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A method is presented for calculating the time-dependent irreducible clusters, fis(t) which appear in the 
kernel of the equation of evolution derived in the preceding article. The clusters fii(t) and /32(/)—which 
correspond to binary and ternary collisions, respectively—are calculated in detail. They are each found to 
divide into the two following parts: (1) a "completed" collision part which corresponds to collisions which 
are eventually completed (scattering processes) and (2) an "incompleted" part which corresponds to those 
collisions not completed by time t. The incompleted collision parts contribute to the "memory" of the 
equation of evolution and are shown to be relatively small when t is large. The completed collision parts, 
which play a central role in the theory of transport coefficients, are time-independent scattering operators in 
momentum space and do not contribute to the memory. By means of the "binary-collision expansion" a sys
tematic method is presented for the calculation of the three-body scattering operator [l im^^ t~l^{t)'] 
which is directly applicable to interaction forces with infinite repulsions. An approximate formula is then 
derived for this scattering operator in a form which can be readily used to calculate the density correction 
to transport coefficients which arise from ternary collisions. 

I. INTRODUCTION 

TH E kernel of the equation of evolution derived 
in the preceding article1 involved time-dependent 

irreducible cluster integrals p8(t) which correspond to 
multiplet collisions in configuration space. The purpose 
of the present article is to indicate how these time-
dependent cluster integrals (collision integrals, scat
tering operators) are calculated in general, and to 
calculate j8i(/) (binary collisions) and /32(0 (ternary 
collisions) in detail. 

These cluster integrals are important for two reasons: 
(1) The kinetics of approach to equilibrium is deter
mined by the time dependence of the cluster integrals 
t3s(t)} (2) Macroscopic transport coefficients may be 
determined by the scattering operator 

Several authors2 have discussed various forms of the 
asymptotic three-body operator /V(°°) . By integrating 
ft/C00) over all particle momenta but one, we obtain 
the operator which appears as the density correction 
in Green's Boltzmann equation. The relationship be
tween the latter operator and the first density correction 
to transport coefficients for homogeneous systems has 
been derived by Choh and Uhlenbeck, and a comparable 
result for transport coefficients has been recently 
obtained by Zwanzig, from a different approach. The 
three-body operator discussed by Resibois may be 
viewed as the expansion of Green's operator in powers 
of the interaction potential. 

In none of the above references, it will be noted, has 
an attempt been made to calculate the three-body 
scattering operator, nor has the time dependence of 
the general operator /V (t) been considered. 

In this article we shall present a systematic method 
for the calculation of the three-body scattering operator 

1 J. Weinstock, preceding paper, Phys. Rev. 132, 454 (1963). 

/V(°°) which is directly applicable to interaction 
potentials with infinite repulsions. We shall then obtain 
an approximation for /52

/(°o) in a form which can be 
readily used to calculate the density correction to 
transport coefficients which arise from ternary collisions. 

We shall also determine the time dependence of Pi (t) 
and /32(0 by means of the binary-collision expansion. 
We shall find that Pi(t) and /32(0 each divide into a 
completed collision part and an incompleted collision 
part. The completed collision part corresponds to 
scattering processes and plays a central role in the 
theory of transport coefficients. The incompleted colli
sion part corresponds to those collisions which are not 
completed by time / and contribute to the "memory" 
of the equation of evolution. The latter part is shown 
to be relatively small when t is large. 

In Sec. IIA and LIB we calculate ^(t) and /52(0-
In Sec. I l l we determine the explicit relationship 
between incompleted collisions and the memory of the 
equation of evolution. There we also find disagreement 
with Resibois'2 claim that only situations in which all 
three particles are simultaneously interacting play a 
role in the asymptotic three-body scattering operator. 
In Sec. IV we devote our attention to the three-body 
scattering operator 

ft,(co) = l im[r1 /32(0] . 

II. CALCULATION OF TIME-DEPENDENT 
CLUSTER INTEGRALS $*(*) 

A. Calculation of (3i(*) 

The cluster integral (3i(t) has previously been calcu
lated under the assumption that binary collisions are 
instantaneous.3 This is equivalent to calculating 

2 M. S. Green, Physica 24, 393 (1958); S. T. Choh and G. E. 
Uhlenbeck, Navy Theoretical Physics, Contract No. Nonr 
1224(15), University of Michigan, 1958; R. Zwanzig, Phys. Rev. 
129, 486 (1963); P. Resibois, J. Math. Phys. 4, 166 (1963). 

3 R. Brout, Physica 22, 509 (1956). 

470 



T H R E E - B O D Y S C A T T E R I N G O P E R A T O R 471 

lim^oo^/SiW- We shall not make this assumption. 
Instead, we shall calculate ffi(t) very carefully and 
determine the effects of the finite duration of a binary 
collision upon the time dependence of j3i(f) as follows. 

We combine Eqs. (26) and (12) of Ref. (1) to obtain, 
with g(0) = g(Pi,P2,- • •) denoting any function of the 
initial momenta of the particles of a system such that 
0i(Og(O) converges, 

dR«[G«(0-Go(0]g(0) 

i<1 J 

X D f ( P i , - - - P i ( 0 - - - P y ( 0 " - ) - « ( O ) ] . (1) 

Here, in the notation of Ref. 1, 

LN»=i'Znrirk.d/d1BLk, 

L^ild/diRi- R y ) ] F ( R ~ Ry) • (d/dFi- d/dPy), 

so that Gij(t) involves the formal Green function 
solution of the equation of motion for the pair of 
interacting particles i and j [T(R*—Ry) is their 
interaction potential] and satisfies 

Ga(t)g(0) = g(Pi-••¥<«)•• •¥&)•••), 

where P i (0 and PyOO denote the momenta of the two 
interacting particles i and j (considered isolated) at 
time t, given that at time zero they were at a relative 
separation R*y with initial momenta P* and Py. That 
is, Yi(t) and Py(0 are the solutions of the two-body 
problem. 

Obviously, the integrand of (1) is nonzero only if 
particles i and j are aimed to collide within time t in 
which case 

P<(0*P<, Py(fl*Py. 

If i and j do not collide within time t, then 

Pi(0 = P<, Py(0 = Py, 

so that the integrand of (1) will be zero. Since /, P t , 
and Py are all fixed parameters in (1) it follows that 
whether or not a collision will take place is^determined 
by Rij. 

The region of R# space from which a collision between 
i and j will be "aimed" to take place within time t is 
called a collision cylinder* and is denoted by &(ij; t). 
This cylinder has its axis along P^y, its length equal to 
wrlPijt, and its cross section equal to the total scatter

ing cross section crT of the collision defined by 

aT== / do) a(Pij,o))= I d<j> I dd <r(Pij,d,<t>) sin# 

where <r(P;y,co) denotes the differential scattering cross 
section, and w denotes the "solid" scattering angle 
(azimuthal angle <£ and scattering angle 6). In addition, 
we note that the collision cylinder has hemispherical 
"caps" at both its ends. 

