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with helicities \ = ± § . Expressions (A3) and (A4) are 
correct up to a phase factor which is not important. 
With the help of (A3) and (A4), it is now easy to 
obtain all the equations of (4). We shall show below 
the calculation of Rnini{6) only. 

Let us define A, B, C, D to be the four helicity am
plitudes with well-defined incoming pp helicities and 
with + + , + —, —h, helicities for the outgoing 
AA, where A, B, C, D can be any column of the matrix 
inJTable I. Hence, the helicity amplitudes for polarized 
AA will be as follows 

A along nh A along m: Oi=K(A+C)+(B+D)], 

A along m, A along - » i : e2=±Z(A+C)~-(B+D)~], 

A along -nh A along m: 08=§[ ( 4 - C ) + ( £ - ! > ) ] , 

A along -nh A along —m: 0^^{A-C)—{B—D)']. 

The probability of finding A polarized along m and 

simultaneously A polarized along — m is now given by 

|0»|2+|fc|'Hfcl2H04|2 

which is equal to 

-2RelAD*+BC*2 

\A\2+\B\*+\C\2+\D\2' 

If we assume that the beam and the target are un-
polarized, we can sum all these 4 columns of the matrix 
in Table I and to obtain 

RniriiiO)^-
2 Re[</>6*6*~^3*4*™*102*-^5^>6*] 

I« l | 2 +k2 | 2 + |03 | 2 +k4 | 2 +2 |^ 5 | 2 + 2|06|2: 

i.e., the one given in (4). Similarly we can derive the 
remaining expressions in Eqs. (4). 

P H Y S I C A L R E V I E W V O L U M E 1 3 3 , N U M B E R 2 B 27 J A N U A R Y 1 9 6 4 

Inelastic *+*r, KQK°y and K+K~ Collisions in Unitary Symmetry* 

W. W. WADAJ 

Department of Physics, Northwestern University, Evanston, Illinois 
(Received 27 August 1963) 

The G conjugation invariance in the isospin representation and its analogs in the w-spin and fl-spin repre
sentations of unitary symmetry are applied to the inelastic channels of reactions initiated in the TT+TT", 
K°K°, and K+K~ systems. Relations among differential cross sections for various particle-antiparticle pairs 
are obtained with and without R invariance. 

INTRODUCTION 

THE object of this paper is to obtain relations 
among the cross sections for various particle-

antiparticle pairs in the inelastic channels of reactions 
initiated in collisions of 7r+ and 7r~, K° and K°, and K+ 

and K~ within the scheme of unitary symmetry.1,2 For 
reactions initiated in the 7r+7r- system the eigenstates of 
pairs of pseudoscalar mesons, vector mesons, baryon and 
antibaryon, and baryon isobar and antibaryon isobar 
are constructed under the conservation of isospin and G 
conjugation invariance.3 Relations among the cross 
sections for the possible pairs are then immediately 
obtained. 

* Supported in part by the National Science Foundation. 
f On leave of absence from the U. S. Naval Research Labora

tory, Washington 25, D. C. 
1 M. Gell-Mann, California Institute of Technology Report, 

CTSL-20 (1961) (unpublished); Phys. Rev. 125, 1069 (1962). 
2 Y. Ne'eman, Nucl. Phys. 26, 222 (1961). 
3 L. Michel, Nuovo Cimento 10, 319 (1953); T. D. Lee and 

C. N. Yang, Nuovo Cimento 3, 749 (1956). 

For reactions initiated in the KQK° system, the isospin 
representation cannot be used to carry out the same 
program since it is not an eigenstate of G conjugation. 
In order to do so it is found necessary to go to the 
^-spin representation4 of unitary symmetry and invoke 
the analog of G conjugation (henceforth called U con
jugation) of which the K°K° system is an eigenstate. 

