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The leading singularity in the complex angular momentum plane is studied for certain sets of Feynman
graphs. Two models are considered: (a) the ladder graphs in the A¢* theory in which bubbles are exchanged,
and (b) the ladder graphs for the scattering of two scalar mesons by vector meson exchange. The method
used is the summation of the most singular term in every order of perturbation theory. In both models the
leading singularity is a branch point on the real / axis to the right of /=0. As the coupling constant is de-
creased, this branch point approaches /=0. The nature of the branch point is very similar to that of the
branch point (near /= —} for weak coupling) in the case of scattering from a potential with a »~2 singularity.

I. INTRODUCTION

ECENTLY, there has been considerable interest
in the general subject of complex angular mo-
mentum in field theory}—® By field theory we mean
field-theoretic approximations, e.g., sets of Feynman
graphs. In particular, it has been shown that sum-
mation of ladder graphs in a theory of the scattering
of scalar bosons by the multiple exchanges of scalar
bosons leads to a leading Regge trajectory.! This Regge
trajectory shows a strong similarity to the leading trajec-
tory in the case of scattering from a Yukawa potential.
In potential scattering not all potentials give a Regge
pole as the leading singularity (i.e., farthest to the
right) in the / plane. A potential with a 2 singularity
at the origin gives rise to a branch cut in the / plane,
between the points /= —14-4/g, where g is the strength
of the 2 term. Under some circumstances the right-
hand branch point, /=—%+44/g, will be the leading
singularity.

We may ask whether similar branch points will be
encountered in field theory. Evidently scalar boson
exchange gives rise to a force which is not sufficiently
singular at r=0 to create such difficulties. However,
in other field-theoretic models the force might be
expected to be more singular at =0 and branch points,
therefore, would be anticipated.

It has been shown for one such such case that no
branch point in fact arises near l=—3% (for weak
coupling). This is the case of the exchange of a scalar
boson with a continuous mass distribution, in which
the mass spectral function is designed to simulate a 2
potential at the origin, if used in a superposition of
Yukawa potentials,

V)= / A
a r

p(u) — const as p— «,

where
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It was shown in Ref. 1 that this spectral function
(used as a weight function for the masses in the
propagator for an exchanged particle) gives rise to a
leading pole (near I=—3% for weak coupling) in the field
theoretic case.”

In the present work some ladder graphs are examined
in two cases which are somewhat more singular than
the above example. The first model is the sum of the
bubble exchange graphs in the A¢* theory. The second
model is the sum of vector meson exchange graphs in
the scattering of scalar bosons. In both cases we find
a leading branch point in the angular momentum plane,
now near /=0 for small coupling, but in other ways
very similar to the branch points for the 72 potential.
The method used is the summation of the most singular
term in every order of perturbation theory (for the
ladder graphs).

In Sec. 2 we discuss in more detail the two models.
In Sec. 3 the treatment of theories with leading poles
is discussed, as an example of the technique of sum-
mation of most singular terms. In Sec. 4 the essential
difference between pole producing mechanisms and
branch point producing mechanisms is stated. In Sec.
5 the summation technique for the leading cut theories
is explained and the results are stated for the two
relativistic models and for the #—2 potential (which
serves as a check on the method). Section 6 is devoted
to the cosf — « limits implied by the leading branch
points. The evaluation of integrals is outlined in the
appendices.

II. THE DIAGRAMS TO BE CONSIDERED

The first model is the sum of the ladder graphs in
Fig. 1 for the Ny* theory, in which bubbles are ex-
changed. The problem is to be formulated in terms of
the partial-wave Bethe-Salpeter equation.

The second model is that of the ladder graphs for
the exchange of vector bosons by scalar bosons, Fig. 2.
We take the two scalar bosons, ¢ and b, to be oppositely
charged to make the force attractive. For the vector
boson propagator, we shall take merely

8uv ) .
Qu)t e—p’

7 In this paper we deal only with leading singularities for weak
coupling.
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COMPLEX ANGULAR MOMENTUM

that is, we consider the interaction to be with a con-
served current. In a boson theory this implies the
existence of interaction terms of the form, ¢*pA4,4,,
as in scalar boson electrodynamics. Graphs of the form
shown in Fig. 3 result from this term. These graphs
have been omitted from our summation.?

