
P H Y S I C A L R E V I E W V O L U M E 1 3 1 , N U M B E R S 1 S E P T E M B E R 1 9 6 3 

Application of Generalized Field Theory to Baryons* 
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The simplest relativistic wave equations for a particle which in the classical limit possesses moments of 
inertia about more than one axis are Dirac and Kemmer-Duffin equations containing extra terms which 
cause these equations to describe a variety of spin states. The classical field theory of such wave equations 
is developed and the generalized Dirac equation for particles of spin J and § is examined in detail. It is 
found that with the choice of two parameters, one of which merely determines the scale, this equation not 
only correctly describes the spin and charge states of the particles and resonances E~~, H°, n, p, N**, 
N**°; it also yields their masses correct to better than 2%. The E~—E° and n — p mass differences have 
the correct sign but are several times their observed values. Choice of one other parameter to give the cor
rect n—p mass difference would lead to even better agreement with experiment for the other states, but 
would also lead to proton and neutron isobars lying 20 MeV above the ground state. 

I. INTRODUCTION 

EACH level of theoretical effort, from Newtonian 
physics to relativity to relativistic quantum field 

theory, is solidly based on the discipline which pre
ceded it. The correspondence principle shows us how 
each quantum theory has its classical point-particle 
limit, and how each second-quantized theory has its 
classical field-theoretic limit. I t is reasonable to expect, 
then, that a dynamical theory of elementary particles 
and nuclear forces will also have its roots in classical 
mechanics and quantum mechanics. 

For some years there has existed, within the approxi
mation of classical relativistic particle mechanics, a 
theory of the dynamics of a spinning particle which 
possesses moments of inertia about more than one axis.1 

As a consequence of the equations of motion for such a 
particle, it was found that the mass of the particle is 
not required to be a constant of the motion and that 
the intrinsic spin angular momentum is the sum of two 
vectors, along and perpendicular to the angular ve
locity.2 For the case of a pure gyroscope, for which the 
moments of inertia about all axes normal to the spin 
axis are zero, the theory reduced to the classical limit 
of the Dirac and Kemmer-Duffin theories, in so far as 
it is possible to distinguish spin and quantum effects 
in going to this limit. 

More recently, the quantum theory corresponding to 
the more general case was formulated.3 The essential 
features of the more general classical case were shown 
to be retained in the quantum theory. The variable 
mass of the classical particle theory became an operator 
in the corresponding quantum theory, and, as in the 
classical case, the spin became the sum of two operators, 
one of which is the usual spin operator. Thus, the 
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generalized Dirac equation, for example, now includes 
an extra term and may describe a particle of spin other 
than J. 

In Ref. 3, the laws of conservation of momentum and 
angular momentum were shown to lead to an expres
sion for the mass operator, so that we obtained the 
relativistic wave equation 

where 
P^pa~(e/c)A^ 

M=m-{-moe^P\}jiV+mfefiXfJ,, 

and my mo, and w! are arbitrary parameters. 
The spin of the particle is now 

S^= —ifiie^+X^), 
where 

[XfivjXffJ — AnOvar A ^ O ^ , 

L^M^J^o-rJ— — \Xn(r^vT\XVTblX(X A / i A o " Afo-5MT) 

[€M,X„] = 0 , [eM„,XffT] = 0 ; 

hence, [5MJ,,.M]=0. 
For mf=0, the theory exhibits a detailed corre

spondence with the classical theory. The classical point 
particle equations relating the spin SM„, angular ve 
locity ooup, and mass M are1,2 

M=(K/2IC*)^S»V, 

r): 

(1.1) 

(1.2) 

(1.3) 

(1.4) 

(1.5) 

(1.6) 

M = — (ic/Acjcopp&ny+ni.. (1.7) 

These may be compared with the similar equations 
derived from (1.1) for ra'=0: 

$„„=— ih(€flv+\llv)=— i(epPv— evPy) , 

AMJ,= — ilimoc/K) (e^\av— eva\fflx), 

M= (itnoc/fyXuvSixv, 
M=moellykltv+m. (1.9) 

2219 



2220 H . C. C O R B E N 

If we write 
Ico)nV=*—iti€nV, 

fiK&pv— 2im^?I\llv, 

we note that each of Eqs. (1.6) becomes formally iden
tical with the corresponding equation of (1.8) and that 
(1.7) assumes the form of (1.9), apart from a factor 2. 

