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elaboration of the D. A. model. Such models have been
proposed by Lax!'” and by Cowley,” but both appear
to involve a considerable number of disposable pa-
rameters, and the problem of parameter determination
still remains.

17 M. Lax, Phys. Rev. Letters 1, 133 (1958); and Bull. Am.
Phys. Soc. 4, 181 (1959).
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The low-temperature specific heat and magnetic susceptibility for dilute concentrations of manganese in
copper are studied, using the “‘statistical model” of Margenau and an expansion of the partition function
in a power series of the concentration. An indirect “Ising model” interaction via the conduction electrons
is assumed to exist between the magnetic impurities. To find a correction to the statistical model, the two-
particle correlation function between impurities is derived in the limit as the temperature approaches zero.
It is shown that, in this limit, the system is composed of small clusters of spins that are strongly correlated
to each other within a cluster, but various clusters are randomly oriented relative to each other. An im-
purity within one of these clusters finds itself in an “effective field”” arising from the other spins within the
cluster and from the random orientation of all spins outside the cluster. This field is a random variable
and its probability distribution is easily obtained from the model. The detailed shape of the probability
distribution of the field is given for a particular concentration. As the temperature is increased, the internal
structure of the clusters is broken up and, at high temperatures, the system exhibits paramagnetic be-
havior. The theory predicts correctly the experimental low-temperature specific heat and magnetic suscepti-
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bility of dilute Cu-Mn.

INTRODUCTION

ECENT experimental studies on dilute concentra-
trations of manganese in copper have revealed
several interesting and unusual phenomena. Measure-
ments of the magnetization as a function of tempera-
ture’* have shown a maximum in the low-temperature
magnetic susceptibility. This maximum occurs at a
temperature approximately proportional to the im-
purity concentrations and is found at 13 and 40°K for
a 1.4 and 5.6 at.9, Mn, respectively. The existence of

* This paper is a revised version of the thesis of Michael W.
Klein submitted to the Graduate School of Cornell University in
partial fulfillment of the requirements for the Ph.D. degree.

+ Part of this work is supported by the Office of Naval Research.
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the susceptibility maximum was interpreted® to be a
gradual transition to antiferromagnetism as the tem-
perature is lowered; others® suggested that the system
may be composed of small ferromagnetic domains
aligned antiferromagnetically. The high-temperature
paramagnetic susceptibility obeys the Curie-Weiss law
with positive temperature intercept characteristic of a
ferromagnetic interaction and indicates that the mag-
netic moment of Mn is close to 5 Bohr magnetons. The
system also exhibits remarkable low-temperature
specific heat anomalies. Measurements by Zimmerman
and Hoare®7 have shown that the alloys exhibit a large
excess specific heat compared with that of pure copper,
the excess being independent of the Mn concentration
and increasing linearly with temperature. To explain

5§ C. J. Gorter, G. J. Van Den Berg, and J. DeNobel, Can. J.
Phys. 34, 1281 (1956).
6J. E. Zimmerman and F. E. Hoare, J. Chem. Solids 17, 52
(1960).
7J. E. Zimmerman and F. E. Hoare, Bull. Am. Phys. Soc. 3,
124 (1958).
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Zimmerman’s results, Overhausers has postulated a new
mechanism for antiferromagnetism involving the con-
cept of a static-spin density wave in the conduction
band. Herring® and Marshall'® suggested that Zimmer-
man’s result can be explained by the well-known interac-
tion derived by Ruderman-Kittel,!* Kasuya,!? Yosida,®
and Blandin and Friedel* (in this paper called the
Ruderman-Kittel interaction). Marshall® has quali-
tatively explained the specific heat anomaly in terms of
the Ruderman-Kittel interaction and has pointed out
some objection to the Overhauser mechanism.

In this paper, we show that the Ruderman-Kittel
interaction, using the Ising model, accounts for the
measured magnetic behavior of dilute Cu-Mn over the
temperature range starting from 7'=0 up to and in-
cluding the high-temperature paramagnetic region.

A brief outline of the paper is as follows. In Sec. 2
we write the form of the partition function for a single
spin in terms of the probability distribution of the
effective field, P(H), seen by an impurity at some origin
due to all other impurities distributed randomly over
the volume of the crystal. To find the probability dis-
tribution we first neglect all spin correlations between
the impurities. In this approximation, following Ander-
son,'’® we show that the distribution function is a
Lorenzian with width proportional to the concentration.
Upon properly excluding large fields that come from
impurities close to the origin, the distribution function
becomes a Gaussian, again with width proportional to
the concentration. In order to get a correction to P(H)
we wish to obtain the two-particle spin correlation
function (u.u;). With this in mind in Sec. 3, we expand
the partition function diagramatically in a power
series in the impurity concentration, sum the dia-
grams and perform averages over spins for low enough
concentration such that no long-range order is sus-
tained in the solid. The partition function is evalu-
ated exactly up to and including the fourth virial co-
efficient (3rd power in the concentration), and approxi-
mately for higher virial coefficients. It is shown that in
a certain approximation the two-particle correlation
function g(r12), may be expressed as a power series in
cz(r), where ¢ is the fractional impurity concentration
and z(r) is the number of sites included within some
radius r=R., where R, is a correlation length to be
defined later, and that g(r12) decreases rapidly with the
radius 7;2 for cz(r12) <1.

Using the cluster expansion method to estimate the
function g(r1s) for r>R. leads to serious difficulties,
since in our approximation g(re) is zero for r19= R, and

8 A. W. Overhauser, Phys. Rev. Letters 3, 414 (1959).

9 C. Herring (private communications from R. Brout, 1959).

10 W. Marshall, Phys. Rev. 118, 1520 (1960).

11 M. A. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954).

2T, Kasuya, Progr. Theoret. Phys. (Kyoto) 16, 45 (1956).

1BK. Yosida, Phys. Rev. 106, 893 (1957).

% A, Blandin and J. Friedel, J. Phys. Radium 20, 160 (1959).

15 P, W. Anderson (private communication through R. Brout
and Bell Telephone Laboratories).
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increases proportionally to 7® for 715> R,, thus increasing
indefinitely with 7, a result that is a physical absurdity.
This difficulty is traced back to the fact that the part of
the expansion of the partition function in a power series
of the concentration which we have retained has a
limited radius of convergence for long-range potentials.
To find how the strength of the correlation varies for
r>R., we solve for g(r12) by a completely different
technique using a self-consistent method which can be
linearized for large 715. This is done in Sec. 4.1. Upon
extension of this solution to the region inside the correla-
tion radius R,, we find that the two solutions for the
inside and outside regions agree to within a few percent
at 719=R,. Thus, we get the important result that
impurities are fully or partially correlated to the spin at
the origin if they are located within some correlation
radius R, and are approximately randomly oriented if
they are located outside of R,. The field at the origin
is, therefore, to a good approximation, the sum of two
independent contributions, each of which has its own
probability distribution.

Using the corrected probability distribution to evalu-
ate the single-particle partition function, we not only
get a much better agreement with the experimental
specific heat data,!'®* but we are also able to derive
the wvariation of the magnetic susceptibility with
temperature.

The idea involved in the latter is very simple in terms
of the correlation length worked out in Sec. 3, and it
involves something that might be termed a random
antiferromagnet. The solid is made up of small clusters
of impurities (on the average about 3.3) interacting with
each other via the Ruderman-Kittel potential. At low
temperatures, the spins within a cluster are strongly
correlated to the spin at the origin and the impurities
within a cluster act in unison to give an effective spin
per particle which is smaller than the free ion spin. As
the temperature is increased, two competing processes
occur. One, the clusters are randomized resulting in a
decrease in the susceptibility; two, the internal structure
of the clusters breaks up thus increasing the effective
spin per impurity and the susceptibility. At low tem-
peratures the second of these is predominant and be-
comes less important with increasing temperatures when
most of the spins in a cluster (i.e., the internal degrees
of freedom of the cluster) are already randomized. At
very high temperatures all the spins act independently
of each other and the susceptibility equals the para-
magnetic free gas susceptiblity.