Particles i and j will not collide within time t if Re
lies outside Q,(ij\t) and, hence, the integrand of (1) 
will vanish when R;y lies outside of Q(ij; t). We may, 
thus, restrict the region of integration over R̂ y to lie 
within Q(ij;t). We may then divide the integration 
over R;y into integrations over the components of R*y 
parallel to and perpendicular to P;y (Ru and Rx) so that 

^R;y[G;y(0-G 0 «]g(0) 
all space 

= f ***[£(• • 
J Q(ij;t) 

/•—m~^Pijt— e 

= / dRu 
J e •> 

•P.-(0, 

r 
/ dR, 
' crT 

P . - ( 0 , - - - P y ( 0 , - " ) - « ( 0 ) ] 

where 
XCg( - - -P<(0 , - - -Py(0 , - -O-g(O)] , (2) 

6 ^ [ a 2 - | R , y X P . y | 2 A - r 2 ] 1 / 2 

and a is equal to the range of the force. 
The calculation of (2) is quite simple in cylindrical 

coordinates. We transform the variable Ru into the 
variable h° by means of the transformation equation 

so that /i° is the time at which i and j "begin" to collide. 
If, in addition, the integration over Rx is transformed 
into an integration over the solid scattering angle co 
we find that (2) becomes 

F - 1 JR;y[G;y(0-G0(/)]g(0) 

= V~l\ dhQ dwa(Pi,;w) 
J-2emPifl J 4T 

X [ g ( - - - P i « , - - - P X 0 > - • • ) - £ ( ( ) ) ] . (3) 

The negative lower limit {—lemPif1) accounts for the 
case in which i and j are initially within each other's 
force field. 

When /i° lies within the interval 

where rc is a time interval on the order of the duration 
of a binary collision, then at time / particles i and j 
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will have completely passed through each other's force 
field, and they will be moving away from each other 
with their asymptotic momenta. In such an event we 
say that the collision between i and j has been "com
pleted." Under these circumstances the momenta Pi(0 
and ¥j(t) will only depend upon the scattering angle co. 
These momenta will not depend upon h° (or Ru). In 
fact, Pi(i) and Py(/), after a completed collision, are 
given by 

P.-(0 = P ~ P i y U , 

Py(0 = P / + P < y l l , ( 0 ^ i ° ^ - r c ) (4) 

where 1 is the unit vector in the perihelion direction. 
If, on the other hand, /i° lies within the intervals 

- 2 e w P i r
1 < ^ i ° < 0 7 t-Te<h°<t, 

then i and j will either begin or end up within each 
others force fields and, hence, P»(/) and Py(/) will 
depend upon h° (or Ru). 

If we substitute (4) into (3) and then introduce the 
operator Aij{\) (momentum substitution operator) 
defined by 

^ y ( l ) g ( P 1 . . - P < " - P , - - - ) 

=g(Pi , • • - P - P i y l l , • • -Prl-Pw-H, • • • ) , <5a) 

we find 

F - 1 / ^ R ^ [ ^ y ( 0 - G o ( 0 ] g ( 0 ) 

= V-1 / dh° nrlPiS \ da cr[i4<y(l)-7]g(0) 

and 

+ V-lj dtfm-iPij da 

+ F - 1 / dh° nr'Pij do, 

X ^ ( - - - P i « - - - ) - g ( 0 ) ] . (5b) 

The h° integral in the first term on the right-hand 
side of (5) may be carried through immediately to 
obtain for (5) 

V-ifdRilGiM-GomgiO) 

= (^-rc)A,yg(0)+Jf ,7(0g(0), (6a) 

where A -̂ is the time-independent scattering operator 
defined by 

A{j= V-'wr'Pij j da <r[Aij(\)-I~] (6b) 

MiM-v-Jf dh°+[ dtA 
\J — 2emPij x J t~TC ' 

XnrlPii I da *[Gij(t)-Go(t)]. (6c) 

To obtain the order of magnitude of Mi3-(t) we apply 
the mean value theorem to the h° integral in (6c) and 
so obtain, since (emPif1) = 0(Tc)y 

Mij (t) = 0 (rcA,y)«/A4y (large t). (7) 

The scattering operator (VAij) is just the binary-
collision integral which appears in the well-known 
Boltzmann equation. We see, from the derivation of 
(6a), that A»y corresponds to completed collisions of a 
finite duration—not necessarily to instantaneous colli
sions. 

The operator Mu(t) arises from "incompleted" 
collisions and, as can be seen in (7), is much smaller 
than tAij for large / (£>>rc). 

To obtain £i(/) we substitute (6) into (1), 

i<] i<3 

= [ ( / -T . )A ( 1 ,+J f ( l , ( / ) ]g , (8) 

which is exact for all t. When t is large we see from (7) 
that the incompleted collision term M ^ (t) is relatively 
small. 

M ( i ) (0 = O(rcA ( i))«/A ( 1 ) . 

Differentiating (8) with respect to / we obtain 

i8i,(0 = A (i )+Af (i, '(/), j8i/(oo) = limr1j8i(d.= A (1 ) . 
<->00 

The scattering operator A ( D is the "master" binary 
collision operator which appears in the low-density 
limit of the master equation. 

From Eq. (38) of the previous paper we see that the 
incompleted collision operator M<x){t) contributes to 
the non-Markoffian memory of the exact master 
equation. The scattering operator A a ) for completed 
collisions does not contribute to the memory. This 
operator is relevant to zero-frequency transport coeffi
cients. The frequency dependence of transport coeffi
cients may be obtained from the time dependence of 
M (1 )(/).4 

B. Calculation of (32(0 

In this section we shall calculate the ternary collision 
integrals p2(ijk;t) [see Eq. (26) of Ref. 1] . We shall 

4 The formal frequency and density dependence of various 
transport coefficients can be obtained by combining the Laplace 
transform solution of the generalized master equation [Eq. (36) 
of Ref. 1] with the corresponding autocorrelation functions. 
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find that 

(d/d0ft(123; O = Ai28+(d/d0Mi28(O , 
= A1 2 3+0(r1r cA1 23), 

where A123 is a time-independent scattering operator for 
ternary collisions and is the three-particle analog of 
the binary-collision scattering operator A12. The scat
tering operator A123 corresponds to completed ternary 
collisions just as A12 corresponds to completed binary 
collisions. The time-dependent operator (d/dt)Mm(t) 
arises from incompleted ternary collisions and ap
proaches zero as / approaches infinity. 

To begin the calculation of /32(123; t) we first obtain 
its binary-collision expansion. Thus, we combine Eqs. 
(26), (15), and (7) [with N=3>~] of Ref. 1 to obtain 

ft(123;/)-F~2 jdRndRn V2(123;t) 

•/«»Go. (9) 
00 123 

n=Z [a] 

This expansion contains time-dependent irreducible 
clusters of three particles such as fufuf 12, /12/13/23/13, 
/12/13/12/23/13/12, /12/13/23. 

We shall first calculate the integral of the simplest 
cluster, fufuf 12, in detail. We shall then find that all 
the other cluster integrals in (9) have the same time 
dependence as the integral of /12/13/12. 

We thus consider [see Ref. 1, Eq. (6)], with the 
integral of fufuf 12 denoted by /(i2)(i3)(i2), 

/(i2)(i3)U2)g= ^ 2 / ^Ri2^Ri3 fnfufug 

^V-* dR12<mu dh 
t r.t 

dh I i 
1 J t2 

dhGi2(t)iLi2 

XGu{h-h)iLnGi2{h-h)iL12GQ(t-h)g. (10) 

I t has been proven5 that the time integrations in (10) 
may be exactly performed for the special case of 
hard-sphere interactions to yield 

/(i2)(i3)(i2)g=F-2 / dRi2dRi3 lim [G12W —G0(/)] 

X lim G O ( - T I ) [ G „ ( T I ) - G O ( T I ) ] 
T2-*—t2.° 

X G o ( - r 2 ) [ G 1 2 ( r 2 ) - G o ( r 2 ) ] , (11) 

where tk° is simply the instant of time at which an 
isolated pair of particles au [jy.i= (12), a2~ (13), 
az~ (12)] will collide if their initial separation and 
relative momentum are RaA. and Pajfc, respectively, and 
is defined by the relation 

-mPajrHRak-¥akPa 

[We shall use Eq. (11) to calculate /(12)(13x12) with 
the understanding that it is only exact for hard-sphere 
interactions. At the conclusion of this section we shall 
show that the main results may be carried over to 
more general interaction potentials.] 

