
T H E O R Y O F F A R A D A Y E F F E C T I N S O L I D S A553 

a value for the valence band to r i 5 gap of the order of ACKNOWLEDGMENTS 
2 eV, this would certainly improve our agreement for The author has benefited from discussions of this 
the Faraday effect, although it would raise some theo- work with Dr. B. Lax, Dr. H. Bennett, and Dr. H. J. 
retical questions. Zeiger. 

P H Y S I C A L R E V I E W V O L U M E 1 3 3 , N U M B E R 2 A 2 0 J A N U A R Y 1 9 6 4 
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Spectral line shapes of the radiation produced by band-to-band recombination of excess carriers in semi
conductors are calculated under the assumption that the momentum matrix element is the same for all 
initial and final states, i.e., that there is no momentum selection rule. The peak of the stimulated radiation 
falls at a lower photon energy than does the peak of the spontaneous radiation, except when T—0°K, Some 
numerical results are given for simple parabolic bands, specifically for the case of electron injection into 
^-type GaAs, and are used to deduce the temperature dependence of the forward current which is necessary 
to maintain a fixed gain in the active region of a diode. The result is closely related to the temperature 
dependence of the threshold current in an injection laser, and gives reasonable agreement with experiment. 
The effect of a conduction band tail is briefly considered. 

I. INTRODUCTION 

RADIATIVE recombination is one of the principal 
processes by which electrons and holes present in 

excess of the thermal equilibrium concentrations can 
recombine in semiconductors, and has been extensively 
studied.1-8 In most cases considered heretofore the 
radiative recombination has been primarily spontaneous 
radiation. However, the discovery of injection lasers9-11 
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has confirmed the conjecture that photon populations 
can be high enough to give a substantial amount of 
stimulated emission.12,13 In this paper, we calculate, on 
the basis of a simple model, the spectral line shape of 
the spontaneous and stimulated radiation emitted in 
band-to-band recombination. The actual line shape of 
the radiation emitted depends on the boundary condi
tions and the operating conditions of a particular 
experiment, and is illustrated by a number of examples. 

We restrict our attention to the case of band-to-band 
transitions, because we believe this case to be the best 
approximation in semiconductors in which substantial 
concentrations of shallow impurities are present, causing 
the impurity levels to merge with adjacent bands. 
Other models can, of course, be more applicable in 
other cases. For example, transitions between states of 
isolated impurities are responsible for the red emission 
of the ruby laser, and such systems have been studied 
in considerable detail.14 Transitions between a band 
and one or more impurity levels may also be important, 
and results for this case have been obtained by Eagles15 

and by Dumke.16 

In the next section we give some general results 
concerning the spontaneous and stimulated spectral 
functions, and in Sec. I l l we give more specific results 
for the case of transitions with no selection rule between 
simple parabolic conduction and valence bands with 

12 W. P. Dumke, Phys. Rev. 127, 1559 (1962). 
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particular reference to gallium arsenide in Sec. IV. The 
over-all line shape to be expected in actual structures 
is discussed briefly in Sec. V. In Sec. VI we give results 
for the temperature dependence of the threshold current 
for GaAs diodes which are in good agreement with 
experiment. Other authors have calculated threshold 
currents which vary as P /2.17 In the last section, we 
briefly consider the effect of a tail in the density of 
states on the spontaneous line shape. 

II. GENERAL CONSIDERATIONS 

In an optically isotropic medium we can write for the 
rate at which photons are emitted per unit volume into 
solid angle dQ and energy interval dE,ls 

r(E)dE(dQ/AT)^lr8VOn(E)+^rstim(E)']dE(dn/A7r), (1) 

where 91 is the number of photons per mode, given for 
thermal equilibrium by 

SKoOE) = [exp(E/ZD-1]" 1 ; (2) 

K is Boltzmann's constant, and T is the absolute 
temperature. The term rBpon(E) in Eq. (1) gives the rate 
of spontaneous downward transitions of the electronic 
system, and dlratim(E) is the difference between the 
stimulated rates of downward and upward transitions. 
For band-to-band transitions the spontaneous and 
stimulated emission functions can be written,19 

rBpon(E)dE=Z (We2E/m2Wc*)\WL\2fu(l-fi), (3a) 

rstim(E)dE=Z W#E/mWd)\<M\*Uu-fi), (3b) 

where /« and fi are the probabilities that the upper and 
lower states involved in the transition are occupied, N 
is the index of refraction, and the sum is taken over all 
pairs of states per unit volume whose energy difference 
is between E and E+dE. The matrix element is 
averaged over all polarizations of the incident light 
so that 

l^l2=KI^I2+|^I2+|^|2}, (4a) 
Wlx=-iti tyu | exp (A • r) (d/dx) | fo), (4b) 

where ^w and \pi are the wave functions of the upper and 
lower states, and k is the propagation vector of the 
radiation. 

If the wave functions of the upper and lower states 
are Bloch functions characterized by wave vectors kM 

and hi, respectively, then the matrix element will 
contain a delta function 8(ku—kz±k) to express the 
conservation of momentum. We can usually neglect k 
compared to kw and kz, and set kw=k*. Then, if the 

17 J. L. Moll and J. F. Gibbons, IBM J. Res. Develop. 7, 157 
(1963); S. Mayburg, J. Appl. Phys. 34, 1791 (1963). 

18 See, for example, F. Stern, in Solid State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press Inc., New York, 1963), 
Vol. 15, Sec. 36. 

19 This equation is a slightly generalized form of Eq. (36.8) in 
Ref. 18. We assume the material to be nonmagnetic in the present 
work. 

energies Eu and Et of the upper and lower bands are 
monotonic functions of &&= |ktt| = |kj | , the values of 
Eu and Eh and the corresponding occupation proba
bilities /„ and fi, are uniquely determined by the photon 
energy E of the incident light, and we can write 

rspon(£)= ( W £ / m W ) | m | W - E ) / « ( W 0 , (5a) 

f . t i m ( £ ) = ( « / « l W ) | 9 T l I 2 p r e d ( £ ) ( / u - / z ) , ( 5 b ) 

where pre&(E) is a reduced density of states for one 
direction of spin: 

Pred(E) = (2TT2)~^h
2[d(Eu-El)/dk h~] , (5c) 

and the derivative is evaluated for Eu—Ei=E. If 
several valence bands enter, we sum expressions like 
(5a) and (5b) over these bands. We must also sum over 
spins, taking the spin conservation in the matrix 
element into account. 