Equations (1.5) are satisfied if e^ and X^ assume the 
form of either of the operators 

iv^Kyw-ypyfi) (1.10) 
or 

^ s f t d S , - ^ , (1.11) 

where y^ and /3M, respectively, satisfy the Dirac and 
Kemmer-Duffin commutation relations 

TM7»'+7V7/X= :25MV, 

Equations (1.4) are then satisfied if eM, XM are propor
tional to either 7M or /3M. 

If €pV is given by (1.10) and eM is a constant times 7M, 
Eq. (1.1) becomes a generalization of the Dirac equa
tion to describe a particle of spin given by (1.3), 

SM,= - i*(7M,+4A M , ) . (1.12) 

On the other hand, if e^ is given by (1.11) and eM is 
a constant times ^ , Eq. (1.1) becomes a generalization 
of the Kemmer equation to describe a particle of spin 

SM,= ~ * ( / V + V ) . (1.13) 
If the XM„ are also of the form (1.10) or (1.11) (in a 
different space, since they commute with e^) the 
generalized Dirac equation will then describe particles 
of spin 0, i , 1, f, and the generalized Kemmer equation 
will yield all values of the spin up to 2. More general 
forms for XM„ lead to particles of higher spin. 

In this paper, we first develop the classical field 
theory of the generalized Dirac and Kemmer equations 
derived from Eq. (1.1) when M is any Hermitean 
operator which commutes with PM but not with eM. We 
then consider in detail the particle states of spin \ and f 
obtained from the special case of the generalized Dirac 
equation when we set XM=jSM, XMJ,=/3M„ in Eq. (1.1): 

(iepPp+mc+macepvPfiv+m'ce^^il/^O, (1.14) 
with 

<*=27^, ^ = J Y ^ , eMeM=l [cf. (1.6), (1.8)] . 

[ In general, this equation leads to eight distinct eigen
values for the rest-energy of particles of spin § and four 
such eigenvalues for particles of spin f, but for the 
special case w ' = 0 , which exhibits a closer correspond
ence with the classical point-particle theory, there are 
four mass eigenvalues for spin J and two for spin •§. 

For m ' = 0 , rj5=ViV2'nirli commutes with the Hamil-
tonian (rjfi=20ll

2— 1) and it is found that neutral 
particles are characterized by 175= — 1, charged particles 

by 7/5=+ 1, the charge density being — ^ 0 ^ 4 ( 1 + ^ 5 ) ^ . 
For m ' = 0 , w o = - f w , Eq. (1.14) becomes 

lie,J>r+mcO—l'£rt, € M A , ) ] * = 0 . (1.15) 
I t is shown in this paper that for the choice m~ 1291 me 

= mp/y/2 of the parameter m, Eq. (1.15) with 6 ^ = | Y M 

correctly describes the charges and spins of the hyperons 
and resonances E~, S°, w, p, iV**+, N**° (assuming 
spin I for E). In addition, the equation leads to mass 
values of these states which are accurate to better than 
2%. The neutron described by Eq. (1.15) is found to be 
heavier than the proton, and the E~ heavier than the E°, 
although the magnitudes of these mass differences are 
several times the observed values. Hyperons of strange
ness dzl are not described by this special case of Eq. 
(1.1) and a study of the other fermions and bosons given 
by Eq. (1.1) is in progress. 

While one should not expect greater accuracy from a 
classical field theory, the case in which m' is a small 
imaginary quantity has also been investigated. The 
choice ra'=24irae, coupled with the values m=1297me, 
mo=—^m as before, not only gives the correct values 
for both mp and mn and their difference, it also ma
terially improves the agreement with experiment for 
the masses of other particles described by this equation. 
However, such a nonzero value for w! would split the 
proton-antiproton state, giving an excited level of the 
proton (and its corresponding antiproton) lying ap
proximately 20 MeV above the ground state. An 
excited neutron state lying at approximately the same 
height above the ground state would also be predicted 
by the case mf= 24:inie, together with some fine struc
ture for the S° and A7** states. 

We emphasize, however, that the main purpose of 
this paper is to describe the simple generalization of 
classical field theory which is required if the mass is an 
operator which commutes with the momentum but not 
with the Y or 0 matrices, and to give an example of the 
hierarchy of states to which it leads. Unless more de
tails emerge correctly from the corresponding quantized 
field theory, it would be premature to identify these 
states with those observed in nature. 