To evaluate (11) we recall, from the previous 
section, that the term [Ga(t)—Go(0] is nonzero for 
only those initial values of R -̂ which lead to a collision 
between particles i and j within time t; i.e., for only 
those values of R -̂ which lie within a collision cylinder. 
The binary collision propagator Ga(t) "prescribes'' the 
changes in momenta of particles i and j corresponding 
to this collision, whereas the free-particle propagator 
Go(t) "prescribes" no changes in momenta. [Go(0 
"prescribes" i and j to pass "through" each other 
without changing momenta, as if they were free 
particles.] For this reason, when integrating [Gij(t) 
— G 0(0] over a collision cylinder, we say that Gait) 
produces a real collision between i and j , whereas Go(t) 
produces a hypothetical6 collision between i and j . 

In the cluster function in the integrand of (11) we 
see that the binary collision propagators Gu(t) always 
occur together with the free-particle propagator Go(t) 
in the combination \_Gij(t) — G0(0]- Each such combi
nation is only nonzero for that region of Rt-y space 
which leads to a collision between particle i and j 
within the interval /. For this reason the integrand in 
(11) is nonzero for only those regions of R12 and R13 
space which lead to the sequence of three binary 
collisions (both real and hypothetical) in which a 
collision between 1 and 2 is followed by a collision 
between 1 and 3 followed by a recollision between 1 
and 2. [Since each collision in this sequence may be 
real or hypothetical there will be eight combinations 
of these successive collisions depending on whether a 
given collision is real or hypothetical. These eight 
combinations correspond to the eight terms which are 
obtained by multiplying out the integrand in (11)— 
see Figs. 1 and 2.] The evaluation of (11) essentially 
consists of determining the regions of R i2 and R13 for 
which this sequence, (12)(13) (12), of successive colli
sions takes place.7 

The first and second collision in this sequence will 
occur when R i2 and R13 lie within appropriate collision 
cylinders. Whether or not the third collision (the 
recollision between 1 and 2) takes place will depend 
upon the specific values of R12 and R13 within these 
collision cylinders. That is, once specific values of R12 

+ (^-|Ra,xP«j2P«r2)1/2}. 
5 J. Weinstock, Phys. Rev. 126, 341 (1962). 

6 M . S. Green, J. Chem. Phys. 25, 836 (1956). This reference 
introduces the notion of hypothetical collisions of which our use 
is a specialization. 

7 The point of view of this calculation resembles that of Ref. 3. 
Our calculation involves an extension of the calculations in Ref. 3 
to what is there referred to as a "correlated" sequence of binary 
collisions. These "correlated" collision terms are actually the 
clusters which appear in the binary collision expansion of the 
time-dependent irreducible, j3&(/), and they correspond to three 
or more particle collisions. [See also R. Mazo, T. Chem. Phys. 
35, 831 (1961).] 
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and R13 are chosen the future relative motions of 1, 2, 
and 3 are determined for all time, and one can calculate 
whether or not the third collision will take place. We 
shall find that when Ri2 and R13 are restricted to lie 
within certain regions of the collision cylinders then, 
and only then, will the third collision take place. 

The calculation of (11) will, thus, consist of first 
finding the collision cylinders which lead to the first 
and second collisions, and then determining the regions 
of these collision cylinders which lead to the third 
collision. 

1. First and Second Collisions 

In this section we shall calculate the regions of R i2 

and R13 space (collision cylinders) for which the 
operators in (11) which correspond to the first two 
collisions do not vanish. Thus, the operator [Gi2(/) 
— Go(/)]*•• (corresponding to the first collision) will 
vanish and, hence, the integrand of (11) will vanish 
unless particles 1 and 2 are aimed to collide within 
time /. Consequently, 

dRi2[G1 2(0-Go(0]-

^ R i 2 [ G i 2 ( / ) - G o ( 0 ] " - , (12) 
0(12; O 

where the region of integration 12(12; t) is the collision 
cylinder whose length is w _ 1 | P i—P 2 | / and whose cross 
section is OT( |PI—P2I) • Substituting (12) into (11), 
and then dividing the right side of (11) into two parts 
according to whether the first collision is real, G12OO, 
or hypothetical, Go 00, we obtain 

J- (12) (13) (12)g = dR12 dRn G r (12)(13)(12)g 

J 2(12; t) J 

(12) (13) (12)g , (13) 

' 0(12; J) 

where we have defined 

Gr,/i(i2)(i3)(i2>= lim Gi2,o(/) lim G0(—-ri) 

X[G 1 3 ( r 1 ) -Go( r 1 ) ]Go( - r 2 ) [G 1 2 ( r 2 ) -Go( r 2 ) ] . (14) 

[The integrand, G,.(i2)(i3)Q2)g, of the first multiple 
integral on the right-hand side of (13) contains the 
operator G12OO and, hence, corresponds to a real first 
collision between 1 and 2. That is, if /(Pi,P2,P3) is any 
function of Pi, P2, and P3, then when R12 lies within 
12(12; /) we must have 

G»(0 / (Px ,P S ,P» )^ / IT 1 ( l ) ,P 2 ( l ) ,PJ J 

where P i ( l ) and P2U) are the momenta of 1 and 2 
after the first collision.]) 

Iii the first multiple integral on the right side of 

(13) we have the operator 

lim Gi2(OGo(-ri)CG1 8(ri)-Go(ri)]- • •, 

(corresponding to the second collision when the first 
is real), which will vanish unless 1 and 3 are aimed to 
collide between the time h° (at which the first collision 
occurred) and the time t. Hence, just as for (12), we 
must have 

all space 

dRn lim Gi 2 ( / )G 0 ( - r i ) [Gi , ( r i ) -Go(r 1 ) ] -

G r(13;*-*i°) 

rfRi8limGi2(*)Go(-ri) 

XCG 1 8 ( r i ) -Go( r i ) ] . - . , (15) 

where Qr(13;t—ti°) is the collision cylinder whose 
length is m~l \ P i ( l ) — P31 (t—h°) and whose cross section 
is o r ( | P i ( l ) - P 2 | ) . [The subscript V denotes that, 
due to the operator Gu(t), 1 and 2 have undergone a 
real collision so that the momentum Gi2(/)Pi = P i ( l ) 
appears instead of P i . ] 

Similarly, we see that the second multiple integral 
on the right side of (13) contains the operator 

lim G0(/)Go(—ri)[Gi3(ri) —G 0 (n)]- • • 

(corresponding to the second collision when the first is 
hypothetical), which will vanish unless 1 and 3 are 
aimed to collide between time ^i0 and time t. Hence, 

all space 

dRls lim G O ( O G O ( - T I ) [ G 1 , ( T I ) - G 0 ( T 1 ) ] -
Tl->t—tl® 

^R13limGo(/)Go(-r1) 
Q A ( 1 3 ; * - * I ° ) 

X [ G i 8 ( r i ) - G o ( r i ) ] - . - , (16) 

where 0^(13; t—ti°) is the collision cylinder whose 
length is w" 1!?!—P 3 | (t— h°) and whose cross section 
is o - T ( | P i - P 3 | ) . [The subscript uh" denotes that the 
previous collision between 1 and 2, in this integral, is 
hypothetical so that Pi appears instead of P i ( l ) . That 
i s ,G 0 (0P l = Pi . ] 

Substituting (15) and (16) into (13) we obtain 

^(12)(13)(12)g=z J* dR12 r ^ R l 3 Gr(i2)(13)(12)g 

J 2(12; t) J 2r(12;t) 

dR12 f dR13 G, 
0 ( 1 2 ; 0 

Vl3 vrh(12)(13)(12), • (17) 
Qh(lZ;t-h0) 

