
P H Y S I C A L R E V I E W V O L U M E 1 3 3 , N U M B E R 3A 3 F E B R U A R Y 1 9 6 4 

Application of Spin-Wave Theory to EuSf 
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Magnetization data for EuS powder in zero field and at liquid-helium temperatures has been obtained by-
nuclear magnetic resonance of both the Eu151 and Eu153 nuclei. These data are considered simultaneously with 
those for the specific heat of EuS powder obtained by McCollum and Callaway in order to provide a more 
definitive application of the spin-wave theory to this material. The theory is that given by Holstein and 
Primakoff and special attention is given to the effects of magnetic dipolar coupling on the spin-wave energy 
and moment. The calculation was carried out by summation over the exact Brillouin zone. Values 
of the nearest-neighbor exchange interaction / i and second-neighbor exchange 72, as well as an effective 
field H which simultaneously produced reasonable agreement between calculation and experiment are 
7i=0.20±0.01°K, / 2 = -0.08=F0.02°K and #=4 .0±0 .2 kOe. These values are fairly consistent with other 
parameters known for EuS. 

I. INTRODUCTION 

AN unprecedented opportunity to test the Heisen-
berg model of ferromagnetism has been provided 

by the recent discovery of ferromagnetism in EuO, EuS 
and EuSe as well as antiferromagnetism in EuTe.1 As a 
priori evidence for the validity of the model we may cite 
the ionic nature of these compounds and the *S ground 
state of the Eu++ ion. The test of the model is greatly 
simplified for these cases because of the simple (NaCl) 
crystal structure. Furthermore, the Curie points, at 
least for the oxide and the sulfide, are sufficiently high 
that the predictions of the low temperature spin-wave 
theory as well as the high-temperature effective field 
theories may be compared for the same material. 

The ferromagnetism of GdCU2 and CrBr3
3 have re

cently been discussed in terms of the Heisenberg model. 
For the former, the Curie point is only 2.2°K, and mo
lecular field theory alone is invoked to describe its mag
netic behavior. The Curie point of CrBr3 is 37°K, and 
spin-wave theory has been applied to the analysis of 
temperature dependence of its magnetization in the liq
uid-helium temperature range.4 However, the descrip
tion is complicated by the layered hexagonal structure 
of the material and no comparison between the high-
temperature and low-temperature results has been 
made. 

Detailed studies have been made of the "high-tem
perature" behavior of the europium compounds. The 
saturation moments, as functions of temperature and 

f This work supported in part by the U. S. Air Force Office of 
Scientific Research of the Office of Aerospace Research, under con
tract AF 49 (638)4230. 
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field, have been compared with the molecular field the
ory predictions5 and were found to fit the Brillouin func
tion of spin | rather well. In the paramagnetic region the 
effective moment in Bohr magnetons per Eu++ ion, as 
determined by applying the Curie-Weiss law to the sus
ceptibility, is close to the theoretical value 7.94. The 
transition temperature and paramagnetic Curie points 
have been determined by magnetic measurements and, 
for EuS, also by location of the specific heat anomaly.6 

The results are reasonably consistent and indicate the 
existence of two important exchange interactions; a pos
itive exchange J\ between nearest neighbors on the face-
centered cubic Eu++ lattice and a superchange interac
tion J2 between second-neighbor Eu4"1" ions which is an-
tiferromagnetic. Finally, Calhoun and Overmeyer7 de
termined J\ to be positive by observing the paramag
netic resonance of exchange coupled pairs of EU++ ions 
in CaO containing a few percent EuO. 

In the temperature region far below the transition 
temperature the behavior of a Heisenberg ferromagnetic 
is known to be described by spin-wave theory. In order 
to test this theory for EuS, McCollum and Callaway 
have measured the specific heat of EuS powder between 
1 and 4°K.8 The entire specific heat in this region may 
be regarded as magnetic, and they attempted to fit their 
data to two forms of the spin-wave result. They found 
Ji to be positive and | / 2 / / i | <^ l , but the sign of J2 re
mained uncertain. 

