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A Boltzmann equation technique is used to calculate the angular distribution of sound amplified by-
conduction electrons under various conditions. It was found that if v<* is the drift velocity of the electrons, 
and q a unit vector in the direction of propagation of sound, amplification occurs for all q such that q-Xd>vs, 
where vs is the velocity of sound. Resonance peaks in the amplification occur at certain directions of propa­
gation. For a semimetal in crossed electric and magnetic fields resonant amplification occurs when 
q • Vd—VF (5 'H)~v8 (where H is a unit vector in the direction of the magnetic field, and vp the Fermi velocity) 
if ql^>l, where / is the mean free path of the electrons and q the wave number of the sound wave; if ql<£l 
resonance peaks occur for q'Vd~vs. The peak amplification is rather insensitive to the value of Vd/vs, and 
varies with frequency as ql. For a metal or semiconductor in an applied electric field only, resonant amplifi­
cation occurs for those directions of propagation such that 5#Vd~z>s, if ql<£l, and the peak amplification 
is independent of Vd/vs. There are no resonances in this case of ql2>l. 

I. INTRODUCTION 

RECENT experiments strongly imply that whenever 
the drift velocity of electrons exceeds the velocity 

of sound, amplification of sound will result. In par­
ticular, Hutson, McFee, and White1 and Wang2 have 
observed amplification in CdS in the presence of a 
static electric field. I t has also been observed that the 
resistance of a metal changes when the drift velocity 
exceeds the velocity of sound. This change in resistance, 
which was observed in piezoelectric semiconductors by 
Smith3 and McFee,4 and in bismuth in the presence of 
a strong magnetic field by Esaki,5 has been attributed 
to the creation of phonons which occurs for drift ve­
locities greater than the velocity of sound. 

Several theoretical calculations of the amplification 
of sound have been made, but these were limited to the 
special condition that the direction of propagation of 
sound is in the direction of the drift velocity. Hutson, 
McFee, and White1 gave a phenomenological calcula­
tion for a semiconductor in a static electric field; and 
Spector6 used a Boltzmann equation technique for the 
same problem. Dumke and Haering,7 and Hopfield8 

have given phenomenological treatments of the amplifi­
cation of sound in a semimetal in the presence of crossed 
electric and magnetic fields. Although the special ge­
ometry considered by these authors is appropriate to 
an amplification/attenuation experiment, in which the 
direction of propagation of sound may be chosen to 
coincide with the direction of the drift velocity, it is 
not appropriate to a resistance experiment, for in the 
latter case, no external sound wave is impressed: Sound 

* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 
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is produced by the electrons, but is not, of course, 
necessarily in the direction of the drift velocity. In 
order to calculate the effects of phonon creation upon 
the resistance, the spectrum of the phonons must be 
known, both with respect to frequency and angular 
distribution. In the present paper this spectrum is in­
vestigated in some generality, both for semiconductors 
in an external electric field, and for semimetals in 
crossed electric and magnetic fields. The method used 
is a Boltzmann equation technique, which is applicable 
both to the frequency range, ql<£\ and qV5>\, and, 
therefore, the results of Dumke and Haering which 
were applicable only to the case g / « l , are also general­
ized in this sense. 

I t is found that there are preferred angles for sound 
production, at which there are strong resonances in the 
amplification. As a by-product of this investigation, the 
existence of these favorable directions should prove to 
be useful in a search for the as yet unobserved amplifica­
tion of sound in semimetals in crossed electric and 
magnetic fields. 

In this section an examination is made of the general 
conditions which are necessary for amplification of 
sound to occur. Simple physical arguments will also be 
given for the resonances in the angular distribution of 
the amplified sound. 

In attempting to understand sound amplification one 
is immediately struck by the analogy of Cerenkov radia­
tion of light. If a free electron has a velocity greater 
than the velocity of light in a medium, photons are 
created; if its velocity is greater than the velocity of 
sound, one would expect phonons to be created. The 
analogy is not complete, however, for in this case we 
are not dealing with free electrons, but with a distribu­
tion of electrons within a metal. Also, the Fermi ve­
locity is typically several orders of magnitude greater 
than the velocity of sound, and it is di hcult to see why 
a small added drift velocity can radically change the 
behavior of the metal, from an attenuator of sound to 
an amplifier. Furthermore the drift velocity is a sta­
tistical average velocity, but it is the velocity of the 
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individual electron which is important in each electron-
phonon interaction. 

In spite of these objections closer examination re­
veals that the analogy of Cerenkov radiation is quite 
useful; the remainder of this section will be devoted to 
a qualitative description of sound amplification in 
terms of this analogy. 

For a Fermi distribution, the exclusion principle is 
responsible for the fact that no amplification occurs 
under an equilibrium distribution; although very high 
velocities exist within the metal, no phonons can be 
created (at 0°K) because all electronic states of lower 
energy are occupied. But suppose that by some mecha­
nism the distribution becomes skewed by a velocity 
vector V, so that all states are occupied for (v—V)2 

^ VF2, and none occupied for (v— V)2> VF2. Then phonon 
creation may take place if V satisfies a certain condi­
tion ; this condition will now be found. 

The initial velocity v< and the final velocity V/ of 
the electron must satisfy the inequalities 

( v ~ V ) ^ A 

so that 
< v , - V ) » < ( v , - V ) * . (1.2) 

The initial and final velocities are related by energy-
momentum conservation: 

^mVi2=^mVf2+fio)y (1.3a) 

Vtt=v/i, (1.3b) 

fnVm = tnYfu+fiq. (1.3c) 

In these expressions || and JL refer to the velocity com­
ponents parallel and perpendicular to the direction of 
propagation of the phonon; also, q and co are the wave 
vector and frequency of the phonon. Rewriting these 
expressions in a form slightly more convenient for our 
purposes: 

Vrq=vs+nq/2tn, 

\f'q=v8—nq/2m, 

where q is a unit vector in the direction of propagation 
of sound, and vs the velocity of sound. In this form the 
energy-momentum conservation relations are the con­
ditions for Cerenkov radiation. They state that phonons 
may be created by an individual electron only if Vi>vs; 
and, furthermore, the direction of the radiation is re­
lated to the direction of the initial velocity in such a 
way that phonons are radiated only on the cone around 
the direction of the initial velocity whose angle 0 
satisfies 

cosd=vs/vi. (1.5) 

In this expression hq/2m has been neglected in com­
parison with vs. In fact nq/2?nvs~4X10~1(V, where v is 
given in cycles/sec, so that it is almost always negligible. 

When the relationships (1.4) and (1.3b) are sub­
stituted in (1.2) a straightforward manipulation gives 

the condition which V must satisfy in order that phonons 
may be created: 

V-<z^ s . (1.6) 

These arguments may easily be extended to Fermi 
distributions at finite temperature, and, thus, to semi­
conductors. For an unskewed distribution, the electron 
population decreases monotonically with increasing ve­
locity, so that there are more empty states available 
for the final state electron with v^ Vi than with vf ^vit 

Consequently, absorption of phonons will be more 
probable than emission (since the transition probability 
for absorption of a phonon by one electron is equal to 
that for emission) and the net result will be attenuation. 
Similarly, in a skewed distribution there are more final 
states available with (v/— V) 2^ (v^— V)2 than with 
( v / - V ) 2 ^ ( v ; - V ) 2 . Use of (1.4) and (1.3b) (together 
with the corresponding equations for phonon absorp­
tion) shows that emission of phonons is more probable 
than absorption of phonons only if V- q£ vSy so that the 
condition for amplification is the same as (1.6). 