II. FIELD THEORY OF GENERALIZED DIRAC 
AND KEMMER EQUATIONS 

We first consider the equation 

( Y M V N ) * = 0 , (2.1) 

where y^ are the Dirac operators and K is an operator 
which commutes with dM, but not with YM. We define 

where x is an operator possessing the properties 

CX,0M]=O; [ X , 7 M > 0 ; [ 7 4 X , K > 0 . (2.2) 

I t then follows that, if K is Hermitean,4 

_ _ _ _ _ _ d ^ Y / x - ^ ^ O , (2.3) 
4 The case in which K has a small anti-Hermitean part must be 

treated separately. 
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so that we may define a conserved density 

s^^y^. 

The energy-momentum tensor 

(2.4) 

satisfies 
•ihc^ypd^lz—d^y^) (2.5) 

dpTnp—Oy 

This condition is satisfied if (lyik+Kk) commutes with 
K. The conserved angular momentum Jik is obtained 
from (2.9) by replacing 7 ^ in the last term by 7^+4X^ . 
The equation then describes a particle of spin [cf. 
(1.12)] 

*=W: ^ T 4 ( 7 « + 4 X « ) ^ 7 . (2.12) 

as in the constant mass case, but the symmetrized If AM„ commutes with ya, the antisymmetrical part of 
tensor #M„ may now be expressed as a divergence: 

f„,= l(r„,+r,M) (2.6) 
is now no longer conserved. If, however, we introduce _ __ Hfocd tiAy X p\l/). 
the tensor 

2MJ,= — 2^=lifted(yyyuK+Kypy,,)^— 2biiv^top~], (2.7) 

it is found that d„0MJ,= O, where 

= ^ ^ + I ^ ^ P [ ^ + ( 7 P T M 7 , - 7 , 7 M 7 P ) ^ ] . (2.8) 

The tensor 2M„ vanishes for K= const, but here it is 

Further, 

eu=fu=Tu=-w(rxt), (2.13) 

for an eigenstate ^ of ih(d/dt) belonging to the eigen
value, W. 

The conditions 

D W J = 0, CJ7M,+XM^«] = 0 (2.14) 

are those used in Ref. 3. 
nonzero and antisymmetric. _ . .. . __ . _ 

rr, 1 1 , c ^ T\- ^ The generalized Kemmer equation5 

1 he usual angular momentum of the Dirac theory, to n 

(fV.+ ^ O Pik= — (i/c) / (xidk4—xk6te)dV 

= -*[ (x^y.d^-x^y.d^dV (2.9) 

— i * / ^yauddV, (7« = 7»7fc—7*7t) > 

(2.15) 

may be developed in a similar manner. Here, *c is an 
operator which commutes with dM but not with j5M. We 
now define 

where 174= 2^4
2— 1 and x possesses properties similar 

to those of Eq. (2.2): [x,fr.] = 0, [*?4X,K] = 0 . I t then 
follows that 

is no longer conserved, since now the tensor 0M„ is not d ^ 1 ^ — ^ t / c = 0 (2.16) 
symmetrical: 

dPik/dt= f(dki~8ik)dV 

Jik=Pik—foAi 
However, 

is then conserved if 

dkik/dt^\ic \ ^ZyijcK-tydV. 

Writing 

A ^ = / 4^y±kih&dV, 

where X^ commutes with 7,-, we then have 

dAik/dt= —ic j 4^[\ik,K}l/dV, 

so that we require that 

(2.10) 

and that 

is conserved. We then have 

P$ pied $= Kd^, 

so that 

In this case we define 

l9^=ac [^ + ( /3A/c+ /c /3 M ^)^ -5 M ^V] , (2.17) 

so that 
dvT^v= d„#M„=0, 

and 
0M,= ^ , + i f f e d p ^ t ^ ^ , - ^ ^ ) ^ ] . (2.18) 

0M„ is symmetrical only in the case in which K is a 
c-number, so that we define 

Ji 

(2.U) 
- - ! / 

(xidkt—Xkdi^dV—Mik, 

& N. Kemmer, Proc. Roy. Soc. (London) A173, 91 (1939). 
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where 

and (k(lv,fip) = 0. Thus, J^ is conserved if 

V(Pik+\i*,K)$dV=0, (2.19) h 
the spin of the particle being [cf. (1.13)3 

Sik=hU%(Pik+\ik)^dV. (2.20) 