We report here nuclear magnetic resonance measure
ments on the Eu151 and Eu153 nuclei in EuS powder be
tween 1.9 and 4.2°K. Since the resonance frequencies 
are expected to be proportional to the magnetization, 
these measurements constitute determinations thereof. 
With both sets of data at hand it is possible, for the first 

5 U. Enz, J. F. Fast, S. van Houten, and J. Smit, Philips Res. 
Rept. 17, 451 (1962). 

6 V. L. Moruzzi and D. T. Teaney (private communication). 
7 B. A. Calhoun and J. Overmeyer, Ninth Annual Conference on 

Magnetism and Magnetic Materials, J. Appl. Phys., Suppl. (to 
be published). 

8 D. C. McCollum and J. Callaway, Phys. Rev. Letters 9, 337 
(1962); J. Callaway and D. C. McCollum, Phys. Rev. 130, 1741 
(1963). 
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time, to attempt a simultaneous comparison of the tem
perature dependence of two "independent" properties 
of the "same" material9 with spin-wave theory. I t is a 
feature of the work reported here that the spin-wave 
theory is used, again for the first time, in an exact form. 
In particular, the effects of magnetic dipolar coupling on 
the spin-wave spectrum and on the moment per spin-
wave are included. The latter effect was first calculated 
by Holstein and Primakoff10 and also treated in connec
tion with the pseudodipolar-coupling model of anisot-
ropy,11 but it has not, to our knowledge, been seriously 
considered in connection with experiment until now. The 
numerical calculations were carried out by summation 
over the Brillouin zone. 

I t is appropriate for us to note here that Callaway and 
McCollum have suggested that simultaneous considera
tion of the specific heat and magnetization would pro
duce more definitive results as regards the fundamental 
interactions in EuS. This does, in fact, turn out to be 
the case. The nuclear magnetic resonance experiment 
and it results are discussed in Sec. I I . The specific heat 
results are also given in Sec. II. In Sec. I l l the necessary 
spin-wave results are briefly presented. In Sec. IV the 
simultaneous fit to spin-wave theory is presented and 
finally, in Sec. V we review the present knowledge of the 
magnetic properties of EuS comparing the high- and low-
temperature results. In an appendix we discuss quantita
tively the temperature regime in which the usual tem
perature series accurately describes the spin-wave result 
for the magnetization. I t turns out that, for the simple 
cubic lattice with nearest-neighbor exchange only, the 
series is valid only if r < [ 2 / 3 ( S + l ) ] 0 (0 is the para
magnetic Curie point), and that for practical purposes 
the series may be terminated at T7/2. 

H. EXPERIMENTAL RESULTS 

Magnetization 

The nuclear-resonance experiment on a ferromagnetic 
material is a measure of the magnetization via the hyper-
fine interaction 

H=AhS, (1) 

where I is the nuclear spin and S the ionic spin. If S is 
replaced by its average value (S) and since A w i = ± l , 
the interaction is measured by 

gNpNHA=A(S)=hvA} (2) 

where HA is the hyperfine field and VA the resonant fre
quency in that field. In EuS only the divalent europium 
has an ionic moment so that the magnetization of the 

9 The two properties are "independent" only in the sense that 
they are given by different functions of the same spin-wave spec
trum. On the other hand, the two samples are only nominally the 
same, having been produced quite independently. 

