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The contribution of spin-rotational interactions to the nuclear magnetic relaxation of identical spin-J 
nuclei at equivalent positions in spherical liquid molecules is calculated by use of the semiclassical form of the 
density-operator theory of relaxation, and the result is compared with the contributions of intra- and 
intermolecular dipole-dipole interactions. The angular velocity of a molecule is treated classically by as­
suming that it obeys an equation analogous to the Langevin equation that is postulated in treatments of 
translational Brownian motion. The change in orientation of a molecule is assumed to be due to isotropic 
rotational Brownian motion. By use of this model the correlation functions of components of the angular 
velocity of a molecule are calculated, and are found to have an exponentially decaying time dependence with 
a time constant (correlation time) n that is quite different in its temperature dependence than the cor­
relation time T2 of the dipole-dipole interactions. In typical situations n is much smaller than r%. Use is 
made of this fact to evaluate the correlation functions of the functions of the orientation and angular velocity 
that occur in the tensor spin-rotational interactions. The result that TI^CT2 explains the experimentally ob­
served "quenching" of the relaxation effect of spin-rotational interactions in liquids, and the result that r\T 
increases as the temperature increases explains the experimentally observed temperature dependence of the 
relaxation effect of spin-rotational interactions in liquids. 

1. INTRODUCTION 

TH E interaction of a nuclear magnetic moment 
with the magnetic field produced at the position 

of the nucleus by the rotation of the molecule con­
taining the nucleus is called a spin-rotational inter­
action. Evidence has recently been given that spin-
rotational interactions contribute significantly to the 
nuclear magnetic relaxation of some liquids. 

The temperature dependence of the proton and 
fluorine spin-lattice relaxation rates in several freons 
has been measured by Gutowsky, Lawrenson, and 
Shimomura.1 The spin-lattice relaxation of the fluorine 
nuclei was found to be more rapid than that of the 
protons, and to have a different temperature 
dependence. This behavior was attributed to a greater 
spin-rotational interaction for the fluorine nuclei than 
for the protons, since both experience comparable 
dipole-dipole interactions. They give an expression for 
the spin-lattice relaxation time, TV, of a nucleus in a 
linear molecule, derived on the assumptions that the 
spin-rotational interaction is scalar, and that the 
correlation times for the spin-rotational interactions 
and the dipole-dipole interaction are the same. How­
ever, they point out that the spin-rotational inter­
actions are, in general, tensor in form, I;«C« J, and that 
the assumption that the nuclear relaxation is governed 
by a single correlation time for all processes is much 
too drastic. 

Johnson, Waugh, and Pinker ton2 have extrapolated 
their experimental results for relaxation in gaseous 
CHF 3 to densities and temperatures appropriate to a 
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liquid. They conclude that spin-rotational interactions 
are an important relaxation mechanism for the fluorine 
nuclei in liquid CHF3 . 

Johnson and Waugh3 have estimated that spin-
rotational interactions are a significant relaxation 
mechanism in liquid methane. However, Bloom and 
Sandhu4 have interpreted their experimental results 
for the proton spin-lattice relaxation in liquid samples 
of deuterated methane as indicating that the relaxation 
is mainly due to intermolecular dipole-dipole inter­
actions, and that the contribution of spin-rotational 
interactions is at least a factor of 2 smaller than 
estimated by Johnson and Waugh. 

Brown, Gutowsky, and Shimomura5 have recognized 
that the statistical properties of the spin-rotation 
Hamiltonian in a liquid may be quite different from 
those of the orientation-dependent interactions. They 
propose a transient rotation model in which molecules 
jump from one orientation to another at random times; 
the spin-rotational interaction is assumed to operate 
during these jumps when the molecule is actually 
rotating. The statistical properties of such a model lead 
to an expression for the contribution of spin-rotational 
interactions to (1/Ti) which has a temperature de­
pendence which agrees with what they observe for the 
fluorine relaxation in liquid CHFCI2. 

In the present paper, the semiclassical form of the 
density operator theory of relaxation is employed to 
calculate the contribution of spin-rotational interactions 
to the nuclear magnetic relaxation of identical spin-J 
nuclei at equivalent positions in spherical molecules in 
a liquid. The angular velocity of a molecule is treated 
classically by assuming that it obeys an equation 

3 C. S. Johnson, Jr., and J. S. Waugh, J. Chem. Phys. 35, 2020 
(1961). 

4 M. Bloom and H. S. Sandhu, Can. J. Phys. 40, 289 (1962). 
5 R. J. C. Brown, H, S, Gutowsky, and K, Shimomura, J, Chem. 

Phys. 38, 76 (1963), 
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analogous to the Langevin equation that is frequently 
postulated in treatments of translational Brownian 
motion. By use of this model, the correlation functions 
of components of the angular velocity of a molecule 
can be calculated, and are found to have an expo­
nentially decaying time dependence with a time con­
stant (correlation time) n that is quite different in its 
dependence on the temperature and the properties of 
the liquid than the correlation time T2 of the functions 
of the orientation of the molecule that occur in the 
dipole-dipole interactions. In typical situations, n is 
much smaller than T2. Use is made of this fact to 
evaluate the correlation functions of the functions of the 
orientation and angular velocity of the molecule that 
occur in the tensor spin-rotational interactions. The 
contribution of spin-rotational interactions to the 
longitudinal and transverse relaxation rates is compared 
with the contribution of intra- and intermolecular 
dipole-dipole interactions, which are calculated for 
spherical molecules containing identical spin-J nuclei 
in equivalent positions, assuming that correlations of 
different dipole-dipole interactions produce negligible 
effect. 

2. FORM OF THE HAMILTONIAN 

Consider a system of N identical nuclei in equivalent 
positions in spherical molecules in a liquid, each nucleus 
having a spin of J and a gyromagnetic ratio 7. The 
molecules are exposed to a constant magnetic field H0k. 
The Hamiltonian of the system can be written 

a c = f t [ E + ^ + G ] , (2.1) 

where fiE is the Zeeman interaction energy of the 
nuclear magnetic moments with the externally applied 
field, fiF is the part of the Hamiltonian that involves 
only the molecular coordinates but not the spins, and 
fiG is the interaction energy of the spins and the 
molecular surroundings. For the case considered here, 
it is convenient to express fiG as fiGi+fiG2y where fiG\ 
represents the spin-rotational interactions and fiG2 the 
dipole-dipole interactions of all the spins in the liquid. 
If the spin operator for the ith nucleus is denoted by 
I*, and the following notation introduced, 

/ " = £ / / , M = - 1 , 0 , 1 , (2.3) 

the Zeeman interaction divided by h is 

E - - c o 0 / ° , (2.4) 
where coo=yHo. 