The physical significance of V is obvious: If a dis­
tribution is skewed by a vector V, this means that the 
distribution function / (v )= / 0 (v—V) where / 0 is the 
distribution in the absence of the skewing mechanism. 
Therefore 

V= f\f(y)dh=(y), (1.7) 

where (v) is the average velocity of the distribution. 
For crossed electric and magnetic fields 

_ eEr (Hi+coer^) vd
E+(o>cr)2Yd

H 

V=<v>= = , (1.8) 
m l+(cocr)2 l+(cocr)2 

where iti is a unit vector in the direction of the electric 
field and it2 is a unit vector in the direction E X H ; o>c 

is the electron cyclotron frequency eH/mc; \d
E is the 

electron drift velocity eEr/m and \d
H is the drift 

velocity^ (EX H ) / # 2 . 
Fermi statistics allow creation of phonons for V>v8, 

which in this case means 

0)cTVd
H Vd

E 

= >vs. (1.9) 

[I+(COCT)2:F2 [i+(cocr)2:r 
For low magnetic fields (o>cr«l) inequality (1.6) 
becomes 

VdB'4>v. (1.10) 

and for high magnetic fields (ojcr^>>l) it is 

vd
H-q>vs. (1.11) 

The angular distribution of radiated sound will now 
be investigated qualitatively. For this purpose the 
analogy of Cerenkov radiation is extremely helpful, for 
condition (1.5) gives an extremely sharp correlation 
between the direction of the phonon and the initial 
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velocity of the electron. If (v)T is the initial velocity of 
an electron within the metal, averaged over a suitable 
time of interaction, then because of (1.5) the amplifica­
tion of sound due to this electron would be expected to 
be a function with a resonance denominator in 
((v)T-$— vs).

9 This is a restatement of energy-momen­
tum conservation, which is based on the particle 
description of sound (phonons). Another argument 
which gives the same result is based on the wave 
description of sound: In order to have resonant transfer 
of energy between an electron and the sound wave, the 
electron must move in phase with the sound wave. If 
v is the velocity of the electron it will stay in phase 
with the sound wave only if v- q=vs, which is the same 
condition as (1.5). 

This latter argument suggests that a suitable time of 
interaction is the time required for an electron to move 
a wavelength, i.e., ^ 1/qvF- If this is the case, one would 
expect radically different behavior for ql<Kl and ql2>l, 
where I is the electron mean free path. 

First consider g/<<Cl. Then many collisions take place 
while the electron is moving a wavelength, so that the 
average electron velocity during the time of interaction 
is (\)T=ydE=eEr/m or (v)T= \d

H=cExB./H2, depend­
ing upon the case under consideration. Therefore, we 
expect resonant amplification for (v)T- <?= v<r q— vs- This 
means that most of the amplification will be very close 
to the Cerenkov cone defined by cosd=vs/vd', it will be 
within the cone because of the necessary conditions 
upon the electron distribution (1.10) and (1.11). Out­
side the cone (and very close to it) there will be resonant 
attenuation of sound, because, as we have seen, the 
energy-momentum condition for annihilation of pho­
nons is almost the same as for their creation. 

On the other hand, if gC$>l, the electron is moving 
solely under the influence of the external fields during 
the time of interaction, because it does not make any 
collisions during this time. Its velocity at time / is 
found by solving the equations of motion for a free 
electron moving under the influence of the applied 
fields, and in the case of an applied electric field only is 
given by: 

v(fl = •((>)+Vd*(*/r). (1.12) 

Now V(0)^VF for the majority of electrons, and, 
furthermore, t/T<l/qvFr<&l, so that the term in \dE 

may be neglected in comparison with v(0). Thus, the 
average velocity during this time is v(0) = v. The con­
tribution to amplification due to a specific electron will 
then have a resonance denominator in (q- v—vs). When 
this function is integrated over the entire distribution a 
function with resonance behavior in (VF—V8) will re­
sult. However, VF^>V8, SO that the resonance condition 
cannot be satisfied, and therefore resonant amplifica­
tion of sound is not expected for ql^>l, in the case of 
an applied electric field only. 

9 For attenuation of sound we expect the same resonance de­
nominator because energy-momentum conservation for creation 
or destruction of phonons is V'q=vs±ilq/2m^v8 in both cases. 

If g£»l and crossed electric and magnetic fields are 
applied, the velocity of an electron at time t is given by 

\(t) = VdH+vHH 

+ 
coswj — sina>c/ 0" 
smo)ct coscoj 0 
. 0 0 1. 

Vy(0) 
•vd

h 

0 
, (L13) 

where vH is the (constant) projection of the velocity 
in the direction of the magnetic field and i? is a unit 
vector in the direction of the magnetic field. For high 
magnetic fields (o}c^>qvF) the circular part of the ve­
locity averages to zero during the interaction time, so 
that the contribution to amplification of sound for one 
electron is expected to have a resonance denominator in 

((y)r-4-Vs)=(Vda'4+vnfi-4-v,). (1.14) 

Integration over the entire distribution will result in a 
sum of functions with resonance behavior as functions of 

(vd
H'q±vFfi'q—vs). (1.15) 

Resonant peaks in the amplification are, therefore, to 
be expected at those directions of propagation q for 
which expressions (1.15) vanish, if, in addition, the 
requirement (1.11) yd

H-q^vs is met. If this latter con­
dition is not fulfilled, resonant attenuation is expected 
at these directions. For vd=0 this effect (the tilt effect) 
was observed,10 and was calculated theoretically by 
Spector.11 

The remainder of this paper will give a quantitative 
treatment of these effects based on a Boltzmann equa­
tion technique developed by Cohen, Harrison and 
Harrison12 for the attenuation of sound. The qualitative 
features discussed above will be shown to be correct 
quantitatively. In Sec. II the generalization to all 
directions of propagation of the work of Spector6 for 
the case in which an electric field only is applied will 
be presented. In Sec. I l l , the extension of the formalism 
of Cohen, Harrison, and Harrison to the case of crossed 
electric and magnetic fields will be given; the results 
for this case will be discussed in Sec. IV. 

II. AMPLIFICATION IN APPLIED ELECTRIC FIELD 

The angular distribution of sound amplified by inter­
action with conduction electrons in the presence of a 
static electric field will be discussed in this section. The 
formalism for this problem was treated fully by Spector,6 

but he considered only the special cases in which the 
direction of propagation of sound is either parallel or 
perpendicular to the drift velocity. The reader is re­
ferred to his paper for the derivation of the formalism, 
notation, etc. We shall confine ourselves to the case in 
which the interaction between the electrons and sound 
wave is mainly due to the deformation potential, i.e., 

10 D. H. Reneker, Phys. Rev. 115, 303 (1959). 
1 1H. N. Spector, Phys. Rev. 120, 1261 (1960). 
12 M. H. Cohen, M. J. Harrison, and W. A. Harrison, Phys. Rev. 

117, 937 (1960). 
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FIG. 1. Electric field only: Attenuation (relative to zero-field 
attenuation) as a function of the angle between the direction of 
propagation of sound and the drift velocity, for ql<Kl, and several 
values of VdE/vs. The parameter C was found by fitting (2.2) to 
the experimental Fig. 2, Curve B of Hutson et al. (Ref. 1) (*>=45 
Mc/sec). 

(vF/vs)
2(a>/oop)

2Cij/?nvF
2y>l. In this case using Eqs. 

