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lines will be similarly affected. Since the pressure coef­
ficients of the different parts of these band structures 
are well known,14 quantitative data on wave functions 
could be found. Similar pressure measurements should 
also be useful in confirming the indirect character of the 
band gap in GaP, in investigating the mechanism of red 
emission in this compound, and in determining the 
energies of higher minima, which are at present un­
certain.14 Extensions to the 2-6 compounds are cer­
tainly possible; it is to be noted that experiments of 
this sort have already been reported by Langer.25 

25 D. Langer, in Proceedings of the International Conference on 
Semiconductor Physics, Prague, 1960 (Publishing House of the 
Czechoslovak Academy of Sciences, Prague, 1961), p. 1042. 

I. INTRODUCTION 

THE diamagnetic susceptibility of pure metal single 
crystals exhibits an oscillatory behavior at low 

temperatures known as the de Haas-van Alphen 
(dHvA) effect. These oscillations are periodic in the 
reciprocal magnetic field and are important in the study 
of the electronic structure of metals due to their relation 
to the Fermi surface of the metal. The period P is 
related to an extremal cross-sectional area of the Fermi 
surface normal to the magnetic field direction by the 
relation1 P=^2e/chA=-9.546X107/^i, when P is ex­
pressed in Grl and A is the extremal area in k space in 
units of cm-2. Studies of the dHvA effect have proved 
to be extremely valuable in mapping the Fermi surface 
of the noble metals2 and many other low valence metals 
(e.g., Mg,3 Zn,4 Al,5 Pb 6). In contrast, there have been 
few detailed measurements relating to the Fermi surface 

* Supported in part by the U. S. Atomic Energy Commission. 
1 L. Onsager, Phil. Mag. 43, 1006 (1952). 
2 D. Shoenberg, Phil. Trans. Roy. Soc. London, A255, 85 (1962). 
3 W. L. Gordon, A. S. Joseph, and T. G. Eck, in The Fermi Surface 

(John Wiley & Sons, Inc., New York, 1960), p. 84; M. G. Priestley, 
in Proceedings of the Seventh International Conference on Low 
Temperature Physics, edited by G. M. Graham and A. C. Hollis 
Hallet (The University of Toronto Press, Toronto, 1960), p. 230. 

4 A. S. Joseph and W. L. Gordon, Phys. Rev. 126, 489 (1962). 
5 E. M. Gunnerson, Phil. Trans. Roy. Soc. London A249, 299 

(1957); M. G. Priestley, Phil. Mag. 7, 1205 (1962). 
6 A. V. Gold, Phil. Trans. Roy. Soc. London A251, 85:(1958). 
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of transition metals. We report here on a systematic 
pulsed-magnetic-neld study of the dHvA effect in 
zirconium. 

II. APPARATUS 

The pulsed-magnetic-field apparatus used in the 
present experiments has in principle been described 
elsewhere.7 Magnetic fields up to 190 kG are produced 
impulsively by discharging an 1800-/iF capacitor bank 
charged to 3000 V through a copper wire-wound solenoid 
cooled to liquid-nitrogen temperature. The field rises 
approximately sinusoidally to a peak value in 4.44 
msec,8 and 1 msec later the magnet is shorted, allowing 
the field to decay exponentially with an L/R time 
constant of 16 msec. To insure field uniformity in the 
central region, the solenoid is fitted with trimmer coils 
which maintain field homogeneity to better than one 
part in 104 over a distance of 10 mm. A stainless steel 
liquid helium Dewar with 1.27-cm outer tail diameter 
fits into the solenoid and provides a 1.09-cm-diam 
working space for the rotating coil apparatus. (The 
rotating coil device has been described in detail in a 
separate publication.9) The detection coil containing the 

7 D. Shoenberg, in Progress in Low Temperature Physics, edited 
by C. J. Gorter (Interscience Publishers, Inc., New York, 1957), 
p. 226. 

