. Eksperim. iTeor. Fiz. 40,1511 (1961) [translation: 

Soviet Phys.—JETP 13, 1058 (1961)]. 
4 R. F. Peierls, Phys. Rev. Letters 6, 641 (1961). 
6 S. Mandelstam, J. E. Paton, R. F. Peierls, and A. Q. Sarker, 

Ann. Phys. (N. Y.) 18, 198 (1962). 
6 J. S. Ball, W. R. Frazer, and M. Nauenberg, Phys. Rev. 128, 

478 (1962). 
7 H. Stapp, University of California Lawrence Radiation Labo­

ratory Report, UCRL 10261 (unpublished). I am grateful to Dr. 
Stapp for making his work available to me before publication. 
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for the singularities of scattering amplitudes must be 
extended to include particles of complex mass. The 
Cutkosky formula8 for the corresponding discontinuities 
is shown to hold, provided the set of amplitudes is 
extended to include amplitudes in which external 
particles are unstable. 

II. DEFINITION OF UNPHYSICAL AMPLITUDE 

Let us consider the interactions of particles of mass 
m and spin zero that are produced in pairs. The ana­
lyticity properties of the amplitude A ($i,cos0) for the 
elastic scattering, through an angle 6 of a pair of these 
particles of center-of-mass square energy si, has been 
discussed by several authors.9 For cos0 in its physical 
range, — 1 < C O S 0 < 1 , A(shcos6) is assumed to be 
analytic in the cut S\ plane with cuts extending along 
the real axis from Si = 4m2 to Si= + oo and from Si— — <x> 
to $1=0. A is real in the real interval 0<^ i<4w 2 . The 
discontinuity across the right hand cut is specified by 
the elastic unitarity condition10 in the elastic interval 
^m2<Si<16m2. 

lAis^itfUd-Ais^itfUdyH 
l rs i-^m2-!1 /2 

s plane 

S i 

A{si+Jnrff)A{si^'fi"fi%)dii, (1) 

where iti, it/, and $ are unit vectors and A (si+) and 
A(siJ) are, respectively, the values of A above and 
below the cut. As has been shown in detail,9 A possesses 
a square-root-type branch point at Si=4w2 and a 
continuation along the elastic interval onto the adjacent 
sheet. We designate the values of A on the original 
"physical" sheet and on the adjacent "unphysical" 
sheet as A(si1

Jcos9) and A(siu,cos6), respectively. In 
Ref. 9 it is shown that A(silI,cosd) is analytic in 
the cut Si plane with cuts on the real axis from Si== — oo 
to $ i=0 and from Si=^m2 to $i= + oo (we are keeping 
cos0 in its physical range) with the possible exception 
of discrete poles at fixed values of s±. Stapp7 has argued 
that, apart from cases of degeneracy which are not 
expected to occur, each such pole is simple and appears 
in only one partial wave amplitude. Its residue is 
consequently proportional to a Legendre polynomial 
Pz(cos0). Our considerations shall only apply to poles 
of this type. If such a pole at sx=sr lies sufficiently near 
the physical points, it causes a resonance at a center-
of-mass energy E—Ke(sr

112) of width T = 2 Im(.?r
1/2) in 

the Ith partial wave. We interpret these poles as 
unstable particles of mass mr= (sr

112) and spin I. The 
p meson may be thought of as of this type. The unique­
ness of this definition and the charge conjugation 

8 R. E. Cutkosky, J. Math. Phys. 1, 429 (1960). 
9 See, for example, W. Zimmerman, Nuovo Cimento 21, 249 

(1961). 
10 The normalization is specified by S—l-\-2i84(P/—Pi) A and 

the w-particle phase space which is ^>=n;= in i(p;2+^i2)~1/2^3P» 
so that for elastic scattering of two scalar particles, 

A (Sl cos0) = (2/7r)2z(2Z+l)s{[>- ( W I + W 2 ) 2 ] [ > - {ml-m2)
2']}~112 

Xexp(idi) sin5*Pj(cos0). 

16 m* 

FIG. 1. The dashed line 
indicates the boundary of the 
assumed domain of analyticity ,~ 
of ^2,4(^1) in the complex s\ ' 
plane. The solid line indicates ^ ^m 
a cut, the dots indicate the s * . ^ ' _ ' " J . 1 * ' 
physical points. ~" """" 

invariance of unstable particles is discussed in Ref. 7. 
The reality property of the amplitude requires that 
if a pole of residue 7P*(cos0) is present at sr, there will 
be a second pole of residue Y*PJ(COS0) at sr*. 

In the physical region 16m2<Si<36m2 a second 
channel is energetically allowed and the unitarity 
condition couples the elastic-scattering amplitude A2,2 
to the production amplitude A2,4. The subscripts 
indicate the number of initial and final particles. The 
analyticity properties of production amplitudes are not 
well understood at present. We suppose that as a 
function of square c m . energy Si, ^2,4(^1) has a cut 
along the elastic interval 4tm2<Si<16m2, that it is 
analytic in some neighborhood which surrounds the 
cut, as shown in Fig. 1, and that the discontinuity 
across this cut is specified by the physical unitarity 
condition in which only the elastic intermediate states 
are included. This is equivalent to the assumption that 
the unitarity condition is valid down to the vanishing 
of the phase-space factors. Because of these assumptions, 
the discussion of this and the following section must 
be regarded as heuristic. The main burden of these two 
sections is to show that the existence of normal thresh­
olds on the physical sheet and resonance poles on an 
unphysical sheet implies the existence of certain further 
singularities on unphysical sheets. The existence of 
other singularities on the physical sheet does not alter 
this conclusion but only makes the arguments more 
lengthy. In the last section the problem is considered 
anew from a general point of view which does not 
require these unjustified assumptions. 

