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The range of high-energy nucleon-nucleon interactions is examined in a simple single inelastic channel
model which consists of the production of two spinless isobars. An almost transparent, purely absorbing
optical approximation is made, in which case both the inelastic and elastic angular distributions are sensitive
to the variation of the absorption coefficient 7; with angular momentum J. Unlike the case of the strong
absorber, the inelastic and elastic interactions are described by different effective ranges. Two examples are
given, one in which the inelastic channel has an angular distribution characteristic of a one-pion exchange
process and the second in which it is characteristic of a “vacuum Regge pole” exchange.

I. INTRODUCTION

N the basis of the total and elastic-differential
nucleon-nucleon cross-section data from the large
accelerators in the range 3-30 BeV/c incident laboratory
nucleon momentum,! it seems reasonable to assume
that the slowly varying total cross sections are ap-
proaching constant values and that the total elastic
cross section is mainly due to diffraction effects. The
observed variation with energy of the differential and
total elastic cross section suggests that, as the energy
increases, both the range and transparency of the
nucleon-nucleon interaction are slowly increasing.!?
The rates of increase are such that the total cross section
remains constant. There is considerable speculation?
that the same behavior continues to very high energies,
in which case the total elastic scattering becomes a
small part of the total cross section and the nucleon-
nucleon interaction becomes purely absorbing, almost
transparent, and of very long range.

The basic inelastic nucleon-nucleon interactions are
still not well understood. There is evidence from ~1
BeV/¢ laboratory momentum to the highest cosmic-ray
energies that many events occur at large impact parame-
ters, and correspondingly small momentum transfers.
At the lower energies, it appears that the one-pion ex-
change interaction can reasonably explain the small
momentum transfer or ‘“peripheral” part of the inter-
action.* At the higher machine energies, there has been
some suggestion that the one-pion exchange model may
have to be modified and that other mechanisms are
important in the small momentum transfer region.’

* Supported in part by a grant from the National Science
Foundation.
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Since the elastic-differential cross sections are well
known at the machine energies and since their be-
havior at higher energies has been conjectured, it would
be helpful to have a better understanding of the type of
diffraction pattern that even some of the simplest in-
elastic processes would give if they were dominant. An
elementary “peripheral” model for the inelastic pro-
duction is examined here and the elastic diffraction
amplitude is obtained by the use of the unitarity rela-
tion in the almost transparent, purely absorbing optical
approximation.

We assume that there is only one inelastic channel,
which consists of the “peripheral” production of two
“isobars” with known amplitudes. One of the ‘“‘isobars”
may be an unexcited nucleon. The spins of the isobars
and incident nucleons are assumed to be negligible
compared to the large angular momentum arising from
the large relative velocity and the large impact parame-
ter of the particles in the barycentric system.

In an optical model calculation it is usual (although
not necessary) to assume that the medium is purely and
uniformly absorbing up to some radius R, that is, the
absorption coefficient 7; is real and constant for /< Liax.
This approximation is very good for the case of a black
or almost black absorber for which 7;<<1. The inelastic
and elastic cross sections are then almost equal and in-
sensitive to the variation of #; with ! for I<Lpy.x. In
the case of the single two-body inelastic channel con-
sidered here, the uniform or black absorbing interaction
would give rise to the same angular distribution for the
final-state particles in the elastic and inelastic channels.

What we are specifically interested in investigating
here is an almost transparent, purely absorbing inter-
action with a long tail, which is the case in certain
peripheral models. This approximation is most likely of
interest in absorbing media for which the total elastic
cross section is of the order of, or less than, one-tenth of
the total cross section, o°!S Fgo®t. Both the inelastic
cross section and the elastic cross section are sensitive
to the variation of the absorption coefficient 7; with /.
For the simple two-body inelastic case, if 7; goes
smoothly to 1 (no absorption) then the angular distri-

126, 2204 (1962); and A. P. Contegouris, S. C. Frautschi, and
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ky; k3
Fic. 1. Diagrammatic represen-
tations of reactions I and IL
ke Ny Ng ” (a) Reaction I, in which particles

N, and N, are incident with four-
momenta ki; and ks; and particles
N3 and N4 are produced with four-
momenta k3 and k4. (b) Reaction
II in which the two incident par-
ticles N, and NV, scatter elastically
and emerge with four-momenta
klj and kz/.

