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The theory of irreversible processes in plasmas is rigorously developed from the cluster formulation of the
exact generalized Master equation. This equation is a time-dependent analog of the equilibrium virial ex-
pansion, and the development of the theory of nonequilibrium plasmas is found to parallel that of the well-
known theory of equilibrium plasmas in a direct and simple way. A convergent kinetic equation for homo-
geneous plasmas is then derived which includes the effects of close collisions as well as long-range collisions
and is exact to first order in the density—in the asymptotic limit of long times. The distinguishing feature
of this kinetic equation is that it converges for the Coulomb potential. No arbitrary cutoffs or screened po-
tentials are required to “make” it converge. The divergence of previous kinetic equations is directly attrib-
uted to the neglect of significant close collision terms (such equations are not exact to first order in the
density). The method of derivation is quite general and the extension of the convergent kinetic equation to
short times (non-Markoffian kinetic equation) as well as to general order in the density is indicated.

I. INTRODUCTION

IN recent years there have appeared several deriva-
tions of kinetic equations for plasmas.!? These
equations, as is well known, are characterized by a
divergence at what corresponds to small impact parame-
ters (close collisions)—even for homogeneous plasmas
with a uniform positive background. The divergence of
these kinetic equations is directly related to the inherent
assumption that close collisions may, in some sense, be
neglected. The fact that these equations do diverge
refutes this assumption in so far as the relaxation or
evolution of the momentum distribution function is con-
cerned. Strictly speaking, these equations—although
useful—are not correct to within the stated order of the
relevant expansion parameter.

The question then arises as to whether or not a con-
vergent kinetic equation for a homogeneous plasma can
be rigorously obtained when the equations of motion are
described by classical mechanics. This question is of
more than academic interest. It is pertinent, for ex-
ample, to the dc conductivity of plasmas.

An equation which accounts for close collisions ap-
pears in an article by Hubbard.? The method used in
this work, however, requires further justification. More
recently, a partial answer to the convergence question
has been provided by the derivation of a kinetic equa-
tion? in which close binary collisions are explicitly ac-
counted for via the BBGKY approach. We believe,
however, that the convergence question has not been
entirely answered there. This is because it was necessary
to arbitrarily introduce a cutoff or screened potential to
achieve formal convergence of the kinetic equation.

It is our purpose to derive a convergent kinetic equa-
tion without ever taking recourse to a cutoff or screened
potential. We shall deal only with the Coulomb po-
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2 A. Lenard, Ann. Phys. (N. Y.) 3, 390 (1960). R. Balescu, Phys.
Fluids 3, 52 (1960).

3 J. Hubbard, Proc. Roy. Soc. (London) A261, 371 (1961).
4D. E. Baldwin, Phys. Fluids 5, 1523 (1962).

tential. We shall also indicate how one can obtain a non-
Markoffian convergent kinetic equation which is valid
for all time (such an equation is relevant to the transient
evolution of the momentum distribution function as
well as the frequency dependence of transport coeffi-
cients). The generalization of this derivation to higher
order in the density is clear.

The derivation, which will be found in Secs. IT to V,
can be outlined as follows. It begins with the cluster
formulation of the generalized master equation.® This
equation is an exact but simple expression for the
evolution of the NV-particle momentum distribution func-
tion ¢(f) in terms of time-dependent irreducible
cluster integrals 8, ().

It is given by
() [ = 9%B.()
-—=/ dy[ 2 }(b(t—y).
at 0 s=1  Qy?

These cluster integrals correspond to collisions between
(s+1) particles and are a time-dependent analog of the
Mayer irreducible clusters well known in equilibrium
statistical mechanics. This master equation is to be
viewed here as a time-dependent virial expansion for the
evolution of the momentum distribution function in
which B,(#) plays the role of the (s+1)th virial coeffi-
cient. The attractive feature of this formulation is that
it casts the time-dependent problem into a form which
closely resembles an analogous equilibrium problem.
We shall hence be able to make use of notions which
are well known in equilibrium theory to guide us in our
understanding of nonequilibrium theory.