The assumed unitarity relation for the elastic interval 
has the form 

[i42 f4(0/^l+,^)-^2.4(0/,Jl~,^)]/2f 

lr.?i-4w2- |1 / 2 
l p i - 4 w 2 - | 1 / 2 f 

= - / A2A(Qf,si-.,A)A2,2(si+,6-Ai)d6 (2a) 
8L Si J J 

i p i - 4 w 2 - i 1 / 2 r 
= - I Ai,A(af,si+,A)Aiti(si^4-4i)dA, (2b) 

where n specifies the two particle configuration and 0 / 
represents the set of variables which specify the final 
four-particle configuration. Now ^2,2(^1+) and^42,4(51-) 
possess clockwise continuations A2,2(siu) and ^42,4(^iI), 
respectively. Consequently, Eq. (2a) provides a clock­
wise continuation of ^2,4(^1+) into some domain of the 
second sheet where it has the value 

A2A^f,siuA) = A2)A(2f)s1
1,iii) 

Ursi-im2-]1'2 r 
+ - / i 2 , 4 ( V l ^ ) i 2 l 2 ( ^ 1 1 , ^ ^ ) ^ (3) 
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I t is worth noting that Eq. (3) directly expresses 
A2A(SIU) in terms of A2,A(SII) and A2,2(siu). This is, 
in fact, a general feature. Once the continuation of the 
two-body amplitude across the two-body cut is known, 
the continuation of production amplitudes across the 
two-body cut is expressed as a definite integral. If 
A2,2(siu,'ft>'/fi<i) possesses a pole in this domain with 
principal part g2Pi(it'ni)\jr(sr—Si)2~1 then the right-
hand side of Eq. (3) and, consequently, A2,i(sin) also 
possess a pole at Si=sr. Crossing symmetry implies 
that the analytic continuation of A2,4 represents the 
amplitude for a crossed channel process in which si 
represents the total square mass of a pair of particles 
in a three- or four-particle state. Then the pole at 
Si—Sy represents the effect of the resonance between 
the pair in the multiparticle initial or final state. The 
existence of many of the recently discovered unstable 
particles has, in fact, been revealed by the observation 
of Breit-Wigner one-pole dependence of production 
amplitudes on the mass of a pair of particles in a 
multiparticle final state. 

From Eq. (3) one also obtains an expression for the 
principal part of A2,*(siu) at Si=sr: 

• / AidQfiSrWPiifi-Ai) 
r — Sl)L Sr J J 8ir(sr—si)\ 

(4) 

We may write the residue of the pole of At^11 in the 
form 

—Pi(fifAi) 
•K IT 

4,r N1'2 1 r / 4TT \ 

r *L \2 /+ l / 

X 
4r \1 / 2 

[4^i) YiA*i) 

where Yf is the spherical harmonic and Fz t / i= Yf*. 
The factors in the brackets are interpreted as the trivial 
amplitudes A* and A^ for the three-particle process 
mr<-^m+m. Similarly, the residue of the pole term of 
^2,4(^i11) given by expression (4) has the form 

1 r2ig/sr-4fn2\lf2/ 4TT X1'2 r 

4T V1'2 -i 
(6) 

The factor in the first bracket is now interpreted as the 
amplitude ^4r,4mM for the process wr<-» 4m occurring in 
a state \x of % component of angular momentum. We have 

2ig/sr-4m2\1'2/ 4x \1 / 2 

i4r .4m"(0 / )=— ( 
Sr J \2l+l/ 

x[A2A(Qf,SrI,ti)YHA)dti, (7) 

so that the principal part of ^2,411 at Si=sr is 

[TT^-^l)]-1 E Ar^ittfU^^twiSrSOT1 

4TT \W 

\2l+ 

r / 4TT \V2 ~] 
XE ArAm^f)\ gl ) YhMi) (8) 

Equation (7) defines a nontrivial scattering amplitude 
with five, external particles, one of which is unstable. 
We shall call amplitudes, where one or more external 
particles is unstable, "unphysical" scattering ampli­
tudes. Stapp7 has given a general discussion of the 
factorization of residues at complex poles and the 
definition of unphysical amplitudes. 

The unphysical amplitude which is defined by Eq. 
(7) is related to the physical scattering amplitude quite 
directly. I t is, in fact, apart from a constant factor, 
simply the projection, onto the angular momentum 
state of the unstable particle, of the physical amplitude 
evaluated at an energy equal to the complex mass of 
the unstable particle. If the physical amplitude possesses 
crossing symmetry so that the unitarity condition 
expressed in Eqs. (2) and (3) may be continued in the 
external variables to the physical region for a crossed 
channel process, then the unphysical amplitude will 
also possess this crossing. Consequently, the amplitude 
defined by Eq. (7) also describes the processes m r +w«-* 
3ni, mr+2m^^2mJ and mr+Sm<-^m. The unitarity 
property across physical cuts in unphysical amplitudes 
may also be obtained as a consequence of the direct 
relation between physical and unphysical amplitudes. 
For consider a general unitarity condition for physical 
amplitudes across a physical cut: 

(5) [A (Qf,s1+fli)-A (0/,*i_A)]/2*' 

• / 

= / A (ttf,si+$)A (0,JI_A0<*G. (9) 

By setting the mass variable of a pair of external 
particles which resonate equal to the complex resonant 
value and projecting onto the appropriate relative 
angular momentum state, the unitarity condition (9) 
is established for the corresponding unphysical ampli-
tube. 

Equation (7) which defines the projection is to be 
understood as the continuation of the projection from 
a physical value of si to its value sr. This equation may 
be further continued in its free variables to the region 
of a crossed channel. During these continuations, 
singularities may enter the region of integration. The 
supposition that the continuations exist means that the 
contour of integration may be suitably deformed to 
avoid the advancing singularity. In the projection 
referred to above, it is the deformed contour which 
must be followed. Stated differently, the continuation 
of the projection may not equal the projection of the 
continuation, In such a case, the former must be used. 
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III. CONTINUATION THROUGH THE THREE-
BODY CUT AND THE SINGULARITY 

ENCOUNTERED THERE 

The amplitude A2lt is related by crossing symmetry 
to the amplitude ^3,3°, the connected part of the three-
particle scattering amplitude. The complete amplitude 
for the process 3 —> 3 is the sum of the connected and 
disconnected parts, A3,3=^3,3°+^3,3d which are repre­
sented in Fig. 2. The disconnected parts contain as 
factors energy-momentum-conserving delta functions 
and in addition, as we shall see, the connected part has 
poles in its physical region. These infinitudes in the 
physical region are allowed because the square modulus 
of 4̂ 3,3 is not a physical cross section. Only amplitudes 
with two particles in the initial state are required to 
be finite in their physical region. 