In both cases the diagrams under consideration are
finite for />0. Our procedure will involve finding an
analytic interpolating function for /=1, 2, 3---. The
Sommerfeld-Watson representation will now be of the

form
1 / Q2I4-1)dlf (s,))Py(—x)
r

f(s, x=cos8) = fo(s)——

?

, (1)

sinmrl

where I' encloses the points I=1, 2, 3--- as shown in
Fig. 4. When we finally look at the high-« limit of (1),

SQ;Q_""M - M+

we will find, of course, a constant background term,

fo(s).

Frc. 1. Diagrams
from the A¢* theory.

1II. MODELS WITH A LEADING POLE

It is instructive to review how, in the case of models
with a leading Regge pole, the perturbation trajectory
may be found by summing the most singular terms of
each order. We have in mind the cases of superpositions
of Yukawa potentials (with well-behaved weight
functions) and the case of the ladder graphs in the A¢?
theory.

In these cases, the scattering amplitude is given by
the solution of an integral equation which has been
extended to complex /,1°

Vl (E)S’,rg) Tl (EII;E’:S)
h(g"5) '

Here s is the total energy (energy? in the relativistic
problems). The ¢’s stand for a set of variables (relative
momentum in potential scattering; relative momentum
and relative energy for the Bethe-Salpeter case) which
are to be finally fixed at values determined from s,
when the amplitude is taken on the energy shell.

Now, in general, there is a region, Rel>/y, in which
the kernel of Eq. (2) is analytic. In the cases cited above,

Tue )= Vit )+ / ag"

F1c. 2. Vector boson
exchange graphs. Solid =
lines are scalar bosons; S~ '
dashed lines are vector y—t
bosons.

+ doou

+
—

8 These graphs are apparently as singular in each order as the
ones which have been summed. This example, therefore, is of
interest mainly in its relevance to Bethe-Salpeter equations; the
behavior of the ladder is very likely not characteristic of the field
theory. The following has been checked: the diagrams of Fig. 3
do not remove the singularities at /=0, order by order.

9L. Brown, D. I. Fivel, B. W. Lee, and R. F. Sawyer (to be
published).
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the first singularity of V; is a simple pole at I=/y. In
the Regge pole models, the residue of V; at this pole
is of a particularly simple form:

gr(OE)

— 0

Vi(gE)= ~+a regular term. 3)

The most singular term in T in each order of per-
turbation theory is given by inserting the first term of
(3) into the iteration solution of (2):

Teins(s)= 3 Velh(s)V e, @)

n=0

where V;? is the first term on the right-hand side of (3).
We have

n+1

i)~ X s 1)

)

Thus, we see how the sum of the most singular term in
each order gives a Regge pole form, B(s)[I—a(s)],

=gr(£)t(é')(l—lo—g

Ind
P

(o
S

F16. 4. Sommerfeld-
Watson contour.

where both 8 and « are determined to first order,
B(s)=gr(s)i(s),
N (©)
h(g"s)

Models in which the singular part of the kernel is
not separable as in (3), but still is expressible as the
sum of a finite number of separable terms, are essentially
no different. The single perturbation trajectory is
replaced by the sum of several trajectories, all ap-
proaching /, for zero coupling strength.

a(s)=l+g

IV. BRANCH POINTS

In all such models there is some real number, /;, such
that for Rel<I; the individual integrals no longer
converge in the Born series solution to (2). In all
theories with known leading Regge poles, the leading
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singularity of V; at lo is to the right of the line Rel=1;.
If, ‘'on the other hand, ;> /, we may anticipate that the
leading singularities in each term come from the con-
tinuation of the integrals, rather than from the singu-
larity of V;. We shall argue on the basis of our examples
that when /;>/, the leading singularity will be a branch
point (at least for weak coupling).
We list /o and /; for several cases:

(a) Yukawa potential l=—1, hL=-%

(b) Ladders for A¢® theory le=—1, h=-%

(c) Scalar bosons exchanging ly=—1, L=0
vector bosons

(d) Bubble exchange in A¢* ly=0, L=0
theory

(e) 72 potential lo=—%, h=-—%.