(2.13b) and (2.14) of Spector's paper, we find that the 
attenuation of waves polarized in the 7th direction is 
given by: 

Notn/tfCiA2 1 

pVsT \mo)v
2/ 

Re-
(<r,/+2>„'-*y) 

(2.1) 

where the direction of propagation of sound q is in the 
z direction. Use of Spector's equations (2.7) show that 
a J and Hj are the same for arbitrary direction of 
propagation as those given by Spector's equations (3.1a) 
and (3.1b) except that /x is replaced by p., where /Z 
= VdE'([/'Vs> Therefore, Spector's results (3.5b, c) and 
(3.6b, c) for the attenuation remain unchanged, except 
for the substitution of fh for /x. Upon making this sub­
stitution we obtain 

-K(qiy 
(vs-q-y<iE) 

(vs-q-vd
E)2+C2 

af-
6 

-$'VdE) 

C2 

for ql«l (2.2) 

for ql»l, (2.3) 

where 

^o(C^)2 

pvs
ArmvF 

and C= 
cor L S\vs / \oop/ 

As predicted by the qualitative arguments of the 
introduction, amplification occurs (the attenuation be­
comes negative) when q- \d

E^ v8. Also, there is resonant 
amplification (and attenuation) for ql<£l, and no 
resonances for qiy>\. The maximum of the resonances 
for ql<£l occur for those angles for which q- vd

E= ^sd=C, 
and the peak amplification is equal to K(ql)2/2C, inde­
pendent of vd

E/vs, provided that vd
E^vs+C.n This 

13 For vs^VdE^vs-\-C there is no angle at which this maximum 
amplification, fc(ql)2/2C is attained, and the amplification in­
creases monotonically towards the forward direction. 

point should be emphasized, for from previous calcula­
tions it might erroneously have been inferred that the 
amplification decreases as the drift velocity is increased, 
but this is of course true only at each angle; if vd

E/vs 

is large enough, there is always an angle at which the 
amplification attains the same maximum, independent 
of vd

E/vs. 
Although the expression for the attenuation (2.2) 

contains a resonance denominator as expected, the 
position of the peak amplification and the width of the 
peak depends strongly on the damping factor C. This 
factor is not particularly small for cases of physical 
interest, such as CdS, so that we expect broad peaks 
shifted quite a bit from the Cerenkov angle. An ex­
amination of the damping factor shows that the plasma 
oscillations contribute strongly to the damping. Figure 
1 is a plot of the attenuation as a function of the angle 6 
between the direction of propagation and the drift 
velocity for several values of vd

E/vs, calculated for the 
physical conditions appropriate to the experiments of 
Hutson et al.1 

For ql^>>l, no resonant amplification occurs; amplifi­
cation occurs within the cone cosd^vs/vd

E; it increases 
linearly with cos#, and also increases linearly with 
vd

E/vs. Plots of the amplification as a function of 6 for 
several vd

E/vs are given in Fig. 2. 

III. FORMAL THEORY. SOUND ATTENUATION BY 
SEMIMETALS IN CROSSED ELECTRIC AND 

MAGNETIC FIELDS 

A. The Constitutive Equation 

The method which will be used to find the amplifi­
cation was developed by Cohen, Harrison, and Harri­
son12 and Harrison.14 This method consists of the 
simultaneous solution of Boltzmann's equations for the 
electronic carriers with Maxwell's equations for a self-
consistent field which accompanies the sound wave. The 
power dissipated from the sound wave is then calcu­
lated, and from this quantity the attenuation or 
amplification is found. 

As a model of a semimetal we consider a system con­
taining No electrons and N0 holes per unit volume mov-

^ 4 

^ 3 ^ " ^ 

^ 2 ^ ^ " 

13 " 

r 
— 

I ! 

q ^ » l 

1 F 1 I 1 1 1 I 

i 5 : ^ — "" __ 

^̂^̂i 
^"^\^Y 

VdE/Vs = 4 
1... 1 , 1 f I 1 , 1 1 1 

FIG. 2. Electric field only: Attenuation (relative to zero-field 
attenuation) as a function of the angle between the direction of 
propagation of sound and the drift velocity, for ql^>l, and several 
values of VdE/v8. 

14 M. J. Harrison, Phys. Rev. 119,1260 (1960). 
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ing through a uniform neutral background. A sound 
wave of propagation vector q and frequency co manifests 
itself as a velocity field ^(r,/)ocexp[i(q«r—ajt)~] in the 
neutral background. Interactions between the particles 
are replaced by interactions of the individual particles 
with a self-consistent electric field derived from Max­
well's equations. Interaction of the particles with the 
sound wave is represented partially by interaction with 
this self-consistent field, and partially by interaction 
with a deformation potential proportional to the local 
dilatation of the lattice. The effective mass approxima­
tion is used, and both electrons and holes are assumed 
to have isotropic effective masses. 

Maxwell's equations for the self-consistent electro­
magnetic field may be written as 

j s = - B . 8 s (3.1) 

Here j s and € s are those components of the current 
and field which vary, like the velocity field, as 
exp[i(q-r—co/)]. B is the tensor 

B = i [ j 3 l -C3+7)$£] , (3.2) 

where 0 = (^s)
2(co/47r)[l — e{vs/c)2~] and 7=ko/47r; 4 is 

a unit vector in the direction of propagation of sound, 
e the dielectric constant of the neutral background, and 
vs the velocity of sound. 

The current j s is the sum of the ac part of the electron 
and hole currents. These currents are obtained from the 
distribution functions which are the solutions of Boltz-
mann's equations : 

vfe(r,\,t)dh,. h(r,t)=-e 

j*(r,*) = + e / yfh(r,Y,t)<Pv. 

m 

Equation (3.1) is essentially a relationship between fe, 
fh, and 8S. Two other relations between these quantities 
are Boltzmann's equations: 

(3.4) 

dfe 
hv 

dt 

dfk 
hv 

dt 

dfe 

dr 

F e 

_ 
me 

dfk F* 

dr nth 

dfe 

dv 

dfk 

dv 

dfe 

dt 

dfk 

dt coll 

In these equations the forces F e and FA which act upon 
the electrons and holes are the sums of the Lorentz 
force and the deformation potential force: 

F.= - , 

F*=+e 

v 
E+-X3C-

c 

V 

S+-X3C-
c 

•] 

— u • 
leu J 

leu 

q q Q 
(3.5) 

Here Ce and C& are the deformation potential tensors. 
The field £ is the sum of the external static field E0, the 
Hall field E#, and the self-consistent electric field £s. 
Similarly, £C is the sum of the external static field H 
and the self-consistent field 3CS. In the case under con­
sideration the external fields are perpendicular to each 
other: E0J_H. Therefore, E# and also the resultant 
E = E o + E # are perpendicular to H. The coordinate 
system which will be used is the following: the z axis 
in the direction of H, and the y axis in the direction of 
the resultant E. For such a geometry a free electron or 
hole will develop a drift velocity in the direction of the 
x axis with the magnitude \dH = cEXH/IP. 

The collision terms of the Boltzmann equation will be 
treated by the use of the relaxation time ansatz. Re­
combination collisions will be neglected here, so that 
the results will be strictly correct only for infinite re­
combination time. However, recombination collisions 
are not expected to change the qualitative features of 
our results.15 

Bearing these assumptions in mind, the collision 
terms of the Boltzmann equations are 

dfe 

dt 

dfh 

dt I 

Je Js( 

fh~ fab. 