Next, we indicate qualitatively what concentrations
are necessary for long-range order. It is found that no
long-range order exists for concentrations of 0.05 to 5%,
the concentrations treated in this paper. Finally, we
discuss the validity of some of the approximations
used in this work.

158 Nofe added in proof. Since then one of us (M.W.K.) was able

to show that the low-temperature specific heat of Cu-Co and
Cu-Fe can also be explained using a Ruderman-Kittel interaction.
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2, THE FIELD ABOUT AN IMPURITY FROM
RANDOMLY ORIENTED SPINS

As mentioned in the introduction, we investigate the
thermodynamic functions of a sample containing dilute
concentrations of magnetic impurities randomly dis-
tributed in a nonmagnetic host lattice where an indirect
exchange interaction of the Ruderman-Kittel type is
assumed to exist between the impurities. These func-
tions can be obtained by differentiating logZ with re-
spect to various parameters, where Z is the partition
function for the system.

Z= 2 exp(—p%K)

all
states

(2.1)

and B=1/kgT, kg is the Boltzmann factor, T is the
temperature in degrees Kelvin, and 3¢ is the Hamiltonian

3C=2_ vijpip;. (2.2)
i<
;7 is the Ruderman-Kittel potential given by Yosida,3
i is the spin associated with an impurity at position 7;,
and may take values of =1 in the Ising model. For con-
venience we deal with the Ising model rather than the
presumably more correct isotropic Heisenberg model. In
physical content the latter is different from the former
in case it is possible to propagate spin waves. However,
at low concentrations there is no long-range order and,
therefore, spin waves are not possible. In this model
Yosida’s expression becomes

3n\ 27
o= 551 1)1 (7:)5[](0)]2

2kpri; cos2kpri;—sin2kpry;

(2.3)

r ,'j4

(n/N), Er, kr, and |S;| and J(0) are the number of
conduction electrons per atom, the Fermi energy, the
Fermi wave vector, the magnitude of the impurity
spins and the strength of the s-d interaction, respec-
tively. For Cu-Mn, the smallest value of 2kgr;; is 6.92.
We thus drop the sin2kpr;; from (2.3) and we have the
approximate expression

vg;= a(coskri;/7:%) , 24)

where k= 2kr and a=24.8°K—d?, d is the dimensionless
lattice constant for copper and 7;; is measured in units
of the lattice constant. The value of ¢ was calculated
using J(0) from Refs. 2 and 13. In principle, we can ob-
tain the partition function by evaluating (2.1) directly,
in all probability an impossible task. We therefore adopt
the point of view expressed in the introduction and ap-
proach the problem in successive stages. We first ignore
completely the spin-spin correlation that the interac-
tion (2.2) implies and examine the effective field distri-
bution in a purely random distribution of impurities
with random spin orientations; i.e., u;==1 equally

M. W. KLEIN AND R. BROUT

likely. Sections 3 and 4 are devoted to correcting this
assumption. In the end, the qualitative results of the
random calculation still survive in large measure.

Proceeding with the random spin calculation, we
first evaluate the probability distribution P(H) of the
field H about an impurity and then calculate the mean
free energy per particle according to

1nZ(B)=/°° P(H)InZ(8,H)dH , (2.5)

where P(H) is the normalized probability distribution
of the field. The method is then that of the molecular
field where the molecular field is a random variable.
Since there is no long-range order, the average field
is zero.

InZ(B,H)=In Y e #Hr=In coshBH+In2.

w=xl1

(2.6)

To find P(H) we use the so-called statistical model de-
veloped by Margenau!® and applied to dipole-dipole
interactions by Anderson.!®

We consider a crystal having N impurities distributed
on N, sites such that N/N,=¢, where ¢ is the fractional
concentration. The position coordinate, 7, of each im-
purity is an independent random variable uniformly
distributed over the volume of the crystal V with
probability 1/V. With each impurity ¢ we have associ-
ated a random spin variable u; which in the Ising model
can take values of 41 with a probability that generally
is a function of the temperature. However, for the
moment, we will assume the spins to be randomly
oriented and proceed with the calculation. We define
the field at impurity 7 to be

Hz'=z Vijls 5 (2.7)
J

and thus calculate the probability distribution of the
field P(H) about an impurity . Without going into
details, we quote the results of Anderson!® as applied
to our problem.

1 * . 1 . N
P(H)=——/ e‘“’”dpl:~— > e‘*””“"‘d‘”’r:'
2 J 2V u=t1 )y
1~ 4V'eV
=— e_“’Hdpl:l——]
21 J N
1, )
=— eV egmirH p | (2.8)
21 J

where ¢ is the concentration, there are 4 sites per unit
cell in an fcc lattice, hence, the factor of 4 and

4 pa coskr
Vi=— [l—cosl }]ﬂdr. (2.9)
14 0 73

16 . Margenau and W. Watson, Rev. Mod. Phys. 8, 22 (1936).
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Replacing the value of @ coskr in the integrand by some
average value, a, to be determined later and substituting
the result of (2.9) in (2.8) gives

1 0
P)=— / exp(—ip) exp[— (167/3)cal | Jip
. 1

7w Ho*+H?
where Ho=(16w2/6)ca. We note the important result
that the width of the Lorentzian is proportional to the
concentration in agreement with the qualitative argu-
ments of Marshall.

In deriving Eq. (2.8) it was assumed that the im-
purities could take up a continuous range of distances
from the one located at the origin. This assumption
leads to the wrong conclusion that none of the moments
of the distribution function (2.10) exist. This is not the
case because the lattice is discrete, the most important
consequence of this is that there is a finite “minimum
distance” between the impurities resulting in a cutoff
of the wings of the distribution function. Again, follow-
ing Anderson, we may idealize the minimum distance
problem by letting the distribution of the impurity
distances be continuous, but place upon it the limitation
that two impurities cannot approach closer than a
minimum distance 7o, where 7y will be determined later.
Thus, the maximum field from a single impurity is
given by (a coskry)/(r0®) where a is the strength of the
potential.

All previous equations remain valid, except (2.9)
which we modify by excluding the volume close to the
origin. The expression for V' in Eq. (2.9) becomes

L pao 4
Vi=— |:1—cos—:|r2dr=—pago(Q) , (2.11)
VJs 73 3
where Q= (pa/7¢%) and
cosQ—1 /Q sinQy
1
0

(>= T
#(Q 0 o

We see that the shape of the distribution function is
still not easily obtained and (2.8) must be done by
using approximations on (2.12). We let

¢(Q)=30; 0<ir,
(@ =31—(1/0Q); 0>ir.

A graphical comparison of the approximation (2.13)
with the function ¢(Q) shows very good agreement be-
tween the two. Using (2.13) and (2.11) in (2.8) gives

rd  pims Hrpd a2
dx exp{ —ix —_—
2mwsa J —gns as 2

7’03 © H”oax 2
+ / dx cosl: ] exp'}-l‘-—-x:' , (2.14)
wla (3w/4)T T's ™

, (2.10)

dQs.