V. SUMMATION TECHNIQUE

Now concentrating on those theories [(c), (d), (e)
above] in which [;>1, we examine the nature of the
term by term singularities at the point /;. We find in
the (z+1)th Born term in the various cases (keeping
only the highest order pole term in each order of
perturbation theory):

2n+2
© o)
gZ n+2
(@ Do
ntl
(e) emq(s)—-———(l_¥-%)2n+1 .

We note the similarity to the expansion (5). If the
coefficients, ¢, were of the form ca.y1(s)=8(s)a"(s) we
could again sum the most singular terms into a Regge
pole form; they are not, however. In the Appendix the
coefficients ¢, d, and e are worked out to all orders and
it is shown that these terms are generated by the series
expansions of!?

S sl

(vector meson exchange)

o i )

(¢* theory)

(&) fuime-(s)=—3[(+P—gl® (~* potential).

0 Here fi(s) stands for exp:d;sind;. Note that the singular
terms depend only kinematically upon s. The variable s is the
energy (Ref. 2) in the relativistic cases, the energy in the non-
relativistic case.

SAWYER

Note that the right-hand sides of Eq. (7) can be
multiplied by a function g(l,s) analytic at /=0, 0, —3,
respectively, in the three cases, and such that g.(0,s),
24(0,5), g.(—%, s) are unity. This will not change the
leading singular terms of the perturbation expansion.
In particular, the functions g may be chosen to give the
correct threshold behaviors

s—4m2\ 12
gc<z,s>=gd<z,s)=( ) ,

s\ /2
8e (Z,S) = <_) .
a

Here a is an arbitrary number.

Though the procedure of summation of only the most
singular terms cannot be justified, the result for case
(e), giving the correct branch points at I=—344/g
for the 2 potential gives us some confidence in its
validity.

Our conjecture that the branch point in cases (c)
and (d) is indeed independent of s and will not begin
to move in the next order of approximation is supported
only by the analogy to the »—2 case.

These conclusions for the A¢* theory differ from the
previous results of Lee and the author.? In this previous
work, Regge pole behavior of the same graphs was
extracted using a limiting process with a parameter, 7,
in which the genuine Feynman graphs corresponded to
the limit » — 0. This # was introduced to convert the
relevant Bethe-Salpeter equation into a Fredholm
equation; the method of attack was the Fredholm
method. For small g it was concluded that there existed
a leading pole near /=0. In the present work it has been
seen that when n=0, this pole turns into a branch point.
The previously published conclusions on the asymptotic
dominance of the crossed bubble-exchange (or multi-
peripheral) graphs, over certain other sets of graphs,
are maintained in our new result.

a

VI. SOMMERFELD-WATSON CONTOUR AND
HIGH COS6 LIMIT

We begin with the representation

1 204+1)Py(—=x)
60 = o= / P PR

sinml

where T' is the contour of Fig. 4. In both of our field-
theoretic examples the leading singularity is on the real
axis somewhere to the right of /=0. For the weak
coupling case, this branch point will be near !=0.
When the Sommerfeld-Watson contour is opened up
and moved to the left, the leading dependence for
high « will be provided by the integral around the
leading end of the cut as shown in Fig. 5. Let A be that
segment of this contour which is drawn with a heavy
line in Fig. 5. We now examine the high-x limit in the
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two cases, (7c) and (7d):

dL(2i4-1) (sinwl) 1Py (— ) frine(s).  (9)

lim——
AN

In case (c) we obtain, in the weak coupling limit,

w3l s —dm?
lim ]’(s,x)=——é—(

1/2
) (—x)<TIn(—x)]-5, (10)
14

S

where
=g2/16m2.

In case (d) we obtain, in the weak coupling limit,

s—4m>\ 1?2
lim f(s,%)=— 2—3/47,.3/2g—1/2( >
0 $

X (=x)*[In(—x) 12,

=g (2m)~28102,

These limits provide the high energy behavior of the
crossed graphs of Fig. 6 [with x=142¢/(s—4m?)].
Note that the difference between the expressions, (10)
and (11), and the prediction of a fixed Regge pole is
the logarithmic factor alone.

(11)
with

VII. CONCLUSIONS

We have seen that in the perturbation treatment of
a class of models one may easily distinguish between the
mechanisms that produce a leading pole and those that
produce a leading branch point in the / plane. These
models are: superpositions of Yukawa potentials;
ladder graphs with scalar meson exchange, vector
meson exchange, and bubble exchange. In each of these
examples the scattering amplitude obeys an integral
equation, the kernel of which is an analytic function of
I with certain singularities, in particular with a leading
simple pole at /=1/,. In each case there is also a line in
the I plane, Rel=1,, to the left of which the individual
integrals in the perturbation series diverge.