To facilitate the calculation of (17) it is convenient 
to transform the variables of integration Ri2 and Ri3 
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into cylindrical coordinates as was done in (3). Ac
cordingly, the component of Ri2 parallel to P i2 is 
transformed into the time of the first collision h° and 
the component of R12 perpendicular to P12 is trans
formed into the solid scattering angle of the first 
collision coi. Similarly, for the first term on the right of 
(17) the component of R13 parallel to [P i ( l )~ P3] is 
transformed into the time £2* at which the second 
collision is aimed to take place (when the first collision 
is real, and the component of R13 perpendicular to 
[Pi(l) —P3] is transformed into the solid scattering 
angle co2. In the second term on the right of (17) the 
component of Ri3 parallel to P13 is transformed into 
the time t2° at which the second collision is aimed to 
take place (when the first collision is hypothetical), 
and the component of R13 perpendicular to P13 is 
transformed into the solid scattering angle co2. Making 
these changes of variables to cylindrical coordinates 
in (17) we find 

^(12) (13) (12), )g=m-2V~2 / dt,0 / dt2* / dan / Jco2 

XPl2|Pl(l)-P8kl2(0>l,Pl2)(Ti8(«2, | P l ( l ) - P 3 | ) 

XGr(i2)(i3)(i2)g — m~2V-2 / dh° / dt2° / da>i / do)2 

X Pl2PlZ<ri2<ruGH12) (13) (12)g , (18) 

and we wish to emphasize that the set of variables 
h°, h, coi, co2 is entirely equivalent to the set of variables 
Rl2, Rl3-

2. Third Collision 

The integrands [G>(i2)(i3)(i2)g and G*(i2)(i3)(i2)g] i n 

(18) both contain the operator • • • [£12(7-2) — GQ(T2)2 
which will vanish unless 1 and 2 are aimed to recollide 
[the third collision in the sequence (12) (13) (12)]. We 
may, thus, restrict ^i0, t2, coi, and w2 in (18) to lie within 
those regions of the collision cylinders which lead to 
the third collision. This may be accomplished as follows: 

We note that Pi, P2, and P 3 are fixed parameters 
in (18), so that once specific values of R i2 and R13 
(2iV2,a>i,co2) are selected, the relative motions of parti
cles 1, 2, and 3 are determined for all time. Since R12 
and R13 are restricted to lie within collision cylinders, 
the first two collisions will be aimed to take place. 
But, at the instant following the second collision, 
particles 1 and 2 will be at a relative distance Ri2(2) 
with a relative momentum Pi2(2) and, hence, particles 
1 and 2 will recollide only if, at that instant, they are 
moving towards each other with an impact parameter b%, 

53^|Rl2(2)XPl2(2)|P12(2)~1 , 

which is less than the range of force a (hard-sphere 
diameter a). That is, particles 1 and 2 will recollide, 
within time ty if and only if at the instant following the 
second collision their relative distance Ri2(2) and 

momentum Pi2(2) satisfy 

|Ri2(2)XPi 2(2) |P 1 2(2)~ 1<a, (19a) 

Ri2(2).P1 2(2)<0, (19b) 

h*<t, (19c) 

where (19a) ensures that their impact parameter is less 
than the range of force, (19b) ensures that they are 
moving towards each other rather than away from 
each other, and (19c), with /3* denoting the time at 
which this third collision takes place, ensures that the 
collision sequence occurs within time t. But Ri2(2), 
PX2(2), and £3* are uniquely and, as we shall see, easily 
determined functions of tf, t2, coi, and co2: 

R i 2 (2)= Ri2(/1°,/2,co1,co2), 

Pi2(2) = Pi2(^V2jco1,co2), 

/8* = ^8*(^i°,Mi,«a), 

so that the inequalities (19a,b,c) exactly define the 
only regions of h°, t2j coh and co2 for which the third 
collision will follow the first two collisions. 

This means that the inequalities define the only 
regions of h0, t2, wi, w2 for which Gr<i2) (13x12) and 
Gh(i2) (i3) (12) are nonvanishing. Consequently, we may 
write (18) as 

rd2)(i3)(i2)g— / dh° I dt2* do)i d<j)2CrGr(12)(u)ii2)g 
Jo J ti° J J vr 

dh0 / dt2° I dojij dco2 ChGh(i2)(n) (u)g 
Jtl° J Jvh 

= ^ r ( 1 2 ) ( 1 3 ) ( 1 2 ) g ~ / / i ( 1 2 ) ( 1 3 ) ( 1 2 ) g , ( 2 0 ) 

where Vr and Vh denote those regions in the spaces of 
h°, *2*, o>i, w2 and î0, /2°, coi, co2 which satisfy (19a)-(19c) 
when the first collision is real and hypothetical, respec
tively, so that 

do) 2 and 
Vr 

• / doo2 

Jvh 

mean that the integration over h°, t2* (or /2°), o?i, and 
co2 must be restricted to the regions of the collision 
cylinders which satisfy (19a)-(19c) when the first colli
sion is real (or hypothetical); and where we have defined, 
for convenience, 

X(r12(o;1,P12)a-13(co2, | P i ( l ) - P 3 1 ) , (21) 

Cfc=s F"-2W-2Pi2Pi30-i2(a>i,P12)o-i3(co2,Pi3). 

The calculation of 7(i2)(i3)(i2) now consists of four 
steps: (1) to determine Ri2(2), Pi2(2), and /3* as 
functions of h°, t2, o)h and u>2; (2) to solve (19a)-(19c) 
[for those regions of /i°, t2, uh and co2 which lead to all 
three collisions]; (3) to explicitly restrict the integra-
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tions in (20) to the regions of A0, h, coh and co2 which 
are determined by step (2); and (4) to replace the 
propagators Gij(r) which appear in (20) by their 
corresponding momentum substitution operators ^4^(1). 

The details of this calculation are given in Appendix 
A where it is found that /(i2)(i3)(i2) (t)g is given, exactly, 
by 

1(12) (13) (12) (t)g= |JA(12) (13) (12) + M(12) (13) (12) (t)~]g , ( 22 ) 

where A(i2)(i3)(i2) is a time-independent scattering 
operator for completed collisions defined by 

A(i2)(13)(12) 

/»Trc /• 

= / drr dond^CrAuilJAuiU^Auihr)-!^ 
J0 J Dr 

/» The /» 

- / drJ dw1dw2ChA13(h)lAl2(hk)-n. (23) 
J 0 J Dh 

[Here Dr and Dh denote regions of integrations over 
co2 and are defined as those regions of co2 which satisfy 
l i«P r l 2 (2)<0 and 1 2«PM2(2) , respectively; li=li(coi) 
and 12= 12(^2) are the unit vectors in the perihelion 
direction of the first and second collision, respectively, 
and are known functions of the solid scattering angles 
coi and co2; hr and hh are unit vectors in the perihelion 
direct of the third collision when the first collision is 
real and hypothetical, respectively, and are given by 
(A23); P ri2(2) and J*hn(2) are the relative momenta of 
particles 1 and 2 at the instant following the second 
collision when the first collision is real and hypothetical, 
respectively, and are given by (A3) and (A 17); rrc and 
TU are time intervals of the duration of a binary 
collision and are explicitly given in (A6); and r r = / 2 * 

The time-dependent operator M(i2)(i3)(i2)(0 corre
sponds to an incompleted sequence of collisions and is 
defined by (A20), (A13), and (A18). [We note that the 
integration J%doo1do)2 in the definition of M(i2)(i3)(i2)(0 
contains the restriction fa*>t. This restriction means 
that the last collision, in the collision sequence 
(12) (13) (12), must occur after time / and, hence, is 
referred to as an incompleted collision.] 