(2.12)

(2.13)

P(H)=
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where s=[(167/3) (cr¢®) J¥? and I'= (87%/3)(crs?). The
parameters 7o and « still remain to be determined. At
this point we choose a cutoff radius 7o which is de-
termined by our subsequent statistical argument. We
will show in Sec. 4 that the proper 7, to be used in (2.14)
is given by ro=R,=0.514¢"*d, where d is the dimen-
sionless lattice constant and R, is a correlation length
to be derived later. With this value of 7o the limits on
both integrals become independent of the concentration,
87s=23.54, and the second integral in (2.14) contributes
less than exp (—S5.6). The probability distribution
becomes

P(H)~ (2m0®)71* exp[ —3(H?*/0%)],  (2.15)

with o= [16m/3(cr¢®) ]//%ca. Equation (2.15) is the central
result of this section. The probability distribution is a
Gaussian with width proportional to the concentration
and the essential point of Herring and Marshall that
P(H=0)«1/¢ is maintained. It remains to discuss the
value of a which is the average value of a coskr in
Eq. (2.9). If the cosine is expanded in (2.9) and we
integrate from 7o to «, we find that convergence is good
and a=a/V2 is then a good approximation.

We now make a rough calculation of the low-tem-
perature specific heat from a set of randomly oriented
impurities whose probability distribution and width is
given by (2.15).

1 Nog¢ 9% >
Comm o — / P(H) InZ(8,H)dH
2 kpT? B2 J
N()C i
S R — / H?dH sech?BH
2(2m) Y2k T2 J
HZ
Xexp[———] , (2.16)
202

where InZ(8,H) is given by (2.6) and the factor of
arises from the self-consistent field calculation. We
evaluate (2.16) for the case of >>1/0 using an asymp-
totic expansion. The specific heat is approximately
(C,/T)=1.TX10"2% J/mole-deg. We thus find that the
specific heat goes linearly with temperature, is inde-
pendent of the concentration, and C,/7 has an intercept
of 1.7X 1072 J or approximately three times the experi-
mental result. At this point we should recall that except
for the cutoff 7o, we have neglected correlations between
the impurities. We will find that by including the effect
of correlation not only do we get closer agreement
between the theoretical and experimental specific heats
but also obtain the magnetic properties of the system.

3. THE TWO-PARTICLE CORRELATION FUNCTION:
CLUSTER METHOD

We wish to expand the free energy of a system of
randomly distributed impurities in a power series of the
impurity concentration. We associate with each im-
purity j two random variables, the position coordinates
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Fic. 1. (a) Diagrams contributing to the third semi-invariant. (b)
Rings of ladders arising from the 4 vertex 5 ladder diagram.

r; and the spin u;. To obtain the free energy, averages
are performed over spin as well as spatial configurations,
and care has to be exercised in the order of which these
averages are performed. We are interested in a random
sample with frozen-in spatial configurations; i.e., in a
specific nonequilibrium situation. It is desired first to
calculate the spin sum in the partition function (since
the spin system is assumed to be in thermal equilibrium)
and then average the logarithm of this quantity over all
random spatial configurations. In short, we must calcu-
late the mean free energy averaged over configuration
space. The importance of this point is discussed in a
previous article by one of us,'” henceforth called Ref. B,
to which we refer the reader. We will use the cluster
method of B to evaluate the two-particle correlation
function. The important physical effect which we are
evaluating is the effect of the screening out of the field of
one spin on another by intermediary spins.
In the notation of B

(In(Z),)e=(In{exp[—B X vijuits )s)e

1<J
o ‘—ﬂ'l)ij)" ¢
=5 B, )
n<1 n!

where s and ¢ stand for spin and configurational averages.
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Upon a diagrammatic expansion of (3.1) we find that
the nth semi-invariant contains all possible diagrams
that can be formed from # bonds, each bond having a
strength of v;; and a spin u; and p; associated with its
two ends. Thus, the diagrams contained in the third
semi-invariant are shown in Fig. 1.

We now wish to sum the diagrams according to a
power series in the concentration and perform the spin
averages for the case when no long-range order exists;
i.e., the long-range order parameter R=(u)=0. We will
show later that no long-range magnetic order is expected
to exist for the dilute impurity concentrations considered
in this paper. We should also note that in the Ising
model, the model considered here, (u:2"!)= {u;)=0, and
(ui?*y={(u:®)=1 whenever [ is an integer.

We write

zif‘z — NBFy=(In{exp[—B X vininJ)s)e,  (3.2)

i<i

where F; is the free energy per particle from all [ vertex
diagrams. Since {u)=0, only irreducible diagrams (and
excluded volume diagrams to be discussed later) survive
in the spin averaging process. —BF; for /=2 is obtained
from Eq. (35) Ref. 17 and is

—BF = ; Z In cosh[Bu(rs;) ], (3.3)

where ¢ is taken with respect to some arbitrary origin.
We now define a “ladder bond” to be a bond containing
the sum of any number of v;; interactions between two
fixed vertices. The contribution to —pBF, from the
n-vertex irreducibly linked diagram containing ! ladder
bonds is derived in Appendix 1 and is given by

l
1

—BF = (N"/n!)(In(exp[ —B(vijmim;+viemiust - - - +vnmnm)]>s)c—< ><1n(exp|:-3( lg 45) 1)s)e

bonds

l
-1

!
+(2)exp[—ﬁ p> vﬁ3>s>c+--~+<—1>n—l( )(exp(—ﬂwuw))s)c- (3.4

bonds

The meaning of (3.4) is the following. The contribution to —BF, from an # vertex diagram containing /-ladder
bonds is given by the semi-invariant of the sum of all / bonds taken at a time, minus all the semi-invariants formed
by erasing one ladder bond at a time, plus all the semi-invariants formed by erasing two ladder bonds at a time,
and so on, the last term giving all / semi-invariants only with a single-ladder bond. Equation (3.4) is evaluated in
Appendix 1 for the case when (u;)=0 giving the result

n—1
—BFn—'—— < Z h’l[l-l— Z (_l)m H (tanhﬂvm.m+1)]>c: (35)
#!  all sets that rings in over m-bonds
have rings the diagram in a ring

where by the sets that have rings we mean all diagrams that close upon themselves; the latter we call ring diagrams.
The following example will clarify the point. Consider the diagram with 5 ladder bonds as shown in Fig. 1(b). The
ring diagrams arising here have bonds 125, 345, and 1234; i.e., those bonds that close upon themselves.

When any vertex is connected to only fwe other vertices (no cross diagrams), the contributions from all but one

17 R, Brout, Phys. Rev. 115, 824 (1959) (referred to as B throughout the article).
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term in (3.5) vanish and the free energy from the n-vertex rings of ladder diagram becomes

Nn
_6Fn='_'Gn<ln[1+(— l)m H tanhﬂvif]>c ) (36)
n: m-bonds
in ring

where G, gives the number of topologically distinct diagrams;

Gr=%(n—1)!,
where m labels the bonds in the ring.

We now show on the basis of the previous paragraph together with the self-consistent method of Sec. 4 that at
zero-degrees temperature and for low-impurity concentrations (¢<0.05) the volume of the crystal about a fixed
impurity, ¢, may be divided into two regions, henceforth, called regions 1 and 2.

Region 1: The volume within some correlation radius R., to be defined shortly, from an impurity < fixed at the
origin in which a site occupied by an impurity j is strongly correlated to spin 4. The strength of the correlation
depends upon the distance 7;; between spins ¢ and j. R, itself will be a function of the impurity concentration
and temperature.

Region 2: The volume of the crystal for 7;;> R, in which spins ¢ and j will be only weakly correlated.