10 T. Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940). 
11 S. H. Charap, Phys. Rev. 119, 1538 (1960). 

material is given by 

M=NEngp(S), (3) 

so that 

hvA=A(M/NBngP). (4) 

Since the hyperfine field is not the only field acting on 
the nucleus the observed frequency is not truly a meas
ure of this interaction alone. The experiment, however, 
is done in zero external field and on multidomain par
ticles so that the average demagnetizing field is also 
zero. The only other source of field at the nucleus is the 
dipole field at a site due to the rest of the crystal. Exact 
calculation of this field requires knowledge of the par
ticle shape which is not available. Using the Lorentz 
field approximation, however, it is possible to evaluate 
the dipole field. Since the lattice is nearly cubic the con
tribution of the local dipoles may be neglected, and only 
the Lorentz field f wM is left as a correction to the hyper
fine field. Since both the hyperfine field and the Lorentz 
field are linear in M, the resonant frequency of the nu
cleus is also linear in M: 

hvr=hvA+hvL=MZ(A/Ngp)+iw2. (5) 

A is a measure of the Fermi contact interaction and may 
be expected to vary as the lattice expansion of the mate
rial. But since the temperature range covered in the 
measurements is so narrow, no correction was made for 
a change in A. Furthermore, divalent europium is in a 
857/2 ground state so the ionic g factor is 2.00 and tem
perature-independent. Thus, in EuS the frequency of 
the nuclear resonance as the temperature is varied is 
taken to be proportional to the sample magnetization. 

The material used in the experiment was taken from 
the sample used by Teaney and Moruzzi6 in their speci
fic heat study of the magnetic transition. They find the 
Curie temperature to be 16.3°K. B. E. Argyle, at this 
laboratory, finds the Curie temperature of the same sam
ple from magnetization measurements to be 16.5°K. 
T. R. McGuire, also at this laboratory, has made exten
sive studies of the magnetic properties of the same sam
ple above and below the Curie temperature. Parameters 
which he obtains from the high temperature suscepti
bility are Cw=7.34, ^eff=7.59 and 0~19°K using a 
Curie-Weiss theory. The moment per Eu2+ ion at 4.2°K 
is 6.26/4B, assuming all ions to be Eu2+ and taking the 
x-ray density. Each of these parameters is some 5 to 8% 
lower than is expected for stoichiometric EuS. The most 
probable source of the discrepancy is the dilution of the 
lattice by Eu3+ ions. 

The resonance experiments were done in two spec
trometers, one a modified grid dip meter, the other a 
transmission line bridge. In both cases the Dewar sys
tem was within the circuitry so that only the sample was 
at low temperatures. The temperature was measured by 
determining the helium overpressure and comparing 
this with the 1958 pressure-temperature scale. Fre-
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quencies were measured with a Hewlett-Packard 
counter. 

Naturally occurring europium consists of two iso
topes, Eu151 and Eu153, each about 50% abundant and 
each with a nuclear moment. We expect, and find, strong 
resonance signals from each isotope. Parameters which 
are determined by the nuclear resonance experiment 
and which may be directly compared with other experi
ments [electron paramagnetic resonance (EPR) and 
ENDOR] are Am, Am, the ratio Am/Am and the 
quadrupole splitting, Baker and Williams12 have deter
mined (ENDOR) the ratio Am/Aul for Eu2+ in CaF2 as 
0.4439, while our NMR result for this ratio is 0.4438 at 
4.2°K. Shuskus13 has determined (EPR) values for Alu 

and .4153 for Eu2+ in CaO, SrCl2, and CaF2. These values, 
together with NMR results for EuS are contained in 
Table I. In all cases the agreement among the various 
experiments is excellent. 

The resonance of the isotope Eu153 was studied in 
somewhat more detail than that of Eu151 since the lower 
frequency, ~l50Mc/sec, permitted the use of more sen
sitive apparatus. A derivative trace of this resonance in 
zero applied field is shown in Fig. 1. Upon the applica
tion of a field of 1.8 kOe perpendicular to the rf field, the 
intensity decreased and the spectrum shifted up by 
about 50 kc/sec. Were the resonance due to nuclei 
within the bulk of the material rather than those in the 
domain walls, the spectrum should have shifted down by 
0.86 Mc/sec assuming that the hyperfine interaction is 
negative.12 The lack of a significant frequency shift on 
application of a dc field indicates that the spectrum is 
from nuclei within the domain walls. Fig. 1 shows five 
definite peaks equally spaced in frequency which indi
cates a quadrupole splitting and which agrees with the 
nuclear spin value 7= f. 