For reactions initiated in the K+K~ system, the pre
vious representations cannot be used to carry out the 
program since it is not an eigenstate of the G nor of the 
U conjugation. It is then found necessary to go to the 
fl-spin representation4 and invoke the analog of the G 
and U conjugations (henceforth called V conjugation) 
of which the K+K~ system is an eigenstate. These results 
can then be correlated to each other since the isospin, 
the ̂ -spin, and the ^-spin representations are canonically 
related to one another under unitary symmetry. 

4 S . Meshkov, C. A. Levinson, and H. J. Lipkin, Phys. Rev. 
Letters 10, 361 (1953); S. P. Rosen, Phys. Rev. Letters 11. 100 
(1963). 
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I. REACTIONS INITIATED IN THE CENTER OF MOMENTUM OF THE * + * - SYSTEM 

A. TZ+TZ~ in Odd Orbital States 
The initial state5: 

1 

The following are the particle-antiparticle eigenstates with the same set of quantum numbers as the 
initial state6-8: 

h=Q(charge) = 0, 7 = 1 , G=+1 

1 _ __ 1 
—[7r+7r--x-7r+], ±[_-K+K-+K-K++K«K»-K«K«-], —L-p+P~+P~P+~], 

±[-K*+K*~+K*-K*++K*°K*0-K*°K*^, H-pp+pp+nn-nn'], | [ -S 0 S 0 +S 0 S 0 +S-S + ~S + S- ] , 

I P + S - - 2 - S + - S - 2 + + 2 + S - ] , £[20A+A2°--A20--20A] , i[_2*0g*o+g*o2*o+S*-g*+_g*+g*-] ? 

J[Fi*+Fi*--71*~Fi*+-F1*-F1*++Fi*+F1*-] J Z-3(N^N^~-N^-N*^--N*-N*++N*+N*--) 

— (iV*"hiV*"'—A/r*~Ar*+—A^W*°+N*0A7*0)]. 

Thus, there exist the following relations among the differential cross sections for possible pairs9,10: 

(K+K-) = (K°KQ), {K*+K*~) = (K*°K*°), (pp) = (wi), (S°S°) = (E"S+), (2+2~) = (2-2+), 

(S°A) = (A2°), (H*°g*°) = (S*-S*+), (F^+Fx*-) = (F!*-F!*+), 

(iV*H-j^--)= (N*-N*+) = 9{N*+N*~) = 9{N*W*«). (1.1) 

In addition, the following pairs may be present: 

(7T+7T-), (p+p-) . (1.2) 

The i£ conjugation1 eigenvalue of the initial state is —1. Thus, when R invariance of the octets is invoked, in 
place of the fifth and sixth eigenfunctions of the above, we have 

8 - l / 2 [ _ ^ + ^ + ^ _ ^ _ S 0 g 0 + g 0 S 0 + S - g + _ g - H 3 - ] j 

and the eighth eigenf unction does not occur. Thus, in place of the third and fourth relations in (1.1), we obtain 

( ^ ) = 0 m ) = (SoSo)=(S~S+), (1.3) 

and the pairs (S°A) and (A2°) do not occur. 

B. K+TT in Even Orbital States 
The initial state: 

1 

v5 
5 The dependence upon the momenta k and — k in the center-of-momentum system is: 

(lA5)[>+(k),r-(-k) -x-(k)x+(-k) J 
6 The orbital (/) and spin (s) quantum numbers of each pair are determined by G= (—1)H'*+/. 
7 The operations of G upon isospin doublets and isospin triplets which are needed in constructing the eigenfunctions are well known 

(see Refs. 3 and 8). For the isospin quartet baryon isobars the following holds: 

r IN*0 

LA*- . 

f N*+ i 

l-A*-
8 The complete set of eigenfunctions of the KK system is found in M. Goldhaber, T. D. Lee, and C. N. Yang, Phys. Rev. 112,1796 

(1958). 
9 (K+K~) stands for the differential cross section a(K+(k) K (—k)). The equality of (K+K~) and the differential cross 

section a-(K~(k)K+( — k)) for the charge-conjugated pair is understood. 
10 (K°K°) in this particular case arises from ZK0K0-K0K°]= -i[Ki«K£-KfKi»2 when the CP invariance of the weak 

decays of Ki° and KJ is postulated. Thus, for example, (K+K~) = (K°K°) implies a(K+(k)K-(-k))=a(K-(k)K+(~k)) 
= a(K^(k)K2^-k))=a(K2\k)Kl