To simplify the discussion of this section we shall 
consider a slightly different model, the scattering of 
three different spin-zero particles of masses wi, m2, 
and W3 each of which carries a different conserved 
additive quantum number. By simple notational 
changes, the equations of the preceding section become 
applicable to this model. Then for physical energies 
5^Wi+w 2 +W3, but below production threshold the 
only allowed process is elastic scattering. The amplitude 
for this process has the form 

A = A c+Ad=A C+A !d+A 2
d+A 3

d, (10) 

where the terms on the right are represented diagram-
matically in Fig. 2. In the last equation the subscript 
3, 3 has been suppressed, as it is in the following. 

The physical unitarity condition in the elastic region 
for this process is 

or 

I m ^ = \ AAHip, 

*= JIACAC*-I m ^ l c + I m ^ d = / ZAcAc*+AcAd*+AdAc* 

+ (AdAd*yy<p+ f (AdAd*)dd<p, (11) 

where d<p represents the three-body phase10 space 

d<p= / 84(p1+p2+pz~p)8(p1
2-mi2)d(p22-m2

2) 

Xd(pz2-mz
2)d%d"p2d'pz. (12) 

The four-vector integration &Kp extends over the 
interior of the future light cone. The various types of 
terms on the right-hand side of Eq. (11) are represented 
diagrammatically in Fig. 3. The disconnected parts on 

;^H? ^ 
3=c:3

2 
3rxx? 
2 2 3 3 

Ac 

32CE 3CES ^ £ 25a: :o==cc 

Ac Ac* Ac Ad* Ad Ac* (AdAd*)e (AdAd* )d 

FIG. 3. Terms in the unitarity integral for the 
scattering of three particles. 

the left- and right-hand sides of Eq. (11) are separately 
equal since they contain energy-momentum conserving 
delta functions. This condition, ImAd= f (AdAd*)dd<p, 
is satisfied by setting 

= 2 ( p 1
2 + W l ^ 3 ( P i - p / M 2 l 2 ( f c P*-+P*', P*')> (13) 

and similarly for A2
d and A/, where A2t2 is the elastic 

two-body scattering amplitude. 
Before proceeding further, it is convenient to intro­

duce variables which describe the three-particle con­
figurations. Let s= (pi+p2+pz)2 and Si= (p2+pz)2, the 
total mass and the mass of the 2-3 pair, respectively. 
Let U± be a unit vector in the direction of pi in the over­
all center-of-mass system and let Hi be a unit vector in 
the direction of p2 in a center-of-mass frame of the 2-3 
pair, s\, Ox, and n\ are defined for X = l , 2, and 3 by 
cyclic permutation. Any three-particle configuration in 
its center-of-mass frame may be specified by s, s\, Ox, 
and ii\, where X= 1, 2, or 3. Making use of the identity 

/ W / " ds18*(p2+p*-K)8(K2-s1) = l, (14) 

the integral over the phase space of Eq. (12) may be 
written as 

J J (mo+ma)2 

dsi 
(m2+m3) 

FIG. 2. Connected and disconnected parts of the amplitude ^3,3. 

X — { [ > - C?i1/2+Wi)2][>- (siM-mi)2]}1** 
Ss 

dfii 
X — { [ > i - (m 2 +ro 8 ) 2 ] |> i - (m2-w3)

2]}1/2, (15) 

or by any cyclic permutation of 1, 2, and 3. I t is 
convenient to define the two-particle phase space 
integration 

/

r dtii 
d<pi= / —{Lsi—(m2+m z)

22 
J Ssi 

X [ > i - ( w 2 - w 3 ) 2 ] } 1 / 2 (16) 

and its cyclic permutations. 
Let us now equate the connected parts in Eq. (11), 

I m ^ c = f[AcAc*+AcAd*+AdAc*+(AdAd*)c~]<l<P' (17) 

The last term on the right J* (AdAd*)cd<p is a sum of 
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3f^ -^Y— -~~'Sl FIG. 4. Pole term of the three-body 
2 f ^ " " ^ - 2 1 amplitude A 3,3C. The circles are the two-

, - ^ — C X ^ j . body amplitudes 4̂ 2,2-

six terms, each of the form 

A2,2{sfi+)b[(pn+PfZ-piZy-rni~]A2,2{siz-), (18) 

which is represented in Fig. 4. We have introduced the 
indices i, f to represent the initial and final configu­
rations, suppressed the angular dependence of the two 
body amplitudes A2,2, and made use of the reality-
properties of A2,2 to replace A2,2 and A2,2* by A2,2^+) 
and A2,2(sJ), the amplitude evaluated, respectively, 
above and below the physical cut. Because s is in the 
elastic three-body energy range, the three s\ lie in the 
elastic two-body energy range. The Dirac delta function 
which appears in the last expression indicates that Ac 

has a pole in its physical region in the three-body 
invariant momentum transfer variable t=(p2/+pzf 
— PM)2Z= (pii-\-p2i—pif)2- There are, in fact, six such 
poles, one for each of the six such invariants. 

Our goal is to make use of the unitarity relation, 
Eq. (17), to effect a continuation across the normal 
threshold three-body cut in the total three-body energy 
variable s. However, in contrast to the two-body case, 
the imaginary part of the amplitude is not the discon­
tinuity in one variable. Each of the three initial and 
three final two-body energy variables s\ lies above its 
two-body normal threshold, giving an imaginary part, 
as do the six pole terms just mentioned. In addition, 
we expect that higher order Landau singularities give 
further imaginary parts. 

We adopt the method of assuming a small number 
of singularities in the amplitude—namely, the resonance 
poles and the physical threshold cuts—and see what 
further singularities are required by unitarity. If it be 
objected that we should also assume all the higher 
Landau singularities which occur in the absence of 
resonance poles, let it be pointed out that those singu­
larities were found without assuming resonance poles 
and the singularities generated by them, which of 
course change the topological structure of the Riemann 
surface. The only method of proceeding, in fact, seems 
to be to begin with those singularities that have a direct 
physical interpretation and to find the others by 
consistency. This is how the higher order Landau 
singularities were themselves obtained11,12 if one dis­
allows perturbative arguments which are not relevant 
in the presence of resonance poles. Accordingly, we 
shall suppose that Ac is formally a real analytic function 
of its external invariants. I ts normal threshold singu­
larities lie on the real axes of the corresponding invari­
ants and in the neighborhood of the elastic physical 
region these are the poles in the crossed channel vari­
ables, the two-particle normal threshold cuts and the 

11 J. C. Polkinghorne, Nuovo Cimento 23, 360 (1962); 25, 901 
(1962). 

12 H. Stapp, Phys. Rev. 125, 2139 (1962). 

three-particle normal threshold cut in s. The arguments 
of the following section indicate that the presence of 
other singularities will only complicate the discussion 
without altering its conclusions. 