When /o>1;, we find a leading pole; when /1>, a
leading branch point. That is, in perturbation theory,
the leading moving pole arises from the repeated
iterations of the fixed pole of the kernel. Leading cuts
arise from analytic continuations of integrals.

The method of summing leading terms in each order
of perturbation theory is clearly not adequate to find
any properties of subsidiary singularities in the / plane,
for example, Regge trajectories beginning at /=—1, or
some such place. A better approach would seem to be

Fic. 5. Contour for high
cosf limit.

Re 2
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FiG. 6. Multxperxpheral ;&-o}o{
graphs.

from the Bethe-Salpeter equation itself, by solving in
some noniterative approach. The Fredholm method
used in Ref. 1 is not applicable, however. The models
with cuts are in each case characterized by a singular
integral equation to which the Fredholm method may
not be applied.

The results are discouraging to the program of finding
Regge behaviors from the simple dispersion theoretic
approximations. For example the simple ND~! method
(with a subtraction in D and with N computed from a
Born term) is designed to be a cheap way of approxi-
mately summing a chain such as that of Fig. 1 or Fig. 2.
However, we may see that this technique completely
misses the branch points in the / plane and predicts a
totally different cos§ — o limit.!!

The results are hopeful in one respect; it is always
nice to be able to sum an infinite set of orders of
perturbation theory even when these terms are a small
fraction of all the terms which need to be considered.
There is some slight hope that general criteria may be
found for deciding which terms will be the most singular,
and then perhaps these terms may be summed (these
criteria more or less exist for the A¢® theory; the
dominant graphs are the ladders, see Ref. 3). In any
event it would seem that much more work on simple
models is required.
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APPENDIX A: r2 POTENTIAL

We treat the =% potential in some detail as an
illustration of our method, which will become somewhat
more complicated in field theory. Consider a super-
position of Yukawa potentials

1 )
V()= —- / dyyp(y) exp(—y'tr). (A1)
7 J mg?

Here y is a (mass)? variable.

The partial wave projection of the Lippman-
Schwinger integral equation for the scattering ampli-
tude in this potential is®

TI(E,E’,S)': Vl(gigl)
1= ag
+- f — VETUE ), (A2)
mJo E'—s—ie
where
(gg)14 e 8ty
Vi(gE)=— dyyie R, @3
1(£,E) . ./mo’ 54 p(y)Ql(Z(EE’)W) (A3)

1P G. O. Freund, Nuovo Cimento 28, 263 (1963).
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and s is the energy. The mass of the particle which is
scattered has been taken to be 3. The energy shell is
defined by ¢=¢'=s. In this limit, T(&¢,s)= (expid;)
Xsind;.

If the weight function, p(y), behaves at infinity as

p(y)=3g+0(7%, >0 (A4)

the potential will have a r—2 singularity at the origin.
We shall take p(y)=g/2; only the 2 singularity is of
importance in our calculation. Thus we have

V(r)=—(g/r*) exp(—mu), (A5)

where the value of m,, the minimum mass exchanged,
is of no significance to us.

Now we examine the contribution to (A3) from the
leading term in the expansion of Q;(z) in powers of 72,2

0=t Lt
Pt

From (A3), (A4), and (A6) we see that V;(§,¢’) has a
simple pole at /= —3, coming from the integral of the
first term of (AG6). Separating out this first term we
have, defining A=741,

+0(z"%).  (A6)

g
(§,8)= 4—}\(85’)“2(5-%- E+me?) - Ra(£E). (AT)

Now, for simplicity we fix s at some negative real value
in (A2). The terms which will eventually be summed
are independent of s, but it is convenient to be able to
ignore the singularities of (¢’—s)! in (A2) in deriving
them.

SAWYER

we write the iteration solution to (A2) as

T=3 V(GV)".

n=0

(A9)

We assert that the most singular term at A=0 in
each order arises from the first term in the expression
for V, (A7). The proof consists of noting that R)(£,£")
in (A7) is not singular at A=0 and that

| RA(EE) | <M (E+E+me?) (£,

where M is some number. Note that singularities at
A=0 come about in two ways: (1) From the 1/A in
(A7), and (2) from the integrals implied in (A9). For
A>0 it is easily seen that these integrals converge. At
A=0 they diverge.