We may now define a symmetrical energy-momentum 
tensor which differs from 0M„ only by a divergence, 

rM ,= J ^ { ^ t [ ( ^ ^ , + ^ ^ M ) / c + K ( / 3 ^ v + ^ ^ M ) ] ^ 

- 2 5 M „ ^ } (2.21) 

= ^+ i i f t cd p (^ i 8 p X M ^) . (2.22) 

Further, 
T44= ^44= \itic4ft 6?4K+ fCrjA)}// 

= -i«^*(x«+«x)* (2.23) 
—> —mc24'*i' for x = l > K=mc/fi— const. 

III. THE GENERALIZED DIRAC EQUATION 

If one of the eM, X,; is a set of Dirac operators | Y M 

and the other is a set of Kemmer-Dumn operators 0„, 
the resulting equation describes fermions with spin 
tensor given by 

Although the mass operator is the same in each case, 
the operators multiplying the p^ are different, and we 
therefore obtain two distinct equations describing 
particles of spin \ and f. In this paper, we consider 
only one of these [Eq. (1.14)]. We use the notation 
7i=P2cr(i=l, 2, 3), 74=P3, and 

S=-i(023,03i,0i2), 

^=-*(014,024,034), (3.1) 

ff = #1,02,08) > 

so that the spin of the particle is 

S=ft( i<H-S). (3.2) 

The spin-J states are therefore characterized by 

< r . S = - 2 (2»=2) U , T ) , (3.3) 
or by 

< F - S = 0 (23=0) ( t , - ) . (3.4) 

The spin- | states are similarly characterized by 

ff.S=l (2?= 2) ( t , T ) . (3.5) 

If in Eq. (1.14) m, mo, mf are real parameters, the 

conserved density (2.4) may be written 

(3.6) 

where 174== 2/542— 1, so that 174 commutes with 04 and 
anticommutes with 0i, 02, 03- For the special case m' = 0, 
however, we note that 775=; 771772173*74 commutes with the 
Hamiltonian, so that in this case we may define another 
conserved four-vector j ^ which we identify with the 
charge-current density 

where i^t = i\p*y4V4. The charge density is, therefore, 
for m ' = 0 , 

p = ~ij\/c= —§e$l/*rn(l+rto)}ff. (3.8) 

In the 5X5 representation of the 0M, 775 is diagonal with 
the value — 1 for the first four elements and + 1 for the 
fifth, while in the 10X10 representation it is + 1 for 
the first six elements and — 1 for the others. 

We note that for m! imaginary, the four-vector 
^t\€1$ is strictly conserved, and that for small imagi
nary m' the currents (3.6), (3.7) are separately con
served only approximately. 

In the rest system of the particle (p=0) , the energy 
operator according to Eq. (1.14) is given by 

(W/c2)\p= [2p%ni— 2mo(pz(T'Jl+ip2(T'X) 

-m'(;pi<r-5-04)]</ ' . (3.9) 

The eigenvalues of W for the case m'=0 have been 
computed in Ref. 6 (in an attempt to apply this equa
tion to the electron, muon, and two types of neutrino). 
More generally, we now write 

W-2mc2 W+2mc2 

2m0c
2 2m§c2 2m0 

For the 5X5 representation5 of the 0M, the 20-com-
ponent spinor x// decomposes into four separate 5-com-
ponent spinors, e.g., 

a 1 
- 1 0 
— i i 
- 1 1 
— ie ie 

— 1 

e 

te 
ie 

— e 
ie 
a .** J 

(3.10) 

In this subspace, 

<r-S = 

0, 0, 
0, 

-i, 
- 1 , 

0, 
i, 

0, 0, 

0, 0 
- 1 , 0 
- i , 0 

0, 0 
0, 0 

(3.11) 

o, 
-1, 
2i, 
0, 
0, 

0, 
-2i, 
- 1 , 

o, 
o, 

0, 
0, 
0, 
1, 
0, 

0 
0 
0 
0 
1 

file:///itic4ft
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(3.12) 

The characteristic equations for the other spinors are 
obtained by replacing a by — 0, (3 by — a (i.e., changing 
the sign of W), and by reversing the spin direction. 