We can deduce expressions for the total spontaneous 
recombination rate (RsPon=./trapon(E)dE from (5a) in 
two simple limiting cases. The first is that the valence 
band is degenerate, so that we can take fi=0 for all the 
transitions of interest. In that case, if we assume that 
the conduction band effective mass is mc, and that the 
valence band has degenerate light and heavy-hole 
bands, with heavy-hole effective mass mvh and light-hole 
effective mass mvi, we find that 

(RsPon= (SNe2E/m%2c')(\Mb\
2)&r 

X {[1+ (mc/mvh)J-m+ll+ (mc/mvl)2~dl2}n, (5d) 

where n is the electron concentration, and (|2flT&|2)av is 
the average matrix element connecting states near the 
band edges. 

The other simple result for (Rsp0n obtains if both the 
conduction and valence band populations are non-
degenerate. In that case we find 

4=Ne2E/ 2-KW \3 '2 

[mvi/(mc+mvi)J
l2+[mvh/(mc+mvh)J

12 

X np, (Se) 
(mvi/m)zl2+ (mVh/m)z/2 

where p is the hole concentration. 
At the opposite extreme to the case of a direct 

transition selection rule, given in (5), is the case in which 
the matrix element is the same for all initial and final 
states. In that case, the more general expressions in (3) 
again simplify, and we can write 

rap0n(E) = B (\c{E')Pv(E'-E) 

XME')Zl-fi(E'-E)yE', (6a) 

r«im(E) = B fPc(E')pv(E'-E) 

Xlfu(E')-fi(E'-E)-]dE', (6b) 
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where pc and pv are the densities of states for both spin 
directions per unit volume and unit energy in the 
conduction band and in the valence band or bands. The 
coefficient B is given by 

B = (4:Ne2E/m%2c") (| 9H12)avF, (6c) 

where (|3TC|2)av is the average of the squared matrix 
element over spins in the upper and lower bands, and V 
is the volume of the crystal, which will drop out when 
the explicit result for (|9TZ|2)av is used [see Eq. (12)]. 
The total emission rate is particularly simple when 
there is no selection rule, since one can integrate over 
conduction and valence bands independently to find 

(Rspon=5»^, (6d) 

where n and p are the concentrations of electrons and 
holes. (RSpon gives the rate at which photons are spon
taneously emitted in unit volume; thus the coefficient 
B has dimensions cm3/sec. 

If we assume that the electrons in the upper band 
are in equilibrium with each other, and characterized 
by quasi-Fermi level Fn, and that the holes in the lower 
band or bands are in equilibrium with each other and 
characterized by a quasi-Fermi level Fp, then we can 
write 

/ u = {l+expl(E«-Fn)/KTl}-i, (7a) 

fi={l+ezpL(Ei-Fp)/Kr\}-i. (7b) 

FronTthese relations we find that, no matter what we 
assume about the matrix elements which enter in (3a) 
and (3b), the stimulated and spontaneous functions are 
related to each other by20,21 

rstUE) = rspon(E){l-exV£(E-AF)/KTl}, (8) 

where AF=Fn—Fp is the difference of the quasi-Fermi 
levels, and vanishes in thermal equilibrium. Thus, we 
find from Eqs. (1), (2), and (8) that in thermal equilib
rium the spontaneous emission in each energy interval 
equals in magnitude the absorption stimulated by 
blackbody radiation, as it should. 

The stimulated function rstim is related to the absorp
tion coefficient a(E) by18 

a(£)= - (**(ffl/WE?)r«im{E), (9) 

where the minus sign arises because we have defined 
fstimCE) to be positive when radiation is emitted, while 
the absorption coefficient is positive when radiation is 
absorbed. We can combine (8) and (9) to find 

rspon(£)= (N*E*/wWW)a(E) 
X{expl(E-AF)/KTl-l)-K (10) 

20 The derivation of Eq. (8) is based on the occupation proba
bilities for independent levels, given in Eq. (7). A derivation of 
this result for a simple case involving impurity levels is given in 
the Appendix. 

21 We implicitly assume that the only interaction of the elec
tronic system is with radiation. If interactions with lattice vibra
tions are important, the relation between the spontaneous and 
stimulated rates may be appreciably altered. See W. B. Fowler 
and D. L. Dexter, Phys. Rev. 128, 2154 (1962). 

If the total spontaneous emission rate is given by 
(RsPon=Bnp, and the np product is known for thermal 
equilibrium, we can use Eq. (10) to deduce the value of 
B from the optical absorption coefficient.22 If the 
system is excited (in the absence of trapping) to give 
electron and hole populations no+An and po+An, 
where no and po are the values for thermal equilibrium, 
the net rate of radiative decay toward the equilibrium 
carrier concentrations is (RIiet~B^(nQ+An)(pQJfAn) 
— nopo], and the radiative recombination lifetime when 
An<£rio+po is 

Trad= A»/(Rnet= [B (no+po)l~l • (11) 

This method of deducing the radiative lifetime may 
fail if the system is far from equilibrium, since the 
optical absorption will begin to deviate from its thermal 
equilibrium value. 

The method of Van Roosbroeck and Shockley22 is 
applicable to a material in which there is no k-selection 
rule, or to a nondegenerate material in which there is a 
selection rule, since both of these, as shown in Eqs. (Se) 
and (6d), have (Rspon=£^. On the other hand, if 
Eq. (5d) applies, the radiative lifetime of excess elec
trons is V^spon, which is the shortest radiative electron 
lifetime possible under any assumptions about the 
selection rules.23 

III. APPLICATION TO THE CASE OF PARABOLIC 
BANDS, NO fc-SELECTION RULE 

The conventional theory of direct optical absorption 
in crystals allows transitions only between electronic 
states of the same wave vector, k, since the momentum 
of a photon can be neglected on the scale of the Brillouin 
zone. When impurities or defects are present the wave 
functions and matrix elements will be modified. For 
low-impurity concentrations, the wave function of the 
lowest bound state associated with a shallow impurity 
level is a superpositions of wave functions of states 
near the adjacent band edge. The average matrix 
element between this state and a state across the energy 
gap whose wave vector has magnitude k & is given, on 
the hydrogenic model, by15 

(|^|2)av=647ra*3(l+a*2^&
2)-4F-1(|a^&|2)av, (12) 

where a*= (Km/m*)ao is the effective Bohr radius, w* is 
the effective mass of the band edge perturbed by the 
impurity, K is the static dielectric constant of the 
material, aQ=¥/me2 is the Bohr radius, and (|3TC&|2)av 
is the average matrix element joining states at the 
conduction and valence band edges in pure material. 
An equation similar to (12) can also be written for the 
excited states of the impurity. The wave functions in 
the continuum will also be affected, so that the k-

22 W. van Roosbroeck and W. Shockley, Phys. Rev. 94, 1558 
(1954). 

23 W. P. Dumke, Phys. Rev. 132, 1998 (1963). 
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selection rule will not apply even for these states when 
impurities are present. 