For example, the time-dependent cluster integral 8(y)
diverges when the interaction potential is Coulombic—
just as the equilibrium cluster integral does. [This, of
course, is the essential feature of plasma theory, in the
absence of magnetic fields, which distinguishes it from
neutral gas theory—both equilibrium and nonequilib-

5 J. Weinstock, Phys. Rev. 132, 454 (1963).
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rium.] To circumvent this difficulty we extract ring
integrals of (s+1) particles from B,(y) just as is done in
equilibrium theory. These ring integrals R, (y) corre-
spond to weak (long-range) (s+41)-particle collisions,
and the remainder [B,(y)—R,(y)] corresponds to
strong (close) (s+1)-particle collisions. The time-de-
pendent virial expansion for ¢(f) may thus be divided
into a weak (distant) collision part,

> R.(y)=ring sum,
s=1

plus a strong interaction part,
> [B:s)—R.(»)],

as follows

ap(t ¢ ©
*#0_ / dy[ SR ()
ot 0 s=1

+ Y08 ()R (5)] 16 (1—).

s=1

The ring sum accounts for long-range collisions (shield-
ing) and leads to the Lenard-Balescu, Fokker-Planck
equation. The cluster remainder 8,(y)— R,(y) leads to
corrections to the Fokker-Planck equation which are
due to close (s+1)-particle collisions and which are of
the sth order in the density. The correction for close
(Coulombic) binary collisions exactly cancel out the
divergence which appears in the Fokker-Planck equa-
tion and leads to a convergent kinetic equation.

We shall present the details of this calculation for a
homogeneous plasma with a uniform neutralizing

background.

II. GENERALIZED MASTER EQUATION

To begin the derivation of a convergent kinetic
equation we consider the Hamiltonian of a system of V
pair-interacting particles enclosed in a volume V':

2

He 3 S ViRe), 1)

k=12m k<l

where P and R; are the momentum and position of
particle &, Rx;=R;—Ry, and V;(Ryy) is the interaction
potential between particles & and s. The evolution
of the N-particle distribution function F({R}; {P}; )
=F(Ry - Ry; Py - - Py; 1), is determined by Liouville’s
equation:

oF/dt=—1iLF, 2)
where L is the Liouville operator defined by
L=L+ 3 Ly
k<l
'S P 3+.23Vkl<a 6) 3
=—1y mPp—t1 A——). (
k t 6Rk k<laRkl aPk aPl
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The generalized master equation is a closed equation
for the evolution of the N-particle momentum distribu-
tion function ¢(¢), where ¢(¢) is defined by

)=V / URYF((RY; (P}; )= ((P}; ). (4)

In Ref. 5 (hereafter referred to as I) we have derived a
generalized master equation which is exact for all time
in the limit of an infinite system (N, V— o, N/V =con-
stant) for distribution functions which are initially
independent of positions. This equation is given by

(1) f = 9%6(y)
[ o 2=l ©
at 0 s=1 (93)2
where
Bs(}’)E lim > Bs (iliz‘ Clap1) y) (6)
N—w 1<ii< s <iga<N

and B.(7, - -4541; ¥) is a time-dependent (s+1)-particle
collision operator the explicit definition of which will be
found in I. [Briefly, B;(41- - *4s41;y) involves the dy-
namics of the (s+1) particles 41, 22, *+-%ep1. It is a
propagator (Green function) which corresponds to a
collision between particles ;- 751 and is a time-
dependent analog of the equilibrium irreducible cluster
integral of (s+41) particles. For example, the time-
dependent, two-particle irreducible cluster integral
B1(12; ) is defined in I by

181(12§ t)qSE V—l/dRm[eit(L0+L12)_.eitLo:Id,_ (7)

The integrand [e?!(E0+L12) —¢itlo] of this cluster integral
is nonzero for only that region of Ry, space which leads
to a collision between particles 1 and 2 within time ¢.
The asymptotic two-particle operator

lim(8/04)B:1(12; £)

t—00

is just the well-known Boltzmann collision integral.]