Consequently, in Eq. (17) Ac. and Ac* will be 
written, respectively, as Ac(sf\+,s+,h+)tli+,SiV+) and 
A^Sfx-jS-jh-jtu-jSipJ). The arguments of these functions 
do not refer to independent variables, but to the 
singularities which contribute imaginary parts in the 
physical region; S/\ and SiV (A, v= 1, 2, 3) represent the 
two-body cuts in the final and initial two-body energy 
variables; s the three-body cut, /M (/z=l, • • • ,6 ) the 
cross-channel poles, and h possible higher order Landau 
singularities; the subscripts + and — indicate that the 
function is evaluated, respectively, above and below 
these discontinuities. We conduct our discussion as if 
the singularities represented by h were not present. 
However, we carry h along an argument of Ac to show 
that its presence does not cause formal difficulties. 

We write Eq. (17), explicitly, as 

[^Ac(sf+ys+,hfi+,tfi+)Si+)—Ac(sf-,s-,hfi-ytfi-,Si-)~]/2i 

= / Ac(sf+,s+,hfo+,tf0±,sa±)Ac(s0-,S-,hoi-,toi-,s%-)d<p 

+ L / Ac(sf+,S+,hfo+,tf0+,Si+)A2,2(si\-)d<p\ 
x=i J 

+ L / A2,2(sf\+)Ac(sf-,S-.,hoi-Jtoi-.,slJ)d(px 
x=i J 

+ Z A2,2(sf+)S(tfi-™2)A2,2(si-), (19) 

where the Greek subscripts have been suppressed in 
the arguments of Ac, i and / label the initial and final 
external variables, and 0 labels the internal variables 
that are integrated over. We note that only the first 
term on the right is integrated over the full three-body 
phase space, that the middle two terms are integrated 
over the two-body phase space, and that the last term 
contains no integration. The integrals over the two-body 
phase space may be evaluated by using the unitarity 
condition across the two-body cut, Eqs. (2a) and (2b), 
analytically continued from the 2 —> 4 channel to the 
3 —> 3 channel. The middle two terms on the right-hand 
side are then given by 

\_3A c(sf+,s+,hfi+,tfi+,sn+,Si2+,Siz+) 

—Ac(sf+,s+,hfi+,tfi+,Sii+,Si2+,stzJ) 

—Ac(sf+,s+,hfi+,tfi+,Sii+,Si2-,Siz+) 

—A G(sf+,s+,hfi+,tfi+,Si1-,Si2+,si3+)1/2i 

— [ 3 Ac (sfi-ySf2-,Sfz-,S-.,hfi„,tfi-,SiJ) 

— A c(Sfi+,Sf2-JSfZ-iS-,kfi-,tfi-,SiJ) 

—Ac(sfi^,Sf2+JSfz-,S-Jhfi-.)tfi-,siJ) 

—A c(sn-ySf2-,Sfz+,S-,hfi-,tfi-,SiJ)~]/2i. 
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The last term on the right-hand side of Eq. (19) is the 
only one containing Dirac delta functions. We may 
separate from Ac the pole term which is required by 
the delta function. We set 

Ac (sf,syh,t±,Si) = Ar (sf,s,h9Si)+A p (sf,t±,Si), (20) 

where Ap(t±), represented diagrammatically in Fig. 4, 
is the last term of Eq. (19) with the delta function 
b(t—m2) replaced by [r(m2— PFie)!^1. Since Ap is 
simply a sum of products of the two-body scattering 
amplitude divided by ir{m2—t)} it has no three-body 
cut in s, and no higher order Landau singularity h 
which contributes to the imaginary part. On the other 
hand, near the physical region, Ar has no cross-channel 
poles. The last term on the right-hand side of Eq. (19) 
may, thus, be written as 

[Ap{sf+UJi-)-Ap(sf+^Si-)~]/2i 

= {A c{sf+,s+ih+UiSi-)-Ac{sf+,s^h^t^Si-)']/2i 

- IA c(sf+,s+,h+Jt±,SiJ)-A c{sf+,s^h^t±,Si-)~]/2i. 

If we make these substitutions into Eq. (19), we obtain 

[Ac (sf+fyfifi+Jfi^SiJ) - Ac (sf+,S-yhfi-,tfi±,SiJ)y2i 

= I Ac(sf+,s+,hfo-[-,tfo+,so-.)A
c(s0+}S-Jh0i-,toi-)szJ)d<p 

+ [ E Ae(sf+,s+,hfn.,tfn.,Sid).. 
d 

- E i4»(5/V_,*/*-,W*-)]/2*, (21) 
d 

where 

£ A*(> • •si
d) = 2Ac(- • .^.1+,^2+,^3+) 

d 

— Ac{- >sa+,si2+,saJ) — Ac(' • -sa+,Si2-,Sn+) 

—Ac(- • 'Sa-.,Si2+,Siz+)-\-Ac(' • 'Sii-JSi2~,Siz~)j 
and 

E A*(sf
d. • ')^2A^sn^sf2^sn^ • •) 

d 

— Ac(sfl+,Sf2-,SfZ-- • ')-Ac(sfl-,Sf2+,SfZ-' ' •) 

-^CC?/l-v?/2-,S/3+- ' •)+Ac(Sf1+,Sf2+,SfZ+- ' •)• 

In Eq. (21) we have reversed the signs of the subscripts 
of So, by introducing between the two factors of Ac 

the identity 

1 = [ 1 - 2 ^ 2 ) 2 ( ^ O 3 - ) ] C 1 - 2 ^ 2 , 2 ( ^ O 2 - ) ] C 1 - 2 ^ 2 ) 2 ( ^ O I - ) ] 

XCl+2^ 2 i 2 (5o i - f ) ] [ l+2^ 2 l 2 (^2+) ]CH-2^ 2 , 2 (^o3 + ) ] , 

and by repeatedly making use of the aforementioned 
unitarity condition of Ac across its two-body cuts. 

What we have been doing is transforming the 
unitarity condition, which originally gave the imaginary 
part and, thus, the sum of all the discontinuities into 
an expression for particular discontinuities. This 
process could be continued [further transforming the 
last terms of Eq. (21) so that the two-body energy 
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variables always have the same sign], by identifying 
the discontinuity across the three-body cut and across 
the other higher order Landau singularities. The uni­
tarity condition is, in fact, regarded as a prescription for 
constructing the amplitude; if we can find a function 
which has such discontinuities that the unitarity condi­
tion is satisfied, that function is presumably the ampli­
tude. 