When the impurity density becomes sufficiently 
large, the impurity levels broaden and merge with the 
adjacent band edges. The effect of such high impurity 
concentrations can be approximated by a rigid shift 
toward the center of the gap with some change in 
effective mass,24 and by a tail extending into the for
bidden gap which arises from the random impurity 
distribution.25 

States far in the tail arise from interactions with two 
or more impurity ions in a cluster. They will have 
appreciable matrix elements with states in the opposite 
band over a wider range of values of kb than does a 
simple hydrogenic level whose matrix element is given 
by (12) .26 As one goes away from the gap and into the 
band, the perturbation of the wave functions by the 
impurities decreases, and eventually a k-selection rule 
will again be approximately fulfilled. 

Thus, the matrix element between conduction band 
and valence band states when impurity levels have 
merged with one or both band edges will be a compli
cated function of energy. Even the density of states for 
this problem has not been calculated incomplete detail, 
while we must know the wave functions to calculate 
the matrix element. It is clear that the k-selection rule 
will not be valid near the absorption edge. We go to the 
opposite extreme and assume that the matrix element 
is constant for those transitions involved in radiative 
recombination, and take for the value of the matrix 
element the value for isolated impurities given by 
Eq. (12) for the limit of small kb- The assumption is 
crude, but we shall show that it leads to results in fair 
agreement with experiment. 

For transitions involving the conduction and valence 
band edges at k = 0 in III-V intermetallic semicon
ductors, we find, on averaging over polarizations of the 
light, and noting that spin is unchanged in a dipole 
transition, that 

(\Mb\
2U=m2P2/6fi2^(m2Eg/12mc) 

X[(E,+A) / (£„+iA)] , (13) 

where P is the interband matrix element introduced by 
Kane.27 The second equality in (13), in which A is the 
spin-orbit splitting and Eg is the energy gap, holds 
approximately if the interaction between conduction 
and valence bands dominates all other contributions to 
the conduction band effective mass me. 

We can combine these results to obtain expressions 
for the spontaneous and stimulated functions in which 
the effective masses and other material parameters 

24 P. A. Wolff, Phys. Rev. 126, 405 (1962). 
25 See, for example, E. O. Kane, Phys. Rev. 131, 79 and 1532 

(1963). 
26 An extreme case of a deep impurity level was considered by 

V.L.Bonch-Bruevich,Fiz.Tver.Tela4,298 (1962) [translation: 
Soviet Phys.—Solid State 4, 215 (1962)]. 

« E. O. Kane, Phys. Chem. Solids 1, 249 (1957). 

appear only in the multiplying factor, and in which the 
only essential parameters are the temperature and the 
quasi-Fermi levels. The result is 

/*E—Eg 

C-Vspoa(£)= / EW(E-E9-E'yi*Ml-fi)iE', 
Jo 

(14a) 
r*E—Eg 

C-Vstim(£)= / E™(E-Et-E'y»(Ju-ft)dE', 
Jo 

(14b) 
where 

/«= { l + e x p [ ( £ ' - F g / # r ] } - i , (14c) 

/ ^ { l + e x p C ^ + ^ + F ' p - ^ / i r r ] } - 1 ; (14d) 

we introduced Ff
n=Fn—Ec and Ff

p=Ev—Fp to repre
sent the quasi-Fermi levels of electrons and holes with 
respect to the band edges at Ec and Ev. From (6) and 
(13) we have 

mc
1,2mv

3f2m Eg+A 
C= (128/3TT3#WC3) NEEgifi, 

m^ JE„+fA 
mc

ll2mv
zl2m Eg-\-A 

= 1.00X 10 t9 NEEQK*; (15) 
m*3 E,+fA 

K is the static dielectric constant. The numerical value 
for C in (15) gives the spontaneous and stimulated 
functions in units of photons per cm3-meV-sec when 
the energies inside the integrals in (14a) and (14b) are in 
meV. We have ignored the factor (l+a*2&&2)-4 in 
Eq. (12), since it greatly reduces the simplicity which 
results when the matrix element is a constant. The error 
involved is comparable to other uncertainties in the 
calculation. Dumke23 finds the average value of 

0 10 20 30 40 50 60 70 80 
E-EG(meV) 

FIG. 1. Spontaneous and stimulated spectral functions at 80°K 
for parabolic bands, with a hole quasi-Fermi level 11.8 meV 
within the valence band and electron quasi-Fermi levels 5 and 
15 meV within the conduction band. The spontaneous line shape 
is given by f8pon and the gain per unit length is proportional to 
fstim. The conversion factor C is given in Eqs. (15) and (16b) for 
GaAs. The calculated curves shown in all the figures are based on 
the no-selection rule case, Eq. (6). 
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(l+a*2&6
2)-4 for GaAs to be 0.87 at 77°K and 0.63 at 

300 °K. Our neglect of this factor therefore tends to 
overestimate the total transition rate for a given degree 
of excitation. 

Some typical results of the numerical evaluation of 
C~V8Pon and C~Vstim are given in Fig. 1, which shows 
these functions at 80°K for 2*%= 11.8 meV, and for 
F'n=5 and 15 meV. A number of the general 
features of all our results are shown by these curves. 
As one might expect, the magnitude of both functions 
increases as the excitation of the system, here repre
sented by F'w, increases. Because of the general relation 
between ratim and r8pon given in Eq. (8), the peak of rstim 
occurs at a lower energy than does the peak of r8p0n, and 
is smaller in magnitude. Furthermore, ratim vanishes 
when E—Eg^F'n+F'p, which corresponds to the 
condition E=AF given by (8).28,29 At higher energies 
fstim becomes negative, corresponding to absorption. 
In a narrow p-n junction we may assume that 
AF=Eg-{-F'n-\-F,

p is the electronic charge times the 
potential difference across the junction, a positive value 
of AF corresponding to forward bias, i.e., to applying a 
positive voltage to the ^-type side of the junction. 