Three solutions of (3.10) for states of spin ^ 
( a - 2 S = - 2 or 0) are 

< * ( £ - 1 ) 
a(a+l) 

^1/2, t = | ia(a+l) 
a(a+l) 

[ie((3-3a—4)J 
with 

a<c^2a+3)==€ 2 ( /3 -3a<-4) . (3.13) 

These are also eigenstates of 5 2 belonging to the eigen
value \h. 

For mf=0, Eq. (3.13) breaks up into three states 

a = 0 , W==2mc2, 775= 1, t?4= 1, 7 4 = ! 

a /3+2a+3 = 0 , r?5= — 1, 74174= 1. 
(3.14) 

According to (3.8), the first of these is negatively 
charged and has a mass 2m=2594we, and we would 
identify it with the 2~ hyperon. The other two par

ticles of Eq. (3.14) are neutral (775= — 1), and we would 
identify them with the antineutron and 2°, of calcu
lated masses — 1876me and 2524we, respectively. 

Equation (3.11) also gives rise to two states of spin § 
( o r - S - l ) : 

*; 3/2,-3/2— *: 3/2,1/2 — 

0 

(3.15) 

where the second suffix on ^ refers to the eigenvalue of 
Ss. These states have the same mass 

0 = 1 , W=2(nio-m)c2 ( t , t ) , (3.16) 

with 774= — 1 , 175= — 1 . We identify this state with the 
neutral component of the anti-TV** resonance 74=— 1 
[calculated mass — 2918me for the values of mo, m given 
in Eq. (1.15)]. 

In the 10 X10 representation of the /?„, the spinor ^ 
has 40 components, decomposing into four spinors of 
ten components each, e.g., 

a 
i 
1 
0 
-1 

i 
— ie 
0 
0 

— i 
a 
i 
1 
0 
-1 
0 

— ie 
0 

1 
— i 
a 
i 
1 
0 
0 
0 
— ie 

0 
-1 

i 
& m 

— i 
-1 
0 

— ie 
— e 

1 
0 
-1 

i 
P m 

— i 
ie 
0 

— ie 

i 
1 
0 
-1 

i 

P 
— e 

ie 
0 

ie 
0 
0 
0 
ie 
e 
a 
i 
1 

0 
ie 
0 

— ie 
0 
ie 
— i 
a 
i 

0 
0 
ie 
e 

— ie 
0 
1 

— i 
a 

-1 - i 

— ie" 
— e 

ie 

0 
0 
0 
1 

—I 

- 1 

0 J 

I*1) 
^2 

^13 

1̂ 24 

^25 

^36 

fa 
^8 

^19 

.^40. 

(3.17) 

(T-S = 

with 

'x 0 0 
0 ^ 0 
0 0 x 

0 J 

y 0 0 
0 y 0 
0 0 y 

y = 
f l , 

.0, 

-2t, 

0, 

0 ] 
0 

- l j 
the dots representing a single row and column. 

Four solutions of (3.17) for states of spin \ (<*• 2 
or 0) are given by 

= - 2 

— i\p 

- 0 
X 

— ix 
—x 
X 

witM 

[ (a—2)\l/—2i(j>+iex-ie\ = 0 , 

2iH-(/H-2)0-26x = 0> 
iqH-2e0+(a-2)x+X = O, 
3ie^-3x+£X =0 , 

so that 

(a /3+2a-20) ( 0 0 - 2 0 + 3 ) 

+ €2(7ai3-/52+6Q:-2/5- -24)+12e4=0 

a,T) (tr). (3.18) 

For w ' = 0 , Eq. (3.18) separates into four states, two 
of which (2° and N) also appear in the 5X5 representa
tion [Eq. (3.14)]: 

a ^ - 2 / 3 + 3 = 0 , i j B = - l , 

ap+2a-2p = 0, rj5= + 1. 
(3.19) 

The first of Eqs. (3.19) is obtained from the second 
of Eqs. (3.14) by replacing a by — ft and 0 by — a, i.e., 
by changing the sign of the energy. The second of 
Eqs. (3.19) now represents charged (775= 1) particle and 
antiparticle states 

T^=±2c2(w2+4mw0)1 / 2 , 

which, with the same value as before for m and mo, 
have the mass of the proton, i.e., ± v 2 w = ± 1 8 3 5 w e . 