8 In the final measurements on zirconium, the capacitor banks 
were enlarged to 5400/*F, giving a rise time of « 7 msec. 
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The de Haas-van Alphen effect has been observed in single crystals of zirconium in pulsed magnetic 
fields up to 190 kG. A rotating coil device has been used to study the periods of the oscillations as a function 
of magnetic field direction in the (00-1), (10-0), and (11*0) planes of the hexagonal crystals. Five separate 
oscillatory terms have been observed with periods ranging in value from 2.0 to 3.4X10~8G-1. The data, 
in general, do not agree with the Fermi surface predicted by the nearly free electron model. 
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sample can be rotated ±60° about an axis perpendicular 
to the magnetic field and can be positioned accurately 
to better than 0.5°. Signals from this coil are displayed 
on an oscilloscope after being filtered and amplified, 
and are recorded photographically. 

The samples of zirconium used for the present work 
were spark cut from a rectangular bar [p(300°K)/ 
p(4.2°K)«150] containing large single crystal grains 
of the hep phase. The crystals were grown by H. Shimizu 
of this laboratory by vacuum annealing close to the 
transition temperature (~867°C) between the high-
temperature p (bec) and low-temperature a (hep) 
phases. A total of four cylindrical samples were used 
(«0.76-mm diamX«5-mm long) whose rod axes were 
along the [10-0], [11-0], [00-1], and [10-1] direc­
tions. The samples were glued in a Micarta holder, 
oriented by x-ray back-reflection techniques, and 
inserted into the detection coil. Each sample was 
mounted so that (1) the symmetry axis of the sample 
was colinear with the axis of the detection coil and the 
magnetic field direction, and (2) upon rotation of the 

ORIENTATION (DEGREES) 

FIG. 1. Angular variation of the de Haas-van Alphen periods in 
zirconium in the (11 *0) plane. Data were taken at a temperature 
of «1.1°K. Crosses (+ ) denote periods which we ascribe to 
harmonics. 

ORIENTATION (DEGREES) 

FIG. 2. Angular variation of the de Haas-van Alphen periods in 
zirconium in the (10 • 0) plane. Data were taken at a temperature 
of «1.1°K. Crosses (+ ) denote periods which we ascribe to 
harmonics. 

unresolvable at angles greater than 22°-24° from the c 
axis. The period decreases approximately as the cosine 
of the angle between the field direction and the c axis, 
which might result from a nearly cylindrical segment of 
the Fermi surface. The y oscillations, which appear as 
weak beats superimposed on the a and /5 oscillations, 
similarly disappear as the angle between the magnetic 
field and the c axis increases. In the range over which 
it is observed, this period is constant within the limits 
of experimental error, and hence can be associated with 
a piece of the Fermi surface having a spherical curva­
ture. Near the [10-0] direction the oscillations 8 are 
seen beating with the a oscillations. Although these 
oscillations are relatively strong along the symmetry 
direction, their amplitude diminishes and virtually 
disappears at angles greater than 15° from the [10-0] 
direction. Another set of oscillations, labeled e, were 
detected between 30° and 43° from the c axis in the 
(11*0) plane. Along the c axis two shorter period 
oscillations, which we shall call $f and f$" were observed 

sample and detection coil the magnetic field remained in 
a symmetry plane of the crystal. The resulting error 
in orienting the appropriate symmetry direction along 
the magnetic field is estimated to be ±3°. 

III. RESULTS 

The results of measurements of the dHvA periods in 
the (11-0), (10-0), and (00-1) planes of the zirconium 
crystals are shown in Figs. 1-3. Only one set of dHvA 
oscillations (labeled a) could be followed over all 
angles, and can thus be associated with a closed piece 
of the Fermi surface. The amplitude of these oscillations 
is quite strong and is dominant over the other oscilla­
tions except near the [00-1] direction. The total varia­
tion of this period is slightly less than 20% suggesting 
that the corresponding segment of Fermi surface is 
similar to a distorted sphere. The oscillations corre­
sponding to the period labeled ff, although dominant 
along the c axis, decrease rapidly in amplitude and are 

FIG. 3. Angular 
variation of the 
de Haas-van Alphen 
periods in zirconium 
in the (00-1) plane. 
Data were taken at 
a temperature of 
~1.1°K. 
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and followed toward the [10-0] axis. Their orientation 
dependence near the c axis and their magnitude suggest 
they are the second and third harmonics of the $ 
oscillations. In the region from 10°-18° from the c axis, 
where the a oscillations become dominant over 0, the 
short periods are somewhat difficult to resolve and 
appear to become the second and third harmonics of 
the a oscillations (labeled a! and a" in Fig. 1). 