Q(-k)). 
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The following are the particle-antiparticle eigenstates with 1=0 and 1 = 2: 

h=Q=0, 1=0, G= + l 
1 1 

—[7r+x-+T-7r++7rV] , m , ±[-K+K--K~K+-K0K0-K0K°~], —l-p+p--p~P+-pV] , 
\£ v3 

1 
i [ - S ° S 0 - S 0 E ° - E - S + - S + S - ] , —[AA+AA], 6-1 /2[S+2-+2-S++S-2++2+2-+20S0+2°20], 

v2 

i[-s*°s*o-s*os*°-s*-s*+-s*+s*-], —[z-z++z+z-], 

6-1/lF1*+Fi*-+F1*-F1*++F1*-f1*++fi*+F1*-+F1*°f1^ 

g-i/2r ^*++jy-*—_jy-*—7\r*++_ j/y*-jy-*+„jy-*+j\pfc-__. j/y-*+jy-*-_^*-^*+__7\r*ojy-*o__jy-*o^*o~] ? 

6-1 /2[7r+7r-+7r-7r+-27r07r0] ) 6 - 1 / 2 [ - p + p — P ~ P + + 2 p ° p ° ] , 1 2 - 1 / 2 [ S + 2 - + 2 " 2 + + S - 2 + + 2 + S - - 2 S ° 2 0 - 2 S 0 2 0 ] , 

12~1/2[ Fi*+Fi*-+ Fi*- Fi*++ Fi*-fi*++ Fi*+ Fi*~ - 2 Fi*°Fi*° - 2 f i*° Fi*°], 

Thus, the relations among the differential cross 
sections for the possible pairs are11: 

(K+K-) = (K°K°), (#*+#*-) = (K*°K*°), 

(#>)=(/m), (S°g°)=(S-g+)J 

(S+2-) = (2-2+), (E*°H*°) = (E*-g*+), (1.4) 

(?!*+?!*-) = (F!*-Fi*+), (N*++N*—) - (N*-fi*+-), 

(Af*+iV*~) = (iY*0iV*0). 

In addition, the following pairs may be present12: 

Grtr-), (p+p-), (F^ f i* 0 ) , (Z-2+), 
W , (TTV), («>), (p°p°), (AA), 

(S°2°). (1.5) 

When i£ invariance of the octets is invoked (eigen
value + 1), in place of the seventh and eighth eigen-
functions of the set ( /3=Q=0,1 = 0, G = +1), we obtain 

S~1/2\^—pp—pp—nn—nn 

- E 0 g ° - E 0 E 0 - S - E + - E + S - ] . 

Hence, instead of the third and fourth relations in (1.4), 
we obtain the relation (1.3). 

11 (K°K°) in this particular case arises from [K°K0-\-K0K°l 
= ZKi0K1

0+K20K2°l under the CP invariance of the weak 
decays of KJ and K2°. Thus, (£^)=<r(2Ti°(k).£i0(-k)) 
=<r(iT2°(k)f2°(--k)). 

12 The unitary singlet and the 7 = 0 member of the unitary octet 
vector mesons a>i and cog, respectively, should occur mixed in nature 
because of violation of unitary symmetry as follows 

coi=w cos0—<j> sinO, 
co8=<f> cos0+co sin0, 

where 0 is the mixing angle and o> and <f> are the physical unitary 
singlet and 1 = 0 member of the octet, respectively. Thus, under 
the mixing, <f> that occurs in (1.5) should be replaced by cos. See 
S. L. Glashaw, Phys. Rev. Letters 11, 48 (1963); and J. J. Sakurai, 
Phys. Rev. Letters 9, 472 (1963); and (to be published). 