III. KINETIC EQUATION

The equation for the single-particle distribution func-
tion ¢1(P1);

1P =1 (Py; ()= / PPy --dPyo(),  (8)

is referred to as a kinetic equation and is basic to the
study of transport phenomena in fluids. Such an equa-
tion may be readily obtained from the master equation
by integrating it over all momenta except Py—providing
¢(f) satisfies the product condition. We thus integrate
(5) over all momenta except P; to obtain an equation
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for ¢1(Py):
9¢1(P) t » 0%8:(y)
- =/dP2~--dPNf0 dy[sz:l > }rb(t——y)- ©

There only remains to reduce the right side of (9) to a
function of ¢;. This is a simple task if 8,(y) converges—
as it does for short-range forces.® The situation is more
complicated for Coulomb interactions since then B,(y)
does not converge [although 3 8,(y) does converge .

To circumvent this difficulty we shall make use of the
similarities which exist between (9) and the partition
function. Thatis, Eq. (9) and the master equation may
be viewed as a time-dependent virial expansion in which
(N/V)—%Bs(y) plays the role of an (s+1)th virial
coefficient [ (s+1)-particle irreducible cluster integral].
Like the equilibrium cluster integrals, however, B,(y)
diverges for a Coulomb interaction potential,

Vkl=e2/Rkl

because Vr; approaches zero very slowly at large Ry;.
This means that (9), like the equilibrium virial expan-
sion, is not directly applicable to Coulomb interactions
in its present form and must be rearranged to yield a
convergent result. In equilibrium theory this is ac-
complished by first expanding each cluster integral as a
power series in the parameter ¢?. The term which is of
lowest order in ¢ in such an expansion of a cluster
integral is called a ring integral, and the sum of all
possible ring integrals is found to converge to the

i1+ - ds+1

/dpz...dPNRs(y)=/dP2---dPN Y )

i1<e oo <ds+1 {a1- a5t}

where the binary indices a1, s, * * -a,1 each denote some
pair of particleindices from among particlesiy, s, - * * 2541,
R. denotes the relative vector distance between the pair

of particles «, and
LT P51

=

(a1 ast1)

denotes the sum of each of the binary indices s, * - a541

6 If ¢ (f) satisfies the product condition
N
[6() =TT 4u(Py30)]
i=

then, from (9), the kinetic equation for ¢; (Py,f) to all orders in the
density and for all times # is given by

W 3 @/vy[(ay [aPe dBup 1,2 5415 9)

841

X ,El 1 (Py; t—9)

providing 8, converges.
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Debye-Huckel approximation. These ring integrals ac-
count for long-range correlations and lead to the
phenomena of shielding [ corrections from the remainder
of the expansion can be obtained by various methods].

The same procedure can be applied to (9). We can
extract time-dependent ring integrals of (s-1) particles
from the expansion of the time-dependent cluster
integral 8,(y). The sum of all such time-dependent ring
integrals provides long-range shielding of the interaction
(Balescu-Lenard, Fokker-Planck equation). The re-
mainder of the time-dependent clusters (clusters minus
rings) yield corrections which correspond to close
collisions.

These time-dependent ring integrals, analogous to
those in equilibrium theory, are the first nonvanishing
terms in the expansion of the time-dependent clusters in
powers of the coupling constant ¢%. That is, if we set
V wi=¢*/Ry; so that, in the definition of B,(y),

OR: a d
Ly=¢é <——_‘) ’
E)sz 6Pk aPl

then the expansion of 3,(y) in powers of ¢? yields the
ring integrals R,(y) plus terms which are of higher order
in €2 That is, we define R,(y) by

/dPy - dPyR,(y) =2+ lil_nwe_(“”)/dl)z‘ --dPxBs(v)

and find, by expanding the expression for 8,(y) (Ref. I),

y y
dRiu’z' . 'dRi”'H_,/ dtl- . / d¢s+1
0 ts

XiLa1eiE LG oo giltatimta Lo [ = () (g2+2) |

(10a)

over all permissable pairs of particle indices from among
particles 71, - - -%,11. [Each term in this sum is such that
when a Mayer-type diagram (as described in I) is
drawn, by joining the pair indices together with lines,
there results a topological ring. ] This sum includes, for
example, the ring term in which a;=12, a;=23,
coray=s(s+1), asr=1(s+1).