We find from (14) and (9) that our model gives 
a(E)^(E—Eg)2 for a nondegenerate system, as one 
expects for parabolic bands with no selection rule.30,31 

But our assumption of a constant matrix element, with 
no k-selection rule, becomes less valid as E—Eg is 
increased beyond the activation energy of the im
purities, and the absorption will gradually turn over 
into the (E—Eg)

1/2 dependence obtained with a k-
selection rule. We do not expect exciton effects to 
modify these dependences at the rather high impurity 
concentrations present in typical cases.32,33 

The energy gap Eg which enters in our results is the 
effective energy gap for the material being studied, 
which, for ^-type samples of some semiconductors, may 
be substantially smaller than the energy gap for pure 
material. At high doping levels the parabolic approxi
mation will fail, because of the tail in the density of 
states produced by the random distribution of im
purities. This case is briefly considered in Sec. VII. 

The effect of varying temperature on the spontaneous 
and stimulated functions is shown in Fig. 2. We have 
plotted a series of curves in which Ff

P(T) is chosen to 
keep the hole population constant, with F'p= 15 meV 
when T=0°K, while F'n is varied in such a way that 
the peak value of C_Vstim(jE) is approximately constant. 
We see that the amount of excitation needed to main
tain a fixed gain increases markedly as the temperature 

28 M. G. A. Bernard and G. Duraffourg, Physica Status Solidi 1, 
699 (1961). 

29 R. W. Keyes, Proc.Jnst. Elec. Electron. Engr. 51, 602 (1963). 
30 R. A. Smith, Semiconductors (Cambridge University Press, 

Cambridge, 1961), p. 204. 
31 J. I. Pankove and P. Aigrain, Phys. Rev. 126, 956 (1962). 
32 R. J. Elliott, Phys. Rev. 108, 1384 (1957). 
33 R. C. Casella, J. Appl. Phys. 34,1703 (1963). We are indebted 

to Dr. Casella for a preprint of this work. 

FIG. 2. Spontaneous and stimulated functions at a series of 
temperatures. The hole quasi-Fermi levels are chosen to keep the 
hole concentration-constant, and the electron quasi-Fermi levels 
are chosen to keep the peak value of C~VBtim, which is proportional 
to the gain in the active region, equal to approximately 5 meV2. 
According to the constant C of Eq. (17) this corresponds to a gain 
of 120 cm"1 in GaAs. Fig. 2 (a) shows OV8pon for 300,80, and 20°K, 
and Fig. 2 (b) shows C~Vspon for 20 and 4°K (dashed curves) and 
the four curves of C^ t im . The parameters for the curves are: at 
4°K, ^ = 1 5 . 0 meV, *"» = 1.58 meV; at 20°K, F' =14.8 meV, 
F 'n -0 .6 meV; at 80°K, 7^=11 .8 meV, [F'n = 2.2 meV: at 
300°K, F ' p = -25 .6 meV, Z?'»=50 meV. 

increases. We shall return to this point in Sec. VI. The 
spontaneous emission shown for 300°K in Fig. 2(a) 
probably exceeds the limits of validity of our constant-
matrix-element assumption since some of the emission 
occurs at photon energies which exceed the energy gap 
by much more than the ionization energy of an acceptor 
atom. However, the stimulated function is positive only 
in a limited range of energies from the energy gap, 
where our approximation is expected to be valid. 

[Note added in proof, T. N. Morgan has pointed out 
to us that the typical wave vector change produced by 
scattering from a screened impurity is of the order of 
the reciprocal of the screening length. If multiple 
scattering processes are neglected, this leads to devia
tions from our no-selection-rule model at energies below 
the acceptor ionization energy when the acceptor con
centration is less than about 1019 cm-3 in GaAs.] 

The results for parabolic bands shown in Figs. 1 
and 2, and in later figures, are calculated for specific 
choices of quasi-Fermi levels and temperature. It is easy 
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to see from Eq. (14), however, that a simple scaling will 
allow the results to be extended somewhat. If we 
multiply the temperature and all energies by a scaling 
factor %, then rsp0n and rstim will be multiplied by x2, 
and (Rspon will be multiplied by x3. 

IV. APPLICATION TO GALLIUM 
ARSENIDE DIODES 

To compare the theory with observations on gallium 
arsenide diodes we assume a uniform density of electrons 
injected into a uniformly doped ^-type material. (This 
choice is supported by the similarity of the diode 
emission to the photoluminescence of homogeneous 
p-type material,34,35 by the greater efficiency of band-
edge photoluminescence in ^-type than in w-type 
GaAs,36 and by direct photographic observation.37) If 
the electron density is small compared with the equilib
rium hole density, the latter will not vary appreciably. 
We take the density of states of both bands to vary 
with the square root of the energy to avoid the intro
duction of more parameters. 

Although the hydrogenic model is not strictly applica
ble to the degenerate valence band, we let the mass m* 
which enters the Eq. (15) be that mass which gives the 
observed ionization energy of acceptor centers when 
substituted in the hydrogenic formula Ea=w*04/2/<%2. 
We shall consider the case of zinc acceptors, and esti
mate the activation energy to be 34± 7 meV from the 
energy difference between the photoluminescence peak 
at 1.487±0.005 eV seen in lightly doped £-type GaAs38 

and the optical energy gap, 1.521±0.005 eV,39 both at 
liquid-helium temperature. Thus, we estimate that 
w*=0.39w, using /c== 12.5.40 We shall rather arbitrarily 
use a density-of-states hole mass mv=0.Sm in our 
calculation. 

The remaining parameters are better known. We use 
wc=0.072m,41 E= 1.47 eV,10 A=0.33 eV,42 and iV=3.6.43 

Thus, we find for GaAs 

B=0.75X10-9 cm3/sec, (16a) 

C= 2.6X 1023 cm~3 sec"1 meV~3. (16b) 

These quantities may well be in error by a factor 2 or 
more, because of the uncertainties in the parameters 

34 M. I. Nathan and G. Burns, Appl. Phys. Letters 1, 89 (1962). 
3* M. I. Nathan, Bull. Am. Phys. Soc. 8, 201 (1963), and Solid 

State Electron, (to be published). 
36 M. I. Nathan and G. Burns, in Proceedings of the Third 

International Symposium on Quantum Electronics, 1962 (to be 
published). 