II. REACTIONS INITIATED IN THE CENTER OF 
MOMENTUM OF THE K*K* SYSTEM 

The irreducible representations of unitary symmetry 
in the ^-spin space are characterized by the charge Q 
and the ^-spin quantum numbers.4 The appropriate 
correspondences between members of the irreducible 
representations in the isospin and ^-spin representations 
can easily be established, and the properties of the U 
conjugation as the direct analog of the G conjugation 
can be readily worked out.13 Thus, the results obtained 
in the previous section are directly transferable, and we 
state only the results. 

A. K°K° in Odd Orbital States 

The relations among the differential cross sections 
for the possible pairs are: 

(7T-7T+) = ( * - * + ) , (p~p+) = (K*~K*+) , 

(2-2+)=(H-S+), ( # 0 = 0 + 2 - ) , 

(^n)=(S°S°), (2°I)=(A2°), 

(N*+R*-) = (Yx*+Y !*-), (N*°ft*°) = (E*0S*°), 

(7V*-iV*+H (Z-Z+) = 9(Fi*-f1*+) = 9(S*-g*+). (2.1) 
13 All properties of the G operator can be appropriately trans

ferred to those of the U operator. Only states of zero baryon 
number and electric charge can be eigenstates of U = C zxptyiruz). 
U = C(—l)u for w3 = 0 systems; in general U=(—l)l+s+u. A 
baryon w-spin doublet (Ref. 4), e.g., (P, —S+), and its Z7-conju-
gated antibaryon doublet, (—2~, ~P), may be compounded 
(Fermi-Yang model) to conduct pseudoscalar mesons QSQ orbital) 
and vector mesons (sSi or Hi orbital)^ From U=(— l)l+s+u we find 
that the w-spin triplet (K°, M\u, —K°) and singlet (Mou) pseudo-
scalar mesons have U parities — 1 jmd + 1 , respectively. Similarly 
the w-spin triplet (K0*, Miu*, —K0*) and singlet vector mesons 
(MQU*) have U parities + 1 and — 1, respectively. The conserva
tion of U parity may be used along the w-spin conservation in 
discussing strong interactions under unitary symmetry. 
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In addition, the following pairs may be present10: 

(K°K°), (K**R*»). (2.2) 

When R invariance of the octets is invoked, in place 
of the third and fourth relations in (2.1), we obtain 

(pp) = (S-2+) = (S+2-) = (S-2+), (2.3) 

and the pairs (2°A) and (A2°) do not occur. 

B. K°K° in Even Orbital States 

The relations among the differential cross sections for 
the possible pairs are: 

(7T+7T-) - (K~K+) , (P V ) = (K*~K*+) , 

(S-2+)-(S-S+) , (pp)=(S+2-), (wn) =(#&>), 

(N*+N*~) = (F!*+f !*-), (A *̂W*°) - (E*°E*°), 

(N*-N*+) = (Z-Z+), (F!*-f!*+) = (S*-S*+). (2.4) 

In addition, the following pairs may be present11*14: 

(K°K°), (7T*0/?*0), (Fx*0?*°), 

(AT*-H-iV*~ - ) , (MowM0
w), (Af iwMi"), 

(M0
u*Mou*), (Miw*M!w*), (£ow£ow), 

(5i«5i t t), (2.5) 

where 

(M0
uMou)- (TTV)+ ( A ) + fa»)+ (w) , 

(Jfi-Jlfi") = (w) + ( A ) + ( V ) + (TTV) , 

(M0«*Jf o"*) = (P°P°)+ (p°4>) + (#° )+ (H>), 

(af I«*M i~*) - (<w>)+ (p°4>)+(0P°)+ (P°P°) , 

(Z*ottSott) = (2°2°)+ (A2°)+ (Z°A)+ (AA), 

( M i w ) = (AA)+ (A2°)+ (2°I)+ (2°2°), 

each with ratios 9:3:3:1, respectively.15 

When R invariance of the octets is invoked, in place 
of the third and fourth relations in (2.4), we obtain 
the relation (2.3). 