(a)

(b)

bution of the inelastic channel is narrower than that
of the elastic channel. Thus, the effective range of the
inelastic interaction is greater than that for the elastic
‘one.

In Sec. II, we give the well-known equations obtained
for this process from the unitarity condition and we
amplify the above remarks.

Two explicit final-state angular distributions for the
inelastic amplitudes are considered in Sec. III, one cor-
responding to a “‘one-pion exchange” interaction and
the other to a “vacuum Regge pole” exchange. The
elastic amplitudes are obtained for each case and the
ranges of the two interactions are compared.

II. THE MODEL AND THE UNITARITY CONDITION

We assume (for generality) that two particles N; and
N are incident with four-momenta %;; and k,; and that
their total interaction proceeds through two channels I
and II,

Ni+Ns— Ns+Ny I

N1+N2'—>N1+N2. II

Channel I represents a single inelastic interaction in
which particles N3 and N4 are produced with four-
momenta k3 and k4, as shown in Fig. 1(a). Channel II
represents the associated elastic diffraction scattering
required by unitarity, in which the two incident par-
ticles N1 and Na come off with four-momenta k;; and
2y, as shown in Fig. 1(b). The masses of the particles
are given by k=m?, and units of Z=c=1 are used
throughout.

The production and scattering angles in the bary-
centric system for channels I and II are 6;/ and 6y,
respectively, and are defined by

ks'k1i= k'k COS@_H,, (21)

klj'k1¢= k? COSgﬁ, (2.2)

where
[yl = |koi| = [kus| = | kes| =k and |ks|=[ki| ="

The amplitudes for channels I and II are fI(6;/) and
S (6ys), respectively, and are normalized so that the
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differential cross sections are given by

dol F . )
— = 110, |2, )
oy k‘f(f)l (2.3)
dU'II

d_ﬂlef 0592 (2.4)

The particles are assumed to be spinless and the
amplitude f1(6;/) is assumed to be known. The uni-
tarity condition in terms of these amplitudes reduces to

1 11 TI* k II* II
00— 0= / 49,17 (0,5) f7163)

k!
+; / dQ f070)) f1(0,4). (2.5)

The phase of fIT has been defined in the usual manner
so that its expansion into partial waves is given by

fH(oﬁ>=2%;<zz+1>f,HPz<cosoﬁ>, 2.6)

where
fi'=1—n,

=€ and §; is the phase shift.
Substitution of Eq. (2.6) into Eq. (2.5) gives
T Q) (U= ] Pr(costy)
% [ ommen, @
where use has been made of the relation

4w
/dePl' (COngj)Pz (COS@_,‘-{) =0y———P; (COSGﬁ). (28)
2141

Because f™(6,/) is a two-particle state amplitude it can
be expanded simply into partial waves,

J10n) =

> (241) fiLPi(cosbni’),

TR (2.9)

where

fil= (kk')12 / FU(8,) Py(c0Oni’)d (co0ni’),  (2.10)

and the phase of fI(6./), which is not important, is
taken equal to one.
Substitution of Eq. (2.9) into Eq. (2.7) and use of
Eq. (2.8) gives
Zz(21+1)(1—— l'ﬂl‘2>Pl(C050fi)
=>"1(2141)| fi*|2P1(cosby.),

1=|m|2=| fiH]2

(2.11)
which implies
(2.12)



RANGE OF HIGH-ENERGY

The last equation gives the well-known unitarity limits
0< [mf2L1,

0< | fH]2<1. @.13)

If we now assume that #; is pure real, we have

fl=[1—n2 1",
fzn = 1—‘771-

From these equations the statements made in the
Introduction follow very simply. For a black or almost
black absorber 7K1 for }<Lm.x and fi'= fill. If fi!
and f;'! drop rapidly to zero for /> Lunax, We can ignore
the contribution of these partial waves, at least for the
small angle scattering where all the waves are in phase,
and we have

(2.14)

1 L
10,/)=—— 3 (2041)Py(costys),
P0x)= s B CHDPi(cossy)

(2.15)

max

fH (0;5) =£e‘ Z (21+ I)Pl(COSGﬁ).