The temperature dependence of the amplitude of the 
a oscillations was examined near the [11-0] direction 
from which we find7 an effective mass of w*=1.2wo. 
Similar measurements were not made at other orienta­
tions due to beating effects which made effective mass 
measurements extremely unreliable. 

IV. DISCUSSION 

I t is interesting to note that all of the oscillations 
found have periods of the same order of magnitude. 
Attempts to observe both shorter and longer period 
oscillations were unsuccessful. A separate sample was 
cut and studied in steady fields up to 40 kG by the 
torsion balance method4 but no dHvA oscillations were 
observed with the field in the basal plane of the crystal. 
Negative results were also obtained as the field "was 
rotated (in an undetermined plane) from the c^axis to 
the basal plane. 

Although data were taken with the magnetic field 
increasing and decreasing, all data plotted in Figs. 1-3, 
except those points labeled with crosses, were taken as 
the field was increasing. The discontinuity in the slope 
of the magnetic-field pulse (due to the electronic 
shorting which occurs shortly after the field maximum) 
generally made it more convenient to take data while 
the field was increasing. The effects of eddy currents 
induced in the sample and the metal helium Dewar tend 
to make the measured periods smaller than the true 
value in an increasing field and larger in a decreasing 
field. In all of our measurements the two determinations 
agreed within 3 % and most often the difference was 
only 1-2%. We have calculated the effects of eddy 
currents in the zirconium samples and in the stainless 
steel helium Dewar and find under typical conditions 
that the period would be ~ 1% high or low depending 
on whether the period was measured in a decreasing or 
increasing field. 

In most cases the periods of the separate oscillating 
terms could be determined from their beat patterns. 
However, in one region around 25° from the c axis in 
the (11*0) plane there is some question about the 
experimental curves. In this region (from 22°-29°) the 
a oscillations are dominant and beating strongly with y. 
There is a suggestion in the data of the existence of other 
oscillating terms, which are probably the ff and e terms, 
but they are not strong enough to allow reliable period 
determinations. I t is possible, therefore, that the /3 
curve continues to decrease with angle from the c axis, 
or alternatively, that the /5 and e curves join together 
around 25°. 

The shorter period terms (a\ fi'a", and /3") which we 
associated with second and third harmonics display 
some interesting features which might be mentioned. 
First of all, the amplitudes of these oscillations are quite 
strong, being —30% and ~ 8 % , respectively, of the 
fundamental near the c axis. Comparatively strong 
harmonics might result from a reduction in the funda­
mental amplitude due to specimen imperfections, eddy 
currents, and field inhomogeneities as pointed out by 
Shoenberg.2 The theoretical formula of Lifshitz and 
Kosevich10 permits an estimate of the relative strengths 
of the harmonics if one knows the effective mass of the 
pertinent carriers and the Dingle scattering factor x. 

FIG. 4. The de Haas-van Alphen effect in zirconium at 34° from 
the c axis in the (l l-0) plane. The diagonal trace represents the 
magnetic field variation in a sweep time of 1.0 msec. The horizontal 
traces are field calibrations, the lower and upper lines correspond­
ing to fields of 144.0 and 154.3 kG, respectively, (a) High-
frequency oscillations filtered, showing the long beats produced 
by the addition of the a and e terms, (b) Low-frequency oscillations 
filtered, showing harmonics and modulation effect discussed in 
text. 

9 A. C. Thorsen and T. G. Berlincourt, Rev. Sd. Instr. 34, 435 
(1963). 

1 0 1 . M. Lifshitz and A. M. Kosevich, Zh. Eksperim. i Teor. Fiz. 
29, 730 (1955) [translation: Soviet Phys.—JETP 2, 636 (1956)]. 
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The theoretical amplitudes obtained in this way agree 
qualitatively with those measured if one chooses 
ni*//mo~0.8 and #«1°K. These values, though arbi­
trary, are not unreasonable for a period «3X108 G -1 

and a sample with a comparatively low resistivity ratio. 
Beating effects in the dominant harmonic indicate the 

existence of a third harmonic, since beats occur every 
second oscillation. An example of these short beats is 
shown in Fig. 4(b). This beat pattern occurs over almost 
the whole range of angles that the harmonics were 
studied. 