The spin-rotational interaction Hamiltonian of the 
ith nucleus can be written 

ftGi<» = ftI<.C<*>-Jt
:, (2.5) 

where fiii is the angular momentum of the molecule 
containing the ith nucleus and C{i) is a dyadic. Suppose 
that Ski) is a coordinate system fixed in the molecule, 
having its z axis directed from the center of the molecule 
to the ith nucleus. Because of the assumed symmetry 
of the molecules, C{i) is diagonal in S{i) with elements 
C.w^Cu, Cxw = Cvw = Ci, so that 

G / ^ - G ^ ^ ^ . ^ ^ + ^ ^ ^ ^ ^ + C n ^ / ^ ^ ^ ) , (2.6) 

in terms of the components of h and J* in S(i). The 
spherical components of I* and J; are defined, respec­
tively, by 

Vf=In, F<±1sT2-*(/tx=bf/ t-y) = =F2-*/.-±1, (2.7) 

and 

/ / = / « , /.•±1==F2-*(/,-«±i/» t f), (2.8) 

in terms of which 

Gi<o= £ CkWyvVr*')™, (2.9) 

where 

Co^C, C^-C,. (2.10) 

Since the spherical components of a vector constitute 
a first-rank irreducible tensor,6 the components ( F / ' ) ( i ) 

in S(i) are related to the components Vik in the labo­
ratory coordinate system, S, by 

(V*')«>= i , VftovkWiaiPtYi), (2.11) 

where ( 0 ^ 7 * ) = ^ ; are the Euler angles of S(i) with 
respect to S.7 There is a similar relation between the 
components (Jik'){i) in S{i) and the components Jik in 
the laboratory coordinate system. Hence, the sum of 
all the spin-rotational interactions, G\=YliG{i\ can 
be written in terms of components of I; and J; in the 
laboratory coordinate system as 

G i = E E 1 7 W , (2.12) 

where 

U*= E Ck&k'hv\SL%)to-h>h„V\tox)J*". (2.13a) 

6 A. R. Edmonds, Angular Momentum in Quantum Mechanics 
(Princeton University Press, Princeton, New Jersey, 1957), Chap. 
5. 

7 Equation (2.11) follows from Eq. (5.2.1) of Ref. 6, and the 
fact that 

m" 

The properties of the coefficients S^mm'*-3"* (aPy) a r e discussed 
extensively in Chap. 4 of Ref. 6. 
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I t is shown in Appendix A that Uih can also be written 

^ = ( l / 3 ) ( 2 C x + C n ) ( ~ l ) V r f c + ( 1 0 / 3 ) 1 / 2 ( C n - C i ) 

i 2 / 2 1 1 \ 
X £ Jih" E W ( 2 ) ( ^ ) , (2.13b) 

*//—i *'—Aft' £ W 

where ( , , , , „ J is a 3-j symbol. Note that, in 

general, the spin-rotational interaction depends on the 
orientation of the molecule, since it involves the sets of 
Euler angles fi»-= (puficti) that specify the orientation 
with respect to the laboratory system of each body 
coordinate system S(i) in which the spin-rotational 
interaction of one of the spins is diagonal. However, if 
Cx=Cu, Eq. (2.13b) reduces to C i ( - l ) * / r * , so that 
G\ depends on the angular momentum of the molecule, 
but not its orientation. Note also that Ck is independent 
of i because of the assumption that the spins are in 
equivalent positions in the molecules. 

The dipole-dipole interactions fiG2 can be expressed 
in the form8 

G 2 = i ; £ ( l - 5 t f ) E V J V , (2.14) 

where the Vijk are second-rank irreducible tensor 
operators defined by 

ViM - m)1/2UW-i ( / .Vr '+^r 1 / / ) ] , (2.iSa) 

Vij*=± (INj^+Ii^Ij0), (2.15b) 

F ^ s - j - i i / ^ i , (2.1Sc) 

and the Uijk are defined by 

U^= ( 3 7 r / 1 0 ) 1 V ^ - r 3 ( - l ) * F a - * ( ^ , ^ ) , (2.16) 

where the F2fc are normalized second-rank spherical 
harmonics. The length of the vector from the j t h to 
the i th nucleus is denoted by r#, and the polar angles 
specifying the direction of r# in the laboratory co­
ordinate system are denoted by 0# and <£#. 

3. DENSITY OPERATOR RELAXATION THEORY 

The nuclear magnetic relaxation can be calculated 
by considering an ensemble of systems each having a 
Hamiltonian of the form of Eq. (2.1). The spin part of 
the system is described by a reduced density operator 
cr, in the sense that the ensemble average of the ex­
pectation value of any spin operator, say, Q, is given by 

<e> = Tr[oQ]. (3.1) 

If it is assumed that the molecular degrees of freedom 
remain in thermal equilibrium at temperature T, 
independently of the state of the spin system, it can be 

8 Paul S. Hubbard, Rev. Mod. Phys. 33, 249 (1961). 

shown that the reduced density operator is a solution 
of the differential equation 

(d*/dt)+i[E+N, o-] = i?(ex) , (3.2) 

if certain conditions to be specified below are satisfied.8 

The relaxation operator R(a) and the operator N are 
second order in the interaction G. Since N is a small 
correction to E, it will be neglected in the present 
calculation. Also, since here E does not depend ex­
plicitly on the time, it is known that R(a) = R(x), 
where x=cr— aT

y and 

c ^ = ^ V T r [ e - ^ ] , /3=fi/kT. (3.3) 

Since R is second order in G, and since for the present 
problem G=Gi+G2, it follows that R can be expressed 
as 

^(X)=-KH(X) + ^12(X) + ^21(X) + ^22(X) , (3.4) 

where Ru is the relaxation operator for the spin-
rotational interactions Gh R22 is the relaxation operator 
for the dipole-dipole interactions G2, and Ru and R21 
each involve both the spin-rotational and the dipole-
dipole interactions. I t is shown in Appendix B that 

*n(x)=.E £ / i ^ ( - M [ [ * V , x W ] , (3.5) 
i,i'=l k,l=*—l 

where 

1 r"> 
/ . , , « ( „ ) = _ / [cW*(T)e*"'+C«.*'(T)*- i-T]<* (3.6) 

C < ( < « ( T ) 3 < a y ( H - T ) W ) > , (3-7) 

and 

i?22(x)= £ E £ £ (l-fc'/Oft-M 
i,j=*l k=—2 i ' , / ' = l Z=—2 

XJ(i'nw)lK-^o)LLVi'Axl,V^2, (3.8) 
where 

1 r00 

Ai'y>w>'*(«)=- [C«T)W) I*(r)« i-T 

2 J 0 
+ C W ) ( . v y o « ( r ) ^ - ] d r , (3.9) 

Cii'n(^lKr)^(Ui^l(t+r)U^(t)). (3.10) 

The operators i?i2(x) and i?2i(x) a r e similar in form to 
jRn and R22] however they contain, respectively, the 
correlation functions 