=0

Thus, the angular distribution of the elastic diffraction
pattern is the same as that of the two-body inelastic
channel. The uniform sharp-edge absorber gives the
well-known diffraction pattern with varying intensity
beyond the first diffraction minimum. This effect is
very model-dependent and not present if there is some
“real scattering” or if the edge of the absorber goes to
zero sufficiently slowly. The small angle scattering
remain essentially the same.®

If g;=1, we take ;= 1— ¢ where ;<1 and Eq. (2.14)

gives
fit=[2e]",

fII: €.

The approximation used in obtaining the expression for
fi* in Eq. (2.16) is what we mean by the almost trans-
parent approximation, and is used in the next section
to obtain the amplitude f;* from fi!. It is reasonable
for values of ¢,50.2 or, in terms of the cross sections
(which are proportional to the squares of the ampli-
tudes), for o1 S Foo il

The amplitudes f;' and f;'* are dependent upon the
variation of €. If ¢ goes smoothly to zero, then for

(2.16)

6 An illustration of these remarks is contained in the paper of
T. Fujii, G. B. Chadwick, G. B. Collins, P. J. Duke, N. C. Hien,
M. A. R. Kemp, and F. Turkot, Phys. Rev. 128, 1836 (1962), in
which they analyze p-p elastic scattering data in the 1-3 BeV
range. They find, in particular, at 1.35-BeV incident nucleon labo-
ratory kinetic energy, that oel~¢in~}gtot, where o°! is the total
elastic cross section, o the total inelastic, and ott the combined
total cross section. On the assumption of a purely absorbing
medium, this implies almost complete absorption. They also find
at small angles essentially the same angular distribution as given
by Eq. (2.15) for the elastic scattering and a dominant “two-body”
peripheral inelastic channel. It is necessary to include a small
amount of “real scattering” to make the large angle diffraction
pattern agree with the smooth tail of the experimental data.

INTERACTIONS 1347
sufficiently large I, fi*>fM. The angular distribution
in channel I is narrower than that of the diffraction
scattering in II, and the corresponding effective ranges
R and R are different, R*> RIL.

Another relation which is useful is the optical theorem
for the forward elastic amplitude f'(0). From Egs.
(2.3), (2.4), and (2.5) we obtain

1 k
Z[f”(o)—fH*(O)]=Z—(UI+0H)- (2.17)

III. TWO EXAMPLES
A. One-Pion Exchange

For the exchange of a spinless particle of mass m,
the angular distribution in channel I is given by

(mamamgm )t/ 1
f1(Bs)= AsAy )

2mrst m2—1¢

(3.1)

where s'/?is the total center of mass energy, s?= (k14 k2)?,
A; and A, are vertex functions, and ¢ is given by

t=(ks—k1)?
= [(Az)min"*'zkkl(1—(;050”’)]’

where (A?)nin is @ function of m.2, ms? m?, ms, and s.
For each of (A2)nin, Mm%, me?, ms?, mi<Ks, and my? and
m4® sufficiently greater than m,? and m.?, respectively,
(A in is well approximated by

3.2)

(Az)min= (M32—M12) (M42—M22)/S.

It is assumed that A; and A, have only weak depend-
ence on 0;;. In terms of the angle 6;/, f1(8;) is

I
1= 10)——, 3.3)
1+%7]2— COSBﬁ'
where  f1(0)= (mamamsms)?A1A,/ 2ws 2 (kE )n?, and

P=m?+ (A2) min/k%k’. From Eq. (2.10) we then obtain

for ft
Jit= (k') f1(0)Qu(1+37%),

where Q;(a) is the Legendre function of the second kind
defined by

+1 Py(x)
Ql(a)=%/ dx, for a>1.
-1 a—x

From the approximation given in Eq. (2.16) we have

fr=3 sy
— SO T (1H+40?).

Q:(1-+37%) = Ko(lm),

\ 12 el
Ko(lm)=\—- .
=) G

(34)
For n<1

(3.5)
and for In>1
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Fic. 2. Barycen-
tric differential cross
sections for example
A. Curve I is the
barycentric  differ-
ential cross section
for reaction I given
by Eq. (3.3) and II
is that for reaction
II given by Eq.
(3.13). The cross
sections are normal-
ized to one in the
forward direction.