Tk 

(3.6) 

A scattering collision will cause the distribution to relax 
towards the equilibrium distribution centered about the 
impurity velocity u. Also, scattering is local and cannot 
change the electron (hole) density. Therefore, 

/se(r, v,/) = / o [ v - u ( r , f l ,E^( r , f l ] , 

/-h(r, v,0 = / o [ v - u ( r , 0 , £ / ( r , 0 ] , 
(3.7) 

where / 0 ( V , £ F ) is the equilibrium Fermi distribution, 
and EF

e(ryt) and EF
h(r,t) are chosen to give the local 

electron and hole densities Ne(r,t) and Nh(r,t). 
Boltzmann's equations are solved by a method due 

to Chambers^16 This solution is 

/ ( r ,v , / )= / / s ( r ' , v ' / ) * - ( < - ' ' ) / T - . (3.8) 
./-oo T 

The distribution function will be expanded to the first 
order in u and quantities proportional to u ; and also 

16 The effect of recombination collisions may be estimated by-
examining the attenuation of sound in the presence of a magnetic 
field only. Recombination collisions are expected to broaden the 
resonance peaks at (q-H)=vs/vF. However, the observed reso­
nance peaks (Ref. 10) are so narrow that they are consistent with 
the formula calculated neglecting recombination (Ref. 11). It is, 
therefore, felt that it is reasonable to neglect recombination in 
the case of applied electric and magnetic fields also. 

i6 R. G. Chambers, Proc. Phys. Soc. (London) A65, 458 (1962); 
A238, 344 (1957). 
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to first order in the static electric field E. I t is, therefore, Expansion of fs(t,y,t) in a Taylor's series results in 

necessary to expand to the second order in £, because ffx v A = ffy ^ o\_j_/_|_/ (39) 

all bilinear terms in E and € s must be retained. where 

df0 rl dt' 
/ i = — / [ A £ - ^ v ' . u ' - ( £ / - £ / ) > - ( H ' ^ -

and (3.10) 
l /d 2 /o \ ft 

/ 2 = - ( — ) / [ A E - f w V - u ' - (Ep'-EflJe-wv*-
l/d2f0\ rl dt' 

2\dEyJ^ T 

In these expressions the primed quantities refer to time / '; AE=E(v')—E(v); and ni* is equal to either one of the 
effective masses, me or m/». If the density of the charge carrier is expanded as N(t,t) = NQ-\-Ni(t,t) and Ni<&No, then 

EF{t,t)-Ef=%EfNi/N*. (3.11) 

The following identity will be used to evaluate /i(r,v,£) : 

r* dt' r* dg dt' 
\ g( / ' )^" ( |- ' ' ) / T— = g ( 0 - W — 6T<«-«')/r_ . (3.12) 

7-oo 7* 7-oo <&' T 

/•' <&' /•« / qqC \ dt' 
/ (AE)*-<*-«'>''— = - e r / ( E + € / — - — u ' )• y'ri*-*')!*— , (3.13) 

Thus, 

where e is the charge of either electrons or holes (including the sign of the charge). Further use of identity (3.12) 
gives 

C% dt' (vy+a>cTVx) er(cbcr)vd
H rl r / |~<l<lC "1 \ 

~er (E-Y')e-«-tf»'-=-eET— + / U . T ( « . , , ' - 2 — u ' J 
7-00 r l + (w c r ) 2 l+(wcr)27-ooL \ U'eco J J 

+(ss,y
f-\—nf])]e-^~^dLy (3.14) 

\ L ieoo Ayl J r 

where uc=eH/ni*c. Substitution of this result in (3.13) and use of (3.10) and (3.11) results in 

/ df0\ieEr(vy+^cTVx) r'r f qqCu' tn*u'\ 2 EF° 
/ i = ( J + / er[zs' + ) v ' + tfi' 

\ dE/l l + (w c r ) 2 7-ooL \ iecc er / 3 N0 

er(ucT)vd
H/ r / q q C u \ 1 r / q q C u ' \ n \ l <«'l 

(S^ «...'-( J + U ^ ' - ( " ) ) I r w - . (3.15) 
1+(COCT)2 \ L \ zeco / J L \ ieoo J yJ/J r J 

In this expression all terms quadratic in E or in terms which vary as the sound wave have been neglected. The 
first term above will contribute only to the dc current, and, therefore, will not contribute to the attenuation of 
sound. Similarly, terms quadratic in E which are neglected above do not contribute to sound attenuation. 

In the expression for / 2 we again retain only those terms which are linear both in E and in the quantities which 
vary as the sound wave. If AE is separated into AE8, the energy increment due to the sound wave, and AEo, the 
increment due to the static electric field (AE= AE s+AEo), then the only terms which need be retained in / 2 are 

/ 2 = ( 1 / (AE0) A E . - w V - u ' Ni' *-(*-«'>/r_ . (3.16) 

W / 7 - 0 0 L 3 No J r 

From the equations of motion of an electron in crossed electric and magnetic fields it is found that 

AE0=m*VdH-(v'—v). 
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Substitution of this in (3.16) and further use of identity (3.12) results in 

/ d2f0\ r* t r / qqCu' w*u\ 2EF° ~] 
/ , = ( ) / [ m * v ^ . ( v ' - v ) ] erlz/ + V v ' + i\Y 

\ a£2/J-oo I L \ iea> er I 3 N0 J 

r / qqCu\ -\rucTVx'+vy'n) dt' 
-m*v<P<*A er[ 8.' ) v ' L-(<-<')/r__ . 

L \ ieu I JLl+(cocr)2JJ r 
(3.17) 

The desired constitutive equation may now be found. Since £/ , N/ , and u' all vary as exp[i(q- r'—<df)~\ use of 
(3.3), (3.15), and (3.17) results in 

[ qqC w*u~| r qqC ~| 

im er J L ieu J 

J 

ieo) er J 

where j s is the ac part of the current of either electrons or holes and where 

*' dt' Vt df0\ ( d2f{ 
ij=e2r fdh f —ehViv/[( -]+^v/- (v'-v)f jYL 

e2rvd
H(ucT) r r* dt' r / d/0\ / d2f0\ i 

/ dh \ —ehVi\ KucTdxj+dyj)+l )m*v/(<hcTVx'+vv') , 
(£cr)

2 J J-oo r LA SSI \ dE2l J 

2 EF° r rl dt' r / df0\ / d2f0\ 1 
R= / dh —ehY\ I )+( W * v ^ - ( v ' - v ) . 

3 Nov J y-oo r L\ SEl \ dE2l J 

S4v— — 

In these expressions the function h{t')— (l~iwr)(^—/)/r+iq- (r'— r). Use of the identities: 

dfo\ 3 No 
\dh= 

d2/o\__ 3 No f 1 i 

r / df0\ 3 No f 

J \ dEl 8irEF»J 

r / d2f0\ 3 No r I d 
/ g(v)( )<Pv= / dO-. C^g(v^)], 

J \ dE2l STTEFV m*vF
2dvF 

gives the following results: 

3(T0 rd£l rl dt' 
ViV/eh-\ v[yd

H- (\—\')2viv/eh 

r { v2 dv v—vF 

3ao rail r 

vF
2J 4TTJ_C 

3a0 vd
H(ucr) CdQ, rl dt'( Id 

B»y= / — / —{ Vi((heTdxj+8yj)eh vvivj'(<bcTVx'+vy')e
h 

vF
2 1 + ( « C T ) V 4W-oo r [ v2dv 

1 fdti rf dt' f 
R = - / - / -

0,./ 47T7-00 T I 

V=V/? 

vc*+-
1 d 

v2 dv 
vv\\dH- (v—\')2eh 

V=VF 

In these expressions ao=N^r/m*. 