In order to show the above we examine the two-particle spin correlation function between two impurities z and 7
located at a distance 7;; from each other. We obtain the correlation function from Eq. (3.2)

a
(Miuj>=<— In{exp(—B 2 vijuits))s )e, (3.7
[ 36vi;] i<

where we should note that the summation over 7 and j is omitted in the configurational average of (3.7).

Let (usu;): be the contribution to {u;u;) from a general I vertex diagram and let {u:u;);""# be the contribution
to {uiu;) from the l-vertex ring diagrams.

Note: In all subsequent discussion, unless explicitly stated otherwise, we fix impurity ¢ at the origin with spin
up and j occupied with unspecified spin orientation, or

(uoms) = {uouj| ue®¥*»=-+1) and site j occupied. (3.8)

We thus get for the two vertex diagrams
(uomj)2= —tanhBu(ro;) . (3.9)

The physical meaning of Eq. (3.9) is the following. If we consider the two-particle interaction only, i.e., the first
term of the power series expansion of the free energy, we get the result that, at 7=0, the magnitude of the correla-
tion between uo and any other spin u; will be unity. However, we expect that a third particle located between uq
and p; will screen some of the effect of ug on u;. To find the effect of one or more intermediate particles between
spins po and uj, we first consider the contribution to (ueu;) from a general ring of ladders, the equation for which is
given by (3.6) and will treat the nonring contributions later.

Rewriting Eq. (3.6) gives

1
—BFnri"QZ;(C)"_I Z 11’1[1+(— 1)" tanhpBv;,,:, tanBuvg, 5 - - ], (310)
" .

92,12, n

where each 4, takes values from one to N, where N, is the number of sites in the crystal. Differentiating (3.10)
with respect to —%Bv;; :

. (— 1) ntiziatiaﬁ e i‘in"'l 0
(irpig)n™™8= —c"2 3 - Livia » (3.11)
igeevin 14-(— 1) "iipbiniys * * Linis O[3B0irin ]
where
Liyiger= tanhBvizie, (3.12)

and we eliminated the factor 1/# in (3.12) by differentiating with respect to each of the # random variables
occurring in the expansion. There will be no loss of generality by letting v2 be positive. Thus, we get

(uot2)y s en, oaa=TF 462 3 [(tostaiy” * “tino) 2 £ 1] [e2r00— g2 ] (3.13)
=

k2 “in

where the upper and lower sign belongs to the #=even and n=odd cases, respectively. In the limg— « we
make the following observations.
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Consider the right-hand side of the summation in Eq. (3.13). The factor (ef*2—e~26%2)~1 approaches zero as
B— . Thus, we get a contribution to {(uous)s*®€ only when the first factor approaches infinity as 8 — «. We

now observe that in order to get a contribution to (3.13)

B

(toatais® * *tig0) —> —1 m=even, (3.14)
B0

(tozlfgq;s' . 'l.;,,o) —— +1 n=odd. (315)

Thus, even vertex diagrams contribute only when an odd number of bonds are negative; odd vertex diagrams,
when an even number of bonds are negative. Thus, as 8 — » we get

X+ 3 expl+26( |v02] = [22284 ) D]

3.
k#0

(uope)n ™= éim [2¢m—2 (3.16)

i k
with the proviso that even vertex diagrams have an odd number of negative bonds while odd vertex diagrams have
an even number of negative bonds. Equation (3.16) contains the screening behavior of the correlation function
which we have sought. We find that in the limit as 8 — o whenever |vi.,,,| <|voz|(3.16) gives no contribution
to (uoms); when |vo2| <|9ii4,,| for all (&, k41) the summation increases by unity. For the case when some of the
potentials |vi,4,.,,| are equal to each other and some others are greater than |vg:|, the contribution to the summation
in (3.16) varies between 1 and 1/#. We note, however, that the probability for several of the potentials to have the
same value decreases rapidly with decreasing concentration. Thus, each summation contributes approximately z,
where z is the number of sites within a volume of radius 72. We can now describe the behavior of {uu;) from both
the simple ladders and the rings of ladders. With spin j fixed and occupied the contribution (3.9) is just —1, while
let the n-vertex ring of ladders contribute a,(cz)*2. The total contribution from these two classes of diagrams is

(uou;)=1lim [—tanhBupe+2 > ¢»2 X (1+ X
B> n=3 i3e++in k:

=—1+4+2 Y ay(cz)"2,
n=3

where «, is of order unity. The correlation between the
spin at the origin and spin j will vanish whenever (3.18)
becomes zero indicating a breakdown of the approxima-
tions used, a difficulty which we will discuss later.

Let site j be a near neighbor, then z will be of the
order of 10, and for low concentrations two near-
neighbor spins will be almost completely correlated;
i.e., |{uous)| =1. As 7o increases, so does z until ¢z is
large enough for (3.18) to vanish. The radius at which
this occurs we define as the correlation radius R, already
mentioned several times. Since ¢z, and not z, is the
quantity that determines the correlation length, R, is
a function of the concentration as discussed previously.

We have introduced the ring of ladders for two
reasons: One, that the ring of ladders very clearly
demonstrate the qualitative behavior of the correlation
length; two, it becomes very laborious to evaluate the
sum of all irreducibly linked diagrams for #>4. How-
ever, we still would like to consider the effect of all
irreducibly linked diagrams. Therefore, we use the
following approximation. We evalute the 4th virial
coefficient (4-vertex diagram) exactly, and compare it
to the four-vertex ring of ladders; then using the infor-
mation obtained from this, predict the qualitative
behavior of the higher virial coefficients from the ring
of ladder diagrams.

The contribution to the two-particle spin correlation

exp[28(|vo;| — |vk.k41]) 1) 71] (3.17)

=2,000

(3.18)

function from the fourth virial coefficient is evaluated
in Appendix 2 in the limit 3 — c. The result is
(uonj)a=2¢* 3 1.
i (3.19)
The summation in (3.19) is subject to the condition that
each of the six interactions arising in the 4th virial
coefficient be equal to or be stronger than vo;. Again,
there is a constraint on the sign of the bonds such that,
on the average, only half of the diagrams contribute.
We note that, except for the restriction that zone of the
four vertices may be separated by a distance greater
than 7, the complete 4th virial coefficient gives the
same result as the four vertex ring of ladders. For the
ring of ladders, only the four external bonds have to be
shorter than 7¢;. Because of the additional restriction,
it would appear that the contribution of (3.19) to
{uou;)a is smaller than the ring contribution, but this is
not so. The rings are restricted to diagrams with non-
crossing paths, whereas crossings are permitted in the
complete four-vertex diagram, and there are many more
crossing than noncrossing distinct paths on the four-
vertex diagram, particularly for low concentrations.
The authors are of the opinion that for the higher
virial coefficient the rings of ladder result is correct for
cz<1 provided we impose the restriction that none of
the vertices in the diagram are separated by a greater
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distance than rg,. This conjecture is based on thedetailed
examination of the complete 4th virial coefficient in
Ref. 18. It is seen there that for every bond -k in a
diagram, a factor X/ Xoe=exp[B(|vos| — |vix|)] arises
in the denominator of {(uou;) and, thus, {ueu;) vanishes
unless the strength of each bond v is stronger than ve,.
It is therefore indicated, but not proved, that the same
type of terms (exp[B{]|voz| —|vix|}]), arise from each
bond in the complete nth virial coefficient when 7> 35.
Also, it will be shown that the correlation function
(uou;) is insensitive to the contributions from virial
coefficients higher than the fourth in the region where
the correlation is strong. Thus, little error is made if
higher virial coefficients are not evaluted exactly.