CiW\T)={Ui>l(t+T)Uif{i)) (3.11) 
and 

CWo< I*(r)s<J7< , i^(/+T)J7<*(r)>. (3.12) 

All of the classical correlation functions occurring in 
the semiclassical relaxation theory approach zero as r 
approaches infinity, since Cik(r)^(tll(t+r)Uk(t))—^ 
(Ul(t+T))(Uk(t)) as r—><*>, and the functions Uk are 
defined in such a manner that (Uk(t)) = 0 for any time /. 
When a physical model is used to calculate the cor-
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relation functions, it is usually found that if C^(0) = 0, 
then Cik(r) = 0 for all values of r. It will be assumed 
that this is the case for all correlation functions oc­
curring in this calculation. It is easy to show that 
Ci>aj)lk(0) = 0 and C(»vi/)f-

I*(0) = 0, since these cor­
relation functions contain a single component, / / " , 
of the angular momentum of a molecule, which at any 
instant is independent of the orientation of the spherical 
molecule and has zero average value, (/»•*")=0, since 
all orientations of the angular momentum are equally 
probable. Hence, CV(#)**(r) and C(i'j>)ilk(r) are taken 
to be zero for all r, with the result that Ru(x) 
= tf21(x) = 0. 

If Eq. (3.2) is multiplied on the right by the operator 
JT", and the trace taken, one obtains 

d{Txl(TpJ)/dt+iTrZE,<j~]P=i:xR((j)I\ (3.13) 

if the operator N is neglected. Since E= —WQI0, and 
since the trace of a product of operators is unchanged 
by a cyclic permutation of the operators, i Trp3,crJP 
= ia)o Tr£<T,I°']Iv = icoo Tro^/0,/"]- Hence, using the com­
mutation relation 

[/*,/']= (-\y+v(ix-v)I»+\ (3.14) 

which follows from the usual angular momentum 
commutation relations IXl= i l , one obtains i Tr[E,(r]Iv 

= — iwo(— iyvTi\jrIv2 = i(aovTi\jjP'], since the ex­
pression is zero except for y=dbl. Thus, Eq. (2.13) 
can be written 

d(P)/dt+iu0v(I>) = Tr[i?n &) / ' ] 
+Tr[i?22(x)/>], (3.15) 

where use has been made of the relation R(a) = Rn(x) 
+i£22(x) discussed above, and (P) = TT[JTP2> 

4. RELAXATION BY SPIN-ROTATIONAL 
INTERACTIONS 

By use of Eq. (3.5) for JRH(X), o n e obtains 

Tr[i?u(x)/']= E E JW*(-&o) 
i,i'=l k,l=—l 

X T r U F ^ x W ] / " . (4.1) 
Since the operators Vih are the elements of a first-rank 
irreducible tensor operator with respect to I, they 
satisfy the commutation relations9 

[/%F<*]=4'(1,*)F^', (4.2) 
where 

A°(K,k) = k, (4.3a) 

A**(K,k) = C(^=F*) (K±k+1)2112, (4.3b) 

If the order of the operators in the trace in Eq. (4.1) 
is cyclicly permuted, use made of Eq. (4.2), and the 

9 Equations (4.2) and (4.3) of the present paper follow from 
Eqs. (5.2.2) and (5.2.3) of Ref. 6. 

operators again cyclicly permuted, one obtains 

T r [ [ F ^ , x ] , ^ ] / ^ T r [ F ^ , x ] [ ^ V y ] 
= ^ ( l , £ ) T r [ X , F ^ ] F > ^ 

= ^ ( l , £ ) T r x [ F ^ , F / + a (4.4) 

But tVi>\Vi
k+v']=5ii'[Vil,Vi

k+v~), so that substitution 
of (4.4) into (4.1) leads to 

Tr[# n(x)/ ' ]=E E 7«'*(-&oM'(l,*) 
i=i k,i=-i 

XTrxtVJWl. (4.5) 

In order to evaluate the functions Julk(—luo), one 
must know the correlation functions Culh{T). From the 
expression (2.13b) for the Vik and the definition (3.7) 
of Ci>ilk(T), it follows that 

C«»(r ) a <W+iW(T» 

= (1/9) (.2CL+CUW- i)l+KUrl-]t+rUrk^) 

+ (10/27)1/2(2CH-C„)(C1,-Cx) 

x (-1) ' E E ( ) 

x(C/r ']^rC/^"©0F ( 2 )(^)] () 

1 2 / 2 1 1 \ 

+ ( - D * J: T. [ ) 

xC^'"a>o«'0)(o*)]M-rC^-*]*>J 

+ (10/3)(C„-Ci)* E 
l"tk"=-i 

2 /2 1 l \ / 2 1 1 \ 

i>.k'—*\l' I l")\V k k") 

X([/i^3Dor(2)(fi,)]i+rC^,,33o^(2)(&)]*). (4.6) 

The second and third correlation functions on the 
right-hand side of Eq. (4.6) are zero at r = 0 and, 
hence, will be taken to be zero for all values of r. They 
are zero at r = 0 as a consequence of the assumption 
that at any instant the orientation of a molecule is 
independent of its angular momentum, so that, for 
example, 

([/r^',^o^(2)(ft)]f)=([/r^,,]<)(C^o,^2H^)].). 
The second factor is zero when the average is per­
formed considering all orientations of the molecule to 
be equally probable at time J.10 

The other two correlation functions on the right-hand 

10 The average is given by Eq. (4.6.1) of Ref. 6, with 

©»!'»!Wl)* (afiy) = £>oo(0)* (0*) = 1 
and 

SWm2<*> (o0y) = £>o*'w(G<). 
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side of Eq. (4.6) are calculated in the following section. 
When the results given below in Eqs. (5.11) and (5.19) 
are used in the expression (4.6), and use made of the 
properties of the 3-j symbols, one obtains 

C«'*(r) = {IkT/W) ( - l )^_ z , , [ (2C i +C„) 2 

X e x p ( - T / r 1 ) + 2 ( C n - C x ) 2 e x p ( - r / r 1 2 ) ] , (4.7) 

where the k multiplying T is the Boltzmann constant, 
and where m is defined by 

( l / r „ ) = ( l / r i ) + ( l / T , ) , (4.8) 

in terms of the quantities n and T2 defined below in 
Eqs. (5.12) and (5.17), respectively. I t is argued in 
the next section that the term involving ru in (4.7) 
is correct only if either Ti<̂ Cr2 or T2<^TI. 

By use of (4.7) in expression (3.6), one obtains 

/ « " ( « ) = ( - ! ) * « - ! , * / ! ( « ) , (4.9) 

where Ji(u>) is an even function of w defined by 

/ i ( « ) = (IkT/9¥){ (2C 1 +C I I )
2 r 1 [ l+ (con)2]-1 

+ 2(C n -C i )
2 r 1 2Cl+(cor 1 2 ) 2 ] - 1}. (4.10) 

Note that the expressions for Culk{r) and Julk((a) are 
independent of i, which has resulted from the assump­
tion that all the nuclei are in equivalent positions in 
spherical molecules. 