The equation of continuity gives a relation between TVi and the current, namely, 

e(dN/dt)+div] = 0, 

where N and j are the density and current of either electrons or holes. Thus 
(i8'q) = Nievs 

and consequently 
RNi^ s =R(g- j s )=R- j s , 

where R#=R»&. 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

(3.22) 

(3.23) 

(3.24) 
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The constitutive equation (3.18) will now be rewritten for both electrons and holes, using (3.24). In the follow­
ing, e is the absolute value of the electronic charge. 

[ q q u e mevr\ 
Ss+- u + £ / • 

ieco ere J 

r qqCh m^un 

qqC, -j 
— u 

ieo) J 

qqC/, 
(3.25) 

•]• teoo erh J 

In these equations, ]e and j s are the ac parts of the currents, and 

<r/= ( I - Re)-1^ S / = ( I - R e)~1S e 

^- ( I -R , ) - 1 ^ s^a-R,)-1^. 
B. The Attenuation (Amplification) Coefficient 

The net power dissipated per unit volume from the sound wave is, as shown in Ref. 14 : 

qqCe f r M^« i 
I L ieoo J 

qqC/, 
£ s

 : u l - ( ^ f » / r . ) [ « V e > - u ) * - u ] - ( ^ f » / T A ) C « V A > - u ) * . u ] 

qq qq m m / 1 1 \ 1 

ieoo 

[ qq qq m m / 1 1 \ "] 

- (Ce-chy—-()e+h)~ (Ce+chy—r(]e-h)+—ie—h+Nml - + - )u 
2ieo) 2eioo ere erh \re TKJ J 

(3.26) 

In these expressions m is the actual electron mass (and not an effective mass) as discussed in Ref. 14. 
The first two terms in the right-hand side of (3.26) which are proportional to the deformation potential tensor 

are of order of magnitude Cq2r/mo) relative to the third and fourth terms. For a reasonable value of the deformation 
potential, say, C~10 eV 

C Cfr 
= C O T ~ 5 X 1 0 W . (3.27) 

mo) mv,o 

Therefore, except for the very lowest frequencies (in the Kc range) the third and fourth terms may be neglected, 
and this will be done in subsequent calculations. 

Use of Maxwell's equations (3.1) and the constitutive equations (3.25) gives expressions for the currents in 
terms of u. 

j e + j . = B ( S / + S ^ + B ) - 1 | 
qq qq nte mh 1 

( S / - S , ' ) — ( C a + C * ) + ( S « ' + S * ' ) — ( C . - C A ) < r / + — W l u , 
2eioo 2ieoo 

(3.28) 
ere erh 

qq 
ja—j*= \ [ ( S . ' + S A ' ) ~ ( S / - S , 0 ( S / + S ^ + B ) - 1 ( S / - S , 0 ] ~ ( C a + C * ) 

2eio) 

qq me 
+ ( S t f ' - S * 0 ( S / + S f c ' + B ) - 1 B - 7 - ( C . - C A ) [ I - ( S / - S , ' ) ( S / + S , ' + B ) - V ] 

2ieco ere 

mh 
[ I + ( S / - S , 0 ( S e

, + S , / + B ) - W ] u . (3.29) 
erh 

In these expressions the tensors Se,h are defined by 

Se,h—CFe,h + E e , A / . 
(3.30) 

Since the tensors <r are of the same order of magnitude as the tensors S (this will later be verified by direct com­
putation of the tensors) all terms in ]e±]h may be neglected, except for those proportional to the deformation po­
tential tensors, because Cq2r/moi^>\, as discussed above. Also, the second term in Eq. (3.29) for )e—]h contains as 
a factor the tensor Bqq. I t is easy to show that B q q = q q B = — fyqq. This term will be neglected because it is of 
order of magnitude (vs/c)2 relative to /3. Similarly, when (3.28) is substituted in the formula for net power dissipated 
(3.26), the resulting term will be proportional to qqB and is therefore negligible. After these approximations are 
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made, the formula for net power dissipated becomes 

Nmf1 1 \ 1 
e — ( — i — ) | U | 2 H — 

2 \Te Th/ &e2(x. 

Reu*(C e +C, ) t 

X q q [ ( S / + S , 0 - ( S / - S , 0 ( S / + S ^ + B ) - 1 ( S / - S , 0 ] q q ( C e + C , ) u . (3.31) 

The coefficient of attenuation a is found by using 

a = Q/(ip\v\2vs), (3.32) 

where p is the mass density of the semimetal. If u is polarized along the / t h axis, and the 1 axis is in the direction 
q, then 

^ ( C . + O i / Ntn/1 1 \ 
aj= R e [ ( S / + S * ' ) - ( S / - S / ) ( S e / + S ^ + B ) - 1 ( S / - S , 0 ] i i + ( " - + - ) > (3-33) 

where aj is the coefficient of attenuation for sound polarized in the / t h direction. 

C. The Conductivity Tensor 

The coefficient of attenuation is now completely specified in terms of the conductivity tensors and the vectors 
Re and R^, and it now remains to calculate these quantities explicitly. Inspection of Eq. (3.21) shows that <r, S, 
and R are linear combinations of terms of the form 

dQ rl dtr 

ehG(v)H(y') = GH, (3.34) 

where G(v) and H(\f) are products of their arguments. Solution of the equations of motion for electrons and holes 
in crossed electric and magnetic fields results in 

q - ( r , - r ) = q . v c ( / , - / ) + X - ( v / - v ) , (3.35) 

where vc is the sum of the drift velocities 

and 

X = q X H / « C J 

and J? is a unit vector in the direction of the magnetic field. Therefore, 

h(f)= {l-ioyr)(tf-t)/r+i^ ( r ' - r ) = (1- icor+iq- vcr)(*'--*)/T+iX- ( v ' - v) = As/r+iX' ( v ' - v ) , (3.36) 

where A = l — iwr+iq- vcr and s=t'—t. Substitution of (3.36) in (3.34) gives 

-[G(v) exp(;X.v)]*[#(v ' ) exp(^X.vO>A s / r 

(3.37) 

GH= 
4W-< 

rdQ, r° ds 
= I — / - C G ( - i V x , vz) e x p ( « . v ) ] * [ H ( - i v x , v,) exp(iX- v ' )> A s / r . 

The operator V x has meaning only for the two directions perpendicular to H, since X is always perpendicular to H. 
The notation on the right hand side of (3.37) means that the vector v = (vi,Vz) is replaced by the vector (—iVx, ve) 
in the functions G and H. 

The equations of motion are now solved to find the vector v' in terms of v and s. First, define the angles 0', 0' and 
0, 6 as follows: 

\=v 

' sin0' cos0'" 
sinfl' sin0' 

s. COS0' 
, <i=q 

' sin# cos0 
sin# sin0 

. COS0 

(3.38) 

Then solution of the equations of motion of charge carriers in crossed electric and magnetic fields results in 

X* vr=XvdH{j>m<j)—sin(aJcs+0)]+Xfl sinfl' sin(cocs—0'+0), 

X- y=Xv sin<9' s i n ( 0 - 0 ' ) . (3.39) 
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The following identity is used to expand exp(iX« v) and exp(iX-v'). 

00 

exp(iz sin^)= X) Jn(x) exp(iz\//). 