Equation (22) expresses the fact that the collision 
integral /(i2)(i3)(i2)(0 divides into a completed and an 
incompleted collision part. The notion of completed 
and incompleted collisions is quite general and is a 
useful concept with which to understand the kinetics 
of approach to equilibrium and the frequency depend
ence of transport coefficients. 

The completed collision part A(12)(i3)(i2) is a "simple" 
scattering operator which may prove useful in calcu
lating transport coefficients. The more complicated 
incompleted collision part il<f(i2)(i3)(i2)(0 is relatively 
small when / is large. This is because of the restriction 
h*>t upon the region of integration over coi and co2. 

This restriction can not be satisfied when t is infinite 
and leads to a relatively small value of M(i2)(i3)(i2) W 
when t is large. The asymptotic time dependence of 
M(u) (i3) (i2) (t) can be shown to be given by 

M^) (is) (i2) (0 = E lnt+E', (24) 

where E and E' are independent of t and have their 
order of magnitude given by O0cA(i2)(i3)(i2)) [the 
logarithmic time dependence in (24) is a consequence 
of the fact that the volume of coi and co2 space which 
satisfies t?*>t is proportional to t~2 when / is large] 
so that 

/(12) (13) (12) (t)g^tA(12) (13) (12)g (t^>Tc) . 

3. Time Dependence of the Remaining 
Three-Particle Cluster Integrals 

To complete the calculation of /32 we must determine 
the time dependence of the remaining cluster integrals 
of particles 1, 2, 3, 

/<«i)...(«n)s F - 2 ^ R i 2 ^ R 1 3 faJa%. • -fanGQ (25) 

[for example: /(i2)(i3)(i2)(i3)(23)(i3)(23)], which appear 
in the binary-collision expansion of /52(123; t), Eq. (9). 
This is done in Appendix B where it is found that 

I(*i)~-(«n)g=DA(ai)...(an)+M(ai)...(an)(t)']g. (26) 

Here, A(ai)...(aTC) is a (time-independent) scattering 
operator for the completed sequence of successive binary 
collisions, in which a collision between the pair of 
particles a% is followed by a collision between a2 and so 
on up to OJ„. This scattering operator is explicitly 
expressed in (B8). The time-dependent operator 
M(ai)-'(an)(t) corresponds to an incompleted sequence 
of binary collisions and is defined in (B9). [This 
operator is associated with incompleted collisions 
because it contains the restriction tn*>t, where 2n* is 
the time at which occurs the last collision in the 
sequence (aiiXc^)- • • (a»).] I t can be shown that 

Miai)...(an)(t) = 0(lnt), (large t) 

so that /A(ai)...(ttn) is the dominant part of /(ai)...(«„> 
for large t. 

The "full" triple-collision integral 02(123;O is 
obtained by simply substituting (26) and (25) into (9). 
We thus obtain 

02(123 ; 0 = &i28+Jf i2s(0, (27) 

where Ai23 is a ternary-collision scattering operator for 
completed collisions, 

co 123 

Al23= S YL A(ai)...(«n) 
n = 3 {a} 

= limr-1/32(123; 0 , 
'•*«> (28) 
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and 

oo 123 

Ml28(0= E E^(«l)».(«n)(0 
n=3 {a} 

= 0(lnO (29) 

corresponds to incompleted ternary collisions. 
Equation (27) is exact for all t. I t expresses the fact 

that the ternary-collision integral (three-particle cluster 
integral) 02(123; t) divides into a completed ternary-
collision part (dominant part) and an incompleted 
collision part. The completed ternary-collision part Am 
is a scattering operator analogous to the binary-collision 
scattering operator A12. I t occurs in the Markoffian 
limit of the generalized master equation and will play 
a central role in the calculation of density dependent 
transport coefficients. The more complicated incom
pleted part Mi2z(t) is relatively small when t is large. 
The time dependence of M123 (0 is relevant to the 
kinetics of approach to equilibrium as well as to the 
frequency dependence of transport coefficients. We 
shall discuss the connection between 02(123; t) and 
the master equation in the next section. 

Thus far, we have only proven (27) for hard-sphere 
potentials. An equation of the same form as (27) may 
be derived for any repulsive pair force of finite range. 
This is because when (rc/t) is small we may use the 
mean value theorem to expand /32(123; t) in the small 
parameter (rc/t). The first term of such an expansion 
will be asymptotic to (27) [for large f\ and the remain
ing terms will be relatively small for large t. We thus 
find that following is exact for repulsive forces. 

02(123; 0 = *Am+Mi28(0, (30) 

providing Am and Af 123(f) are defined by the formal 
relations 

Ai2 3=limr102(123; t)-ft'(123; 00), 
*-«> (31) 

Afi28(0=fo(123;0-*A128 . 

In view of (31), Muzif) satisfies 

\imt-1Mm(t) = 0. 

III. TERNARY-COLLISION OPERATOR AND THE 
NON-MARKOFFIAN BEHAVIOR OF THE 

EQUATION OF EVOLUTION 

We wish to elucidate the connection between incom
pleted collisions and the non-Markoffian memory of 
the master equation. The master equation for the 
evolution of <£ involves the "master" ternary collision 
operator 02(O which is obtained by summing faiijk', 0 
over all of the particles of the system. That is, 

02(0= E P%(ijh\t) (32) 

appears in the non-Markoffian kernel of the master 
equation. 

Substituting (30) into (32) we obtain 

ft(0 = ^(2)+Af ( 2 ) (0 , (M) 

where A(2) and Af(2> are "master" ternary-collision 
operators defined by 

A(2)= E A»yjfe, M(2)(*)= E Mijk(t). 

i<j<k i<]'<k 

Differentiating (33) with respect to / gives 

ft,(0=A(2) + M(2) ,(0-
From Eq. (38) of the previous paper we see that the 
non-Markoffian memory of the master equation con
tains M<i(t) but not A2. But, from (B9) we see that 
M^t) is entirely due to incompleted ternary collisions 
(tn*>t). This, indeed, shows that non-Markoffian 
behavior arises from incompleted collisions. 

We further note that instantaneous ternary collisions 
do not contribute to the three-body scattering operator 
A123. To understand why we consider A m expressed in 
terms of A(ai)...(«„>, in (28), we recall that A(ai)...(aM) 
is the scattering operator for a sequence of successive 
binary collisions among 1, 2, and 3 in which pair a\ 
collide at time t^, pair a2 collide at time /2*, and so on 
up to time tn*. In order for this sequence of collisions 
among particles 1, 2, and 3 to be instantaneous we 
must obviously require that 

that is, the time interval during which this sequence 
occurs must vanish. But we see from (B8) that if 
£2*—/i0=T2=0, thenA(ai)...(an) = 0and, hence, from (28) 

A123=0 (*2* = *i°). 

This proves that the three-body scattering operator 
vanishes for those collisions which are literally instan
taneous or, in other words, instantaneous ternary 
collisions do not contribute to the three-body scattering 
operator. 

The essence of ternary collisions, then, is not that of 
a single instantaneous event but one in which three 
particles collide, successively, many times in a highly 
correlated fashion. For example, see Figs. 1 and 2. 
(Hence, if an experiment could be devised which would 
measure the kinetic energy of a particle undergoing a 
ternary collision we would find that a curve representing 
the kinetic energy of such a particle as a function of 
time shows several local maxima and minima.) The 
duration of such a ternary collision will, in general, be 
larger than the duration of a single binary collision. 
Furthermore, it is not necessary that all three particles 
in such a collision be simultaneously interacting—-
particularly if the pair force is short ranged—hard 
spheres, for example. 
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This contradicts Resibois' claim that only situations 
in which the three particles are simultaneously inter
acting play a role in the asymptotic three-body scat
tering operator A123. This is immediately clear for the 
simple example of hard spheres, since then simultaneous 
ternary collisions are necessarily instantaneous, and, as 
we have shown, instantaneous ternary collisions do not 
contribute to A123 at all. (It is obvious that the cross 
section, or region of configuration space, for three hard 
spheres to come simultaneously into contact is equal 
to zero.) 