However, it is not our purpose here to pursue the 
analysis of the three-body amplitude, and Eq. (21) is 
in a form which is convenient for our purposes. Namely, 
we shall assume that this equation may be continued 
some distance, however short, clockwise in s. To make 
this continuation, it is necessary to make a choice of 
the other independent variables. This choice is some­
what arbitrary, but we may take, for example, 

Afic=Ae(s,Sfi,Sf2,Sii,Si2,tfii,tfi2,tfiz), 

where s= (pn+pf2+pfd2, */ i= (Pf2+Pn)2, tfi=(pn 

—pii)2, and similarly by cyclic permutation and substi­
tution of i for / . This choice of variables has the 
advantage that as far as possible each normal threshold 
cut near the physical region is associated with one 
independent variable which is displayed explicitly. 
The first variable has the three-body cut, the next four 
each have a corresponding two-body cut. The only 
other normal threshold cuts near the physical region 
are those associated with Sfz and s^, but they are not 
independent since 

s=Sfi+sf2+Sfz—mi2--m22--inz2; (22a) 

s=sn+Si2+Siz—mi2—m22—m32. (22b) 

Consequently, all the normal threshold branch points 
of Ac—and these are the only branch points we assume 
explicitly—near the physical region are in the space of 
the five complex energy variables (labeled s) and none 
are encountered as the three momentum transfer 
variables (labeled /) are varied. If s/i, S/2, Sn, and Si2 
are held at fixed values we will, thus, find three cuts 
in the s variable: the three-body normal threshold cut 
beginning at s= (mi-\-m2+mz)2, a two-body cut be­
ginning at s=Sfi+Sf2+(m2+mz)2—mi2—m22—ntz2

i and 
another at s=Sa-\-Si2+(ni2-\-'M>3)2—m^—w2

2— w3
2. 

Since there are no cuts in the momentum transfer 
variables near the physical region, the "continuation 
in s" that we are proposing may be regarded as a 
continuation on the Riemann surface of the five 
independent energy variables. Let us note that our 
assumption concerning the location of the singularities 
and our choice of independent variables are consistent 
with the assumption that Ac is a real analytic function 
of these independent variables. In Eq. (20), Ap is by 
construction a real analytic function. If we set 

3 3 

s= CC.rax)2— X <*f\, ^ i = (fn2+mz)2—aih 
X - l X = l 

s/i= (ni2+m)2—afi, 
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s, plane 
A B C 
, ' s * • 

(m2+m3r X % M 

(a) 

s, plane 
(m2+m3) 

FIG. 5(a). Path of integration 
over soi on the Riemann surface 
of Ac(so,s,hoi-,toi-,Si). The elastic 
cut in soi extends from (^2+ws)2 

to Mi2, (b). Path of integration 
2 o v e r soi on Riemann surface of 

1 Ac(sf)s,hfQ+,tf0+,so). 

C 

(b) 

and cyclic permutation, where the a are small real 
positive numbers satisfying X)x=i3«/x=Sx=i3«a, we 
obtain points on a portion of the real axis of each of 
the independent variables, consistent with the restric­
tions of Eqs. (22) and where Ar is evaluated below all 
its threshold cuts. On these real points, we take Ar to 
be real. Consequently, Ar is a real analytic function 
and by Eq. (20) Ac is also. This consistency is nontrivial 
since we have considered 13 poles and cuts distributed 
among 8 independent variables. Furthermore, the 
existence of the "Symanzik region," a domain which 
lies below all cuts and where Ac is real, justifies the 
heretofore cavalier way in which we have been indi­
cating the value of the amplitude by writing its deter­
mination with respect to singularities. We take the 
Symanzik region to be the original domain of definition 
of the amplitude. The plus and minus subscripts 
occurring in Eq. (21) now acquire a precise meaning. 
They indicate the path along which the amplitude is to 
be continued from the Symanzik region to the point, 
labeled by values of the independent variables, at 
which the value of the amplitude is required. This 
path passes above or below a singularity according as 
the variable corresponding to the singularity bears a 
plus or a minus sign. 

For convenience we may define a "physical sheet" in 
the space of the five complex variables s, sn, Si2) s/i, S{2. 
I t is the surface which may be reached by analytic 
continuation from the Symanzik region and which is 
bounded by ^ real, s^ (W1+W2+W3)2, Sn real, sn 
^(m2+mi)2, si2 real, ^ (wi+w3)2 , s—su—Si2+(mi 
+tn2+niz)2 real, ^ (mi+m2)

2 and similarly for the Sf. 
The amplitude is single valued on this surface. We, of 
course, do not wish to imply that the correct amplitude 
has an analytic structure of this sort. However, the 
general method is to begin with a simple structure 
and see what further singularities are required. In this 
paper we are concerned only with the additional 
singularities due to resonance poles. 

Following these formal remarks, we may now discuss 
the analytic continuation of the unitarity condition 
expressed by Eq. (21). Our purpose is to discover what 
further singularities are required by the presence of 
resonance poles and this unitarity condition. Let us 
suppose that particles 2 and 3 have a resonance pole 

near the physical region at a square mass sr. Then, as 
established in the preceding section, there will be a 
pole in the Si variable of Ac at Si=sr. The integral over 
the three-particle phase space which is represented in 
Eq. (15) contains an integration with respect to si, 
which has as upper limit (sll2—mi)2. Consequently, as 
s varies we may expect an end-point singularity in the 
right-hand side of Eq. (21) at (sll2—mi)2=sr or s112 

= sr
1,2+Mi, i.e., at a center-of-mass energy given by 

the sum of the masses of the stable particle mi and the 
unstable particle mr=s^12. This does, in fact, occur. 
We shall see in detail how this comes about, determine 
on what sheet of the s variable the singularity lies, and 
obtain a formula for the corresponding discontinuity. 