Thus, 

exp(iX* v) = X) ^ » ( ^ sin0') exp[m(<£—<£')] > 
7i==— 00 

00 

exp(^X«v,) = {l+^^d f f[sin0—sin(oJ c5+0)]} X) Jn(Xv sin0') exppw(o>c<> — 0 ' + 0 ) ] . 

(3.40) 

(3.41) 

The last expression has been expanded to first order in \dH which corresponds to expansion to first order in E. 
Substitution of (3.41) in (3.37) and integration over the angle 0 ' results in 

oo rd(co$6') r° ds 
GH= X) / / — exp[(A+f»« c T)Vr][G(- iVx, v8)Jn(Xv sin0') ein+2* 

°J 2 7-oo T 
X[ff ( - fVx, vn)Jn(Xv sin0O ^ ^ { l + ^ X ^ [ s i n 0 + s i n ( ^ + 0 ) ] } ] . (3.42) 

Integration over the variable s now gives: 

oo rd(co$d') 
GH= E /—-—ZG(- iVx ,v 2 )J n (Xv sm6') ein*2* 

n=—oo y 2 A n 

:[*(-X H ( - i V x , » . ) ^ » ( ^ s i n ^ y n * H 

where A n =A+ww c T, This final integration over the 
angle 0' may be performed by using different approxima­
tions depending upon the relative values of the pa­
rameters involved. A comparison of these expressions 
with Eq. (3.9) of Ref. 12 shows that the oscillatory 
phenomena of magnetoattenuation should also occur in 
the presence of an external electric field. Geometric 
resonances will occur for the same conditions as for 
zero electric field; cyclotron resonance will occur for 
ic—q'Vd

H=no)c (when q±H). I t is expected from the 
arguments given in the introduction that amplification 
will occur for co cT^/[ l+(co c r ) 2 ] 1 / 2^fl s ; and, therefore, 
the oscillatory phenomena will appear in amplification. 
These phenomena will not be discussed here, for we 
shall limit ourselves to a discussion of high magnetic 
field effects, i.e., COCT»1. 

The resonance behavior discussed in the introduction 
may be seen explicitly in (3.43). The denominator A„ 
— iqr[(vc-([-{-no)c/q—vs) — i/qr"] is actually the reso­
nance denominator which is expected from energy-
momentum conservation arguments. The extra term 
no)c/q is expected when electrons may jump to a dif­
ferent cyclotron orbit; but for the condition of high 
magnetic field discussed in the introduction wc/co is too 
large to allow this jump. Therefore, only terms with 
n=0 should contribute to the resonant amplification or 
attenuation. Formally the condition of high magnetic 
field is expressed by expansion of 1/An in powers of 

A w
2 + M 2 

[_XxcbcT—AnXy~\ , (3.43) 

! / « • • 

1 1 1 * / ik 

-=——=:—£( — 
An A-\-ino)cr ina)cT "-oxwco, 

1/iqr 

; ) " 
n^O 

{(Vc-q-vs)-i/qT} 
»=0. 

Thus, contributions to the resonances come only from 
those terms with n—0. 

I t should be noted here that the resonance condition 
is of course not necessarily the condition for peak 
amplification or attenuation. Consider the simple reso­
nant f u n c t i o n / = i r / [ ( £ - E 0 ) + i r ] . Re/peaks at E=E0, 
but I m / peaks at E=E0zLT (and, in fact, I m / = 0 at 
E=Eo). Since Im(l /A n ) will in general, contribute to 
the amplification, the peak amplification is expected to 
be shifted somewhat from the position where the reso­
nance condition is fulfilled. 

For high magnetic field, the conductivity tensors 
were calculated in the coordinate system in which the 
z axis is in the direction of H, and the y axis in the 
direction of E, by using (3.21) and (3.43). The co­
ordinate system was then rotated so that the 1 axis 
was in the direction q, the 2 axis in the direction H X q , 
and the 3 axis in the direction q X [ H X q ] . In this 
coordinate system the conductivity tensors become (to 



A M P L I F I C A T I O N O F S O U N D BY C O N D U C T I O N E L E C T R O N S 1097 

the second order in l/cocr): 

(Tu A 1 IQyVdT 1 
— = — Cos20(l-icor) A cos26-\ ( X - § i ^ d r ) s i n 2 0 ( l - 5 cos20), 
<TQ X 2 cocr X (cocr)

2 

(7i2 1 (1 —icor) 1 
— = 3 — sin0 ( 1 - 5 cos20) : §iqyvdT s i n 0 ( l - 5 cos20), 
Co cocr X (cocr)

2 

(713 A 1 ^ ^ d T 1 
— = — sin0 cos0(l—tear) • A sin0 cos0 sin0 cos0[(X—%iqxvdr)(l+B sm26)—\iBqxvdT], 
(7o X2 cocr X (cocr)

2 

;l -4 1 / ^ » d T \ 1 
- = — ^ d r cos20 sin0 sin0( 1H 1(1—-S cos20)H {jqvdT sinc/>—ig^r sin0(§+3B cos20)], 
) X2 cocr \ X / (cocr)

2 

a-23 A 1 r / i ^ d r \ -i 1 
—=-^>qyVdT c o s 0 + — cos0 B+l H 1(1—5 cos20) H— iqyvdr cos0(f—3B sin20), 
(7Q X2 cocr L \ X / J (cocr)

2 

(721 A 

(TO 

(T22 1 2iqyvdr 1 r (g/)2 X "] 
— = ~ ( l - 5 c o s 2 0 ) + — \-iiqxv<tr-\ s i n 2 0 ( l - 5 cos20)—B sin20 , 
(7o cocr X (cocr)

2L 2X 2 J 

4- \(1-Bcos20) 14 
("Cr)2 

(3.44) 

0-31 ^4 1 iqyvdr 
— = — cos0[(l — icor) sind+iqvdr cosc/>] A sin0 cos0 
(70 X2 cocr X 

1 
cos0[sin0(X—%iqxvdr)(l+B sin20)+iqvdT cosc/>(l—B sin20)], 

2 1 r (1—icor) "] 1 
-==—3—0080 B-\ ( l - 5 c o s 2 0 ) 4—: f ^ d r c o s 0 ( 1 4 - £ s i n 2 0 ) , 
) cocr L X J (cocr)

2 

(733 Ar cos20 "| 1 iqyvdT 1 
— = — 1 (1-icor) - • : 4 sin204-^ C ( X - i ^ d r ) c o s 2 0 ( l + J 5 s i n 2 0 ) + ( ^ z ; d r - J B X s i n 2 0 ) ] . 
(7o XL X J cocr X (cocr)

2 

5 n -4 1 r iqxVdT "| 
— = _ cos20(l-icor)H ( l - i c o r ) ( l - 5 cos20) sin20 A cos20 , (3.45) 
(70 X2 (wcr)2L X J 

S12 1 (1 — icor) 
— = — sin0 (l-B cos20), 
(7o cocr X 

5i8 4 1 rA -I 
— = — sin0 cos0(l—icor) sin0 cos0 —iqxvdT+ (1—icor) (1+2? sin20) , 
c70 X2 (cocr)

2 L X J 

A 1 1 / 1\ 
—iqvdT cos20 sin<£ sin0(l—5 cos20)H iqyvdr sin0(l—B cos20)( 1H— ] , 
X2 cocr ( w c r ) 2 \ X/ 