The sum in (10) for R,(y) can be identified as the
sum of all (s+1)-particle ring integrals which can be
formed from the NV particles of the system. These ring
integrals are, aside from notation, the same as Balescu’s
ring terms.

The order of magnitude of the remaining terms in the
expansion of /'dP,- - -dPB,(y) in powers of €? is equal to
O(e***1). That is

/ 0Py APy, (y) = / dP,- - -dPyR.(y)

+0(ex+).  (10b)
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[There are other terms in the expansion of 8,(y) which
are of the same or lower order in ¢ than R,(y). These
terms vanish,” however, when they are integrated over
all momenta but one and, consequently, will not appear
in the kinetic equation.]

Let us now write 8,(y) in the form

Bs(y)=Rs(y)+[B:(y)—R:(y)]

and substitute this form into (9) to obtain

d¢1(Py)
ot

=fdP2- : 'dPN/tdy{R”(y)

+ X8 () —RS ) el—y), (11)

8=1

where primes denote differentiation with respect to ¥,
and

R(y)=3 R.(y)

8=l

is the sum of all ring integrals.

We thus see, in (11), that the ring integrals have been
extracted and separated from the cluster integrals. The
ring sum R(y) accounts for distant Coulomb collisions
(long-range correlations) and the term [B:(y) —R:(»)]
provides a correction due to close (s+41)-particle
collisions.! Equation (11) then explicitly divides the
exact equation for the evolution of ¢:P; into a weak
but highly correlated collision part, R(y), plus strong
(s+1)-particle collision parts, [ (8s(y)—Rs(y)]. (This
equation is of great interest for plasmas, and we shall
find that it directly leads to a convergent kinetic
equation.)

The ring term has already been evaluated by Balescu
in the asymptotic limit of large ¢ under the condition
that ¢(z) satisfies the product condition

N
[o6()= 11 ¢:(P)].

=1

7 For example, consider the four-particle term

v
[dRm/dR34/y dtlfy dtz/ dts’iLmei(tz_tl)LO‘I:LMei(‘3_‘2)L°'1:L12¢'.
0 t t2

This is a term in the expansion of 8;(y) that is of lower order in e?
than the four-particle ring term. The integral of this term over P
and P, becomes

/dRm/dRu/y dtlfy dtz/” (ﬂgileei(t’_“)Lai
0 t1 to

X f AP P Lyiei 9 L L,

since /'P; and /P, commute with the left side of this term. But

Ri, a a
L34—82R343 (6P3 3P4)
so that the integral of this term over P; and P, yields only surface
integrals which vanish providing ¢ vanishes at P3, Py= .

8 3,(y) corresponds to all possible (s--1)-particle collisions—
weak and strong. The ring term R,(y) corresponds to weak (s4-1)-
particle collisions so that the difference, [B:(y)—R.(y)], corre-
sponds to strong collisions.
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We shall merely quote Balescu’s result later on, and
shall henceforth consider the ring term as known.

IV. CONVERGENT EQUATION TO LOWEST
ORDER IN THE DENSITY
Equation (11) is exact to all orders. We wish to obtain
from it a convergent equation for ¢; which is exact to
lowest order in the density—in the limit of large ¢.
The ring term R(y), as previously mentioned, diverges
at zero impact parameter. This implies that the ring
term does not adequately account for close collisions.
To remove, or cancel, this divergence we must include
the close collision term, > ,[B:(y)—Rs(y)], in the
kinetic equation. We need not, however, include all the
close collision terms. This is because

/ 0Py - dP[B. (3)— R () Jb=0(N/VT),

so that to lowest order in the density we need only
include the binary collision term [81(y)— Ri(y)]. This
term accounts for close two-particle collisions. The
remaining close collision terms (s2>2) are of higher
order in the density and correspond to close collisions
between three or more particles. Hence, to lowest order
in the density or, equivalently, neglecting close collisions
between three or more particles, Eq. (11) becomes:

¢ (Py)
ot

- / dPy- - -dPy / dy(R" (3)
+8/"(y)—Ri" ()} (t—y).