Baker and Williams12 have studied the quadrupole in
teraction of Eu2+ in CaF2 by means of the ENDOR tech
nique. They find that e2Qqhrl=2S) Mc/sec for Eu153 in 
this case. This is explained by the admixture of 6P and 
6D excited states into the 8S ground state of the ion. If 
this were the cause of the observed splitting in EuS, then 
it must be a strictly local effect and not in any way con-

TABLE I. Values of the hyperfine constants of Eu151 and Eu163 as 
determined by EPRa for Eu2+ ions in CaO, SrCl2j and CaF2, and by 
NMR for Eu2+ ions in EuS.b 

CaO 
CaF2 
SrCl2 
EuS 

a A. Shuskus, Phys. 
b Present work. 

(10-* cm"1) 

30.16 
34.07 
34.1 
29.83 

Rev. 127, 2022 

Am 

(10~4 cm"1) 

13.46 
15.1 
15.5 
14.44 

(1962). 

T 
(°K) 

4.02 
290 
290 
4.2 

FIG. 1. Derivative of ab
sorption versus frequency 
for Eu153 in EuS. The line is 
nearly saturated. 

m-^\ \ M 

1 
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4.l89eK 

si 1 r 

! 1 
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FREQ. Mc/sec 

nected to the lattice, in which case the five-line quad
rupole spectrum results from the superposition of five 
separate wall-enhanced resonances. We would then de
duce that the quadrupole splitting of Eu153 in EuS is 
3.1 Mc/sec which is in reasonable agreement with Baker 
and Williams' result. 

We may also calculate the magnetocrystalline-anisot-
ropy field by measuring the change of intensity of the 
resonance upon application of the dc field. The formula 
used is the expression for the domain wall enhancement14 

J=flriv(flro+fl,i8:)""1. A six-fold change in | is observed 
when the applied field is changed by 1.8 X103 Oe. Using 
this value and the value of the hyperfine field, HN= 340 
X103 Oe we calculate HK as 55 X103 Oe. This value is at 
least an order of magnitude too large. 

We have analyzed the quadrupole spectrum expected 
from a nuclear resonance in a domain wall when there is 
an axial electric field fixed with respect to the crystal. 
Depending upon the crystallographic plane which con
tains the domain wall and upon the choice of magnetic 
easy axis in the domain and the axis of electric field a dis
tribution of absorption intensity with frequency results 
which contains singularities associated with the zeros in 
the slope of the frequency for resonance as a function of 
spin direction.15 In particular, only if the magnetic easy 
axis in the domain coincides with the axis of electric field 
and if the domain wall is in a (110) plane, assuming only 
180° walls, does the intensity distribution have five 
singularities. The spectrometer is sensitive to the deriva
tive of intensity with frequency and thus it would plot 
five peaks from such a distribution. Were this the case 
we could not directly apply the enhancement expression 
to the calculation of the anisotropy without further 
knowledge of relaxation times and field gradients which 
are not available. On this basis the quadrupole splitting 
is twice that previously computed or 6.2 Mc/sec. 

In any case the spectrum observed for Eu153 indicates 
a quadrupole splitting of the line. 

Figure 2 is a plot of the resonant frequency of the cen
tral line of the Eu163 spectrum versus Tm. The solid 
curve is obtained by using the series expansion, 