After substitution of expression (4.9) into (4.5), the 
sum over I can be immediately performed due to the 
presence of the factor 8„itk. If the sum over k is then 
written out, use made of the commutation relations 

[ F . ± i j F . o ] = 2 - / ^ , [7r t l ,F <
= F l ]==F/ < ° , (4.11) 

and the definition (4.3) of ^4M(i£,&), one obtains, in the 
case v = 0, the result 

Tr[i?11(x)/0]=- ( l / r M / o M / y ) , (4.12) 
where 

( l /r1)1^2/1(a>o) (4.13) 
and 

</°> r =iV/W4. (4.14) 

The expression (4.14) for </° ) r =Tr[> 7 7 0 ] is correct to 
first order in /?«o, which is consistent with the approxi­
mation made in obtaining the form of the relaxation 
operator R used in the calculation. 

In a similar manner, one obtains from (4.5) with 
^ = ± 1 the result 

Tr[121 i (x)/± 1]= - ( l / r . M / * 1 ) , (4.15) 
where 

( l / r 2 ) i = [ / i ( 0 ) + / i ( « 0 ) ] . (4.16) 

5. CORRELATION FUNCTIONS 

The theory of the translational Brownian motion of 
a spherical particle is frequently based upon the 
Langevin equation 

da/dt=-Bu+A(t), (5.1) 

where u denotes the velocity of the particle.11 Equation 
(5.1) results from the assumption that the force acting 
on a particle consists of two parts : (1) a frictional force 
—/u, where f^mB and m is the mass of the particle, 
and (2) a fluctuating force mk(t) which is characteristic 
of the Brownian motion. The quantity A(/) has sta­
tistically defined properties such that the conditional 
probability density that a particle has a velocity u at 
time t+r if it has velocity Uo at time / approaches a 
Maxwellian distribution as r approaches infinity: 

W(U,T; uo) -> (m/2TkT)^2 exp(-mn2/2kT), 
( r ->«>) . (5.2) 

The condition (5.2) and the Langevin equation (5.1) 
are sufficient to determine the conditional probability 
density for the velocity of a molecule. The result is 

W(u,t; uo) = [m/2TkT(l-e-2BT)2m 

Xexpl-m\n-Uoe-Br\2/2kT(l-e-2BT)']. (5.3) 

In terms of / , the viscous retarding force per unit 
velocity, the diffusion coefficient of the particles is11 

D=kT/f, (5.4) 

where k is the Boltzmann constant and T is the absolute 
temperature. 

The conditional probability density for the angular 
velocity of a spherical particle can be calculated in a 
manner analogous to the treatment of translational 
velocity described in the previous paragraphs. I t is 
assumed that the torque acting on a spherical particle 
is the sum of a frictional part — /'<*> and a fluctuating 
part lA!(t), where / is the moment of inertia of the 
spherical particle. The equation describing the ro­
tational motion is, thus, of the Langevin form 

rffi>/*=-5/«+A,(0, (5.5) 
if one defines B' by f=IBf. Also it is assumed that the 
conditional probability density approaches a Max­
wellian form as r approaches infinity: 

W'(<*,T ; coo) -> (I/2wkT)V2 exp(-/G>2 /2&r), 
( r ->oo) . (5.6) 

With these assumptions, the calculation of W'(O),T; too) 
is formally the same as the calculation of PT(u,r;uo), 
so that W'(V>,T ; too) can be obtained from (5.4) by 
replacing mby I and B by Bf: 

Tr(co,r;coo) = C / / 2 7 r ^ r ( l - ^ 2 ^ 0 ] 3 / 2 

X e x p [ - / | c o - c o o 6 - J S , - | 2 / 2 ^ r ( l - e - 2 B , 0 ] . (5.7) 

The correlation function of two Cartesian components 
of the angular velocity of a molecule can be expressed as 

<«,•(/+r)av(0> 

= / i / O^W(CO,T; coo)^co|co0yP(coo)^coo, (5.8) 

11 S. Chandrasekhar, Rev. Mod. Phys. 15, 1 (1943), Chap. II. 



1160 P A U L S. H U B B A R D 

where for spherical molecules Wf(<*,T] co0) is given by 
(5.7), and P(G>O) is the probability density that at any 
time t the molecule has angular velocity coo, which is 
the Maxwellian distribution 

P(G>O) = {I/2irkTyi2 e x p ( - i W / 2 / e r ) . (5.9) 

After substitution of (5.7) and (5.9) into (5.8), the 
integrals can be easily performed; the result is 

<«<( /+r)« j(0>=«<y(*r/ /)r-B / ' . (5.10) 

The angular momentum of a spherical molecule, in 
units of h, is related to the angular velocity of the 
molecule by fiJ=Io}. Hence, from the definition of the 
spherical components of J, Eqs. (2.8), and from Eq. 
(5.10), it follows that 

X e x p ( - r / r i ) , (5.11) 

where 

7 1 ^ ( 1 / 5 0 . (5.12) 

In order to calculate the other nonzero correlation 
function in (4.6), 

( C / / , © o r ( 2 ) ( ^ ) ] i + r [ / / / , a ) o ^ ( 2 ) ( ^ ) ] . ) , (5.13) 

one needs to know the conditional probability density, 
W'(<>>i,Qi}T; OioAo), that the ith. molecule has angular 
velocity G>» and orientation £2* at time t-\-r if it has 
angular velocity <D»-O and orientation Qio at an earlier 
time /. I t should be recalled that 0; is an abbreviation 
for the Euler angles (cafi^yi) which specify the orien­
tation of the body coordinate axes S{i) with respect to 
the laboratory coordinate system S. The analogous 
conditional probability density for translational 
Brownian motion, PT(u,r,r; Uo,ro), can be calculated 
from the Langevin equation, Eq. (5.1), by use of the 
fact that the velocity u of a particle is the derivative 
with respect to time of its position r.11 However, the 
angular velocity of a molecule, o, is not the derivative 
of a vector that can be used to specify the orientation 
of the molecule, as is well known. Hence, W'(<&i,Qti,T; 
o>;o,0;o) cannot be obtained by analogy with the result 
for translational motion; nor has it previously been 
calculated by any other method, as far as the author 
knows. 

I t will now be shown that, even though ^ ' ( to^Q^r; 
o;o,0;o) is not known, the correlation function (5.13) 
can be evaluated to a certain approximation that should 
be quite good in many actual liquids. A diffusion 
equation governing the orientation of a spherical 
particle has been derived and solved by Furry.12 From 
his calculation, the expression for the probability that, 
in a time t, a particle undergoes a rotation through an 
angle between % and x+^X> 0 < X ^ T T 7 about an axis 
pointing into the element of solid angle smddQdcj) is 

» W. H. Furry, Phys. Rev. 107, 7 (1957). 