37 A. E. Michel, E. J. Walker, and M. I. Nathan, IBM J. Res. 
Develop. 7, 70 (1963). 

38 M. I. Nathan and G. Burns (private communication). 
39 M. D. Sturge, Phys. Rev. 127, 768 (1962). 
40 K. G. Hambleton, C. Hilsum, and B. R. Holeman, Proc. Phys. 

Soc. (London) 77,1147 (1961). 
41 H. Ehrenreich, Phys. Rev. 120, 1951 (1961). 
42 R. Braustein, Phys. Chem. Solids 8, 280 (1959). 
43 D. T. F. Marple (unpublished). Reported in the talk by 

J. D. Kingsley and G. E. Fenner, Bull. Am. Phys. Soc. 8, 87 
(1963). 

and because of the doubtful validity of the hydrogenic 
model for acceptors. 

We define a new constant C", which gives the ratio 
between —a and the integral in (14b), which is shown 
in Figs. 1 and 2. With the constants already given we 
find that 

128 h mmc
112mv

zl2 Eg KZ Eg-{-A 
C> = . (17) 

3TT me'c m* E N Eg+§A 

= 24cm-1meV-2. 

We can illustrate the use of these constants by apply
ing them to the curves of Fig. 1. At 80°K, a hole quasi-
Fermi level of 11.8 meV implies a hole concentration of 
3.0X1018 cm~3, and the electron quasi-Fermi levels 5 
and 15 meV give electron concentrations of 8.7 X1016 

and 2.1 X1017 cm-3, respectively. The stimulated emis
sion peaks in these curves correspond to absorption coef
ficients of —220 and —850 cm-1, respectively, and 
to total spontaneous recombination rates (S{^0n~Bnp 
of 1.9X1026 and 4.6X1026 cmr3 sec"1, respectively. 

V. LINE SHAPE FOR VARIOUS STRUCTURES 

For the time rate of change of the number of quanta 
in a single mode of the radiation field within a diode we 
can write 

<m/dt= - 9 l / r m o d e + [ ^ p o n ( ^ ) + ^ 8 t i m ( £ : ) ] / 0 ( E ) , ( 1 8 ) 

where 9l/rmode gives the rate at which photons are lost 
from the mode because of absorption, transmission out 
of the sample, or scattering and <f>(E) is the number of 
modes per unit volume per unit energy interval. In the 
steady state d?fl/dt=0, and we find 

9X(£) = f.pon(£)/[0-1««(JS)-f.tim(£)], (19) 

where we have introduced the quality factor Q=corm0de 

= ETm0de/'h- If we substitute this expression in Eq. (1), 
we find that the total radiation rate summed over all 
modes per unit volume and unit energy interval is44 

r(^=E<QrW«p0n(£)/Kr1a>«(£)-f.tim(£)]. (20) 
The model which leads to Eq. (20) is especially 

appropriate for describing the line shape of the radiation 
emitted by nondirectional lasers,36,45 structures with all 
four faces made flat and perpendicular to the junction 
plane, usually by cleaving. In these structures, it is 
possible to have internally reflected modes with very 
high Q. If a small fraction of the modes has a Q much 
higher than the remainder, then the denominator of 
Eq. (20) will tend to zero for these modes at a value of 
fstim which is still small compared to ox}>Q~l for the 
low-Q modes. This results in the abrupt appearance of 

44 See also W. G. Wagner and G. Birnbaum, J. Appl. Phys. 32, 
1185(1961). 

46 F. H. Dill, Jr., 1963 International Solid State Circuits 
Conference, Philadelphia, February 1963 (unpublished). 



S P O N T A N E O U S A N D S T I M U L A T E D R E C O M B I N A T I O N R A D I A T I O N A559 

a peak in the total emission r{E) near the peak of 
r8timCE) as the current increases. This behavior is 
illustrated by Fig. 3, in which we assume that 1/250th 
of the modes have a much bigger Q than the remaining 
modes. The rapid appearance of the peak is well borne 
out by the experimental results for the nondirectional 
structures.46 The threshold for the existence of a sub
stantial amount of stimulated emission, and for line 
narrowing, is essentially given by the requirement that 
the smallest denominator in Eq. (20) vanish. 

As rBtim(-E) approaches Qi~loxj>{E) for the highest Q 
modes, the total emission rate, Eq. (20), becomes 
infinite. Thus, QmsiX~1o)(l)(E) is an upper limit for rstimCE) 
for steady-state conditions. This gives an upper limit 
for the steady-state value of AF in the active region in 
our model. The spontaneous emission rate, rspon(E), will 
saturate, and any subsequent increase in the total 
emission rate will be stimulated emission in the highest 
Q mode or modes. 

The more common structure used for injection lasers 
is the Fabry-Perot structure, in which two faces of the 
crystal are accurately flat, parallel to each other, and 
perpendicular to the junction plane, while the other two 
faces have been roughened or tilted. We can write the 
threshold condition for the Fabry-Perot case in the 
form47 

- a a c t i v e O E W + i / - 1 ^ , (21 ) 

where — active (-E) is the gain per unit length in the 
active region, related to ratim(E) by Eq. (9), and a' is 
an effective loss term. This is an approximate form of 
the threshold condition 

- c W e ^ W + L - 1 l n ^ . - 1 ) , (22) 

where Rn is the reflectivity of the ends, which can be 
deduced from the requirement that the amplitude of the 
wave be unchanged after a complete traversal back and 
forth through the sample. The two expressions are 
equivalent if 1—Rn= Tn<^l. 

VI. TEMPERATURE DEPENDENCE OF 
LASING THRESHOLD 

An important consequence of the model we have 
proposed is its prediction of the temperature dependence 
of the current at which lasing occurs. The condition for 
threshold for a Fabry-Perot structure is given in 
Eq. (22), and the corresponding condition for a non-
directional laser is similar, since in both cases the gain 
in the active region, measured by the peak value of 
—a(E), must be great enough to overcome losses within 
the crystal and the loss due to transmission across the 
surface. The transmission losses will not change 
significantly with temperature, but the other losses, 
represented by af in (22), may well vary with 
temperature. 