Heretofore, we have considered the unitarity condi­
tion for real values of the independent variables. We 
now propose to continue in s clockwise, that is, to let 
s have a negative imaginary part. Then the continuation 
from the points S- leads onto the physical sheet, whereas 
from s+ onto a second sheet adjacent to the physical 
points. We reflect this in our notation by relabelling 
the paths s1 and s11 instead of S- and s+, respectively. 
By Eqs. (22) which also hold for the so, at least one of 
the initial, intermediate and final two-body variables 
Si, s0, Sf of Eq. (21) also then have negative imaginary 
parts. To be definite, we let all of them have negative 
imaginary parts, as we may do without violating the 
constraints of Eqs. (22), and we likewise relabel the 
two-body energy variables. The unitarity condition 
then reads 

[Ac (^ I I ,^ I I ,^ / i + ,^± ,^1) - Ac (sf
1\s1,hfi^tfi±1s%i)~]/2 < 

= / ^c(^ /
I^^ I^^ /o+,//o+,V)^c(^o I^^^^oi-5/ot-,^1)^^ 

+ [ E A^sf
l\sl\hfi+1tfi+,Si

d) 
d 

- E Ao(s^s\h,^,tfi^)-]/2i. (23) 
d 

Since the poles terms represented by t± and the discon­
tinuity across the two-body cuts are known, this equa­
tion is, in fact, an integral equation for Ac(- • -s11- • •) 
if Ac{- •) is given. I t is the means for effecting 
the continuation across the three-body cut, just as the 
two-body unitarity condition studied in the preceding 
section effects the continuation across the two-body 
cut. The phase-space integration, given by Eq. (15) 
contains an integration with respect to $oi from s0i 
= (m2+mz)2 to Soi=(sll2—mi)2. When s is physical, as 
in Eq. (21), the path of integration lies, respectively, on 
the lower and upper lips of the two-body soi cut of 
Ac('-'So-) and ^4c(,?o+* • •)> as shown by the path 
ABC in Figs. 5(a) and (b). As ,? is continued clockwise 
the upper limit of integration moves continuously from 
C to C", and the path of integration becomes ABC 
in Figs. 5(a) and (b). We see that the new path ABC 
retreats away from the soi cut of Ac(- • -so), but, as 
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indicated by the notation, passes through the $oi cut 
of ^4c(^o***) onto the second sheet where resonance 
poles lie. If no other singularities prevent continuing 
in ^ to the point s= (sr

ll2+tni)2 (which will lie arbitrarily 
close to the physical region for a sufficiently sharp 
resonance sr), then at this value of s, an end-point 
singularity will occur since C— (s112—mi)2=sr. The 
pole of the amplitude at soi=sr is fixed, just below the 
physical points, and, consequently, remains fixed there 
for any continuation whatsoever in the other inde­
pendent variables. This is a direct application of the 
continuity theorem. We note that the end-point singu­
larity in s has been unambiguously located near the 
physical points on the adjacent Riemann sheet. 

The coincidence of a singularity of the integrand 
with the end point of integration actually only estab­
lishes a necessary condition for a singularity in the 
integral, but is not a sufficient condition. To establish 
that the singularity is, in fact, present in Ac(- • -s11' • •) 
—it is not present in Ac(- • 'S1- • •) by assumption—we 
shall use Eq. (23) to evaluate Ac(- - -s11- - •) along two 
paths which differ by a circuit around s— (sr

ll2+tni)2. 
Denoting by Ae(--s+n--) and Ac(- • -sJ1- • •) the 
values of Ac(- • -s11- • •) obtained by continuing in s 
along the paths shown in Fig. 6, we have from Eq. (23) 

[Ac (J/11, J+n , A/*f ,//<±, Ji1) - Ac {s^sJ^hf^tf^s^yii 

J c+ 

FIG. 6. Paths of 
the analytic continu­
ation in s across the 
three-body cut be- I 
ginning at s—(mi (m,+m2+m3)

2 \ 
+W2-+-W3)2 which N 

lead to the values 
Ac("-s+u'") and 

s plane 

>.-

The last term on the right has the explicit form 

dsoi / { [ > - ( W / 2 + ^ i ) 2 ] [ > - (*oi1/2-f»i)2]}1/2 

= / : 
dftoi 

X / {Lsox-(m2+ms)
2Xsoi-(fn2-m,)2']yf2 

8^01 

XAc(sf
1\s+

1\hfo^tfo+,SoI)Ac(so1\s\hoi-M-,Si1)J (26) 

in which use is made of the three-body phase space, 
Eq. (15). The contour of the S01 integration surrounds 
the pole of AC(SQ11' • •) at Soi=sr. Recalling that #01 is 
the direction of P02 in the cm* frame of particles 2 and 
3, and that the pole at sr is a resonance in the 2-3 
system, the principal part of Ac(so1I

ys
I
Jhoi-,toi-ySi1) is 

given by Eq. (8) of the preceding section. I t is 

[>($r—Ji)]" 
/* L \ 

4TT X1'2 

\2l+l) 
YiAtioi) 

XAu^yhoi-yto^Si1) 

^ c (^ / I I , 5_ I I , ^ / o + , / / o + ^o I )^ c (^o I I ^ I ^Oz- , /o t -^ i 1 )^^ 

d 

-A°(sf\sJ\kfi+,tfi+,s>d)y2i, (24) 

where the contours C+ and C_ of the S01 integration are 
shown in Fig. 7. Denoting by 0 the path C+—C-, we 
obtain 

[ i c (5 /
I V +

I ^ / i + , ^ ; iV^1^ I V- I I ^ / t+ ,^± ,^ I ) ] /2^ 

J c-
-A*{sf

ll,sJl,hf^tm,s<)
1)1 

X Ac (sQll,s1foi-,tU-,sti)d(p 

d 

-A^sf
l\sJ\hfi+ytfi^id)y2i 

+ / i l ' ^ V ^ W o 1 ) 
Jo 

XA^s^s^hoi-fyi-^dcp. (25) 

in which y4w
M(^I,A0i-J/oz-^tI) = ^iM(fioi^^a,^a,^ti) desig­

nates the unphysical amplitude for the process 1 + r <-> 
1 + 2 + 3 and is independent of $01. Consequently, 
expression (26), evaluated by means of the Cauchy 
integral theorem, equals 

/ 

dUoi 
{ [ > - (*r1/2 + W i ) 2 ] [ > - (*r 1 / 2 -*» l ) 2 ]} 1 / 2 

8s 

X E - d u ^ A o ^ o i - , ^ 1 ) 

X / — ilSr-
J Ssr 

{m2-\rmz)
2~][_Sr— (m2—ms)