F{x)dx sindddcfy, where 

P ( X ) = ( 1 / 4 T T 2 ) f ) (2n+l)[comx-cos(n+l)xl 

XexpZ-n(n+l)D't]. (5.14) 

The diffusion coefficient, D\ occurring in Furry's theory 
can be related to the viscous retarding torque per unit 
angular velocity, f=IB', by the expression13 

D' = kT/f. (5.15) 

I t is shown in Appendix C, by use of (5.14), that 

( [a)or ( 2 )R-)] .+ r [3Do^ ( 2 ) (0 , ) ]e)=(l /5)5_z^,(- l )^ 

X e x p ( - r / r 2 ) , (5.16) 
where 

T2=(6Z) /)-1. (5.17) 

Since f'^IB', it follows from Eqs. (5.12), (5.15), and 
(5.17) that 

nT2=(I/6kT). (5.18) 

The functions that occur in the two correlation 
functions (5.11) and (5.16) are the same functions 
present in the more complicated correlation function 
(5.13). If the orientation of a molecule at any time 
were independent of its angular momentum at any 
time, the correlation function (5.13) would be the 
product of the correlation functions (5.11) and (5.16), 
which would give 

= <JV" (t+ T)J*" (0><[£>0I< (2) Mn-rCSDo*' ^) (0,)],} 
= { ( - l ) I / / 5 z - l - * - ( / * r / * 2 ) e x p ( - r / n ) } 

X { ( l / 5 ) 5 _ ^ - l ) * ' e x p ( - r / r 2 ) } . (5.19) 

Even though the angular momentum and the orien­
tation of a molecule are not independent, if the motion 
of the molecules is such that the components of angular 
momentum change much more rapidly than the func­
tions 3Do&(2)(̂ i) of the orientation, or vice versa, one 
would expect the time dependence of the correlation 
function (5.13) to be determined by the more rapidly 
fluctuating functions. This reasoning suggests that 
expression (5.19) for the correlation function should 
be approximately correct if either TI<KT2 or r^Kn, 
since (1/ri) and (I/V2) are measures, respectively, of 
the rates of fluctuation of the components of the angular 
momentum and the functions 3Do*(2)(fii). Since we are 
unable to calculate the correlation function rigorously, 
the expression (5.19) was used in the previous section 
to obtain Eq. (4.7), which, it was noted, can be expected 
to be a good approximation only if n<£>2 or T2<KTI. 

6. RELAXATION BY DIPOLE-DIPOLE 
INTERACTIONS 

The relaxation effect of dipole-dipole interactions 
between nuclei has previously been calculated for 

13 P. S. Hubbard, Phys. Rev. 109, 1153 (1958); 111, 1746(E) 
(1958). 
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various physical situations. For an arbitrary number 
of identical spin-J nuclei in equivalent positions, a 
simple result is obtained only if 

where J(ij')(ij)lk(o)) is given by (3.9). If (6.1) is satisfied, 
it has been shown that,14 in terms of the present no­
tation, the quantity Tr[_R22(x)Iv~] in Eq. (3.15) is 
given by, for v = 0 and j>=d=l, respectively, 

T r [ £ 2 2 ( x ) / » > - (l/TM{Ia)-(ir), (6.2) 
where 

(i/r,),s2 E ( - ly /v^c-M, (6.3) 
Z=-2 

and 
Tr[ i? 2 2 ( x ) /± 1 ]= - (l/r2)2</±i>, (6.4) 

where 

(1/^2)2= E ( - l ) I ( 6 - P ) / z t ^ ( - f a > o ) . (6.5) 

The quantity J1 -1(00) in the above expressions is defined 
by 

/I.-I(«)^E< (1-W(«)W)WM, (6.6) 
which is independent of j since the nuclei are assumed 
to be in equivalent positions. 

The condition (6.1) is satisfied only if the correlation 
functions C (#')(#)**(?•) are zero when fj*j, which is 
not in general found to be the case. If (6.1) is not 
satisfied, Tr[i?22(x)^°] does not reduce to a term pro­
portional to T r [ x i > ] , so that expressions of the form 
of (6.2) and (6.4) are not obtained. Hence Eq. (3.15) 
does not lead directly to an expression for (/"). One 
must instead calculate by use of Eq. (3.2) the matrix 
elements of the reduced density operator a in some 
convenient representation, and then evaluate (/") 
= rTr[(Tlv~] by working out the trace. This procedure 
has been carried out only for the cases of relaxation by 
intramolecular dipole-dipole interactions of spherical 
liquid molecules containing three or four identical spin 
\ nuclei.13-15,16 I t was found in these investigations that 
the relaxation is the sum of several exponentially 
decaying terms, but the time constants and the mag­
nitudes of the terms are such that the relaxation differs 
very little from the simple exponential decay that 
results from the assumption (6.1). These results do not 
prove that the assumption (6.1) is justified for any 
possible structure or motion of the molecules. However, 
in order to easily compare the relaxation effect of the 
spin-rotational and the dipole-dipole interactions, even 
though only approximately, we will in this paper 
employ the frequently used expressions (6.2), (6.3), 
(6.4), and (6.5). 

The quantities ( l / r i ) 2 and (1/T2)2 can each be 

14 See Ref. 8, Sec. 5, especially part A. 
16 G. W. Kattawar and M. Eisner, Phys. Rev. 126, 1054 (1962). 
*• Paul S. Hubbard, Phys. Rev. 128, 650 (1962). 

written as the sum of two terms which contain, re­
spectively, the effects of intramolecular and inter-
molecular dipole-dipole interactions: 

(i/r1)2=(i/r1)2
,+ (i/r1)2

//, (6.7) 
(i/r2)2=(i/r2)2'+(i/r2)//. (6.8) 

If it is assumed that the molecules undergo isotropic 
rotational Brownian motion, it can be shown that the 
intramolecular contributions are17 

( l / r 0 2 ; = (3 /10) 7
4 ^r 2 TJ r < r e { [ l + ("or.)2]-1 

+4[l+(2o>or 2) 2]- 1}, (6.9) 

( l / r 2 ) 2 ' = (3/20)7*72 E / n - r 6 { 3 + 5 [ l + (C00T2)2]-1 

+ 2ri4-(2o)nr2)2]-1}. (6.10) 

The symbol ]T / represents a sum over all other spins 
in the same molecule as the jth. The sum is independent 
of j because all the nuclei are in equivalent positions. 
The correlation time r2 is given by Eq. (5.17). The 
distance between the ith and jth spins is r#. 