46 G. Burns and M. I. Nathan, Proc. Inst. Elec. Electron. Engrs. 
51, 471 (1963). See also Ref. 36. 

47 G. J. Lasher, IBM J. Res. Develop. 7, 58 (1963). 

FIG. 3. Spectrum 
of the total radiation 
emitted by a diode 
in which a small 
fraction of the modes 
has a much higher Q 
than the remaining 
modes. 
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We may think of the loss term af as arising from the 
absorption of light which penetrates into the inactive 
region, together with free-carrier absorption and 
possible scattering effects within the active region itself. 
Free-carrier absorption does increase with increasing 
temperature in both w-type48 and ^-type49 GaAs, and 
the penetration of the light into the inactive region may 
also lead to increased loss at higher temperatures. 

Since the loss term a' is hard to estimate quantita
tively, and since there is evidence that in some Fabry-
Perot diodes the major loss term is the surface loss,38 we 
shall assume that the threshold condition is that the 
maximum value of —a{E) be independent of tempera
ture. The physical cause of the temperature dependence 
of threshold is therefore taken to be the decrease in the 
degeneracy of the electron and hole population as the 
temperature is increased. At higher temperatures the 
carrier populations are distributed over larger energy 
ranges giving larger amounts of spontaneous emission, 
and therefore a higher current, for the same degree of 
population inversion. 

To estimate the current, we note from Eq. (20) that 
the total recombination rate somewhat below threshold 
is only slightly greater than the spontaneous recombina
tion rate, if the fraction of high-Q modes is small. (Only 
in this case can we speak of a well-defined threshold.) 
If the active region is of thickness d and if a fraction 77" 
of the current carriers crossing the junction recombine 
via the radiation band which leads to the lasing mode, 
then we have, using (6d), 

J/e= d(RsponA" = Bnpd/rj". (23) 

In Fig. 4 we give a series of curves at various tem
peratures for C~Vstim(max) versus Ĉ CFLpon. The curves 
were calculated, using the model described in Sees. I l l 

48 W. G. Spitzer and J. M. Whelan, Phys. Rev. 114, 59 (1959). 
49 W. J. Turner and W. E. Reese, Bull. Am. Phys. Soc. 8, 311 

(1963)/_and J. Appl. Phys. (to be published). 
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FIG. 4. Curves of C~VBtii 
series of temperatures. The peak bulk gain, in cm-1, can be 
obtained for GaAs by multiplying the ordinate by the factor C in 
Eq. (17), and the current density can be obtained by multiplying 
the abscissa by the factor given in Eq. (24). The hole quasi-Fermi 
level is 14.6 meV at 30°K, 13.8 meV at 50°K, 1.8 meV at 160°K, 
and has the values given in Fig. 2 at the remaining temperatures. 
The electron quasi-Fermi levels, in meV, corresponding to the 
circled points are marked on the figure. 

and IV, with a fixed hole concentration corresponding 
to F'P=15 meV at 0°K, or to 3X1018 cm"3 for the 
heavy-hole mass mv=O.Sm assumed for GaAs in Sec. IV. 
They show how the gain, measured by the ordinate, 
depends on the current, which is proportional to the 
abscissa. 

The temperature dependence of the threshold current 
for lasing is easily deduced from Fig. 4 by plotting the 
value of C-̂ &spon required to give a fixed value of 
C~Vstim(max). The results are shown in Fig. 5, where 
the values of C_1rstim(max) are shown with the in
dividual curves. The insets in Fig. 5 show schematically 
the position of the laser spike relative to the peak of the 
spontaneous emission for the gain points marked A 
and B, at 80°K, and show that the spike occurs closer 
to the spontaneous peak at higher gains. 

The conversion factor for the gain is the constant C 
given in Eq. (17). Thus, for the numbers given in 
Sec. IV for GaAs, we find the gain in the active region, 
in cm-1, by multiplying the ordinate of Fig. 4, and the 
parameters labeling the curves of Fig. 5, by 24. The 
factor with which we must multiply C_161Spon to obtain 
the current density in A/cm2, as given by Eq. (23), is 

Ce&H'=±.UHk (24) 

where d is the thickness of the active region in microns, 
if we take the value of C from (16b). 

The curves in Fig. 5 show the threshold current 
density / th to vary approximately as the 1.8 to 2.6 
power of the absolute temperature, depending on the 
gain required at threshold, and to level off at lower 
temperature. If we use the position of the lasing spike 
at 77°K in nondirectional lasers as a criterion for 
deciding which gain curve to use, we would pick a curve 
roughly halfway between the curves marked A and B 
in Fig. 5, for which Jth^T2-2. If we consider that the 
loss term a! in Eq. (22) is increasing with temperature, 
so that the required gain at threshold is higher at 300°K 

than at 77°K, we find that the calculated temperature 
dependence agrees fairly well with the experimental 
result50 Jx\^Tz. The experimental curves also tend to 
flatten at low temperature as shown in Fig. 5. 

The curves of Fig. 5 suggest that if the threshold of 
a unit can be reduced, say by improving the reflectivity 
or the quality of the ends of a Fabry-Perot diode, the 
ratio /th(770K)//th(4°K) should increase. Conversely, 
if the surface quality deteriorates, the threshold ratio 
should decrease. This conclusion is qualitatively sup
ported by a comparison of threshold currents before 
and after silvering on a number of Fabry-Perot diodes.51 

If we had attempted to determine the temperature 
dependence of the threshold current from the zero-gain 
condition AF=Eg, or, equivalently, F'n+F'p=0, re
taining the condition that the hole concentration 
remains constant as the temperature changes, we would 
have found a temperature dependence steeper than that 
shown in Fig. 5 and also steeper than the experimental 
result. 

The results of Figs. 4 and 5 show that at room 
temperature a rather large concentration of minority 
carriers must be injected to reach threshold even for 
relatively low gain. Thus, taking the parameters 
assumed for GaAs in Sec. IV, we find that even the 
lowest gain in Fig. 5 requires an injected electron 
concentration of 1.2X1018 cm"3 at 300°K. These results 
suggest that it may be easier to reach threshold at room 
temperature in units with a more heavily doped ^-type 
active region. 

The temperature dependence of the threshold current 
density in GaAs injection lasers may be understood 
qualitatively as the result of the increased minority 

*r 

JaTV /JaT3 
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TEMPERATURE (°K) 

FIG. 5. Temperature dependence of the threshold current 
density. The parameter labeling the curves is the value of 
C~V8tim(max), which is proportional to the gain in the active 
material. These values are obtained from Fig. 4, and the same 
conversion factors apply. The two insets show schematically the 
line shape and position of the lasing spike, as in Fig. 3, correspond
ing to the points marked A and B. 