We are now ready to find the total contribution to
(3.18). The contribution from the three-vertex ring is
calculated as follows. We fix a spin at the origin O and
another spin at a distance 7oy from it. Select the third
vertex such that the length of each bond is not greater
than 7,. We are then restricted to the truncated portion
of the sphere whose volume, 73, is 73=2(5/24)mr¢s’. Let
z be the total number of sites within 73, then the con-
tribution of the three vertex diagram to (3.18) is
{uomiy3~2(%)(cz) where the factor of £ comes from the
restriction on the sign of the bonds [see discussion
following (3.15)]. Next consider the contribution from
a higher-order diagram, and, in particular, the case
where the number of vertices becomes large (of order
15 or greater). After rg; is fixed, the next vertex may be
chosen anywhere in the volume 73;. However, any sub-
sequent vertex will be restricted to a volume $m(r92/2)3
=%mree®, and the total number of sites within this
volume is approximately 2z. Then the contribution
from the % vertex diagram is

(uou;)n=ca[ 3c(z—1) [3c(z—2)]- - - [3e(z—n) J;

n<<z. (3.20)
Substituting (3.20) in (3.18) yields
z c3
(pou) =~ —1+(c2) 2 [B(ea) I~ —1+ (3.21)
n=0 1—2¢cz

In the present approximation we choose to define the
correlation radius R, as that radius where {(uou;)=0.
Later we will show that this choice of R, is compatible
with the self-consistent linearized theory which is valid
for the ‘“tail” of the correlation functions. Setting
{uor;)=0 yields the solution (¢z)=0.71. The number of
impurities within R, is (cz)($7R.*)/[(5/12)7R;3]=2.27
and, thus,

R=0.514¢"13q,

where d is the lattice constant.

That one may have confidence in the estimate (3.22)
follows from the small contribution of the virial coeffi-
cients for #>5 where our calculation is most liable to
error. To see this, we evaluate the contribution of V' to
(uous), where Vs is the Sth virial coefficient.

(3.22)

2419

The third and fourth virial coefficients contribute
approximately cz-+2(cz)?, the fifth contributes cz[2(cz)]2,
the ratio is

Vs cz(%c2)? (4/25)(c2)?
Vel Ve 142(c2)?  142(cs)

(K

The reasonably small contribution in the fifth virial
coefficient to the two-particle correlation function
clearly exhibits the self-consistency of the whole ap-
proach to the inside region. This is also seen from the
following. We have found that, on the average, there
are about two impurities (2.27 to be exact) plus the
one at the origin within the correlation length. This
shows that two intermediate impurities between a
particle located at the edge of the correlation length and
the one at the origin are sufficient to destroy the correla-
tion. Thus, contributions from higher virial coefficients
having more than four vertices, determined by the
location of the four particles, are unimportant. The
correlation function {uous)= g(712) as a function of /R,
is approximated by

g(rie)=[1—(r1a/R.)*] sgn(vo2) ,

where sgnuge=-+1 when vy, is positive and (—1) when
o2 Is negative.

Up to now we have considered the situation in which
the number of sites enclosed within the range of correla-
tion is less than 1/¢c. However, if we choose an impurity
at a radius 7o such that the number of sites enclosed
within the range of correlation is greater than 1/c, the
terms contributing to the summation in (3.18) become
greater than unity and g(r12) increases indefinitely. This
is a physical absurdity. The difficulty appears to be
even more serious if we consider that the validity of
Sec. 3, which is of central importance in explaining the
thermodynamic functions of the system, hinges upon
the fact that g(r1s) vanishes for large ;5. However, it is
for these large radii that our series evaluation of g(ri2)
breaks down completely. The difficulty is traced to the
fact that in the limit 8 — o the part of the free energy
from 712> R, yields a power series in the concentration
which appears to diverge. It is probable, however, that
excluded volume effects which we have not included
will eliminate the divergence. Rather than pursue the
cluster approach at large distances, we have adopted a
self-consistent method for »> R., and match this solu-
tion with that of the inside region, a region for which the
results obtained in this section are presumably valid.

Before completing this section we now briefly digress
to the question of the excluded volume effects mentioned
previously. In Ref. 17 it was shown that dotted line
diagrams arise from the constraint that no multiple
occupancy of sites is permitted. Hence, by summing
over unrestricted intermediate indices, we have over-
counted the contribution to the free energy and must
subtract out such extra terms. The important point is

(3.23)
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that each dotted line diagram introduces a —d;; in
coordinate space and reduces the contribution by 1/z
where z is the effective number of sites within the range
of correlation and z2=0(2/c). Thus, the dotted line
contribution will become important only for diagrams
with a large number of vertices, where the number of
dotted lines in a graph increased very rapidly. We may
conjecture that these dotted line diagrams make the
total free energy convergent.

4.1 Self-Consistent Solution of the Field
for the Outside Region

We found in the previous section that the approxi-
mate value of the two-particle correlation function goes
to zero at r=R, which indicates a mathematical diffi-
culty in our method of approach. We now find the
two-particle correlation function for >R, by a self-
consistent method. This approach will be very useful
in the treatment of the problem of the threshold con-
centration to maintain long-range order. We assume
that the probability distribution of the field is simple
enough, so that it can be specified by two parameters,
the mean field A which is not zero since in finding the
correlation function we will fix a spin to be say +1 at
the origin, and the dispersion o= (H?2)— (H)2. Since we
are interested in long-distance correlations, most spins
entering into this calculation are for large values of ;.
For asymptotically large ro;, it is sufficient to describe
all of these spins by the same single-particle distribution
function and, hence, the same o. The dispersion ¢ is
given by Eq. (2.15).

In the Ising model we may have spin orientations of
+1. We perform the self-consistent field calculation at
T=0 when a spin will be oriented up if the field is
positive and down if it is negative. Let p(H;) be the
probability distribution of the field at spin u; and let
pi+ be the total probability that the field at u; is up
(+) or down (—),

(pou) = / +u(H;)p(Hj)dH;

- / (—1)p(H)dH+ / (+1)p(H)dH;

=pit—p=JfI(H;/o]. (4.1)

We can get an idea of the behavior of f[(H;)/o] as
follows: For an impurity j very close to the origin we
will have |(H;)|>>¢ and f[(H;)/o] will be 41 depend-
ing upon whether vy; is negative or positive. For an
impurity j far from the origin |(H;)| <o and we may
linearize f[(H,)/o] to be approximately (H;)/s. Thus,
fL(H;)/o] has the form shown in Fig. 2. With this
introduction we are ready to find the self-consistent
field for the outside region, using the information ob-
tained about the inside region in Sec. 3. The trick is to
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Fi16. 2. The form
of f((H;)e) as a
function of (H;)/o.

Linear Portion

<ﬁ_>

average over an ensemble of systems in which an im-
purity with spin up is located at the origin and site j is
definitely occupied with unspecified spin direction. j is
taken to be asymptotically far from the origin. Using
the relation p;74p;, =1, we get

=51 (uors)) - (4.2)
The average field at impurity j is defined by
(Hj)=1voj+c 2 vir{uous) , (4.3)
%

where the average is performed over an ensemble of
systems in which the spin at the origin is up and spin
J is occupied with unspecified orientation. Thus,

(mowr)=pi* fit+pi fi,

fir= fLvortvitc 2o velprun) /0] (4.4)
Using (4.4) in (4.2) gives
(H)= s 5 sl e+ £+ G L= ).
(4.5)

Since two impurities will be strongly correlated only if
they are within a correlation distance R, from each
other, it is convenient to separate the summation over
k into three parts: part A, when 7;;<R.; part B, when
ror <R.; part C, the rest of the crystal.