2~]}112 

XAc(sf
u, s+u, A/0+, t/o+, s01

l = Sry S021, sot1) 

4TT \W 

\21+\J 

S) plane 
FIG. 7. The contours of > 

integration C+ and C_ pass, 1 ^XN \—• 
respectively, above and be- (m2+m3)

2 *>... ̂  Mx 

xis&r,-M] 

low the resonance pole at 
si=sr on the second sheet. 
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But by Eq. (7), the integration with respect to $01 is 
the projection which yields the amplitude 

and, consequently, expression (26) takes the form 

/

d&oi 
{ |>- (* r

1 /2+f»i)2][>- ( ^ - w O 2 ] } 1 / 2 

8s 

XE^«,M(VV+II,A/(H-^/(H-M«'l(jI,Ao*-,/o*-,JtI). (27) 

We abbreviate this by introducing the two-body 
unphysical phase space 

r f d& 
/ d<pu^ / — { [ > - (srW+tmyjj- {s^-tntf-]}^ 

When expression (27) is substituted into Eq. (25) we 
obtain 

&\$Q.uA
c(sfU,s11

ihfi+Jfi:klsxi) 

= 2i / disc ,^ e(5/II,5II,A/o+,//o+-,^oI) 
J c 

X^c(^o I I,J I,Ao»-.,/ot-.,J»1)^^ 

+ £ disCuAc(sfu,su,hfi+,tfi+}Sid) 

- I d<pu + / d<pu X) i4ttfM(j/II^+
II,A/o+^/o+) 

where 
X^uK^of-A-,^1), (28) 

disc«4 c ( - - -$ n - - - ) 
= [>4C(- • V 1 ' * ')~AC0 • ̂ _ n - • - )] /2i 

is the discontinuity across the unphysical cut. This 
last equation establishes the result to be proved, 
namely, discw^4c^ 0, since the last term on the right is 
nonzero. 

In the preceding section, unphysical amplitudes were 
denned as the factors of the residue at a resonance pole. 
In expression (27) the three-body integral has been 
reduced to a form which resembles a sum over states 
with a two-body intermediate state. However, the 
intermediate state is unphysical, being formed of a 
stable particle of mass m\ and an unstable particle of 
mass w r =s r

1 / 2 . The phase space is complex. 
Equation (28) constitutes an integral equation for 

discwylc. This integral equation may be solved by the 
ansatz 

^\^uA
c{ss

11,s11,hf%+,tfi±,sf) 

= / Z) Au^{sS
11,S^1,hS^f^X^{s,h^t^S^d^u, (29) 

where Xfi(s,hoi,toi,si)^Xti((iohs,shCiihiiii) is a quantity 
which depends on the same variables as the unphysical 
amplitude Au for the process l + r < - » l + 2 + 3 . For if 
X is chosen to be the solution of 

X>i(s,hfi,tfi,Si)—Aui*(s1,hfi-,tfi-,Si1) 

•I-
+ L X(s,hfi,tfi,si

d), (30) 
d 

we find, upon substitution of Eq. (29) into Eq. (28) 
that this latter is satisfied identically. We have made 
some progress in exchanging the integral equation (28) 
for the integral equation (30) since the unknown X has 
the variables of a five-legged diagram, instead of six. 
Furthermore, upon comparing Eqs. (30) and (23) we 
find that Eq. (30) is identical with the equation ob­
tained by equating the pole term at Sfill = sr on left-
and right-hand sides of Eq. (23), taking the minus 
subscript on t/i and the contour C_ there. [The last 
term on the right-hand side of Eq. (23), Y^d Ac(s/d- • •), 
has no pole at Sfi—sr. This quantity is defined just 
below Eq. (21) and its continuation is represented by 
replacing subscripts + and — by superscripts I I and I. 
There is no S/i pole in Ac(s/i1), so according to its 
definition the only pole of J^dAc(sfd- • •) is in 

But this difference has no pole in s/i because such a 
pole term has no s/2 or s/s cut .] Consequently, we 
conclude that 

X»(s,hfi,tfi,Si) = A ^(sJ^hfi+.Jfi-.tSi1), 

and Eq. (29) takes the form 

discM,4c ( W 1 , A/vf,//̂ ,*1) 

• / 
= / L Au>fi(sf1\s+I1,hfo+,tfo+) 

XA^isJ^hoH-Joi-tsfldvu. (31) 

This equation gives the main result of this section. I t 
states that corresponding to a two-body resonance pole 
mr near the physical region, there is a cut in a three-
body amplitude near the physical region beginning at a 
normal threshold branch point s— (fnr-{-Mi)2. Further­
more, the discontinuity across the cut is expressible in 
the form of a unitarity condition with a two-body 
intermediate state. However, the phase space is specified 
by a complex mass mr and the amplitudes do not 
correspond to the scattering of stable particles. 

As a simple application of these results we can easily 
obtain a two-parameter formula for the effect on an 
elastic 5-wave two-body amplitude of the onset of 
unstable particle production, i.e., a resonance between 
a pair of particles in a competing three-particle final 
state. As we have seen, there is a square-root-normal-
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threshold branch point at c m . energy E= (m+mr), 
if m and mr are the masses of the stable and unstable 
final particles. (The preceding results are easily general­
ized from a pair theory to coupled two- and three-body 
channels. The branch point is then found across the 
three-body cut in both the elastic and production 
amplitudes.) Let Eo^m+Remr and assume that Immr 

s= — r / 2 < 0 is very small. In the neighborhood of EQ 
we represent the S-matrix element by 

S=a+blE-(m+mr)J
12, (32) 

in which a and b are complex constants, on the assump­
tion that in the neighborhood of the branch point the 
variation of the matrix element is due to the singularity. 
If the inelastic cross section is small, as it will be if EQ 
does not lie too far above the three-body threshold, 
then a=exp(2i5), where 5 is the real phase shift at 
E—Eo. Since we require | ,S | 2 ~1 for E < £ 0 a n d | .S | 2 <1 
for E>Eoy we must choose b=—rj exp(2iS), where rj is 
a real positive constant so that 

S=e^-Ve2i5(E-EQ+iT/2y^ 

S=e2i8-Ve2i8(X+iY)y 

X ^ - { [ ( E - £ 0 ) 2 + r 2 / 4 ] 1 / 2 + (E-Eo)}112, (S3) 
v2 

F ^ — { [ ( E - £ 0 ) 2 + r 2 / 4 ] 1 / 2 - ( £ - £ o ) } 1 / 2 . 