The corresponding spin-f states are described by the 
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following six solutions of the same equations (3.17) for 
the case < T * 2 = 1 : 

TABLE I. Eigenvalues of <r« £ and (<r- X)2. 

^3 /2 ,3 /2 = 

0 

0 
X 

0 
0 

"^3/2,-1/2 = 
2<j> 
X 

—ix 
2x 
0 

with 

so that 

and 

(a+l)^+icf>+iex=0, 

f ^ + O 3 - l ) 0 + € x = O , 
— ie^— €0+ ( o t + l ) x = 0 , 

G 8 - 2 ) * = - i ( a + 2 ) f , 

( a + l ) 0 3 - 2 ) x = - i € ( a - / 9 + 4 ) ^ , 

( a + l ) ( a / 3 + / 3 - a ) + 6 2 ( a ~ ^ + 4 ) = 0 ( t , | ) . (3.20) 

For m ' = 0 , the spin-| solution corresponding to the 
proton state [second of Eqs. (3.19)] is (x=0) 

a/H-/3-a = 0, 7/5= + 1, 

again representing charged particle and antiparticle 
states 

W=Az2c2 (m2— 2mmo)112. 

Again with the same values of m and trio, this leads to a 
spin-f excited proton state at 2900we. The correspond
ing neutral state from Eq. (3.20) is given by a= — 1, 
for which ^ = 0 , 0 = 0 , so that 775= — 1, and its mass is 
2918we [cf. Eq. (3.16)]. We are therefore led to identify 
the solutions of Eq. (3.20) with the iV** resonance. 

Finally, for the 1X1 representation of the /5M(/3/x=0), 
Eq. (3.9) describes a particle of spin J, mass 
2m=—2594we (775= 1, 74774=1). According to (3.8), 
its charge is positive so that it would represent 
the gt. 

In general, then, apart from the sign of W> there are 
eight distinct values of the rest-energy given by Eq. 
(3.9) for states of spin \% These are solutions of the 
equations 

W=2m, (3.21) 

W^+2(2mo~m)W2+2(6mo2-Smm0-2m2+mf2)W 
+Sm(m-mQ)(m+3m0)-Smf2(m-mo)==0J (3.22) 

WA-AmQWi+2(6m0
2~12mmo-^m2+3mf2)W2 

+4(4woW2+ 16mmo2—mm,2-\-2mom'2)W 
+ 16w(w+4w0) (m2+ 2 w w 0 - 3w0

2) 
-32w / 2 (w 2 +ww 0 +3wo 2 ) + 12w , 4=0. (3.23) 

For the case mf—0, these equations reduce simply to 

Equation 
number 

(3.12) 
(3.12) 
(3.15) 
(3.18) 
(3.18) 
(3.20) 
(3.20) 

Components 

First four 
Fifth 
All the nonzero 
First six 
Last four 
First six 
Last four 

S i 

- 2 
0 
1 

- 2 
- 2 

1 
1 

S2 

0 
0 
1 

- 2 
0 
1 
1 

(*•*)* 
3 
0 
0 
4 
3 
1 
0 

four distinct eigenvalues: 

W—2m, 
W= -2wo±2(w 2 +2wm 0 -2mo 2 ) 1 / 2 

W=2m0±:2(m2+2mmo~2mo2y12,\n ? r i 

W=zL2[m(m+4mo)J/2. r } 

}(3.21),(3.22) 

(3.24) 

Similarly, for states of spin §, there are in general 
four eigenvalues, which are given by 

PF=2(wo— m), (3.25) 

TF3+2(wo—w)TF2+4w(2wo— m)W 

+4(w— 2wo) (2m2— 2mmo—/m'2) = 0. (3.26) 

For tn'=0, these reduce to two distinct values 

W=2(mo-m)y (3.25) 

p F = _ 2 ( w o _ w ) , 1 (3.26) 
W=±2lm(m~2m0)J

12.) 

All of these eigenvalues for the case w ' = 0 are given 
by the formula 

W=mo(S2Si) 

db{[m 0(6 , i+5 2)-2w] 2-4mo 2(c y^) 2} 1 / 2 , (3.27) 

where Si and ^2 are the eigenvalues of <r»2 given in 
Table I. This leads to the mass relation 

2E-+E°=^+2iV** 0 

which is accurate to better than 0.5%. 