Equation (12) is exact for all ¢ to lowest order in the
density and, it will be noted, has a non-Markoffian
memory which is significant for small ¢ and for high-
frequency phenomena. This memory is interesting in
itself and shall be the subject of future investigations.
For our present purpose, however, we shall confine our
discussion to the behavior of (12) in the asymptotic limit
of long times (Markoffian limit). In this limit we have

(12)

f dy(R (5) 18" () — Ry ()} i—3)

~ / (R ()48 ()= R (3)}6(0)

={R'(®)+B1 (=) =R/ (2)}o(1) (13)

since, as is shown in I (Appendix D), 8,(0) =0 for all s.
The asymptotic time limit in (13) has been shown to be
exact to lowest order in the density (see I, Sec. IIIB).

Inserting (13) into (12) and assuming that ¢(¢)
satisfies the product condition we have

9¢1(P1)
ot

=/dP2---dPN{R’(OO)+ﬂ1'(°°)—R1'(°°)}

N
XL en(Py), (14)

=1
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which, in the limit of large ¢, is still exact to lowest
order in the density providing ¢(s) satisfies the product
condition.

As the final step in the derivation of a kinetic equa-
tion we must evaluate the momentum integrations in
(14) for all three terms: the ring sum R’(«) the two-
particle cluster 81/ (=), and the two-particle ring Ry/( ).

This is a relatively easy task. The ring sum has
already been evaluated in Ref. 3 and is given there by®
(except for a factor of 8113).

e IO NS
=26C / dP, / dAR(®), (15)

where we have defined R(I) by

()

X

8(1-81)

2

P4 dmieC f P33 (I g15)l- (361 (P5)/0Py)

0 0
N—/——— 1 Pl 1 P2 .
X1 (aPl 6P2>¢( Jou(By).  (16)

Here gr,=m=*(P—P;), C=N/V and
6_(a)=nd(a)—iP(a™).

It will be noted that the 1 integration in (15) diverges
logarithmically at large / (large ! corresponds to small
impact parameter).

The two-particle cluster integral, 8,'(»), in (14) is
quite familiar in nonequilibrium statistical mechanics.
It leads directly to the Boltzmann collision integral for

A6T7

binary collisions. This is proven in Appendix A where
it is found [Eq. (A8)] that

/sz' - dPyBy () ﬁ¢1(Pi)

=1

=C/dP2m‘1P12

% / bdbdo{y (Py)és(Py) — 1 P)r(Pe)}, (17)

where b and § are the impact parameter and azimuthal
angle for a collision between particles 1 and 2, and
P1;=P;—P;. The asymptotic momenta Py’ and P’ are
the momenta of 1 and 2 after they have completed a
collision with each other (completed over an infinite
time interval) and are explicitly given, for a Coulomb
potential, in Eq. (A11) as functions of b and 8 (this
equation for Py’ and P.’ is simply the expression for
Rutherford scattering).

Equation (17) is simply the Boltzmann collision inte-
gral for a Coulomb interaction potential. This integral
diverges logarithmically at large . We shall find, how-
ever, that this divergence is exactly cancelled by the
Ry () term in (14).

In order to examine the cancellation of the divergent
terms in (14) it will be convenient to transform the
integration over b and 6 in (17) into an integration over
the same three-dimensional vector 1 as in (15). This is
done in Appendix B where it is found, (B4) and (BS),
that (17) becomes

/ dPy- - -dPxBy’ ()T ¢1(Py)

where By(l) is defined by

B:()=2""m2*P1s% (I §12)I {1 (P1)p1(P2") — p1(P1) 1 (P3)}

m2el?

'mP12362

= 2‘1m‘2e‘4P1226 (1' g12)l_4 { ¢1<P1+[ :|P12_ [ _Jl>
m2e4l2+P124 m2e4l2_l_P124

mP 12362

m2el]?
Xd)l(Pz_[mze“lz-l-P124]P12+[m23412+P12“:|l>_¢1(P1)¢1(P2) ] - (9

We see, from (18) and (19), that the logarithmic
divergence occurs at small J. This is because / corre-
sponds to the reciprocal of b (Appendix B).