L 1 !
[} 0.5 1.0 1.5 20 25 30
9/'7) in Radians

The amplitudes f;f and f;'* become
flI o e—ln/ (l,n)ll27

fille<ce2/lp for 91 and Ip>>1.

and

The exponential factor contains the main / depend-
ence. The important / values for channels I and II are
given by IS LY, L™ respectively, where

oL kR ]w
—’7_ I:m2+ (Az)min ’

11 kk’ 12
ol
277 2Lm?+ (A% min

and (3.6)

The actual definition of range in terms of impact
parameter appears ambiguous for channel I because
there are two momenta present, k£ and %’. For the elastic
case, channel II, it is usual to let R"=L'/k and if we
define R' likewise, R'=L1/k, we have

1 k'/k 1/2
RH=%RI=~|:———} . 3.7

2 m2+ (Az)min
We see that (A?)nin is important in determining the
effective range. It reduces the range and acts to increase
the effective mass of the exchanged particle. For
(A2),;<Km? and k'~ k, we obtain the longest range pos-
sible for the process in this approximation

RU=1R1=1/2m.

If the absorption were strong in channel I, then one
expects the maximum ranges to be

RI=R'=1/m.
The elastic scattering amplitude obtained directly
from Egs. (2.6) and (3.4) is
7 7?
110 = L7 OF £ 0014 JPi(cost,
l

For 6,1,

.Pl (COS@ﬁ) =J (l()ﬁ), (3 .8)
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and with the use of Eq. (3.5) for small 9, 7<<1, we obtain

T 05 =£k'n4[f ! (0)]2{12 QI+DK ()T o(65)}.  (3.9)

For small 9 many / values contribute and the sum in
the bracket can be replaced by an integral over / given
by?

°° 1 1
2 / K o ()T 000 dl=2
0

(0,212 0
[(47124‘91* S 2+0h:|
(41740722 —0y:
Equation (3.9) can be written as
0= 10—
0s5)= f1(0)————
' (An*+072)"% 0y,
(4n*4-0,2) 40
Inf ————— |, (3.10)
(4n*+0,7)"2—0;;
where .
i
1 0)= ;k’nZEf 101 (3.11)

Substitution of Eq. (3.10) into Eq. (2.4) and of Eq. (3.3)
into Eq. (2.3) then gives for the differential cross
sections

(TI _1_ 2 2
—[fI(O)]{ } (3.12)
aQy’ 14+2392—cosfy,’
and
do! : II(O)]2< 4n* 1
a0, 4n2+oﬁ2>0ﬁ2

(40,240
[m—————] . (3.13)
(4n*+072)*—0;:

For §2<<49%<1, Egs. (3.12) and (3.13) reduce to

i —[fI( )
d g2 2 2
and SIZ: s j‘ﬂ ) 3.14)
_‘I_z 11(0) ]2 —
o O Gy

and the difference in the angular distributions is ap-
parent. The differential cross sections given by
Egs. (3.12) and (3.13) are shown plotted in Fig. 2 as
curves I and II, respectively. The elastic diffraction
cross section falls off very slowly in the range 67,>9
due to the logarithmic dependence.

7 Tables of Integral Transforms, Bateman Manuscript Project,
edited by A. Erdelyi (McGraw-Hill Book Company, Inc., New
York, 1954), Vol. 2, p. 16.
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We now determine the extent to which the optical
theorem as given by Eq. (2.17) is satisfied. From
Egs. (3.10) and (3.11) we have

1
“Z—i[f 10)— [ (0) ]=2k*L 1 (0) -
Using Eq. (3.12), we find

k
—oT= kL1 O)T,
4
where we have assumed that for 52&60%<1 the cross
section goes to zero. The optical theorem is saturated
by o! with the approximations made, so that it is
satisfied in the limit ¢'<<q".

B. Vacuum Regge-Pole Exchange

The amplitude of reaction I, if due to the exchange
of a ““vacuum Regge pole,” is given by
a(t)
) , (3.15)

where g; and g, are vertex functions which are assumed
not to have important ¢ dependence. In the linear
approximation?

f1:)=

(m1m2m3m4)1/ 2 s
4 82<

2arsl/? 219

a(t)=a(0)+a't. (3.16)

Using this expression and that for ¢ given in Eq. (3.2)

we obtain

JHOr) = f1@epomorr,  (347)
where

(m1m2m3m4)1/2
e Y
fI(O) 252 §18267,
s
7=(1n )Ea(o)—a’w)mml
ZM1M2

and

S
B= 2kk’a’(ln )
2‘7)117%2

Making the small angle approximation P;(cos8)=J,(I6)
in Eq. (2.9), we have

1
A= (RRY2FI0) [ o8O0 o(16,)d (cosbss)

-1

1 0 2/31/2
f; ) / 22 o (lx/BY %) xdx,
0

= (k')

where «%/2=8(1—cosf;) and Jo(l0;/)=Jo(lx/BY2).
The major contribution to the integral comes from
values of 0;/=x/BY2<1. Thus, for large enough 8 the
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upper limit can be taken as «. We then have??