Continuation from the convergent region, A>0, will
give additional singularities at A=0. Now because of
the bound, (A10), the singularities coming from the
integrals of terms containing R)(§,£’) are no worse than
those from the integrals of the first term on the right
of Eq. (A7). These latter terms, however, are more
singular because of the 1/A dependence. Using only
the “most singular part” of V)(§,¢),

(A10)

_ g
VA(EE) =ZX(E£’)W(E+ E+me)™, (AL

we write the “most singular part” of the scattering
amplitude, T\ (£,£), as

Now defining 1 5(6—2) T i VA (G )= i Th™, (A12)
G(E;EI)=— ] (AS) w0 =0

T —s—ie where
_ g n 0
Ty = (5) / Aty -+ dfns

0
(EtEtm?) e (ErtEatme?) T ED (B2t Etm®) ™ - M EnaFE+md)™
X . (A13)

(51—9) (g2—5) -+ - (En—1—9)

Now we examine the singularities of the infegrals in
(A13), again multiple poles at A=0. It can be seen that
the most singular term of (A13) is independent of s.
If we replace one of the factors (¢£,—s)! by (&:41)7,
the extra term involving the difference, (&—s)™*
— (¢:+1)7Y, goes to zero sufficiently fast as £; goes to
infinity to eliminate at least one factor of X! from the
result. Since the singularities will come from the high
£; parts of the integrals, we may also replace ¢* by

2 Higher Transcendental Functions, edited by A. Erdelyi

(McGraw-Hill Book Company, Inc., New York, 1953), Vol. 1,
Eq. (3.2.41).

(14-¢)™. A new “most singular term” is then defined
by

To=( L) gy
4\

X/ dér - dEn o (EHE) A+ L) M E+E)
0

X(AtE) - (I )M (EHE) 7 (AL4)
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We begin by integrating from the left. We define

Ii(§,8)= /d&(’é‘*" E)MAFE) M EHE),

(A15)
Ii(&,Exp)= / derd 1 (§E) A+E)7H
X (&t Epp)™
and obtain
LIi(g,E) =N £ Info+Ru(£,6,0),  (A16)

where R1(£,£2,\) is regular at A=0 and is bounded by
£ M. Again the term, Ry, will not contribute to the
leading singularity. The logarithmic term in (A16),
however, is relevant, though regular at A=0; in the
next integration it will increase the order of the pole
at A=0.

In a similar way one may verify that the integral,
Iy, is given by

k
L= 2 Cf(Infryr) Nk

=0

(A17)

By less singular terms we mean terms of the form

(Err) ™ N (Inry )™M (Ekii,N)

where m+me<k and M is bounded near A=0 for all
£r+1. We note the relation

~+a less singular remainder.

/ dEA+E(E+E) Inng
Inntig 0 n
e ]
n+1 A\
+less singular terms. (A18)

Substituting (A17) into (A15) and using (A18)
yields a recursion relation for the Cy:

ekC’nk«l

n m!
+Z ___Cnm,

m=k k!

Cn-}-lk:

(A19)

with ez=1 for kZl, €=0.
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The boundary condition comes from (A16);
C 10= C11 = 1 .

By induction one may verify the solution

. (k+1)(2n—k)!

O e
(n—k) ! (n+1) %! (A20)
2(2n—1)!
k=0 Cl=——""-—".
(n—1)(n+1)!

Proceeding now to the end of the chain of integrals,
(A14), we find terms of the form

n+l )
(ng) )\I2(%> ank_"wc (1n£')k .

Since £ and £ are now to be set equal to s, the most
singular contribution to the (%z41)st order is

T)\(n)sing= CnO (g/4_) n+1)\—2n—1 ,

with the definition (A20) for C,° #>0 and with
Co°=1. The summation of most singular terms is

® A g\
Tysine= 3" Tﬁ”“inﬂ:—[l—(l——) ] (A21)
2 A2

n=0

We note the branch points at A==-4/g. This result,
of course, can be obtained trivially in this case of the
r—2 potential. The integrals which arose in this case,
however, are identical to the ones which arise in the
two field theoretic models.