Finally, the above discussion supports our assertion 
that it is the concept of completed collisions of a finite 
duration, rather than instantaneous collisions, which 
is fundamental in understanding nonequilibrium phe
nomena. 

IV. TRANSPORT COEFFICIENTS 

In view of the role played by the scattering operator 
A123 in the calculation of transport coefficients it is 
desirable that it be cast into a form that is readily 
amenable to calculations. Since Am involves the solu
tion of the three-body problem, one must inevitably 
consider approximate methods. Approximations based 
upon expansions in the interaction strength are to be 
avoided since all the terms, in such an expansion, 
diverge for infinite repulsions. The binary-collision 
expansion, on the other hand, is well suited to infinite 
repulsions. In this section we shall use the binary-
collision expansion to obtain an approximate expression 
for A123 in such a form that it may be readily applied 
to calculate transport coefficients. 

The binary-collision expansion of A123 is given by 
(31) and (9) 

A123=limr1/?2(123;/), 

/

oe 123 

<2Ri2rfRi3E £ far--fan, 
n = 3 {a} 

eo 123 

= E E A(ai)...(«„), (34) 
n = 3 {a\ 

where the scattering operator A (a i)...(an) for hard 
spheres is given exactly by (B8). [Equation (B8) is a 
good approximation for other interactions when the 
corresponding cross sections are used.] 

But, the summand in (34) decreases with n. That is, 
it can be seeri from (B8) and (B2) that 

A ( a 1 ) . . . ( a n _ 1 ) > A ( a 1 ) . • • (a»_i) (an) . ( 35 ) 

This is because the region of integration over r2, coi, 
and a>2 (over R12 and Ri3 space) in A(ai)...(«„_,) is greater 
than the region of integration in A ( a i ) . . . ( ^_ l ) ( a n ) . That 
fs, A(ax).••(<*„_!)(«„.) contains all the restrictions implied 
by (32) with £ = 3 ; 4, >-(n-l), and n, whereas 

A(ttl)...(«„_!) only contains the restriction with & = 3, 4, 
• . . ( » 7 1 ) . 

Taking advantage of the fact that (34) is a decreasing 
series in n, we approximate (34) by 

123 

Al23~E A(ai)(a2)(«3)- (36) 
M 

The rate at which (34) converges and, hence, the 
validity of (36) is a matter that could and should be 
investigated since it may lead to a good approximate 
solution of the three-body scattering problem in classical 
gases. 

The scattering operator A(i2)(i3)(i2) in (36) is ex
plicitly given by (23), and the various quantities 
contained there are given in the Appendix. Equations 
(23) and (36) may be directly used to calculate an 
approximate first-order density correction to transport 
coefficients by means of the autocorrelation function 
method. 
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APPENDIX A: CALCULATION OF hn){n){i2)(t)g 

The calculation of I(i2)(iz)(i2)(t)g from Eq. (20) 
involves the four steps enumerated in Sec. B2. Since, 
however, Pi2(2) will depend upon whether the first and 
second collisions are real or hypothetical, we must make 
a separate, but similar, calculation for each of the four 
possible cases. The number of cases may be immediately 
reduced to two since there can be no contribution 
when the second collision is hypothetical. This is 
because a hypothetical second collision, in the sequence 
(12) (13) (12), implies that 1 and 2 will collide two times 
with each other without either of them suffering any 
momentum change in between. This is clearly impos
sible for hard-sphere collisions. That is, the following 
hypothetical second collision terms in (20) must vanish: 

/ dH12Gi2,o(t) lim GQ(—T2) 
7 n(i2;«) T2^~t2° 

X[Gl2(T2)-Go(T2)] (Al) 

and, hence, we may replace Gr,h(u)(n)(u) in (20) by 

G/r,/i(i2)(i3)(i2)= lim Gi2,o(t) lim GQ(-TI) 

XG1 8(r i )Go(-r2)CG1 2(r a)-Go)r2)] . (A2) 

There thus remains two cases depending upon 
whether the first collision is real or hypothetical. We 
shall first focus our attention upon the real first collision 
term /r(i2)(i3)(i2)g hi (20). If we let the subscripts r 
and h denote that the first collision is real and hypo
thetical, respectively, then for step one we find the 
relative momenta of 1 and 2 at the instant following 



T H R E E - B O D Y S C A T T E R I N G O P E R A T O R 479 

the second collision (when the first collision is real) is 
given by (see Fig. 1) 

Prl2(2) = P l . l 2 ( l ) -CPl8-P l2 - l J l ] -W2, (A3) 

Prl2(l) = P l2 -2P i , . l 1 l 1 , 

Rri2(2) = w - 1 f e * - t f ) P , i 2 ( l ) + a l 1 , (A4) 

where li=li(a>i) and l2=l2(co2) are unit vectors in the 
perihelion direction of the first and second collisions 
and are known functions of the solid scattering angles 
coi and o>2, respectively. 

According to step two in the calculation of Ir(\2) (13) (i2)g 
we substitute (A3) and (A4) into (19a) and solve for 
(^2*-/i°) to obtain8 

/2* — 2l0<Trc=7>c(cOi,CO2)3 (A5) 

where rrc is of the order of the duration of a binary 
collision and is given as a function of li and h (or, 
equivalently, of o>i and 0)2) by 

7 - „ s»»o |P r t , ( l ) xP ,» (2 ) | - * 

X{[( l iXP r i 2 (2) .P , 1 2 ( l )XP, 1 2 (2) ) 2 

+ (I rP r l 2 (2)) 2 |P , 1 2(2)XP, i 2 ( l ) | 2 ] 1 ' 2 

- l i X P r t » ( 2 ) - P , M ( l ) X P , « ( 2 ) } . (A6) 

The inequalities (19a) and (19b) are partially 
redundant and it can be shown that the inequality 

lx-PnS(2)<0 (A7) 

together with (A5) are exactly equivalent to the two 
inequalities (19a) and (19b). 

For step three in the calculation we substitute (A5) 
and (A7) into iV(i2)(i3)(i2)g in (20) to obtain, with the 
change of variables /2*—h0—Tr, 

Ir (12) (13) (12), 1= I dti° / drr I doi\du>2 
o Jo J Di 

CrGr (12) (13) (12)g , (A8) 

where Di is the region of r r, a>i, w2 which satisfies 
Tr<Trc, h•Pri2(2)<0, h*<t. (The region Dx is, of 
course, the same as Vr.) But 

so that 
h*=(h*- •t2*) + Tr+h0Zrr+tl0, 

t—t i0 

drr I do)ida)2~ I drr I da>ida)2, 
'Di Jo J D2 

8 Inequality (A5), which follows directly from (19a), is the 
most significant relationship of this derivation. I t states that in 
order to satisfy the condition of "impact parameter small enough 
for the third collision to occur" [Eq. (19a)] the time interval 
(h* — ti°) between the instants at which the first and second 
collision occur must be bounded by r rc. Since r r c is of the order 
of the duration of a binary collision it follows that during the 
time interval between the first and second collision all three 
particles must be relatively close to each other—close within 
orders of magnitude of molecular size. This, in fact, is the essence 
of a ternary collision, 

FIG. 1. Schematic diagram of particle trajectories for a three 
successive binary-collision term which contributes to the three-
particle scattering operator. 