X ( l - | 5 sin20)+( + sin20 1 ( 1 - 5 cos20) 
\ X 2X / 

Sn A 

(TQ 

S22 1 iqyVdT 1 
- ( l - 5 c o s 2 0 ) " 

C7Q OicT X (MCTY 

S23 A 1 1 r / 1\ -1 
— = — i q y V d T cos0H cos0(14-£ sin20) iqyvdT cos0 ( 1 - B cos20)f 1 + - \+B , 
(70 X2 cocr (6>CT)2 L \ X/ J 

^ 1 ^ 1 r A -l 
—=—[s in0 cos0(l—io)T)+iqvdT cos0 cos<£] sin0 cos0 (1—icor) (1—5 cos20)+5XH a g ^ r , 
(70 X2 (cocr)

2 L X J 
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$™ Ar 

(TO X 

i r 
= cos# 

COcr L 

1 — cos 2 #-

(1 — ioor) 

X 

(1 —icor) 

S H U L A M I T H G . E C K S T E I N 

1 r (A \ 
(1-icor) cos2d(l+B sin20)- -4qxvdT+B\ sin20 

(cocr)
2L \ X / 

1 fg^dr i(ql)2 1 / (g/)2 

-Ri=—| A cos20(l-*cor)H ^z;dr( 1 A cos2<9 
cor I X 3X3 wcr \ 3X2 

(3.46) 

1 

. / w \ i r 
sm<£ 1 A cos20 H 

\ 3X2 / wcrL 

1 ( gvdr ( (ql)2 

i ? 2 = — sin<£ 1 4 cos20 
cor I X \ 3X2 

#Z>dT C O S 0 + 

(cocr)
: 

i(g/)2 

A ^ d H sin20(l — io)T)(l—B cos20) 
3X 

$ind(l-Bcos2d) 
3X 

1 r (ql)2 

\qvdr sin^H—— 
(cocr)

2L X 

cp>dT 1 
^ 3 = 1 COS0 COS</>| 

cor I X 

)2 1 W 1 
1 4̂ .4 cos0sin0( l —A'COT) 

3X2 3X3 ^r cos# sin$ 

g ^ d r sin0(l —B cos20) 

] • w 
H -4 sin20 

3X2 

where 
C T ) 2 L 

ifeO* f (l-*ur) 1-1 
XjDdT cos# cos<H sine costfj i H ( 1 — B cos20) ^ 

(WCT) 2L _ 3 I X 

^ = 3 ( l - / ) / a 2 ; 5 = [ ( g 0 V 2 X ] [ 4 ( l + l / a ;
2 ) - l / a 2 ] ; X=l-»WT+*q-VdT; 

a=qlcos0/X and / = / dx/2(l+iax) -fj 
We note t h a t 4 - » 1 as a - » 0, and £ - > (ql)2/5\2 as and 
a—>0. I n the above expressions v ^ = vd

H. W e will con- _ / r i , , „ /N 6cr0cor 
R e ( ^ e + ^ ) n = (cor-q-v^r) tinue to drop the superscript in the next section. 

IV. RESULTS AND DISCUSSION 

(ql)2 

6(7ocor 

r R e _ _ — . t ] 
L i-(//x) J 

(ql)2 
( « r - q . v d r ) r l l , (4.2) 

L£2+S2 J We specialize to the case me=fnh=M*, and re— r-h—T\ 
a n d calculate the a t t enua t ion to lowest order in l/cocr. 
Firs t consider the case where q is no t perpendicular to w n e r e *~ I/\ = R—to and 
H, i.e., cosfl^O. In this case (Se

fJrSh)ii has components 1 
to zeroth order in 1 / W ; but ( S / - 5 V ) is of order # = 1 {arctan[g/ cosf9+(cor-q-vdr)] 
l/cocr, so that the second term in the coefficient of ^ c o s ^ 
attenuation (3.33) is of order l/(cocr)2 relative to the 
first. Dropping this term [and also terms of order 

+arc tanQ^ cos0— (cor— q* v^r)]} , (4.3) 

1 1 + lql COS0+ (cor- q- \dr)J 
•ln-l/(cocr)2 in (SJ+Sh)i{] corresponds to neglecting S=-

l /(co cr)2 in comparison with cos20. For cocr = 1000, which kql cos0 1+ft?/ cos0— (cor— q- v r f r ) ] 2 

is easily a t ta inab le experimental ly, cos 2 0»l / (<o c r ) 2 for T h e c o e f f i c i e n t o f a t t e i W a t i o n is found by using (3.33) 
all 6 except 89.5 <0<90.5 

Using the above approximations, Se=Sh, Re=R&, 
and 

2Nm 
a, = — — [ l + a F ( q , v d ) ] , (4.4) 

(Se+Sh) 11 

25*11 2cTocor A cos20 

l - i ? i X (co r -q -v d r )+ [ i (^ ) 2 / 3X 2 ]^ cos20 
6crocor f i (cor — q • vdr) 1 

= — — ( - A ) 1 + (4.1) 

(ql)2 L X-/ J 

where 

and 

PVST 

3mvi '(Ce+C^it 

F(q7\d) = ql(o)T— q 'V d r ) ( (—-0-
\R2+S2 ) 
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Using typical values of the parameters for bismuth 

m / m * ~ 1 0 , vF/v,**S09 Z(Ce+Ch)/2mvF
2~]~20,14 

the value of a is found to be « 6 X 1 0 5 . 
The functions R and S2 are even in (cor— q*v<rr) so 

F(q,Yd) is negative for q-Yd^v8. However, because of 
the first term in ay, amplification begins not at q- Yd — vs, 
but at a slightly higher value of q- vd. 

Figure 3 is a sketch of the geometry of the system. 
The z axis is in the direction of H, the y axis in the 
direction E, and the x axis in the direction v^. The cone 
is defined by q- Yd = v8. The function F(q,Yd) is negative 
for all directions of propagation q within this cone. The 
angle 6 is the angle between q and the z axis; <f> is the 
angle between the xz plane and the plane determined 
by the z axis and q. We note that F(q,Yd) is a function 
of yd only through the combination vd cos0, and there­
fore define vd,en = vd cos0. For <£ = 0 (the xz plane) F (q, vd) 
is negative when 60<d<Tr—do7 where sm60=vs/vd; for 

FIG. 3. Geometry 
for crossed field case. 
Amplification occurs 
for all directions of 
propagation q within 
the cone, which is de­
fined by q • \dH = vs. 

a plane at angle 0,.F(q,Yd) is negative when Qf<Q<ir—0f, 
where sin0' = vs/vdteu. 

Figure 4 is a plot of F(q,Yd)/ql as a function of the 
angle 6 in the plane at angle <j> to the xz plane, for several 
values of Vd.ett, with the parameter values cor=0.5, 
VF/V8 = S0. Inspection of these curves shows that 
&F(q,vrf)^>l, except for a very small region close to 
q-Yd = vs. Therefore, over most of the range, the at­
tenuation (amplification) is proportional to F(q,Yd). 
The sharp resonance peaks at values of 6 close to 90° 
are, of course, the resonances corresponding to q-Yd 

±vF(q-H) = vs. As Vd,eft/v8 decreases, the peaks in 
amplification, corresponding to q'Yd—VF(q'H)^vs, 
sharpen and move closer to the perpendicular to the 
magnetic field. There are no resonances for Vd,etf/v8=_ 1; 
for vd>en/vs<l attenuation peaks appear, corresponding 
to q-Yd+VF(q'H)^vs. The width of the peaks is a 
rather sensitive function of ql; the peaks tend to sharpen 
as ql increases, as would be expected from the qualita-
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FIG. 4. Crossed electric and magnetic fields: F(q,VdH)/ql as a 
function of the angle between the direction of propagation of 
sound and the magnetic field, for several values of VdteHH/vs. The 
parameter values used are ql = 25,VF/vs = 50. The attenuation is 
proportional to [ l + a F ^ v / Q ] . 

tive theory. Spector11 examined the special case Vd=Of 

and found that for large ql the inflection point between 
the resonance peak and 6 = ^ir corresponds to vpi^-S) 
= vs. A similar situation should exist in the more general 
case. 