APPENDIX B: THE BETHE-SALPETER CASE FOR
VECTOR MESON EXCHANGE

In each case we deal with the scattering of two spin-
zero bosons of equal mass, m. The integral equation
will be of the same general form as the one in potential
scattering, with an extra variable, the relative energy.
The integral equation is of the form (see Ref. 1)

Ti(pw; p'0'5 9)=Vilpyw; p'0")—1 / dw" / ap"Vi(pyw; p" ") p " Hm—ie— (@' —30/$)" T
—c0 0

XLp - mi—ie— (@' +3/SPTTu(p 5§05 9).

(B1)

Here the scattering amplitude on the mass shell is defined by

exp (8;) sind;=7?[s(s—4m?) 12T ((Fs—m*)2, 0; (3s—m?)V2, 0;5).

As a propagator for the vector mesons, we take

(2m)*

(B2)

Bur (BP—p?)"
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Opposite coupling sign to the two scalar bosons is chosen, in order to make the force attractive. The Born term
is calculated to be

g 5= ()24 g2+ p2H 2pp'a

Vitpwip) = [ aspi) AR e A 83)

2(2x) )y PP —2pp v — (0—o')2— e

where u is the mass of the exchanged particle and g is the coupling constant.
For I=1,2, 3. .- the expression (B3) may be replaced by V;4:

2 2+ .’2+”2_i6_ (w_w’)2

Vit= (S+2P2+2P’2*2w2—2w’2+u2)Q1<P d ) : (B4)
(2m)? 2pp°

Here a term has been dropped which contributes only to the S wave. Equation (B4) may now immediately be
generalized to complex /. Our complete form for 7' will be

T(,s)=A(s)d1,0+T4(0,s), (BS)

where the analytic part, T4(l,s), is what is of interest at the moment.

As in the case of the 2 potential the most singular terms will be independent of s; the singularities coming
from the high p and w parts of integrals (when the final answer is taken on the mass shell some s dependence will
result from the substitution p= ($s—m?)'/2; it is the s dependence in the propagators in (B1) which is ignorable).
Taking s=0 and rotating the w integration contours in (B1) counterclockwise to the imaginary axes we obtain

Tup; p'') = Ti(pgo; /") + / do” / ap"T(p; VTP it T Tu(p s ), (BO)
—c0 0

where _
T, (P:w 5 Plywl) =T (P)iw 3 Plaiw, 3 §= 0) ’

7o 8 P p 2t (w—w'>2) (B7)
" n) 2’ '

It is easily seen that the integrals in the Born series solution to (B6) converge for />0. There will be singu-
larities coming from the divergence of these integrals at /=0.

Following the same lines as outlined in Appendix A we find that the most singular contribution at /=0 comes
only from the leading term in the series development of Q;(z) in powers of 272 We define a “most singular,” V?, as

g 1rl/2P(1+l)(2 24240 Dtk 20t 2)[ pp’ :Il+1 -
e rarn T it e

The argument is a little more delicate in this case. Note that the singularities at /=0 now come completely
from the integrals; the kernel is regular at /=0. It is still possible to prove, however, that the higher terms in
the series development of Q;(z) (of order z=*-%) behave sufficiently better as p, w— « to ensure that the most
singular contributions do indeed come from the substitution of V%, (B8), inplace of V, in the integral equation, (B6).

The factors #/2I'(14-7) /T (I4-%) can now be evaluated at /=0; u? may be set equal to zero.

The nth term in the Born series, inserting the ‘‘most singular’ kernel, (B8), and changing variables to £;,=p2,

ni=w?, is
(g £ EFEtntm) a4 S0t —2 () 2]
l (5,77, E ) )_ (£1+7’1+m2)2

2

(21)2—{-2p’2+2w2+2w’2+p2)Q1(

2n

7)™ Jo

—_ 1/27-1—1
Xglle__m(El+f2+’71+’72)[51+£2+’71+"12 2(”1772) :l Ezlﬁm’—l/?' : 'En—llHﬂn_fm(fn—1+f'+ﬂn—1+77')

(fz’*‘ﬂz'*‘mz)z
XnatE+nuatn’ —2(n )21 (E) D2, (BY)

We set m?=1 and change variables to ¢;, & where n,=1;(£;,41). The variables 7 and n’ may be set equal to zero
and £, ¢ to unity, with the exception of those factors standing to the extreme right and left in (B9).
We obtain

2n ® 1 ti-—1/2

@2x)r Jo 1I=]1: (1412)?