60 G. Burns, F. H. Dill, Jr., and M. I. Nathan, Proc. Inst. Elec. 
Electron. Engrs. 51, 947 (1963). 

51M. I. Nathan and G. Burns (private communication). 
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TABLE I. Comparison of theoretical and experimental results for two silvered Fabry-Perot diodes made from a zinc diffusion into a 
substrate containing 9X1017 electrons per cm3. The first row gives the full width of the spontaneous emission at half-maximum, and the 
second row gives the energy by which the lasing spike lies below the peak of the spontaneous emission. / t h is the threshold current 
density and F'p and F'n are the hole and electron quasi-Fermi levels relative to the respective band edges. The values of F'n were 
chosen to yield the factor 13 for 7th(77°K)//th(4.2°K) and to give the same gain at both temperatures. 

Linewidth [meV] 
Spike shift [meV] 
/th(770K)//th(4.2°K) 
/th(77°K)[A/cm2] 
F'p [meV] 
F'n [meV] 

Experiment** 

23.5/23.5 
6.6/6.3 

13.4/12.7 
940/1280 

77°K 
Theory 

27.4 
11.8 
13.0 

1870<ZMA?" 
12.1 
0.1 

4.2 °K 
Experiment* 

13.9/14.5 
-2.5/0.0 

Theory 

11.8 
0.1 

15.0 
1.1 

» We are indebted to G. Burns and M. I. Nathan for permission to use the unpublished experimental values. 

carrier population which is required to produce a given 
gain at higher temperatures, when the carriers are 
distributed over a much wider range of states. 

In the limit of low temperature, there is a simple 
relation between the current density and the gain in the 
active region, given by Eqs. (1) and (2) of Ref. 47. Any 
calculation of the spectral functions rSV)0n(E) and 
fstim(£) may be used to generalize this relation to apply 
at all temperatures. Thus, we may use Eqs. (9) and (23) 
to express the current density required to reach a 
gain —a in the active region as 

/ = 87ryeN2dAE(-a)/h\2>o", (25a) 

where AE is the full width of the spontaneous emission 
at half-maximum, h is Planck's constant, X is the wave
length of the radiation in vacuum, and 

7 = (Rspon/AEr8tim (max) (25b) 

is a dimensionless factor introduced to account for line 
shape and temperature effects. We note that y does not 
depend on the value of the conversion factor C of Eq. 
(15). The numerical expression for (25a) is 

7[A/cm2]=0.097m2ydAE(-a)/\2
v", (25c) 

where d and X are measured in microns, a in cm-1, and 
AE in meV. For GaAs this gives 

/[A/cm2]=0.187^AE(-a)A / / . (26) 

The factor y, as computed from the parabolic band 
model that led to Fig. 4, is plotted in Fig. 6 as a function 
of C~Vstim(max), with the upper scale giving the 
conversion to the gain in the active region for GaAs. 
This conversion is only approximate, since it depends 
on the parameters estimated in Sec. IV; an error in 
these parameters will require a horizontal shift of the 
upper scale. 

A quantitative comparison of our results with experi
ment is given in Table I for two silvered Fabry-Perot 
units chosen because the lasing spike approaches the 
peak of the spontaneous emission as the temperature is 
lowered, and because the spontaneous emission peak 
does not have a large energy shift with current at low 

temperature. The hole quasi-Fermi level was picked to 
give a linewidth somewhat smaller than the observed 
width at 4.2°K, since a tail in the density of states in 
the conduction and valence band will tend to increase 
the experimentally observed width over the width 
found with our parabolic model, and will tend to give 
a somewhat more symmetrical line, in better agreement 
with experiment. Another broadening factor present in 
real diodes but not in our model is the nonunif ormity of 
the degree of excitation as the distance from the junc
tion varies. The electron quasi-Fermi level is chosen to 
give the observed factor of 13 between threshold current 
densities at 77° and 4.2°K. 

In Table I we compare the calculated and observed 
values of the linewidth of the spontaneous emission near 
threshold and of the position of the lasing spike relative 
to the spontaneous emission peak at 77 and 4°K. The 
agreement is satisfactory in view of the many simplifica
tions that have been made in our model. If we use the 

GAIN FOR GaAs (-a)(cnT) 

100 1000 
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FIG. 6. Finite temperature correction to the threshold relation. 
When the quantity y is inserted in the threshold relation, Eq. (25), 
one obtains the threshold current density in terms of the thickness 
of the active region, the observed spontaneous linewidth, and the 
threshold gain. The 4°K curve is essentially a zero-temperature 
curve; its deviation from unity is caused by small shape-dependent 
factors. 



A562 G . L A S H E R A N D F . S T E R N 

[2 —- D.F NELSON @t al. 
z ••••G.BURNS 8 M.I.NATHAN 
>_ — CALCULATED, EXPONENTIAL 
< inL 0 0 0° CALCULATED, PARABOLIC K I 

-60 -40 -20 0 20 
E-AF (meV) 

FIG. 7. Calculated and experimental spontaneous line shapes 
at 20°K. The experimental curves are those of Nelson et at., 
Ref. 53, and of Burns and Nathan (to be published), for diodes 
whose peak wavelength varies rapidly with current. The solid 
curve has been calculated for a conduction band density of states 
proportional to exp^/Eo) , with EQ—15 meV, and a parabolic 
valence band withF'p —14.8 meV. The open circles were calculated 
for parabolic conduction and valence bands, taking F'n = 1 meV, 
and F'p = 29.9 meV, the latter value having been chosen to 
approximate the halfwidth of the experimental curves. 

value of Jth at 77°K, together with the quasi-Fermi 
levels that gave the calculated results in Table I, we 
find that d/7)" = 0.6 /x, a value that must be considered 
uncertain to at least a factor of 2. Other Fabry-Perot 
units have given values of d/i)" of several microns if —a 
in Eq. (26) is equated to the end loss. 