Thus far we have considered the R'(x) and B,/'(«)
terms in (14). There only remains the two-particle ring

9 The asymptotic ring sum R'(») in Eq. (14) is—aside from
notation—equal to Balescu’s ring sum.

integral, R,’( ), which is easily evaluated from either
R’(®) or B1/(). That is, we see from (10) that R,’(x)
is simply the first term in the expansion of 81/(«) about
¢2. In addition, we see from (12) that R,’() is also the
first term in the expansion of R’(») about €2 Conse-
quently, we may obtain Ry'(«) from either R'(«) or
B (). It is more convenient to obtain Ry'(e) from
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R’(0). Thus, from (10B), (12), and (15) we find that

/ dPy: - dPyRy ()1 61(P)

620

— etlim / dPy- - -dPyR («)IT ¢:(P,)

—26C / iP, / AR.(), 20)
where

9 6(1-812) ] 9
R,(D=I— I “—_) Poei(Py). (21
W=t T (@)

Substituting (15), (18), and (20) into (14) we finally
obtain the desired kinetic equation:

d¢:1(Py)
- =2eC/dP2/dl[R(l)+Bl(l)—Rl(l)], @2)

where R(1) is the ring sum defined by (16), By (1) is the
Boltzmann collision term (for a Coulomb potential)
defined by (19), and R (1) is the two-particle ring term
defined by (21).

Equation (22) is a kinetic equation for a plasma in
which binary collisions have been rigorously accounted
for. It is exact to first order in the density in the limit
of large ¢ providing ¢(¢) satisfies the product condition.
We must now prove that it converges.

V. CONVERGENCE OF THE KINETIC EQUATION

We wish to show that despite the fact that each of the
three terms in (22) [R(),B:(D),Ri(l)] diverge the
sum of all three terms converge. Thus, we see from (16),
(19), and (21) that /"dIR(I) diverges logarithmically at
large !, /"dIB;(l) diverges logarithmically at small /, and
JdIR: (1) diverges logarithmically at both small / and
large I.

But it is easily seen from (16) and (21) that the large /
divergencies due to R(l) and — Ry (I) cancel each other
out exactly.

There only remains the divergence of (22) due to
B:(l) and —R:(l) at small I. To understand how these
divergencies at small / cancel each other out we must
expand B (I) about /=0. It is not necessary, however, to
go through all the details of such an expansion. That is,
we see from the expression for B(l) in (19) that the
term [¢1(P1)1(Py)—p1(P1)$1(P2)], which must be
expanded in B;(l), contains ¢? and 1 in the combination
¢l. An expansion of [¢1(P1)p1(Py)—d1(Pe1(P1)]
about small ¢? is, hence, the same as its expansion about
small . But, the expansion of 8:(y) about small ¢? and,
hence, about small / is given by (10B). Consequently, we
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may substitute (10B) into (18) to obtain

26C / dP, / AB.(I)

=/ dPy- - -dPyRy ()[14-0() 111 ¢1. (23)

Substituting (20) into (23) we then have

265C / iP, / J1B, (I)

—26C / iP, / ARM[140(e)]. (24)

[The reader can verify that (24) is correct by expanding
B: (1) about small / and comparing with Ry(l).]

Substituting (24) into (22) we see that the singularity
of S/"d()B1(l) is exactly cancelled by the singularity of
JdIR (D) at small /.

We have thus proven that the singularities of the
kinetic equation, Eq. (22), cancel each other out leaving
a convergent result. The distinctive feature of this
convergent kinetic equation is that no cutoff or screened
potential is required to make it converge. It only in-
volves the Coulomb potential.

VI. SUMMARY AND DISCUSSION

A convergent kinetic equation, Eq. (22), has been
derived for a homogeneous plasma without introducing
cutoff or screened potentials. This equation was rigor-
ously derived from the cluster formulation of the
generalized Master equation by retaining terms which
correspond to close binary collisions [ Bi(%)—Ri(%)]
in addition to the familiar terms which correspond to
long-range correlations [ring sum, R(=)]. Neglected,
were terms which correspond to close collisions between
three or more particles,

% [8.0)— R, ().