For the case when 7;;<R. a spin % close to j is
strongly coupled to j and weakly to all other spins; thus,

. Y/
St £ (uur)~ ‘él_glo m
and fi*= — fi~. Using this expression for fiin (4.4) gives
(Hpy=voi+c(uonsy 2 || | (e |

rik<Re¢

> vl it fi o) (it — fi)} . (4.6)

rik<Re

c
+_

2

Now we make the observation that

> vl [{um)| = —E

rik<Rc

where — E is the energy per particle. Furthermore, since



STATISTICAL MECHANICS OF DILUTE CuMn

702°>R., by hypothesis, |[{uou;)|<<1 and, hence, we
will be in the linear region of the function f. Thus,
{uou;)=1{(H;)/a. We also note that the other terms con-
taining (uou;) on the right-hand side of (4.6) have a
value much smaller than E and, hence, can be neglected.
Thus, we lump these three terms together and transpose
to the left to get

vin{ it fi} oo (4.7)

¢cE7 ¢
<Hi>[1+_"]=— 2
o 2 rik<Re
When % is in region B, fi+ and f~ are again determined
by the strength of the interaction wp;, and again
fxt= — fi. The contribution over this domain vanishes
on the average.
The remaining task is to evaluate the sum in (4.7) in
region C (far from site 0 and j). We linearize (4.4) and
get fit+ fim=2((Hr)/0),

(Hj)= <1+§>_1[7}0j+c

(4

2 v(Hn]. (4.8)

rik<Rc

We assume for the moment that the second term
on the right-hand side of (4.8) is negligible. This
is valid for small ¢ as shown below. We then get
(H;y~(1+4cE/s) 'v;. Using this relation in (4.8) gives

c

cE
(+)
o
Consider the second term on the right hand of (4.9).
Since 7;z and 7y are random variables, v;, and vio are
likely to be negative as positive, this second term is
negligible in the absence of long-range order [also note
that this term is of O(c?) compared to wvy;]. Thus
{uoui)=[vo;/(6+cE)] where ¢ is given by Eq. (2.15).
We now evaluate the strength of the correlation {uou;)
at r=R,. Using (3.22) and the expression for o, we
sum E for the first two shells about the impurity at the
origin and integrate from there to R,. This gives

[(uos) Jr—r=0.0942[1—b(c) ],

where b(c) is a number that decreases with concentra-
tion, 8(c)=20 for ¢=0.05, 8(c)=0.15 for ¢=0.005, and
b(c) > 1 in the limit as ¢— 0. Now we compare the
self-consistent solution of the correlation function from
the outside region with the result obtained from the
inside region. The solution from the inside region gives
the result that a spin ug,, located at R. ,is just as likely
to be up as down; whereas the outside region gives the
result that the probability is approximately 549, that
LR, is up (in case the potential is negative) and 469, that
it is down. For spins located at > R. the probability
P{u,*}=3£0.04(R./7)% It is gratifying that the self-
consistent method gives a very small correlation at R,,

Z VikVok | « (49)

7itk >Re
7k0 >Re

cENT!
(Hj>=(1+—~> voj+
g

(4.10)
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as predicted from the cluster development. Still, we
should get a qualitative estimate of the correction intro-
duced due to the slight correlation at > R.. This is
done in Appendix 3 of Ref. 18, where it is shown that 49
correlation at =R, shifts the center of the distribution
function from H=0 to H—0.04H,, but otherwise
everything goes through as before.

4.2 Probability Distribution of the Total Field

In Sec. 4.1 we have shown that, at zero degrees
Kelvin, the field experienced by a spin at the origin is
given by the contribution from two approximately inde-
pendent regions. The region > R, from which the field
is approximately a Gaussian and r<R, for which we
now obtain the probability distribution.

The average number of impurities within the cor-
related region is given by 4wR.%c=2.27. We observe the
important result that the number of impurities within
a correlated region is independent of the concentration.
We now fix the number of sites, z, within the correlation
radius to be 2.27/¢ and permit any number of impurities
from zero to z to be located within the correlated volume.
We let p(z,m) be the probability that s impurities are
found on z sites. Thus, p(z,m)=~e"227(2.27)"/m!

Let z; be the number of sites on the ith shell from
the origin (sites that are equidistant from the origin are
defined to be in the same shell) and let the probability
that an impurity within the z sites is on the sth shell by
$(3), then p(z)=2;/Zz;. Let H; be the field at the origin
due to an impurity with specified spin orientation on
the ith shell. We restrict ourselves first to a single
impurity within the correlation length. We observe that
if the orientation of spin j is the same as the sign of
2o sgn(e;)] spin j will contribute a positive field at
the origin, whereas if spin j has orientation of
—[sgn(vo;)] it will contribute a negative field at the
origin. Using (4.2) and the result {uou;)~(1—70;*/R.?)
-sgn(vy;) we obtain H = #=a|coskr;| /r;* with probability

tE=3{1¥1—(r://Ro)*]},
when 7, <R,

| coskr| (4.11)

and H*x—d-a
fi3

with probability ¢;#=% when »,>R..

For a single impurity within the correlation length there
will be 2¢ discrete values of H for the field from the in-
side region, where ¢ is the number of shells within the
correlation length, and the probability P(H,) that the
field at the origin is H;, is given by p(H;,) = p(i)i(31) =bs,.
When there are m impurities within the correlated
volume, the probability that the field is 37y H;, is in

18 M, W. Klein, Ph.D, thesis, Cornell University, 1962 (un-
published).
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the two-particle correlation approximation
P(H=3} Hi)=1I bi,.
n=1 n=1

With this introduction we are able to find the proba-
bility from the “inside region” for any given concen-
tration. We calculated the probabilities for a 1.8,
concentration of manganese in copper, summed the
probabilities for the field in each 1° K interval (the field
is measured in units of uH =kzT, where u is taken to be
unity) and obtained the histogram shown in Fig. 3.

The probability distribution of the total field is given
by the convolution of the distribution from the inside
region with that from the outside region given by
Eq. (2.15). We thus obtain

P(H)=[2x"T"2 %
M, G4,y I

X p(z,m)bjibjy* * bjpn.

exp[ —5(H—Hjy...jn)*]
(4.12)

Equation (4.12) was evaluated with the help of a com-
puter for a 1.8%, concentration and the probability
distribution obtained is shown by the smooth curve in
Fig. 3. We find that for a 1.89, concentration of
manganese in copper

P(H=0)=~ (2r0)~2(0.25) (4.13)

where o is given by Eq. (2.15). Thus, the qualitative
arguments of Herring and Marshall that P(H=0) is
inversely proportional to the concentration is confirmed
by our more precise calculation. It is also interesting to
note that there is a slight dip in the distribution function
about H=0in agreement with the qualitative argument
of Marshall on the shape of the distribution function.

At this point we digress to make an interesting remark
about the probability that the field is zero;i.e., P(H=0).
Using Eq. (2.10) and convolving it_with the probability

distribution for the inside region given by Fig. 3 gives
that
P(H=0)=0.52/A, A=3r%a.

The ratio, of P(H=0) with a cutoff of the field at the
correlation length to that with no cutoff is 0.77 showing
that the probability that H=0 is not very sensitive to
the cut-off radius. We expect this from the consideration
that the distant spins contribute primarily small fields.

5. THE SPECIFIC HEAT AND MAGNETIZATION

We calculate the correction to the low-temperature
specific heat from the effect of the spin correlations.
The specific heat may be found using (2.16) and (4.12).
Again we evaluate C, using an asymptotic expansion
of (2.16) and we get for the T=0 intercept of the specific
heat, limy .o C,/T=4.3(1072) J/mole-deg in agreement
with experimental results.