If it is assumed that the translational motion of the 
molecules is classical diffusion with translational dif­
fusion coefficient D, and if the correlation time TO 
defined by 

ro=(2a2/D) (6.11) 

is sufficiently short that (co0r0)
2<3Cl, it can be shown18 

that the intermolecular contributions (1/Ti)2
/ / and 

(1/^2)2" are equal, and can be expressed as an infinite 
series, the first three terms of which are 

( 1 / ^ ) 2 " = (mrY4ft2/5a£>) 
X[l+0.233(Va) 2+0.15(V<*) 4+- • ' ] , (6.12) 

where n is the number of spins per unit volume in the 
liquid, a is the radius of each molecule, and b is the 
distance of each nuclear spin from the center of the 
spherical molecule in which it is contained. In obtaining 
the second and third terms in Eq. (6.12), it is assumed 
that 

(ZVZ)')= (4a2/3), (6.13) 

which is the relation between D and Df that is obtained 
if one assumes the Stokes expression for the viscous 
retarding force per unit velocity,11 

/ = 671^17, (6.14) 

and the analogous expression for the viscous retarding 
torque per unit angular velocity,19 

/ ' = 87ra377. (6.15) 

The coefficient of viscosity of the fluid is denoted by rj. 
Equation (6.13) follows from Eqs. (5.4), (5.15), (6.14), 
and (6.15). The result depends only on the ratio ( / ' / / ) . 

17 Paul S. Hubbard, Phys. Rev. 131, 275 (1963), Eqs. (4.3) and 
(4.4). 

18 See Refs. 17, Eq. (3.34). 
19 H. Lamb, Hydrodynamics (Cambridge University Press, 

London, 1930), 5th ed., p. 558. 



1162 P A U L S. H U B B A R D 

7. SUMMARY AND DISCUSSION 

The longitudinal relaxation is calculated by sub­
stituting expressions (4.12) and (6.2) into Eq. (3.15) 
written for y = 0, and solving the resulting equation, 
which gives 

</»>,-</o)r= ((P)a-(P)T) exp(-i/Tl), (7.1) 

where the longitudinal relaxation time T± is defined by 

( i / r1)=(i /r1)1+ ( i / r 1) /+(i / r 1) 2
/ / . (7.2) 

(1/Ti)i, the contribution of the spin-rotational inter­
actions, is given by Eq. (4.13); (1 /T i ) / , the contri­
bution of the intramolecular dipole-dipole interactions, 
is given by Eq. (6.9); and ( l / T i V , the contribution 
of the intermolecular dipole-dipole interactions, is given 
by Eq. (6.12) if (co0r0)2«l. 

The transverse relaxation is calculated in a similar 
manner by use of expressions (4.15) and (6.4) in Eq. 
(3.15) written for *>==bl. The result is 

<!=*>«= (7^)0 e x p ( - ; / r 2 ) exp (TzW) , (7.3) 

where the transverse relaxation time T2 is defined by 

( l / r , ) ^ (i/r2)H- (i/r2)2 '+ (i/r2)2". (7.4) 

The contribution of the spin-rotational interactions, 
( l / r 2 ) i , is given by Eq. (4.16); the contribution of the 
intramolecular dipole-dipole interactions, (1 /T 2 ) / , is 
given by Eq. (6.10); and the contribution of the inter­
molecular dipole-dipole interactions, ( l / r 2 ) 2 " , is given 
b y E q . (6.12) if (co0r0)2«l. 

The correlation time TO is defined as TO= (2a2/D)> 
Eq. (6.11), and the correlation time r2 is defined as 
r2== (6Df)~~l, Eq. (5.18). If the ratio of the translational 
diffusion coefficient D to the rotational diffusion co­
efficient Df has the value obtained by using the ratio 
of the Stokes expressions for the viscous retarding 
force, / , and viscous retarding torque / ' on a spherical 
particle, (£>/£>') = (4a2/3), Eq. (6.13), it follows that 

T2=To/9=(2a2/OD). (7.5) 

Hence, since n r 2 = (I/6kT), Eq. (5.18), it follows that 

n = (SID/4a2kT). (7.6) 

Since the temperature dependence of the diffusion 
coefficient in many liquids can be expressed as 
£)=Z)oexp(—ED/RT) , where Do and the activation 
energy ED are approximately independent of the 
temperature, it is apparent that the correlation times 
TO and T2 decrease as the temperature increases, while 
the product of the temperature and the correlation 
time TI increases as the temperature increases. 

If the Stokes expression f=6irari is valid, it follows 
from Eq. (5.4) that D= (kT/6rarj), so that the cor­
relation times TO, ri , and T2 can also be expressed in 
terms of the viscosity rather than the diffusion 
coefficient. 

In many experimental situations the conditions 

T I « T 2 , (coor0)2«l (7.7) 

are satisfied. For example, consider liquid methane. 
At a temperature of 100 °K, the translation diffusion 
coefficient is Z}~3.1X10~~5 cm2/sec.20 The moment of 
inertia of the methane molecule is 5.33X 10~40 gm cm2.21 

The radius of a molecule is taken to be the Van der 
Waals radius of the methyl group, which is 2.0 A0.22 

The expression (7.5) for T2 thus has the value 
T 2=2.9X10-1 2 sec. Hence, from Eq. (5.18), 
T I = (116k7Y2) = 2.2X10~15 sec, which is smaller than 
T2 by more than three orders of magnitude. If the 
applied magnetic field is 10 kG, then co0=2.67X108 

sec"1, so that (CO0T0)2= ( 9 O ) 0 T 2 ) 2 = 7 . 1 X 1 0 - 5 « 1 . Hence, 
for the case considered, the conditions (7.7) are 
satisfied. 

If the conditions (7.7) are satisfied, it follows from 
Eqs. (4.13), (4.16), (4.10), and (4.8) that the spin-
rotational contributions are 

(i/rOi= (i/r2)i= (2^rT1/3^)(2ci
2+cII

2). (7.8) 

Also, from Eqs. (6.9) and (6.10), the contributions of 
the intramolecular dipole-dipole interactions reduce to 

( 1 / 2 W = (l/T2)2'=hWT2 E / rif\ (7.9) 

The contributions of the intermolecular dipole-dipole 
interactions are given by Eq. (6.12). By using the 
relation (7.5) in Eq. (6.12), and adding the result to 
the sum of Eqs. (7.8) and (7.9), one obtains 

(1/rxH (i/r2)= (2/^rT1/3^2)(2ci
2+Cn2) 

+fY4#V2 E / Tir<+ (9mry%*T2/l0a*) 

Xll+0.233(b/a)*+0.1S(b/a¥+- • - ] i ( 7 -^ ) 

the validity of which depends upon the satisfaction of 
the conditions (7.7). 

If it had been assumed that the correlation functions 
(3.7) that occur in the spin-rotational relaxation term 
had a decaying exponential time dependence with time 
constant n , the expressions obtained for Tr[ i^n(x)/V] 
would be the same as those given in Sec. 4 if one put 
T I 2 = T I . However, n would be unspecified. By use of 
the physical model assumed in this paper, it has been 
possible to calculate n and T2 in terms of the properties 
of the molecules and the liquid. The fact that the 
expressions for n and T2 have a different temperature 
dependence and, in general, a different magnitude is of 
considerable interest. 