A crude estimate of the dimensions of the active 
region can be^made if we assume that at 77°K the 
diffusion constant of electrons in the p region is D—10 
cm2/sec, and that the hole concentration in the active 
region is «3X1018 cm-3. Then from Eqs. (11) and (16a) 
we deduce that T ^ 0 . 4 4 X 1 0 ~ 9 sec, so that a character
istic distance for the decay of the injected electrons is 
(DT)1 /2~0.7 JU. The result is only approximate, because 
the acceptor concentration is varying rapidly near the 
junction in the typical Zn-difTused GaAs diode, but it 
is in good qualitative agreement with the thicknesses 
deduced from the experimental results, as given in the 
previous paragraph. 

VII. EFFECTS OF A CONDUCTION BAND TAIL 

At low temperatures and low current densities our 
parabolic approximation fails, since the occupied states 
in the conduction band will then lie in the band tail 
associated with the randomness of the impurity 
distribution. Under these conditions, the peak of the 
spontaneous emission is observed to depend rather 
strongly on the current through the unit.52-54 

Our general procedure is quite simply applied even 
when one or both bands are nonparabolic, provided we 
can continue to assume that the matrix element is 

62 J. I. Pankove, Phys. Rev. Letters 9, 283 (1962). 
63 D. F. Nelson, M. Gershenzon, A. Ashkin, L. A. D'Asaro, and 

J. C. Sarace, Appl. Phys. Letters 2, 182 (1963). 
64 R. J. Archer and J. C. Sarace, Bull. Am. Phys. Soc. 8, 310 

(1963). 

independent of the initial and final states. Then we can 
use Eq. (6), substituting the appropriate densities of 
states. As a numerical illustration we have taken 
r=20°K and compared a parabolic conduction band 
with 2*%= 29.9 meV and F'n= 1 meV with an exponen
tial conduction band whose density of states is propor
tional to exp(£/%), with E0=15 meV, and 2^=14.8 
meV. The results are shown in Fig. 7, along with 
experimental line shapes found by Nelson et al.5d and 
by Burns and Nathan.65 The large value of F'p for the 
parabolic case was chosen to fit the experimentally 
observed width. 

Comparison of the calculated and experimental 
results in Fig. 7 shows that a line based on a parabolic 
band agrees quite poorly with the observed shape, 
while a line based on an exponential conduction band 
tail agrees quite well. The agreement is partly for
tuitous, since other factors which would broaden the 
line, such as the contribution of other parts of the p-n 
junction to the radiation, and the effects of a valence 
band tail, have been ignored. Thus, we expect that the 
value EQ=15 meV used to calculate the exponential 
curve in Fig. 7 is an overestimate. Nelson et al.5Z fit the 
shift of the spontaneous emission peak with current for 
their diode by taking E0=8.7 meV. 

In the energy range in which the conduction band is 
exponential, the shape of the emission line will be 
independent of the electron quasi-Fermi level (or the 
current or voltage). The peak of the spontaneous 
emission will be related to the voltage across the 
junction by Epeak=eV— eVo,54,56 where eV=Fn—Fp. 
For the calculated case in Fig. 7, we find eVo= 12 meV. 
The corresponding values for E0=5 and 10 meV are 
eVo=7 and 10 meV, respectively. 

As KT approaches EQ from low temperatures, the 
spontaneous line should broaden and Vo becomes 
negative. Archer et al.56 report Vo= —14 meV for a 
diode having an n doping of 2.5X1018 cm-3 at T= 77°K. 
Our calculation would give this for F'p= 12.1 meV and 
E 0=8 meV. In this case the peak shift data gave 
Eo=10 meV. For KT=EQ the number of electrons per 
unit energy interval becomes independent of energy in 
the experimental range, resulting in a very broad 
emission. Such spectra have been seen by Burns and 
Nathan55 for more lightly doped diodes at lower 
temperatures. 

APPENDIX. TRANSITIONS INVOLVING DEGENERATE 
LEVELS OF A DEFECT SITE 

The expressions of Sec. II are based on the Fermi-
Dirac occupation probability of Eq. (7), which applies 
when the energy levels of upper and lower states lie in 
a continuum, and the wave functions of the states are 
not well localized. On the other hand, if isolated 
impurity or defect levels are present, several levels of 

65 G. Burns and M. I. Nathan (unpublished). 
56 R. J. Archer, R. C. C. Leite, A. Yariv, S. P. S. Porto, and 

J. M. Whelan, Phys. Rev. Letters 10, 483 (1963). 
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the same energy may arise from the presence of a 
single site. Coulomb interactions between electrons on 
the same donor site will usually be sufficiently strong 
that if more than one of the gu degenerate states 
associated with the site is occupied, the resulting energy 
level is far removed from the energy range of interest. 
Similarly, an acceptor site may give rise to gi levels for 
a hole, but no more than one of these can be occupied 
without a major shift of energy. 

The condition that no more than one of the gu levels 
associated with a donor site be occupied leads to an 
occupation probability57 

/u= {gu+expKEu-FJ/KT-]}-*. (Al) 

For the lower states, it is convenient to let / / denote 
the probability that one of the gi levels associated with 
the acceptor site be occupied by a hole. Then we find 

fl'={gl+txpl(Fp-El)/KT2)-K (A2) 

If individual states are independent, we have g= 1, and 
the results reduce to those of Eq. (7). 

The downward transition between a particular one 
of the gu upper states and one of the gi lower states will 
take place only if there is an electron in the upper state 
and a hole in the lower state. We have, therefore, 

f e p o n « / « / / , (A3) 

where all the factors in Eq. (3a) that do not depend on 
the occupations of the levels have been omitted. 

67 See p. 87 of Ref. 30. 

The stimulated function contains both downward and 
upward transitions. The former contribution will be 
proportional to / „ / / as in (A3). On the other hand, an 
upward transition of the same energy can take place 
only if none of the gi lower levels is occupied by a hole 
and none of the gu upper levels is occupied by an 
electron. The probability that there is no hole on any of 
the lower levels is 1—gifi, and the probability that 
there is no electron on any of the upper levels is l-~gufw 
Thus, the stimulated function will be 

f r t to^C/ . / / " ( l - f t / i ' ) ( l - f t . / . ) ] . (A4) 

It may well happen that selection rules forbid some of 
the gugi possible transitions, or that some of the matrix 
elements have different values from others. But these 
possibilities affect rspon and rstim in the same way, and 
we find, from Eqs. (A1)-(A4) 

rstim(£) = rsPon(£){l--exp[(E-A^)/i:r]}, (A5) 

just as in Eq. (8). 
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