where D2 denotes the region for which l r P r i 2 ( 2 ) < 0 , 
h*<t and, hence, (A8) becomes 

A'(i2)(i3)(i2)g= / dh° I drr I 
Jo JL 

da>ido)2 
D2 

XCrG/
r(i2)(i3)(i2)^

r. (A9) 

We see in (A9) that t±°, rr, 6>i, and co2 have been 
restricted to those regions for which all three collisions 
in the sequence (12) (13) (12) are aimed to take place 
within time /. This means that the binary-collision 
propagators Gu and Gn which appear in G'r(i2)(i3)(i2) 
will produce the real momentum changes corresponding 
to these collisions and, hence, these propagators may 
be replaced by their corresponding momentum oper
ators (An and ^13). The free-particle propagators 
produce no changes in momenta and may be replaced 
by identity operators. We thus have, for an initial 
phase point in which all three collisions are aimed to 
take place within time ty 

G'r(12) (13) (12) = A 12(llM 13(l2)D4 12 (I3) — / ] 

= ^(12) (13) (12) • (A10) 

The momentum operator -SV(i2)(i3)(i2) is a time-
independent scattering operator in momentum space 
and not a propagator. This operator merely transforms 
the momenta of a group of particles from the momenta 
that they have before they interact with each other to 
the momenta they will have after they interact with 
each other in a sequence of binary collisions. 

We next substitute (A10) into (A9), divide the 
resulting integral into two parts by dividing the region 
of integration into two parts \iSn-i~ SDT— SD^ where 
Dr is the region of co2 which satisfies l rP r i 2 (2 ) = 0, and 
Dr?, is the region of co2 and rr which satisfies both 

file:///iSn-i~
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P 2 ( 3 ) P. (3) 

P,(2) 

R 1 2 (2) -~ 

HYPOTHETICAL 
COLLISION - ^ 

^1.) 

R,2 
I 

FIG. 2. Schematic diagram of particle trajectories for three 
successive binary collisions in which the first collision is hypo
thetical. 

Ii-Pri2(2)<0 and /3*>^]9, and then freely integrate 
over h° in the first part (Dr) to obtain 

Ir(12) (13) (12)g= [^Ar(i2) (13) (12) + Mr(U) (13) (12) (0]g > (AH) 

where Ar(i2) (13x12) is defined by 

A r ( i 2 ) ( 1 3 ) ( 1 2 ) = / drr I dcCido)2CrSr(12)(U)(12) ( A 1 2 ) 

J 0 J Dr 

and is a time-independent scattering operator for 
completed collisions. 

The operator Mr(i2) (13x12) (0 corresponds to incom
pleted collisions (/3*>0 and is denned by 

Mr (12X13X12) 
Jo Jo 

djr I d(j0ida)2 

Drz 

CrS r(12)(13)(12) • (A13) 

[The /i° integration in Mr(i2xi3)(i2)(0 is complicated 
by the fact that the region of integration depends 
upon h° through the inequality h*>.y 

9 This division of the collision integral in (A9) into two parts, 
according to 

• • • / da)ida)2— ''' I dcoido32~ ''' I decide*)?, 
Jh*<t J Jt3*>t 

separates out incompleted collision events (£3* > t). The integration 
over r r=T2* —/i° in all these integrals is bounded by rrc which, 
for most of coi and co2, is of the order of the duration of a binary colli
sion. This means that in the first integral on the right (completed 
collisions) the main contribution corresponds to sequences of 
collisions in which the time interval between successive collisions 
is relatively small and, hence, for which all three particles are 
simultaneously close to each other at some time. In the second 
integral on the right (incompleted collisions), however, there is 
the restriction h*>t which, when t is large, can only be satisfied 
for a very small region of on and a>2 space for which, it turns out, 
Trc is very large. In this integral, then, r r may assume large 
values and, hence, the dominant contribution corresponds to 
large time intervals between successive collisions. In this case 
all three particles will not be simultaneously close to each other 
at any time, 

Thus far, we have only calculated the real first 
collision term /r(i2)(i3xi2)g in (20). There still remains 
the calculation of 7 (̂12) (i3)(i2)g which corresponds to a 
hypothetical first collision. The operator 7 (̂12) (13x12) 
may be calculated in the same way as /r(i2xi3)(i2). 
The only difference is that in the hypothetical collision 
case the particle momenta do not change as a result of 
the first collision (see Fig. 2) so that the results of the 
real collision case may be carried over to the hypo
thetical collision case by merely changing the appro
priate particle momenta. I t is thus found that 

Ih(U) (13) (12)g= \jAh(12) (13) (12) +Af fc(i2) (13) (12) (0]g j (A 14) 

where Ah(u) (13) (12) is a scattering operator for completed 
collisions defined by (with rh=h°~h°) 

Afc(i2)(13) 

/•The /» 

(12)= / drn I d 
Jo J Dh 

do)\do)2 

X C ^ i 3 ( l 2 ) [ ^ i 2 ( U ) - / ] . (A15) 

Here Dh is the region of co2 which satisfies li«P^i2(2) < 0 , 
and The is given by (A6) when the momenta P r(i2 )(l) 
and Pri2(2) are replaced by 

PW 2 ( l ) = Pi2, (A16) 

P.12(2) = Pl 2-Pl3- l 2 l2 . (A17) 

The operator Mh(u)(u)(u)(t) for incompleted colli
sions is given by 

/ » ' /• The /• 

Mfc(i2)(i3)(i2)=— / dh° I dThj da>idoo2 

Jo Jo J Dhz 

X C ^ i 3 ( l 2 ) [ ^ i 2 ( U ) - / ] , (A18) 

where Dhz is the region of TH and co2 which satisfies 
1 I - P M 2 ( 2 ) < 0 , h°>t. 

The entire cluster integral /(i2)(i3)(i2)g in (20) may 
be finally obtained by subtracting (A 14) from (All ) . 
Thus, 

1(12) (13) (12)g= [JA(12) (13) (12) + Af (12) (13) (12) ( 0 ] g > ( A 19) 

where 

^(12)(13)(12) = A r( i2)(13)(12)— A A ( 1 2 ) ( 1 3 ) ( 1 2 ) J 

M (12)(13)(12)= = Mr (12)(13)(12 )-M 
(A20) 

^(12) (13) (12) . 

We have thus far computed all the quantities in 
A (12) (i3) (12) as functions of coi, co2, and rr,h [in terms of 
li(coi) and U ^ ) ] except for l3r and lu- To compute 
13 (l3r or Uh) we refer to Fig. 3 and denote the scattering 
angle and "vector" impact parameter of the third 
collision by 03 and b3, respectively. We then find, after 
a little algebra, 

l3=cos(^3)^- 1b 3+sin(^ 3)P 1 2(2)- 1P 1 2(2) , (A21) 
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. - < 
satisfy 

FIG. 3. Vector dia
gram for the third 
collision. 

where [with (A4)] 

b 3 ^P 1 2 (2)- 2 {aP 1 2 (2)X[l iXPi 2 (2)] 
+ rP 1 2 (2 )X[P i 2 ( l )XPi 2 (2 ) ]} . (A22) 

The scattering angle 03 is related to the impact 
parameter bz by the law of force and, hence, I3 must 
be computed separately for each law of force. For hard 
spheres we have simply 

£3 = acos(i0 3) , 

so that (A21) becomes 

l 8 = f l r % + ( l - * 3 2 0 1 / 2 ^ i 2 ( 2 ) - 1 P i 2 ( 2 ) . (A23) 

The unit vectors l3r and 13* are obtained from (A23) 
by replacing Pi2(2) by Pri2(2) and T*hn(2), respectively, 
and replacing r by r r and TH, respectively. 