The fact that T2 decreases with temperature and Tr\ 
increases with temperature is in agreement with the 
experimental results of Brown et al.f which they 

20 J. V. Gaven, Jr., J. S. Waugh, and W. H. Stockmayer, J. 
Chem. Phys. 38, 287 (1963). 

21G. Herzberg, Infrared and Raman Spectra of Polyatomic 
Molecules (D. Van Nostrand Company, Inc., New York, 1945), 
p. 455. 

22 L. Pauling, The Nature of the Chemical Bond (Cornell Uni­
versity Press, Ithaca, New York, 1960), 3rd ed., p. 261. 
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explain by using a quite different random jump model. 
Also, the result of the present calculation that T\ is 
usually smaller than T2 explains the experimentally 
observed " quenching" of the relaxation effect of the 
spin-rotational interactions in liquids. 

The model used in this paper to describe the motion 
of liquid molecules is undoubtedly crude. However, 
the classical description of the change in angular 
velocity used here would appear a priori to be as 
plausible as the description of changes in orientation 
which has been used with some success since the original 
work of Bloembergen, Purcell, and Pound. 

Experiments are in progress in the author's laboratory 
to measure the relaxation rates and diffusion coefficients 
of several different kinds of spherical molecules in 
liquids. The results of the experiments, and how well 
they agree with the theory presented in this paper, 
will be reported soon. 
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APPENDIX A 

Since from (2.10) CQ=CU and C±i= — G., Eq. (2.13a) 
can be written 

+ (c,l-0 L a0*
(I)*(ot)a5o*»(1)*(o,)//". (Ai) 

From Ref. 6, Eq. (4.27), 

2 ) ^ ^ ^ 1 ) * ( ^ ) = ( - l ) ^ , / ^ , - ^ ' ( 1 ) ( ^ ) -

Also, from the definition of the £>kkiU)(&) it follows that 

£ ^^1>*(Gt-)a>fc'.-*-(1)(^) = «*.-ib". (A2) 
k' 

The use of the above two relations permits the first 
sums over kr and k" in (Al) to be carried out. If the 
second term is rewritten by use of Eq. (4.3.2) of Ref. 6, 
one obtains 

tf,*=G(-l)*J7-* 

+ ( C ! I - C i ) E J*"£ L (2j+l) 

x( ' W ^ C G i / *). (A3) 
\ 0 0 0 / \k k" k'/ 

If in (A3) the sum over j is written out, and the values 
of the 3-7 symbols23 and £>0o(0)(^)= 1 substituted, Eq. 
(2.13b) is obtained. 

23 The values of the 3-j symbols are given by M. Rotenberg 
et al., The 3-j and 6-j Symbols (Technology Press, Cambridge, 
Massachusetts, 1959). 
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APPENDIX B 

In Ref. 8 the density operator theory of relaxation 
is developed on the assumption that the interaction G 
can be expressed as a sum of products of spin operators 
Vh and operators Uk involving just the molecular 
coordinates24: 

G=T,kUkV*. (160 

For the case that E does not depend explicitly on the 
time, spin operators V8

l and frequencies oos
l are defined 

by the condition 

eiEtVie~iEi==^s Vsi e x p ( W 0 • (900 

I t is shown in Ref. 8 that the relaxation operator can 
be written 

R(a) = R(a-aT) = Z JikW)l[.Vs
l, c r - c r * ] , ^ ] , (1060 

kls 

if \us
l\f3<^l for all the frequencies ca8

l occurring in 
(900- The functions /^(co) are defined by 

1 r00 

/ « ( « ) = - / CkMe^dr, (860 
2J-00 

in terms of correlation functions Cki(r) defined by 

Cu(T) = {{U*{t+T)U>(t)))q. (81') 

In the semiclassical form of the theory, a classical model 
of the motion of the molecular surroundings is assumed, 
which permits the calculation of the average in Eq. 
(810- As a consequence of the assumption that (Uk) = 0, 
the correlation functions approach zero as r approaches 
infinity. The correlation time rc is defined by the 
condition 

C * . ( T ) « 0 if | r | » r c , (870 

for all the Cki(r). The condition of validity of Eq. (3.2) 
is Tc^li^l"1 , |A71_1. The correlation functions also 
satisfy the relation 

Ckl(r) = Clk(-r). (840 

From (840 and (860 it follows that 

1 r00 

/ « ( « ) = - / LCkl(T)e^+Clk(r)e-^dr. (Bl) 
2 Jo 

In the present problem the interaction G=Gi+G2 
is, from (2.12) and (2.14), 

C = E L E W * + E E (X-BijWVv*, (B2) 
i=l &=—1 i , ? = l k=—2 

which can be written 

G= E E UijkVijk, (B3) 
itj=l k=—2 

24 The primed equation numbers in this Appendix are the 
numbers of the same equations in Ref. 8. 
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where 
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(B4) 

(B5) 

where the Vak are given by (2.16) and the Vijk by 
(2.15). The U* are denned by (2.13) and the Vik by 
(2.7) for k= — l, 0, 1, and are considered to be zero 
for k= ± 2 . Since G can be written as a sum of products 
of spin operators F#* and molecular operators J7#fc, 
it is equivalent to (16') with the changes in notation 

tf*->EV, V'-^Vif, E~> E E - (B6) 
JV 2 

£ E 
: , ? '= ! A;=—2 

Hence with corresponding changes in notation, Eq. 
(106') can be applied in the present calculation. But 
first the operators corresponding to Vs

l must be calcu­
lated. Since E = — co0/

0, the equation corresponding to 
(90r) is 

e— io>ol°ty., .fleiaoI°t 

= ^ .o/^[( i_5. / . / )7 . / .^+g. . . ,7 . /zyco 0 jo^ 

= [ ( l - 5 . v ) F ^ l + 8 w ^ ' I ] e r " M O ' = ! Vw1*-"***, (B7) 

so that 
F . l ^ ( T V ) . = * . o 7 , V , (B8) 

c o ^ = - f c 0 . (B9) 

Thus, with the notational changes (B6), (B8), (B9), 
and 

N 2 

E-* E E , 
I i ' ,?'=1 Z=-2 

Eq. (106') becomes 

J2(cr) = i2(x) 
N 2 JV 2 

= E E E E Ja'3'){ij)lk{-i^) 
i,j=l k=—2 %',]''=*1 Z==—2 

x C E ^ W V ] , (BIO) 
where x—c—<rr, and 

1 
J<.i'i')mlk(a>) = - [CW>«>'*(r)efaT 

+ C («)W) ' W e ^ ^ r , (Bll) 

C(,v')«,V*(r) = <^ ,«+r)t7«*(0>. (B12) 

Equation (BIO) is correct to first order in /3coo. Use of 
(B4), (B5), (Bl l ) , and (B12) gives Eq. (3.4). 