Another beating effect, which is characterized by a 
longer beat length, appears to be an amplitude modula­
tion due to the fundamental. In Fig. 4(a) the funda­
mental oscillations are pictured at an angle of 34° from 
the c axis. The long beats are due to the e oscillations 
beating with the a oscillations. Higher frequencies than 
those pictured have been filtered. In Fig. 4(b) a similar 
picture was taken at the same orientation with the same 
sweep time and magnetic field variation. In this picture, 
however, the fundamental frequencies were filtered and 
only the high-frequency harmonics were allowed to 
pass. In this case the same long beat occurs, the beat 
waists occurring at the same time and field values, with 
the exception that there are twice the number of 
oscillations per beat. Although it might be possible to 
interpret this beat as due to another period oscillation, 
we believe it is rather a reduction in amplitude due to 
the fundamental passing through a beat waist. This 
feature was prominent over the region where the a and e 
oscillations were beating and would disappear when 
the fundamental no longer exhibited beats. 

In an attempt to explain the dHvA data in terms of 
a model of the Fermi surface we have examined those 
surfaces predicted by the nearly-free-electron model.6,11 

Since the number of free electrons per atom may not be 
a well-defined quantity for a transition metal, we have 
initially assumed the valence to be a parameter which 
might have an integer or noninteger value up to 4. 
Examination of these surfaces for valences of 2.0, 2.5, 
2.7, 3.0, 3.5, and 4.0 using a single-zone scheme12 and 
the double-zone surfaces of Harrison11 reveal no 
theoretical model which can explain the observed data. 
A somewhat severe modification of the Fermi surface 
predicted by the model using a single-zone scheme with 
four electrons per atom can possibly account for the 

11 W. A. Harrison, Phys. Rev. 118, 1190 (1960). 
12 M. H. Cohen and L. M. Falicov, Phys. Rev. Letters 5, 544 

(1960). 
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FIG. 5. (a) Sketches of the nearly-free-electron model of the 
Fermi surface predicted for a valence four metal using the single 
zone scheme. All zones are centered on V. The first band is com­
pletely filled, (b) A modification of the fourth and sixth band 
surfaces to account for the experimental dHvA oscillations. 

dominant features of our results. In Fig. 5(a) we have 
sketched the Fermi surface predicted by this model, 
and in Fig. 5(b) the fourth band hole and sixth band 
electron surfaces are shown modified to explain the a, 
8, and 7 oscillations. The sixth band pocket of electrons 
shown in the figure predicts a dHvA oscillation whose 
period is very close to that found experimentally. The 
periods given by this surface are 2.46, «2.9, and 
2.2X10-8 G"1 for the [00-1], [10-0], and [11-0] 
directions, respectively, compared to the experimental 
values of 2.85, 2.67, and 2.65X10"8 G"1. The fourth 
band hole surface has been modified to a semicylindric-
ally shaped surface which contains a spherical bulge in 
the basal plane. Although such a surface would explain 
the orientation dependence of the experimental curves 
6 and 7, it would not explain the rapid disappearance of 
the oscillations around 25° from the c axis. The nearly-
free-electron model does not explain the oscillations e 
or 5, and alternatively does predict many orbits that 
are not observed. It is possible that higher purity 
samples would show such periods. However, on the 
basis of existing data, it appears that a more meaningful 
interpretation of the Fermi surface in zirconium will 
require theoretical developments beyond that inherent 
in the nearly-free-electron model. 
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FIG. 4. The de Haas-van Alphen effect in zirconium at 34° from 
the c axis in the (11 -0) plane. The diagonal trace represents the 
magnetic field variation in a sweep time of 1.0 msec. The horizontal 
traces are field calibrations, the lower and upper lines correspond­
ing to fields of 144.0 and 154.3 kG, respectively, (a) High-
frequency oscillations filtered, showing the long beats produced 
by the addition of the a and € terms, (b) Low-frequency oscillations 
filtered, showing harmonics and modulation effect discussed in 
text. 
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FIG. 5. (a) Sketches of the ncarly-free-electron model of the 
Fermi surface predicted for a valence four metal using the single 
zone scheme. All zones are centered on I\ The first band is com­
pletely filled, (b) A modification of the fourth and sixth band 
surfaces to account for the experimental dHvA oscillations. 