Such terms are of second or higher order in the density.
The kinetic equation, in the limit of long time, is thus
exact to first order in the density although it contains
terms to all orders in the density from the ring sumR(l).
The only assumption made was the product condition.
Further (density) corrections can be obtained by in-
cluding the terms for close collisions between three or
more particles.

Equation (22) will lead to different values of transport
coefficients than the Lenard-Balescu equation when the
latter is appropriately cut off at large /. The order of
magnitude of this difference will, approximately, vary
with the logarithm of the arbitrary cutoff in the Lenard-
Balescu equation.
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As a final remark we note that the kinetic equation
has been derived from the generalized master equation
in the asymptotic limit of large time ¢, This limit is not
necessary, however. The master equation is valid for all
time so that one can derive from it a kinetic equation
which is also valid for all time. To accomplish this one
must simply evaluate the ring sum, R’(y), and the
binary collision integral 8:'(y) as a function of the time
v instead of in the limit of large y (such a calculation
may not be difficult for Coulomb interactions since then
the particle trajectories are simple and well-known
functions of the time). This would lead to a non-
Markoffian kinetic equation of the Volterra type with
which one may study the frequency dependence of

IRREVERSIBLE PROCESSES IN PLASMA
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transport coefficients. This equation would, of course,
reduce to(22) when ¢ is large.

Note added in proof. It has come to my attention that
Dr. D. E. Bladwin is aware that a convergent equation
need not have a cutoff and has published such a result
in a technical report.

APPENDIX A

We shall derive here the result expressed by (17). For
convenience we let 7(y) denote

/dPg' --dPnBY (y) ﬁ ¢1(P;)

=1

so that, with (6) and (7),

d
I(y)= / 0Py Py ¥ V- / IRy Lot 1] I &
y i1

k<s

N d N
=Z V_—l/de—/dRuc‘“Ee_i”(L°+L”°)— 1] dP,- - ‘dPNH b1, (Al)
) k=2 dy (Pr) =1
since p
/ dP,dP, / Ry a0t — 1} () (P.) =0.
But g
N
/;P ) dP,- - -dPy I_I1¢1 = ¢2(P1,Pk) = ¢1(P1)p1(Py)
so that (A1) becomes ’ g
N
16)= 3 V= [P, [ aRis o tausin 170,80
k=2 dy
d .
= (N/V)/dPg‘/dRmd—[B—”’(L‘ﬁ'Lu)—1:|¢1(P1)¢1 (Pz)N (AZ)
y

But ¢~ ivLotLid) jg the formal Green function solution of
Liouville’s equation for a two-body system; i.e., if
SfIP1(£),P2()] is any function of the momenta of par-
ticles 1 and 2 at time ¢, P;(¢) and Py(z), then

JIP1(—1), Po(—8)]=¢it(EotLed fP1, Py ]
is the solution of

Of[P1(—1), Po(—=1)]
ot

where Py(—?) and Py(—{) are the momenta that 1 and 2
(considered isolated) must have had at time (—¢) in
order that they will have momenta and relative position
P,, P;, and R, at time zero. That is, P;(—#) and
P,(—?) are solutions of the two-body problem and are
functions of P;, Py, and Ry..

Substituting (A3) into (A2) we have, with N/V=C,

d
I(y)=C/dP2d—y /dR12{¢1[P1(—)’)]

X i[Pa(—y) ]—¢1(P1)$1(P2)} .