APPENDIX C 

The reference frame 5 ( i ) is fixed in the molecule 
containing the iXh nucleus. Suppose that at time t the 
orientation of S^l) with respect to the laboratory co­
ordinate system S is specified by the Euler angles 
ai(3{Yi^&i. The orientation of 5 ( 0 with respect to S at 

a later time t+r is specified by Euler angles a / ' /S/ 'y / ' 
= 0 / ' . The Euler angles specifying S(i) at time / + r 
with respect to S{i) at / are a/ /3/y/=S2/ . From page 
63 of Ref. 6, it follows that 

S W ' W ) = E aD»'m"W)(0/)3>«"«(y)(0.-), (CI) 

so that 

<[£oZ'^0]*+r[^ (2)fe)]*> 

x a)m-^(2)(Q<)©o*'(2)(fii)p(Oi)rfu4, (C2) 

where P(12/,r) is the probability density that there is a 
rotation through Euler angles 12/ in time r, and p(124) 
is the probability density that S(i) has orientation Q.4-
at time L Since all orientations are equally probable at 
time /, 

p(Qi)d*Qi= (l/8w2)dai sin/W/My;. (C3) 

After substitution of (C3), and use of the relation 

the integral over <H2t- in (C2) can be calculated from 
Eq. (4.6.1) of Ref. 6, with the result (-l)m"-l'd-m>>o 
X5_z/,fc'(l/5). Hence, (C2) can be written 

([3DoZ' (2 )(^)]^r[©^ (2 )R-)]^) 

= (*)*-*',*< ( -1 )* ' fs>oo™(£*i')P®i',T)d'Qi'. (C4) 

From Eq. (4.1.26) of Ref. 6, 

a)oo(2)(0/) = P2(cos(5/) = K 3 c o s 2 0 / - l ) . (C5) 

The integral in (C4) is the average of the function 
3}oo(2)(^V) over all possible rotations 0 / weighted by 
the probability P(12/,r)^12/ that a rotation 12/ takes 
place in time, r. Instead of specifying the rotation by 
the Euler angles a/ /3/y/=12/ , it is more convenient 
to use the magnitude % oi the rotation about an axis 
having polar angles 6, </>. I t can be shown by the use 
of the quaternion or Cayley-Klein descriptions of 
rotations and the definition of the Euler angles as 
three successive rotations, that 

sm-
Pi /7i-<xi'\ 

• sin0 co$<t>= sin— sinl ) (C6-
: 2 V 2 / 

a) 

X Pi (li—oii 
sin- sin# sin0= sin— cosf 

2 2 \ 2 
(C6-b) 

X Pi A * / + y / \ 
sin- cos#— cos— sinl ) . (C6-c) 

2 2 \ 2 
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From (C5) and (C6) it follows that 
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the angles (x>0,#), one obtains 

/•27T /»7T n 7T 

= (i)^.*.(-i)*'/ / / KxMWix) 
Jo Jo Jo 

Xsmddxddd<l), (C8) 
+ 3 sin20 cos20 cosx+f sin40 cos2x. (C7) 

where F(x) is given by (5.14). The integrals in (C8) 
can be easily performed to obtain the result given by 

Hence, if the average in (C4) is expressed in terms of Eq. (5.16). 

©ooe)(0/) = / ( x A * ) 

. =(l-3sin2H-(9/4)sin40) 
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L-Shell Fluorescence Yields in Heavy Elements* 

R. C. JOPSON, HANS MARK, C. D. SWIFT, AND M. A. WILLIAMSON 

Lawrence Radiation Laboratory, University of California, Livermore, California 
(Received 29 March 1963) 

Partial L-shell fluorescence yields of 23 heavy elements have been measured using an x-ray coincidence 
counting method. Vacancies in the K shell of the target atoms are created by photoelectric absorption of 
122- and 136-keV gamma rays emitted by a Co57 source. A known fraction of these iT-shell vacancies are 
filled by L electrons. The X-shell vacancies created in this way are then occupied by electrons from higher 
shells, causing emission of L x rays and Auger electrons. The coincidence rate between the L and K x rays de­
termines the fluorescence yield CORL, which is defined as the partial Z-shell fluorescence yield following the 
emission of Ka x rays, COKL is a linear combination of the fluorescence yields of the Ln and Lm subshells. 
A comprehensive comparison with previous measurements is given. 

INTRODUCTION 

IN a previous article,1 a method of measuring fluores­
cence yields of the L shell of heavy elements was 

described. Vacancies are created in the K shell of an 
atom and the coincidence rate between the K and L 
x rays emitted subsequent to the ionization event is 
determined. This coincidence rate depends upon the 
partial L-shell fluorescence yield UKL, denned in 
Ref. 1 in the following way: 

Nc 
O0KL = 

NKaELALttL 
(1) 

In Eq. (1), Nc is the L to K x-ray coincidence rate, NK 
the K x-ray counting rate, fiz, the geometry of the 
L x-ray counter, and EL the efficiency of the L x ray 
counter. The quantity A L is the transmission of L x rays 
to the L x-ray counter, and a is the fraction of counts in 
K x-ray peak due to Ka2 and Kai x rays. The last 
the factor a must be included since the K x-ray counter 
cannot resolve those K x rays (Ka lines) which leave a 
vacancy in the L shell from those which do not (Kp 
lines). In the previous work, iT-electron capture or 
IT-shell internal conversion processes were used to 
create the iT-shell vacancies. This method cannot be 
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applied to a large number of elements because most 
decay schemes are so complex that a unique inter­
pretation of the results is not possible. In the present 
experiments, the K shells of the target atoms were 
ionized by photoelectric absorption. Thin foils of the 
target material are exposed to gamma rays with a 
sufficiently high energy to cause iT-shell ionization, and 
the coincidence rate between the K and L x rays emitted 
by the foil is measured. Therefore, the methods de­
scribed in Ref. 1 can be extended to a large number of 
elements. 

EXPERIMENTAL PROCEDURE 

The experimental geometry is shown in Fig. 1. A 
20-mCi Co57 source was placed in a carefully shielded 
source holder. The gamma rays2 emitted by the source 
were collimated and directed at the thin target foil 
(f in.Xf in.) placed between the two counters. The 
target foil was mounted on the aluminum target holder 
with very thin (less than 0.001-in. diam) nylon fibers. 
This was done to minimize the amount of material in 
the path of the gamma-ray beam in order to reduce the 
background from Compton scattering. The K and L 
x-ray counters were both similar to those used in the 
previous experiment. Thin (approximately 0.030 in.) 
Nal(Tl) crystals were used to detect both the L and 
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