In the limiting case ql cos#<<Cl, cor—q- Ydr<<Cl 

F(q,Yd) = ql(o)T— q-Ydr) 

X 
\{ql cosfl)2 

L(co7—q- YdT)2Jr[_\{ql cos0) rpj' (4.5) 

This limiting case corresponds to vd/vs —> 1, 6 —» \-K (but 
cos^i>>l/cocr); or to ql<^,l. For these cases F(q,Yd) has 
peak values of zL^ql at |cor— q* Ydr\ = l(ql cos#o)2~0, 
where smdo = vs/vd,eH. Figure 5 is a plot of F(q,Yd)/ql 
for ql = 0.01 and several values of vdteu/vs. 

Figure 6 is a plot of the peak value of —F(qyYd)/ql 
as a function of Vd,etf/vsy for vd)en/vs>l, and several 
values of ql. Because aF(q,Yd)^>l at the resonance 
peaks, these curves are proportional to the peak ampli­
fication. Inspection of Fig. 6 shows that the peak 
amplification is a rather slowly varying monotonically 
increasing function of Vd,eu/v8 (provided that fld,eff>fl«). 
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FIG. 5. Crossed electric and magnetic fields: F(q,\dH)/ql as a 
function of the angle between the direction of propagation of 
sound and the magnetic field, for several values of Vd,QuH/va. The 
parameter values used are g/ = 0.01, VF/VS = 50. The curves are 
symmetrical about 0 = 90°. The attenuation is proportional to 
Ll+aF(q,VdHn 
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vd.eff/vs 

FIG. 6. Peak values of —F(q,VdH)/ql as a function of Vd,QnH/va 
for several values of ql. The peak amplification is proportional to 
-F(q ,v d *) . 

Turning now to the case q_l_H, it is found that 

2Nm 
<xj= [l+^i(q,Vd)], (4.6) 

where 
PVST 

1/ql UT—q'VdT+Xe 
Fi(d,vd) = ql-[— ) \ -

6\cocr/ l ( c o r - q - v d r + X e ) 2 + F e
2 

and 

Xe§h-\-iYeth=zh-

o)T—q<VdT+Xh 

+ 
( c o r - q . v d r + X , ) 2 + F , 2 

\qyVdT 

(4.7) 

to c r ( l — iter) 

X2g^dr 1/ql 

( - ) • 

\co cr / 
(COCT)2(1 —io)r) 3 

We note first that Fx is proportional to l/(cocr)2 so that 
the amplification perpendicular to the magnetic field 
will usually be orders of magnitude smaller than that 
at an angle tilted towards the magnetic field. In fact, 
if UCT is large enough | aF± | < 1 everywhere except at 
resonance peaks, so that there will be no amplification 
except at these peaks. 

The terms Xe,h and Ye,h contribute only when 
cor— q\dT is very small, of order l/cocr. Therefore, in 
Xe,h and Ye,h we may replace X by 1. Also the second 
term in Xe,h-\-iYe,h is negligible in comparison with the 
third term if Vd/vp^Cql. This condition is satisfied at 
all but the lowest frequencies, so that we shall drop 
the second term. Then 

Xe,h=Z 
QyVdT 

r.lfc=±-

co c r [ l+ ( co r ) 2 ] 

(qyvdT)(o)T) 1/ql^2 
(4.8) 

co.rCl+Ccor)2] 3 \co cr / 

For qy=0(q\\vd) or for J [ 1 + ( c o r ) 2 ] ( ^ A d ) ( g / / c o c r ) » l 
(this second condition may be satisfied for large ql even 
though g/«cocr): 

1/ql' 2Nmr 1/ ql V 
otj= 1+aql-l J 

X-
cor— q« YdT 

( c o r - q - v , r ) 2 + [ K ^ c T ) 2 ] 2 
(4.9) 

This result may be compared with that of Dumke and 
Haering,7 who calculated the amplification for the case 
q||vd. In the limit Tr— <*> their formula is identical with 
the second term in the right-hand side of (4.9). The 
first term, 2Nm/pvsr, does not appear in their result. 
If we refer back to the derivation of the coefficient of 
attenuation (and to Ref. 14), we find that this term 
arises from the energy which is coherently returned to 
the sound wave at the average rate (Nm/r) ((v)—u) • u. 
This effect was not included in the work of Dumke and 
Haering, and consequently this term does not appear 
in their formula. 

In the limiting cases under consideration, resonant 
amplification will occur, with the peak amplification at 
q#Vrfr—cor=|(g//cocr)2^0. The value of Fx(qyyd) at 
peak is %ql, independent of wcr, and is, therefore, of the 
same order of magnitude as peak amplification for 
directions q tilted towards the magnetic field. 

For qy^O, in the limit | qyvdr/o)cr(l — io>r) \ ^>K^A°c r)2 

the situation is somewhat different. The amplification 
is a sum of two resonant functions £cf., Eq. (4.7)], but 
the peak value of FL(q,Vd) is proportional to l/cocr, so 
that in this limit, even the peak amplification is much 
smaller than amplification for directions of propagation 
tilted towards the magnetic field. 

As we have seen, the peak value of F(q,\d)/ql is not 
sensitively dependent upon frequency. In fact, for ql<£l 
and for q J_ H, it is independent of frequency; for ql^>l 
it increases slowly with frequency (see Fig. 6). There­
fore, to a good approximation, the peak amplification 
varies with frequency as ql. 

In conclusion, for each value of Vd, such that Vd> v8, 
amplification occurs for a certain set of directions of 
propagation q; the peak amplification is not very 
strongly dependent upon the value of Vd, and varies 
with frequency as ql. The directions of propagation for 
which resonant amplification occur are strongly de­
pendent upon ql: For qiy>l these directions correspond 
to q-Yd—VF(q'H)^vs, and for ql<Kl they correspond to 
q-Vd~vs. Hence, the optimum conditions for observa­
tion of amplification are high ql, and directions of 
propagation tilted slightly from the perpendicular to 
the magnetic field. 

The fact that the peak amplification is rather in­
sensitive to the value of the drift velocity has conse­
quences with respect to the anomalous resistance ex­
periments discussed in the introduction. From the 
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calculations of amplification for the case Vd||q, it ap­
peared that the amplification approaches zero asymp­
totically as Vd increases. If this were true for the peak 
amplification, then no acoustic waves would be present 
in the medium for large values of Vd7 and the resistance 
would return to its value for Vd<vs. However, anoma­
lous resistance was observed at values of the drift 
velocity for which the amplification in the forward 
direction is already quite small. From the results given 
above, it is clear that this is because the peak amplifica­
tion is in fact insensitive to Vd, and does not decrease as 

Vd increases, so that acoustic waves are present even at 
large values of the drift velocity. 
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FIG. 3. Geometry 
for crossed field case. 
Amplification occurs 
for all directions of 
propagation q within 
the cone, which is de­
fined by q-Vj"=v,. 