While the calculated masses agree with experimental observa
tion to better than 2%, the mass differences n—p and %~~—S° are 
not accurately described by the case ni' = 0. We may therefore 
suppose that m' is a small imaginary quantity, the magnitude of 
which we adjust to give the correct neutron-proton mass differ
ence. Writing m§——am (a — i) as before, mf — —ihm (5^Cl), and 
neglecting terms of higher order than 52, we find that Eq. (3.23) 
becomes, with W = 2mc2x, 

[ a * - £ . ( 2 a + l ) * + 4 f l - l - ^ ( l - 4 a » ) ] 

Xp+(2a -{ -^ 2 (2a+ l )^+(3a 2 +2a- l ) 

-(3a2-2a-1)1=0. 2 J ~2a2^ 
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The masses of the n, H°, p states are, therefore, 

Mn= (1.446- 79.515V, 

M so
,= (1.946+0.4952)m, (3.28) 

Mp, J4 r / = [1.414+62(42.43±40.0)>. 

We would, therefore, obtain two proton states, and the mass differ
ence between the neutron and the lower of these is 

5m=(0.03137-81.9462)m. 

This has the experimental value of 2.53me if 52 = 3.59X10~4, and 
the lower proton state then has the correct experimental value of 
1836.1we if, as before, m=1297me. Such a term would then lead 
to an excited proton state lying S7.2me = 19 MeV above the ground 
state. 

The mass mso' of the S° particle given by (3.28) is 2524me, but 
the S° particle of Eq. (3.22) would then have a slightly different 
mass. From this equation we obtain 

w g - = ( 2 — \m =2581we, 

w s o = (1.946-}-27.6852)w = 2537we, 

wn '=(1.446+1.01«2)w =1875we, 

giving an excited neutron state also lying 19 MeV above the 
ground state. 

The neutral and charged spin-f resonances given by Eqs. (3.25) 
and (3.26) would now split as follows: 

TV**0, 2.250w = 2918m,; (3.25) 

iV**°, (2.222m = 2882w.)^| 
p.265m = 2941m.] I. (3.26) 

,L2.236m = 2888m J J 

These values lie below the observed spin-f resonances by one or 
two percent. 

These effects of a small term proportional to m' in Eq. (1.1) are 
presented only as an illustration of the type of splitting such a 
term produces. It would be expected that the eigenvalues of the 
bare Hamiltonian computed here would be changed by amounts 
larger than those considered above when radiative corrections 
are taken into account. 

The particles discussed in this paper represent only 
a small fraction of those observed. The other equations 

[Ref. 6, Eqs. (14), (16), and (17)] that may be ob
tained from Eq. (1.1) by choosing eM or XM to be Dirac 
or Kemmer-Dumn operators lead between them to 5 
distinct spin 0 rest-energies, 2 of spin J, 7 of spin 1, 1 of 
spin f, and 2 of spin 2. For a number of these, as in the 
case investigated in this paper, a neutral state is ac
companied by a charged state whose rest-energy differs 
from it only by terms of order (mo/m)2. Other neutral 
states do not possess such a corresponding charged 
state. It is in this way that isobaric spin enters the 
theory.7 

Whether this approach will ultimately lead to a 
meaningful description of elementary particles cannot 
be known until the full consequences of the theory, 
including interactions, have been investigated. The 
class of classical field theories developed here is solidly 
based on relativistic classical mechanics and is con
sistent with relativity theory and quantum theory. 
By relaxing the condition that M in Eq. (1.1) is a c 
number, we have been led to mass-eigenstates which 
are not required to be simple multiples of each other. 
The main purpose of this paper has been to point out 
this hitherto unsuspected richness which field theory 
can offer. 
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7 Thus, for example, ignoring all of the states in the 10X10 

representation [Eq. (3.17)] other than those to which we have 
referred as proton and neutron states, and considering only the 
large components (for which /34

2 = 1), it follows that $4'v——fyn-) 
$$n—fyv> Since in general V&PP—^P, v&Pn — —4/n, and 175 anti-
commutes with £4, we may then write the usual components of the 
isobaric spin, thus, Ti—ipw$, T2 = — /?4, and Tz=r)$. Although 
operators of the same /3 algebra contribute a term to the ordinary 
spin S [Eq. (3.2)], it is found that S and x commute. 