T
fit= (kk’)‘“’f; ¢, (3.18)
From Eq. (2.14) we obtain
T 0 2

We define the maximum value for the two channels
as previously by the exponential fall off,
1/2
:I , (3.20)

LU=T1/N2 =ﬂ”2=|:2kk’a’ In
2m1m2

and correspondingly (the ranges)

2k s
RH=RI/\/7=[—a’ In: :I .
k 2m1m2

R and R™ are closer in value for this example than the
previous one because the amplitudes for the Regge-pole
exchange interaction decrease more rapidly with / than
those for the one pion exchange interaction.

Substituting Eq. (3.19) into Eq. (2.6), and noting
that f;'! and f;' have the same functional dependence
on /, we obtain

F1(05:)= fM(0) exp[— (8/2) (1—cos8:) ],

where

(3.21)

PPN o0
48

The momentum transfer variable in channel II is
given by
t=—2k2(1—cosbys),

and f™(6;;) can be written as
FE(65:)= f1(0) exp{ (k'/2k)a/[In(s/2mms) 1t}. (3.22)

If one starts with an angular distribution characteristic
of the exchange of the vacuum Regge trajectory with a
slope o’ in channel I, then in this approximation the
elastic diffraction amplitude can be described as the
exchange of a trajectory with slope (k'/2k)c’. It is clear
that even for &'~ k, with the approximations used here,
channels I and IT cannot be described in terms of the
exchange of Regge trajectories of the same slope, not to
mention the possibility of the same trajectory. Com-
parison of Egs. (3.21) and (3.17) show that for small
angles, the amplitudes are characterized by widths
05/2S2/8 and 6,25 4/8.

Finally, we again check the consistency of our results
with the optical theorem as given by Eq. (2.17). We

8 Tables of Integral Transforms, Bateman Manuscript Project,
edited by A. Erdelyi (McGraw-Hill Book Company, Inc., New
York, 1954), Vol. 2, p. 9.
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have from Egs. (2.3) and (3.17)

ol=[f! (O):]% for large 8.
Thus,
k 1
=0T,
4r 48

and from Eq. (3.22) we have
JEO)—1(0)

7

1
LT

46
The optical theorem is satisfied in the limit ¢'<<o?.

IV. DISCUSSION

The production of two isobars is not expected to be
an important reaction in very high energy nucleon-
nucleon collisions. It is given here only as an example
in which the effective range in the inelastic channel is
larger than that in the elastic channel for the case of a
“peripheral” interaction in the almost transparent,
purely absorbing approximation. For more complicated
final states, the effective range is related to the total
angular momentum, which is compounded from that of
each of the “particles” and the problem requires a more
general treatment.?

However, in chain- or “linked”-peripheral processes,

9 Note added in proof. In a recent paper, L. Van Hove [CERN-
5445/TH320 (unpublished)] discusses phenomenologically in-
elastic collisions at high energies. He considers simple forms of the
wave function of the inelastic final state and determines under
which conditions they are compatible through unitarity with the
known or conjectured properties of diffraction scattering.
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which are of interest at very high energy,” a consider-
able simplification can be made!* If the internal
‘“‘isobars” or “fireballs” that are produced are assumed
to have suitably defined small energy, then, in first ap-
proximation, they serve to increase the range of the
interaction of the end isobars but carry off only a small
part of the total angular momentum themselves. The
amplitude can be assumed to depend only on the angu-
lar variables of the two end isobars through a modified
propagator or exchange mechanism. The process then
simulates the “two isobar’’ case considered here, and the
angular dependence of the approximate amplitude is the
same as that given by Eq. (3.17).1! Thus, as suggested
by the “Regge-pole” exchange interaction example, the
elastic diffraction scattering has the characteristic expo-
nentially decreasing dependence on momentum transfer,
if there is present a dominant long-range interaction of
the same type (but of greater range) in an inelastic
channel.
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