III. REACTIONS INITIATED IN THE CENTER OF 
MOMENTUM OF THE K+K~ SYSTEM 

The irreducible representations of unitary symmetry 
in the z>-spin space are characterized by Q— Y and the 
fl-spin quantum numbers.4 The appropriate corre
spondences between members of the irreducible repre
sentations in the isospin, w-spin, and z>-spin representa
tions can easily be established, and the properties of V 

14 The canonical transformation from the isospin representation 
to the w-spin representation mixes 1=0, J3 = 0 and 1 = 1, lz = 0 
members of each octet. M0

U and M\u, if0
w* and Miu*, and BQ

U 

and Biu are the 1 = 0, I$ = 0 and 7 = 1, 73 = 0 members of the 
pseudoscalar meson, vector meson, and baryon octets, respectively. 

16 Under <f>co mixing 0 should be replaced by o>s (see Ref. 12). 

conjugation as the direct analog of the G and U conju
gations can be readily worked out.16 Thus, the results of 
the previous sections are directly transferable, and we 
state only the results. 

A. K+K~ in Odd Orbital States 

The relations among the differential cross sections for 
the possible pairs are10: 

(K»K«) = (TTV~) , (K*»K*«) = (f>+p~), 

®@>)=(S+2-), ( 2 ^ ) = ( » n ) , 

Gtfr)= (fif), (Z0I)=(A2°), (3.1) 

(7i*-F*+) - (Af*W*°), (E*~S*+) = (N*+N*~), 

(Z~~Z+)- (A^++iV*—)-9(S*°S*°) = 9(Fi*+f !*~). 

In addition, the following pairs may be present: 

(K~K+), (K*~K*+). (3.2) 

When R invariance of the octets is invoked, in place 
of the third and fourth relations in (3.1), we obtain 

(S°E°) = (S+2-) = (S-2+) - (nn), (3.3) 

and the pairs (Z°A) and (AS0) do not occur. 

B. K+K~ in Even Orbital States 

The relations among the differential cross sections for 
the possible pairs are11: 

(K»K°) = (TT+TT") , (K*°K*>) = (p+p~), 

(S°S°) = (2+2-), (S~2+) = (nn), (S~2+) = (pp), 

(Fi*-P i*+) = (N*°N*°), (S*-2*+) = (N*+N*~), 

(Z-2+) = (N*++ft*—), (H*°E*0) = (Fi*+f i*-) • (3.4) 

In addition, the following pairs may be present17: 

(K+K~), (K*+K*~), (Fi*0?!*0), (N*~N*+), 

(Afo'Afo'), (MiWrt , ( M o » W ) , 

(M^M^*) , (£o"£o»), (Bi^i*), (3.5) 
16 All properties of the G operator can be appropriately trans

ferred to those of the V operator. Only states of zero baryon 
number and Q— F = 0 can be eigenstates of V=C exp^V^). 
V = C(— l)v for fl3 = 0 systems; in general V= {— l)l+*+v. A baryon 
u-spin doublet (Ref. 4), e.g., (w,S~), and its F-conjugated anti-
baryon doublet, (S+, ~n), may be compounded (Fermi-Yang 
model) to construct pseudoscalar mesons (ls$ orbital) and vector 
mesons (hi or Hx orbital). From V=(—l)l+8+v we find that the 
fl-spin triplet (K~, M\v, —K+) and singlet (Mov) pseudoscalar 
mesons have V parities —1 and + 1 , respectively. Similarly, the 
p-spin triplet (K*~, Mi"*, —K*+) and singlet (M0

V*) vector mesons 
have V parities + 1 and — 1 , respectively. The conservation of V 
parity may be used along with v-spin conservation in discussing 
strong interactions under unitary symmetry. 

17 The canonical transformation from the isospin representation 
to the fl-spin representation mixes v = 0, fl3 = 0 and v=l, vs = 0 
members of each octet. Mov and Miv, M0

V* and M\v*, and B0
V and 

Biv are the v = 0, v% = 0 and v = l, vs = 0 members of the pseudo-
scalar meson, vector meson, and baryon octets, respectively. 
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where each of the pairs from (M0
vMov) to (Bi*Biv) has 

the same further expansion as the corresponding pair 
in (2.6). 