Ty (£,0; £,0)= dti / dg - dEpa (88) VR4 8L (H0) +£2(141)]
0

XCE (A1)t 2 (14-12) — 2 (Wtabrde) P T (14 £2) - -, (B10)



COMPLEX ANGULAR MOMENTUM

where some minor modifications have again been made
which do not change the nature of the singular
contributions.

It may be seen that in the representation (B10) the
singularities at /=0 come from the £ integrals. Further-
more, the most singular term of the ¢ integrations are
independent of the variables #;; we may evaluate the
inner integrals at #;=0 to obtain the leading singu-
larity. From the £ integrals alone then we obtain the
chain

0

dEye A (B 1) (E £
X (I4E) i (EtE) 70 - (IEa) ™

This is the same chain as encountered in the 72
potential, Eq. (A14).

The most singular term in the nth order in the
present case is, thus,

G
(2,".)37; Jn—1

I,=
(B11)

T, (88)=

0 t—1/2 n—1
x[ dt] Cni?,
o (1422

in terms of the coefficients, C, defined in (A20).
The expression which generates the most singular
term in each order is

Ir /1 g\
e[
72 \4 64n%

On the mass shell we set (££')V2= (s—4m?)/4. The
singular part of (B13) is now

§— 4m2 g2 1/2
Ty (s)=— o 1— .
Ax 1672

APPENDIX C: THE g¢o* THEORY

(B12)

(B13)

(B14)

The bubble exchange graphs of Fig. 1 are generated
for I=1, 2, 3- -+ by the integral equation (B1) with!?

Vl (P)w 5 P/;w,)

- P y—il— (=)
- [ ate( : ).
4m0‘Z ZPP

p0)=- (i)s[y —jmz]m.

This expression for V; is the form for the exchange
of a scalar particle of mass, 92, weighted by the
appropriate mass spectral function for the bubble. The
basic bubble (the first graph of Fig. 1) is of course
divergent, but this divergence is only in the S wave.
As before we perform our continuation to complex /

where

(C1)

IN PERTURBATION THEORY 1391
from the analytic interpolating function for /=1, 2,
K

As in the vector meson case the integrals in the
iteration solution converge for Rel/>0. Again they
diverge for /=0; singularities at /=0 will result from
continuation of the integrals.

Again the leading term in the expansion of Qi(z)
gives rise to the most singular terms. Also, only the
asymptotic form of the spectral function will matter.

2

lim p(y)= (C2)

8(2m)s
It is the large y part of the integral in (C1) which gives
rise to poles at I=0.

We again may set s=0 without chaging the singular
terms. The relevant part of V;, V3, is given by

g wr(1410)
8(2m)° I (+3)
X[#+p4me— (@0—u )T (C3)

The difference, V;— V;is regular at /=0 and bounded
by the form

|Vi— Vil <M (pp") L2+ p"+4m?— (0— )] (C4)

Therefore, the most singular terms will come from V.

We note the strong similarity between the expression
(C3) for the go* case and the expression (B8) for the
vector meson exchange case. The behaviors as p, o/,
w, o’ approach infinity are essentially the same. How-
ever note that in the go* case V; has a pole at I=0
while in the vector meson case the singularities come
from the integrals alone. Thus, for the g¢* case the
order of the pole at /=0 will increase by two in each
successive order of perturbation theory. The situation
in this respect is identical to that in the 2 potential
case.

A series of steps exactly analogous to those following
(B8) will suffice to demonstrate that the most singular
terms in each order are generated from a chain exactly
of the form (B10).

In this case the equation analogous to (B11) is

2 (g
Tl(n) (E)‘E/) =

T l2 n—1

V= (6P

Cn—lo

. (Cs)
[32(2m)* ]

On the mass shell, we have

v s—dmPrl 1 g P
£ 1o@=— (=) | o
= w L2 \4 3202nw

the singular part of which is

s—4m? / g

1/2 .
Ty(s)=— 22— . C7
&= ——{r— (W) ©1)