The 5-wave cross section is given by 

4TT 

<TQ = -

S-l 

2i 

4x 
-[sin^-T? sinS(X s in5+F cos5)]. (34) 

Results equivalent to Eq. (34) have been obtained by 
Nauenberg and Pais2 and by Baz'.3 

IV. EXTENSION OF LANDAU EQUATIONS 
AND CUTKOSKY FORMULAS TO 

UNSTABLE PARTICLES 

The discussion of the preceding sections suffers from 
two defects, one of them serious. The serious defect is 
that assumptions were made about the analyticity 
properties of production amplitudes. These assumptions 
are not known to be true, and are quite possibly false, 
although, as we shall see, only the details of the results 
would be invalidated. The other defect is that the 
discussion was limited to specific reactions, and it is 
clear that there are corresponding results which have 
general validity. 

In this section we suggest how these defects may be 
remedied. We obtain the equations of the surface of 
singularity of any amplitude and the generalized 
unitarity relations without making unjustified assump­
tions. On the other hand, the precision of the previous 
results are not obtained here. The equations of the 

FIG. 8. Unstable particles are 
represented by wavy lines. X 

^ 

surfaces of singularity do not indicate on which Riemann 
sheet of the amplitude the singularities lie, nor is it 
known, in general, on which sheet of their Riemann 
surfaces the amplitudes appearing in the generalized 
unitarity relation are to be evaluated. 

The methods developed by Polkinghorne11 for stable 
particles apply equally well to unstable particles and, 
consequently, the results he has obtained apply indis­
criminately to stable and unstable particles. Polking­
horne has shown that—given the masses of the stable 
interacting particles—in consequence of analyticity 
and crossing, and particularly of unitarity conditions, 
scattering amplitudes have, in addition to other possible 
singularities, the set of singularities specified by the 
Landau equations. Polkinghorne's method consists in 
demonstrating that the set of singularities given by 
the Landau equations, but no subset, is closed under 
the unitarity integration 

disa4 (piypj) -ZJA- (pi,qj)A1(qjypk) 

XHT,p-Y,qW-™j2)d%: (35) 

The set is "closed" under the unitarity integration 
means that if A1 and A11 have singularities specified by 
the Landau equations, then so will disc A. Let us 
suppose that A1 and A11 are singular on the Landau 
curves corresponding to stable particles and also contain 
resonance poles at complex masses mr. Then A1 and 
A11 will, in general, be singular on the Landau curves 
given by perturbation theory and also on the Landau 
curves corresponding to diagrams in which groups of 
external lines are joined to the graph through only one 
internal line, corresponding to a complex mass ntr, as 
shown in Fig. 8. The argument remains valid, and 
disc A will, in general, be singular on the Landau curves 
corresponding to the Feynman diagrams obtained by 
joining A1 and A11 as shown in Fig. 9. This argument 
does not show that the contour is actually pinched so 
that the singularity is, indeed, present in disc A, 
although this is expected to occur on some sheet. 
However, it does show that a consistent set of singu­
larities is obtained by assuming that A is singular on 
the Landau curves corresponding to all possible 
Feynman diagrams in which lines represent stable or 
unstable particles indiscriminantly. The Landau equa-

FIG. 9. The Feynman graph formed by 
joining the two graphs of Fig. 8. 
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tions remain unaltered, and yield both first- and second-
type13 singularities as solutions, but they are extended 
to include all masses, corresponding to stable and 
unstable particles. As the number of resonance poles, 
or more generally, any poles on unphysical sheets, may 
well be infinite, as in the case in potential scattering for 
each partial wave, this is a considerable extension. 

We should like to call the poles "dynamical" singu­
larities, since the problem of locating them is the 
dynamical problem of finding the masses, in contra­
distinction to the singularities specified by the Landau 
equations, once the masses are given, and which may 
be called "kinematical." What other dynamical singu­
larities may be present is not known. If there are any 
—and we may hope that there are none—they pre­
sumably give rise to further sets of kinematical singu­
larities. 

The result of the preceding section suggests that the 
discontinuities across the first type singularities given 
by the extended Landau equations are specified by the 
corresponding extension of the generalized unitarity 
formulas first derived by Cutkosky8 in perturbation 
theory. Polkinghorne11 has outlined a program for 
deriving generalized unitarity, in the case of real 
masses, from the physical unitarity relation. The results 
of this analysis are applicable to the present case in 
which the masses are complex. Consider the physical 
unitarity relation 

discs^4 (sf}tif}s,Si$i) 

= Z / A1(sf,QfJs)So)n0)A
u(so^o)s)SiyUi)dsodUoy (36) 

in which s represents the c m . energy variable and spy 

0 P represent partial energy and angular variables. Let 
us suppose that there is a resonance pole in one of the 
partial energies, say S{. By equating residues on left-

13 D. B. Fairlie, P. V. Landshoff, J. Nuttall, and J. C. Polking­
horne, J. Math. Phys. 3, 594 (1962). 

and right-hand sides, we obtain a unitarity condition 
for the unphysical amplitude. 

These considerations raise various questions and 
possibilities. If a calculational scheme is possible which 
makes use only of quantities defined on the physical 
sheet and its boundaries, it is important to ascertain 
whether or not any singularities due to unstable 
particles extend into the physical sheet. On the other 
hand, one would like to be able to construct amplitudes 
that possess the singularities which lie near the physical 
points, even though off the physical sheet. The un­
physical amplitudes and their crossing and pseudo-
unitarity conditions appear to be likely tools for such 
a construction. As a practical matter, calculations are, 
in fact, performed at present14 in which unstable par­
ticles are exchanged and scattered. These calculations 
may now be systemized and related to formal 5-matrix 
theory where they find a natural place. I t may even 
be worthwhile to reformulate the dynamical problem 
in a way that makes no a priori distinction between 
stable and unstable particles, rather than as at present, 
stating it in terms of stable particles and introducing 
the unstable particles as auxiliary devices. This would 
be more logical and, in practice, allow greater flexibility, 
since it is not known until after the detailed dynamical 
problem has been solved whether a given particle, 
teetering on the edge of stability, is actually stable or 
not. The symmetry that exists between stable and 
unstable particles appears to be a fundamental feature 
of 5-matrix theory, and we may, consequently, expect 
that the theory should be stated in a way that makes 
this symmetry apparent. 
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