Next we find the magnetization as a function of tem-
perature and compare with the results of Owen ef al.2
and Schmidt and Jacobs,* who find that the magnetiza-
tion increases (nearly) linearly with the magnetic field
and also increases with concentration and temperature
at low temperature. The susceptibility goes through a
maximum as a function of temperature and the suscepti-
bility maximum is approximately proportional to the
concentration. The susceptibility maximum is now ex-
plained in terms of the correlated regions or “clusters”
derived on the previous sections. The physical picture
is as follows. At low temperatures, the spins within a
cluster are strongly correlated to each other and the
impurities within a cluster interact with the Ruderman-
Kittel potential and the effective spin per impurity is
smaller than the free ion spin. As the temperature is
increased, two competing processes occur; one, the
clusters are randomized, resulting in a decrease in the
susceptibility; two, the internal structure of the clusters
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is breaking up, thus increasing the effective spin per
impurity and the susceptibility. At low temperatures
the second of these is predominant and becomes less
important with increasing temperatures when most of
the spins in a cluster are already randomized. At very
high temperatures all spins act independently of each
other and the susceptibility equals the paramagnetic
free-gas susceptibility.

At zero degrees the average spin at position » we
found to be from (3.23); (uou;)= (1—73/R.3) sgnuv,;, where
sgnuy; is the sign of vo;. The magnitude of the correlation
function depends upon the “screening” of the spins that
are located between impurity j and the origin, and since
these spins find themselves in a strong effective field, we
assume that |(uou;)| does not change appreciably as
we depart slightly from 7'=0. However, the orientation
of spin j close to edge of the correlation region will be
strongly affected by temperature. We recall that the
position of the spins is not affected by the minimization
of the free energy, but their spin orientation is. Thus,
when we depart from T'=0, the spin average, in a Weiss
field approximation, w1ll be tanhfv,; instead of sgnwy;.
Thus, we let

(moui(T))=(1—7*/R?*) tanhBuy;. (6.1)

We now let the spins be uniformly distributed over
the correlated volume with spin density p=(4/d%)- (2.3).
Let the average spin per cluster be uc®";

Hot™ = 1+[ /O N p(r)<1—1—g> tanhﬁv(r)d‘”'r]
x[ /O " p(r)<1—£—3>dsr]~x (5.2)

and at 7=0 we get that
(1—=2.3/R®)> pe*>(14-2.3/R.2)

giving an average u of about 1.
The susceptibility, x, of an average cluster at tem-
perature T is given by

x(T)=BBS*(T), (5.3)

where B= (N¢/3.3)c[(2)(5/2)]* where $ is the spin of
the manganese atom. S.*(7) is the number of free
spins in a cluster. This is equal to the average spin of
all clusters plus the difference in the number of spins
that are correlated within a cluster at temperature
zero and 7. Thus,

=[n(0)—n(T) ]+Se(0)

= Scl2 (O)+

3/)/ (1—r/R2)

X [1— | tanhBu(r)| Jridr,

where S*(0) is the average spin per particle at 7'=0.

(5.4)
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The value of S.2(0) is calculated from the magnetiza-
tion data of Ref. 4, and is found to be approximately
zero near T'=0. #(0) and #(T) are the number of spins
that are correlated within a cluster at temperatures
zero and T, respectively. The factor (6/R.®) comes
from the normalization of the spin density. In (5.4) we
let Bv(r)=Pa/r’, b=Pa/R3, and differentiating (5.3)
with respect to T and substituting (5.4) into (5.3) we
get the condition for the maximum in the susceptibility,

ox  Bb(3.3) °°<1 b)
oT 3kT2./b 2

1—tanhz sech?s
e

(5.5)
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Equation (5.5) has a solution when & is approximately
0.3. Thus, we get that the temperature at which
the susceptibility is a maximum is approximately
Tmax=660c°K giving the values of 9.2 and 37°K for
a 1.4 and 5.6%, concentration, respectively. The experi-
mental values are 13 and 40°K showing reasonable
agreement between theory and experiment. (See con-
clusion for an additional discussion of this point.)

Critical Concentration for Long Range Order

We now wish to inquire at what impurity concentra-
tions, if any, long range order will be sustained through-
out the crystal. In particular, we want to show that the
spin average (u;) equals zero for concentrations treated
in this paper. For this purpose the self-consistent field
method gives an appropriate tool of analysis since, in
its linearized form, one may look for singularities in the
homogeneous part in the limit of 7,;— oo, such a
singularity would indicate long-range order. Writing
(4.3) in the form

(Hz)

Hp=voj+c X valu)tec X vp—,

rik<Re rik<Re o

(5.6)

and transforming into crystal Fourier space and using
the translation symmetry of ;z, (5.6) becomes

(H(g))=1(9)+cF(q)+(c/)o(g){H()), (5.7)

where F(q) is the crystal Fourier sum of the second
term in (5.6) and »(g) is the truncated Fourier sum

2= o(ri) expliq- 1] (5.8)

rik<Rc

i(q)=

and ¢ is given in (2.15). Transposing and rearranging

(5.7) gives (-HF(@) ()
v(q)+cl (g q
H = == . 5.9
ey

It is seen from (5.9) that, for a fixed correlation radius
R., H(q) becomes infinite when ¢#(g)/oc=1. This di-
vergence shows that a certain ¢ component of H, say
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for g=go, will be much greater than any other com-
ponent (in the final result the linear theory must be
discarded and an ordered phase postulated and no actual
divergence will arise). This indicates that a field with
wavevector ¢ will be observed throughout the volume
of the crystal; i.e., the existence of long-range order with
periodicity 2mw/qo in real space. Next we examine the
function 9(q) for Cu-Mn. We recall that the Fourier
sum for 9(g) is restricted to R> R,; therefore, for con-
centrations of the order of 0.15 or less, the lattice sites
for R> R, are dense enough so that we may integrate
(5.8). Using Eq. (2.3) we have

‘v(q)—( % / / /” kr coskr—sinkr

Xei?7y? sinfdfdddr , (5.10)

where ¢ is the strength of the interaction and k= 2kp.
Performing the integration we find the maximum value
of v(g) to be

9(q) max =~0(0)= —167a (sinkR,/kR.). (5.11)

Thus, [¢6(g)/oc]<1 for the concentrations treated in
this paper, and no long-range order. We should note,
however, that it is wrong to use (5.11) for concentrations
that approach unity for two reasons. One, the lineariza-
tion procedure of Sec. 4 is no longer valid; two, the dis-
cretences of the lattice becomes important and the
difference between the integral (5.10) and the discrete
sum of the potential becomes large. Indeed, the integral
of v(g) from r=0 to infinity differs in sign from the
sum over discrete sites.

DISCUSSION

We briefly discuss the validity of some of the approxi-
mations used in this paper. In Sec. 4 it was assumed that
the probability distribution of the outside and inside
regions are independent of each other. This is actually
not the case (even in the two-particle correlation ap-
proximation) for there is a slight correlation between
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the two regions at r=R,. However, it is shown in
Appendix 4 of Ref. 18 that this correlation only shifts
the center of the distribution function slightly and
effects the low-temperature specific heat very little.

In calculating Thmax, the temperature at which the
susceptibility is a maximum it was assumed that the
average value of |cos2kpr| is unity. This is not un-
reasonable in view of the fact that we are considering
the strongly correlated inside region. If a spin at the
edge of the correlation length is correlated to the origin,
so will be a spin closer to the origin. The result for 7' max
may be off by at most a factor of the average value of
|cos2kpr|, which is 2/, and still remaining in reason-
able agreement with experiment.