APPENDIX B: CALCULATION OF I(ai)...(a)n(t)g 

The calculation of 7 (a i)...(an), 

A « i ) - K ) = ^ 2 / dRi2dRnfai' • 'fanG0, (Bl) 

proceeds in the same way as /(12)(13x12). The integrand 
Lfaifa2

m' 7««] °f A«i)-(an) *s a nonzero for only those 
regions of Ri2 and R13 which lead to that sequence of n 
successive binary collisions between particles 1, 2, and 
3 [Ref. 1 Eq. (6) and Ref. 5 Eq. (25)] which we denote 
by (ai) '"(a!n). Each collision may be real or hypo
thetical, and the sequence must be completed by time t. 

We, thus, restrict Ri2 and R13, in /(aix«2)—(«n)> to 
lie within collision cylinders so as to ensure that the 
first two collisions occur. For the third collision we 
must require, similar to (19a,b), that Ri2 and R13, in 
A«i)-(«n)> satisfy 

|R a 3 (2)XP« 3 (2) |Pa 3 (2)- 1 <a, R a 3 (2) .P a 3 (2)<0 . 

Similarly, for the &th collision to take place we must 
have, for all k, 

\Rak(k-l)XPak(k-l)\Pak(k-l)-l<a, 

* « 4 ( * - l ) - P « f c ( * - l ) < 0 , (3$k$n) (B2) 

where Raic(k— 1) and Yaic{k— 1) denote the relative 
position and momentum of the pair a& at the instant 
following the (k— l ) th collision. Furthermore, since 
the sequence of collision must be completed by time / 
we must require that the time, £n*, of the last collision 

tn*<t. 

The integration of R i2 and R i3 over collision cylinders 
now proceeds as for /(12) (13x12). We transform the R i2 

and R13 integrations into integrations over scattering 
angles and times of collisions, and then divide the 
integral into a real and a hypothetical first collision 
part, exactly as for 7(i2)(13x12). Equation (Bl) then 
becomes, in condensed notation, 

' («!)••• (««)£ 

= f dh° f dh* f duxduJOCr'Sr-CH'Sklg , 
./0 J ti° J Vir,Vih 

where we have defined 

C r
, = « - a 7 - 4 P t t l P a i ( l ) c r ( c o i , P a i ) ( r ( a , 2 , P « 2 ( l ) ) , 

C,/^w-2F-2PaiPa2(7(Wl,Pai)(r(co2,Pa2), 

and Vir or Vm denotes those regions of /i°, /2, cox, and 
co2 which satisfy (B2) for all k(3<k<n), when the 
first collision is real or hypothetical, and which also 
satisfy tn*<t. We have also replaced the propagators 
in fai' " fan by their corresponding momentum oper
ators in Sr and Sh, since when (B2) is satisfied for all k 
then all collisions in the sequence will be aimed to take 
place and, hence, the corresponding momentum changes 
will occur. The scattering operators Sr and Sh are thus 
given by 

sh^iiAa2(i2)-n- • -lAM-n, (B3) 

where 1„ is the unit vector in the perihelion direction 
of the nth collision. 

From the solution of (B2) with k = S we obtain a 
restriction of the same form as (A5)—just as we did 
for 7(i2) (13) (12). That is, the solution of (B2) with k = 3 
yields 

h~h°<Tc= rc'(coi,co2) . (B4) 

so that (B3) may be written, with the charige of 
variables t2—h0= r2, 

f.t rt—ti° 

1 ( « ! ) — ( « • n)g= J dh° / dr2 / dcx)ido)2 

JO J0 Jv'irih 

XCr'Sr-Ch'Shlg, (B5) 

where V'ir,h denotes the regions of r2, cox, co2 which 
satisfy T2<TC\ Eq. (B2), and tn*<t. [The region V\r,h 
is the same as Vir,h—the dependence upon r2 has 
simply been made explicit in V\r. h.~] 

We may now divide the time integrations in (B5) 
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into two parts, as in (Al l ) , 

dr2 I dix>\d(^i^ ' ' ' I dr2 I do)ido)2 
0 J V'lr,h ^0 J D'r,h 

dr2 dooidw2, (B6) 
D'rZ,hZ 

where Df
r,n denote the regions of r2, coi, co2 which 

satisfies Eq. (B2), and D\ztm denote the regions of r2, 
coi, o)2 which satisfies Eq. (B2) as well as in ^ v, 

Furthermore, we note that the restrictions upon the 
region of integration in (B5) which come from (B2) 
with k^\ will be independent of h°. This is because 
Rak(k— 1) and ¥ak(k—\) are independent of ti° [R«fc(& 
— 1, and Yak{k— 1) only depends upon r2, coi, and o>2]. 
We may, thus, freely integrate the first term on the 
right-hand side of (B6) over h° to finally obtain 

^(ai)-(an)^=PA(a1)...(an) + M(«1)-(«n)]^) (B7) 

where A(ai)...(an) is the time-independent scattering 
operator for completed collisions defined by 

A ( « l ) - ( « n ) = I dT2\ duidu>2[CrSr—ChSh~] ( B 8 ) 

JO J D'r,h 

and M(ai)...(«n)(0 is an operator which corresponds to 
those initial phase points which lead to incompleted 
collisions (tn*>t). This operator is given by 

^(ai)-(a»)W=~ / *1° / dT2\ duXdu2 

JO Jo J D'r3,hZ 

X[Cr'Sr-Ch'Shl. (B9) 

The asymptotic time dependence of M(ai)..-(an){t) 
can be shown to satisfy 

M (a i )...(«B)(0 = O(ln*) (large 0 . (BIO) 
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Coupling-constant sum rules are derived assuming that the violation of unitary symmetry transforms 
like the eighth component of "unitary spin." This parallels the derivation of the mass sum rule. 

I. INTRODUCTION 

A MOD EL of strong interaction symmetry in which 
both mesons and baryons transform like the 

eight-dimensional irreducible representation of 517(3) 
was proposed by Gell-Mann and Nee'man.1 The imme
diate prediction of such a model—that the mesons are 
degenerate and the baryons are degenerate—is clearly 
false. Nevertheless, the symmetry scheme appears use
ful.2 The success of the Gell-Mann mass formula3 indi-

* Supported in part by the U. S. Atomic Energy Commission. 
f Alfred P. Sloan Foundation Fellow. 
1 M . Gell-Mann, California Institute of Technology, Syn

chrotron Laboratory Report, CSTL-20, 1961 (unpublished); 
Y. Nee'man, Nucl. Phys. 26, 222 (1961). For a review, see also 
J. J. Sakural, in Proceedings of the International School of Physics 
"Enrico Fermi" [Villa Monastero, Varenna, Como, Italy, (to be 
published)]. For a discussion of unitary symmetry based on the 
Sakata model see M. Ikeda, S. Ogawa and Y. Ohnuki, Suppl. Progr. 
Theoret. Phys. (Kyoto) 19, 44 (1961). 

2 S. L. Glashow and A. H. Rosenfeld, Phys. Rev. Letters 10, 192 
(1963). 

3 See also S. Okubo, Progr. Theoret. Phys. (Kyoto) 27, 989 
(1962); S. Glashow, Phys. Rev. 130, 2132 (1963), and Ref. 1. 

cates that the breakdown of symmetry occurs in a 
particularly simple way. In this paper, we apply similar 
considerations to coupling constants, and we derive 
coupling-constant sum rules analogous to the Gell-Mann 
mass formula. 

II. COUPLING CONSTANT SUM RULES 

The onlv effective-mass Lagrangian invariant under 
5*7(3) is " 

£M=MTrBB, (1) 
where 

f2° A 
-H 2+ n 

V2 A /6 

B--
2° A 

V2 A / 6 

2 
A 

\/6 

(2) 