When R invariance of the octets is invoked, in place 
of the third and fourth relations in (3.4), we have the 
relation (3.3). 

DISCUSSION 

The results obtained in the previous sections are 
based on unitary symmetry in its exact limit. Thus, they 
are presumably applicable to high-energy collisions in 
which mass differences among members within each 
irreducible representation may not be significant. 

In the derivation of the equalities between differential 
cross sections in the previous sections it has been 
necessary to assume that the initial state corresponds to 
either even or odd orbital angular momentum, but not 
to a mixture of the two. However, when the initial state 
is a mixture of odd and even angular momenta, these 
same equalities still hold in the total cross sections 
(integrated over angles and summed over spin states), 
since states of different angular momenta do not 
interfere. 

The isospin, ^-spin, and t̂ -spin representations are 
canonically related to each other under unitary sym
metry.4'18 Thus, provided that the initial energies and 
orbital states are the same, the corresponding differen
tial cross sections (and spin distributions) of the set 
(1.1), (1.2), (1.3), (1.4), (1.5), the set (2.1), (2.2), (2.3), 
(2.4), (2.5),-and the set (3.1), (3.2), (3.3), (3.4), (3.5) 
must be the same (for the equalities within each set the 
above restrictions must be noted). In particular, if 
resonances or final-state interactions are found in a 
differential cross section of one set, the same effects must 
exist in the corresponding differential cross sections in 
the other sets. 

The principal results of this work may be summarized 
as follows. 

Let us label the outer members of the octets and the 
corresponding members of the decuplet of baryon iso
bars by "abcdef" going around in a circle. Under the 
restrictions on the orbital quantum numbers mentioned 
earlier, for both even and odd orbital states, in the two-
body reaction channels initiated by a meson pair taken 
across, e.g., "ad," we find for the differential cross 
sections the relations (aa)=(dd), (bb)—(cc), and 
(ee) = (//) for each of the octets and the decuplet. 
Further, for the same initial energies and orbital states 

18 C. A. Levinson, H. J. Lipkin, and S. Meshkov, Nuovo 
Cimento 23, 236 (1962); also paper presented at the International 
Conference on Nucleon Structure, Stanford University, 1963 
(unpublished). 

of the meson pairs "ad" "be," and "cf" we have 
l(aa) = (dd)2ad= [(<£) = (//)]*/= L(ee) = (i6)]e& for each 
of the octets and the decuplet (the subscripts ad, cf, eb 
signify the entrance-channel meson pairs). Extending 
this procedure we obtain the following three sets of 
equalities among the differential cross sections: 

Z(aa) = (dd)-]ad= l(cc) = (//)]„/= L(ee) = (bb)^, 

[(66)= (cc)2ad= L(dd) = (ee)2cf= [ ( / / ) = M ] e & > 

L(ee) = (//)]«<*= C M = (bb)-]cf= l(cc) = {dd)1eh. 

For example, the differential cross sections (K+K~) 
= (K°K°) from TT+TT" (7r-7r+) = (K~K+) from K°K°, and 
(K°K°) = (7T+7r") from K+K~ are equal, provided the 
initial energies and the orbital quantum numbers are the 
same (e.g., a pure s or a pure p orbital).19 

When R invariance of the octets is introduced, we 
have from (1.3), (2.3), and (3.3) the following additional 
equalities in the baryon-antibaryon channels: 

[(J6) = (cc) = (««)=(//)]««, 
l(dd)=(ee)=(aa)=(bb)^f, 

[ ( / / ) = (m)=(cc) = (.dd)\i. 

Further, for the same initial energies and orbital states 
of the entrance-channel meson pairs, these combine with 
the previous equalities to yield: 

[(bb)=(cc) = (ee) = (//)]„« 

= [(dd)=(ee)=(aa) = (bb)lcf 

= i(ff)=(aa) = (cc) = (dd)-}eb. 

These equalities among differential cross sections may 
be used to test unitary symmetry. 
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