This model predicts that dilute substances of cobalt
and nickel or other magnetic impurities should have a
behavior similar to Cu-Mn. The question arises why
Cu-Co should behave so differently from Cu-Mn. The
low-temperature specific heat of Cu-Co was found by
Crane and Zimmerman?® to vary linearly with tempera-
ture and proportional to the square of the concentration.
However, if we use Overhauser’s?® argument on the non-
localization of Co impurities in Cu, it may be that the
Ruderman-Kittel potential is not effective in Cu-Co.
This argument goes as follows: Since Co is two atomic
numbers closer to Cu than Mn, it is expected that the d
orbitals of Co in Cu are less localized than those of Mn in
Cu. (Where the solute atomic number two units higher
than Co, the d orbitals would be completely nonlocal-
ized.) Therefore, the orbitals of Co extend over a lattice
constant or more, the periodicity of the Ruderman-
Kittel potential is of the lattice constant, and hence the
average field over the Co orbital is cancelled out.
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APPENDIX 1

In this appendix we prove two useful lemmas. First, we introduce some definitions.

Definition 1: We define the subsets of a diagram as all possible subdiagrams formed by stripping it of one or
more bonds. Example: The subsets of the three-vertex ring are shown in Fig. 4a.

Definition 2: We define a skeleton diagram as one which contains none of its subsets except the identity.

Statement of Lemma 1: The semi-invariant of a skeleton diagram is given by the semi-invariant containing all
bonds in the skeleton diagram, minus the semi-invariants of all subsets formed by deleting an odd number, plus
the semi-invariants of all subsets formed by deleting an even number of bonds in the skeleton diagram.

Proof: Let D vijuiu; be the sum of all £ bonds in the sleleton diagram. By the definition of the semi-invariant
MA(3k vimin;) contains the skeleton diagrams plus all its subsets. Therefore,

k
M , 2k viisini= Jf . (k bond, skeleton)+< M ,,(k —1 bond, skeleton)
1

k k
+< )Mn(k—Z bond, skeleton) -« - - +(k )M"(l bond, skeleton) , (Al.l)
2 -1

BT, T. Crane and J. E. Zimmerman, Phys. Rev. 123, 113 (1961).

20 A. W. Oberhauser, J. Phys. Chem. Solids 13, 71 (1960).
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k—1 k—1
M Ze=tviisiri= M (k—1 bond, skeleton)+( )Mn (k—I—1 bond, skeleton)-}- - - - -[—-<
1

>M"(1 bond, skeleton) , (A12)
k—1—1

Adding all semi-invariants gives

k k k k
M, 2k Uiim‘lli-( ) R R L R A 1)s< > M, Zk—s viitisi = |, (k bond, skeleton)-}- [( >- ( ):] M ,,(k —1 bond, skeleton)
1 1 1

S

k k—1\ sk k
+l:( )_< >( >—|—( )]Mn(k —2 bond, skeleton) - - « « o+ = Jf , (k bond, skeleton) , (A13)
2 1 1 2

This is exactly what we set out to prove. We should note that the proof is general and not restricted to rings of
ladders only.

Lemma 2: A % vertex skeleton diagram of ladders gives a contribution to the free energy

k

N
<1n<Zk>s>c=_k—’_ 2 (In{ II  (1—pw; tanhBoy))s)e, (A1.4)

! subsets bonds, subsets

and when (u;)=0, i.e., no long-range order, the contribution is

Nk

(In{Zr)s)e=— > (n(1+(—1)= TI tanhBvy))., (ALS5)

k! closed loops only closed loops

where m is the number of bonds in the closed loop. In case there are no closed loops the contribution is zero. The
closed loops of the 5 bond 4 vertex diagram is shown in Fig. 4(b).
Using the definition of the semi-invariant

k

(n(Z)om— 5 (—B)(M : bond, scetons /1) (ALS)
| n=k
and Eq. (A1.3) we get
NE(e-1/k
)=l £ (N1 T eamy, (A1)
k' =0 l blf);c{s

Expanding the exponentials on resumming, each exponential becomes coshBvi;— uiu; sinkBv;, then factoring out
a coskfBv;; from each exponential in (A1.7) we get

N* r—1 : k N* 1 : k )
(ln(Zk)s)c=—;e—!— lé)(—— 1) ()El(ln coshﬁvﬁ)c-l-—k—!- I=ZE)(—~ 1) < l)(ln( kri[z (1—uip; tanhBv;5) Ys)e. (A1.8)

bonds

We now show that the first summation in (A1.8) equals zero. Let In coshBv;;= Y, then

seo(sr (O s J Qv (U B 2 O-() I

B O e

This is exactly what we proposed to prove in Eq. (Al.4). Next we prove Eq. (A1.5). Consider the product
(ITk bonds [1—pmin; tanhBo;;])s in (A1.8). The spin average of u* equals 1 when % is even, and zero when % is odd.
For this reason we get a contribution only when an even number of (ladder) bonds emanate from each vertex,
i.e., whenever a closed loop is formed by the bonds thus giving (A1.5).
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APPENDIX 2
Evaluation of the 4th Virial Coefficient

The evaluation of the 4th virial coefficient becomes quite laborious algebraically; therefore, we use diagrams
whenever possible. Every bond in the diagram is a ladder bond. The diagrams which contribute to the 4th virial
coefficient V4 are shown in Fig. 5(a), where for each of the three diagrams A, B, and C, the semi-invariants of all

0 V4=%?—{f¢;g+fa®+ﬂ;g}
o AN/ + \t/\+/+\+_ b Va =%{Mn!Dk-l2Mn Mk+a MnA }
B B0V bR B

Fi1G, 4. (a) The 3-vertex ring and its subsets. (b) The closed R S T R T A
loops of the 5 bond 4 vertex ladder diagram. I J ] PR L

Fic. 5. (a) Contributions to the 4th virial coefficient. (b) The
net contribution to the 4th virial coefficient after the appropriate
subsets have been subtracted. (c) The total contribution of the
first term in Eq. A2.1.

possible subsets are subtracted as discussed in Appendix 1, and fa=3; fz=6; fc=1. Subtracting the proper
subsets of ¥, we obtain a contribution as shown in Fig. 5(b).

Using the definition of the semi-invariants (3.1) and letting tanhBv;;=t¢;, and averaging over the spins with the
condition (u2"+1)y=(u;)=0, {(u2")=1, after performing some simple but laborious algebra we get

4

V= —4—[{ (In(1+3tstptuteit it intes) yo— 4D+ Listintes) Ve » (A2.1)

where again 4, j are random variables ranging from 1 to N. Nofe: The first term of (A2.1) contains the diagrams
shown in Fig. 5(c). The contribution of the fourth virial coefficient to the two-particle correlation functions is
obtained by differentiating (A2.1) with respect to 38v;;. For convenience, we let t;;=1, t;x=2, t=3, ti;;=4, t4=35,
t1=06, we thus get

. <[ —[(1234)+(1356)+ (2456) ]+ (126)+ (145) (126)  (145)
Hikie= 14 (1234) 4+ (1356)+ (2456) — (126) — (145) — (235)— (346) 1—(126) 1—(145)]

4
1
x[———]> . (A2.2)
e2Pvii— g—26vii |/

In the limit as 8 — w0, (e28vii—¢~26?i/) — oo and each of the terms in (A2.2) contributes only when its denominator
vanishes. The reader is referred to Ref. 18 for the evaluation of (A2.2). The result is

(mous)e=2¢* 3 1. (A2.3)

3,14

The summation is subject to the conditions discussed immediately following Eq. (3.19) in the text.