(A3)

= —i(Lo—l-le)f[Pl(_t)) P?(—t)]’

(A9

The integrand of (A4) is nonzero only if Ry, is such

that 1 and 2 are aimed to collide within time y in which
event

Pi(—9)#=P1,
Pz(—y)?sz
We may, therefore, restrict the integration over Ry in

(A4) to that region, Qi2(y), which leads to a collision
between 1 and 2 as follows:

.[11 dR12{p1[ P1(— ) 11 [Po(—y) J— 1 (P11 (P2)}

= f dR12{$1[P1(— ) J¢:[P2(—»)]
Q12(y)

—¢1(P)gr(P2)}, (AS)
where Qu2(y) is a collision cylinder whose length is
m~1P1yy and whose cross section is the total scattering
cross section. If ¥ is large enough then the momenta



A680

P;(—y) and Py(—y) will approach the asymptotic
momenta Py’ and Py, and (A5) may be integrated to

yield®

m1Pygy / bdbd8{ (P11 (P)— s (P1)ss (P)}

~+smaller terms in y, (A6)

where
P1’E P;—' Pm'kk ,

A7
leE P2+P12'kk y ( )

and k is the unit vector in the perihelion direction for a
collision with impact parameter & and azimuthal angle 6.
In other words, Py’ and P’ are the asymptotic momenta
that 1 and 2 will have after completing their interaction
with each other given that they were, initially, infinitely
separated and approaching each other with impact
parameter b and azimuthal angle 6.

Substituting (A6) into (A4) and taking the limit of
infinite y we have, exactly,

I(w)=C / dPPay / b0 s (P ): (P2

—¢1(P)e:(P2)}.  (A8)

Equation (A8) is exact because the “smaller terms in y”
vanish in the limit where ¥ is infinite. This equation is
simply the Boltzmann collision integral for Coulomb
scattering (Rutherford scattering). [ This integral actu-
ally diverges logarithmically at large &. This divergence,
however, is cancelled by another term of the complete

kinetic equation. ]

Asymptotic Momenta P’ and P,’

The asymptotic momenta Py’ and Py’ in the Boltzmann
collision integral, (A8), can be readily expressed in
terms of & and 6 as follows. We consider a coordinate
system in which the z axis lies along Py, and we let x and
y denote unit vectors perpendicular to each other and
to the z axis. If we also let a denote the scattering angle

then we have

Pll—— P1= Pz— P2,= _— Plz'kk= Plg sin(%a)k
= Pya sin(3a){ (k- z)z+ (k-x)x+ (k-y)y}
= — Py, sin?(%a)z+sin (3a) cos(3e)

X{x cosf+y sinf}. (A9)

For Coulomb scattering sin(3e) is simply given by

w132 "
sin(3a)= ,
: 2me?

10 J, Weinstock, Phys. Rev. 132, 470 (1963).
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which we substitute into (A9) to obtain

bP 12\
—Plz'kk=—P12[1+< >:, z

2me?
bP12\ 1 bP12\ 7!
2 (o) )]
2me? 2me?
X{x cosf+y sinf}
=P1,—‘P1=P2'—'P2’. (All)

Equation (A11) serves to express Py’ and Py’ in terms of
b and 6.

APPENDIX B

We wish to transform the integration over impact
parameter & and azimuthal angle 6 in (17) into an
integration over the three-dimentional vector 1 as in
(15). The integration over b and § is a two-dimensional
integral. That is, it is an integral over the plane perpen-
dicular to the Py, direction. We may transform this two-
dimensional integral into a three-dimensional integral
by multiplying the integrand with a delta function.
Thus, if we define the new variable of integration 1

I=lx+1y+1.2 (B1)
by
=51,
la=b71 cosf, (B2)
ly=b"'sind,
1,=0,

where z is a unit vector in the direction of Py, then

/ bdbdo= / dldl = / dl.dl,dli5(1.)

1Py, / (- 15). (B3)

Substituting (B3) into the right side of (17) we have

C / dP, / dlm2P125(1- g15)
XTI ¢1(P1)p1(P2)—¢1(P1)1(Po)} . (B4)

Substituting (B2) into (A11) and (A11) into
61(P1)p1(Py’), we have

{6:1(P1)p1(Py") — 61 (P1)g1 (P2)}

m2etl? P3¢
= {¢1(P1+[ ]Plz—‘[ ki ]l)
m2e 2+ Py m2et2— Pt

m26412 ‘)TLP12362

olre [ e 20 )
MeP4Pryt MR+ Pyt

—¢1(P1)¢1(P2)} . (B5)

Combining (B4) and (B5) we have the right side of (17)
given explicitly in terms of I instead of in terms of &

and ¢.