„» ^o[l-ar3/2(gap corr)-5r5^2(gap corr)] (6) 

and obtaining a least-squares fit of the data. While this 

12 J. M. Baker and F. I. B. Williams, Proc. Roy. Soc. (London) 
A267, 283 (1962). 

13 A. Shuskus, Phys. Rev. 127, 2022 (1962). 

14 P. G. deGennes, P. A. Pincus, F. Hartmann-Boutron, and 
J. M. Winter, Phys. Rev. 129, 1105 (1963). 

16 For an example of a similar calculation for dipolar fields see 
E. L. Boyd and J. C. Slonczewski, J. Appl. Phys. 33,1077 (1962), 
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FIG. 2. NMR frequency versus P ^ f o r Eu163 in EuS.The solid 
curve is a least-squares fit of the series expansion which results 
from simple spin-wave theory. 
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FIG. 4. The reduced 
frequency (v(T) — p0) 
/VQ versus T312 for 
EuS. The value of vo 
is taken from the 
solid curve in Figs. 2 
and 3. 

equation is not strictly applicable to the case of EuS, it 
is what would result from a simple spin-wave theory and 
gives a value of VQ= 151.6 Mc/sec. 

Figure 3 is similar to Fig. 2 except that the isotope is 
now Eu151; it yields ^0= 343.0 Mc/sec. The loaded trans
mission line used for this study was not sensitive enough 
to resolve the quadrupole splitting of the resonance. 

With an extrapolated value of vQ, the frequency at 
0°K obtained from the solid curves of Figs. 2 and 3, a 
new normalized plot [_v(T) — V$]/VQ is made. This is 
shown in Fig. 4. The normalized data points lie on the 
same curve. This is a good internal check of the data. It 
also shows that frequency pulling by nuclear spin waves 
as discussed by de Gennes et al.,u is not a factor in the 
comparison with the magnetization. 

Specific Heat 

The data taken by McCollum and Callaway8 of low 
temperature specific heat of EuS cover the same tem
perature range as the nuclear resonance data. These 
data are included for the comparison with spin-wave 
theory. They are plotted in Fig. 5. In view of the line-
width obtained in the NMR study the measurement of 
M versus T and C/R versus T are of comparable pre-
cission (0.1% C/R versus T and 0.03% M versus T). 

The materials used were prepared by M. W. Shafer at 
this laboratory and by Wild and Archer1 for the specific 
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FIG. 3. NMR frequency versus T3/2 for Eu151 in EuS.̂  The solid 
curve is a least-squares fit of the series expansion which results 
from simple spin-wave theory. 

heat sample by essentially the same technique. The 
Curie temperatures were 16.3 and 17°K, respectively. 
It is probable that the Eu3+ content was about the same 
in both cases. Thus, the measurements of M versus T 
and C/R versus T, while made on different samples of 
the same material, may be compared. 

III. SPIN-WAVE THEORY 

All of the theory which we require is contained in the 
famous paper of Holstein and Primakoff.10 The results 
to be used are stated below, and we discuss the possi
bility of making the usual approximations leading to the 
results normally presented as those of spin-wave theory. 

The deviation due to spin-wave excitation at tempera
ture T of the magnetization M{T) from its value at ab
solute zero is given by: 

M(0)-M(T) 

M(0) &NS 
• ] L k Mk(^k) , (7) 

where N is the density of magnetic ions, jUk is the mo
ment associated with a spin-wave vector k( = g/3 in the 
absence of dipolar coupling; g is the spectroscopic split
ting factor, and ft the Bohr magneton) and (n*) denotes 
the Bose distribution function (number of spin waves) 

SPECIFIC HEAT OF 
EuS VERSUS T 

FIG. 5. Specific heat 
versus temperature for 
EuS. This figure was 
supplied by Dr. McCol
lum of the University of 
California at Riverside. 

2 

T°K 
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over the spin-wave energies ek; 

W = [exp (ek/kBT) — l ] - 1 . (8) 

Here kB is Boltzmann's constant, and S is the spin per 
magnetic ion. The specific heat associated with the ex
citation of spin waves is 

C 1 d 
—= Htfk—<»k) 
R NkB dT 

N V 

ek \ 2 ex-p(ek/kBT) 
) . (9) 

kBT/ lexp(ek/kBT)-lJ 

The Hamiltonian H involves the exchange which we 
restrict to all nearest-neighbor (nn) and next-nearest-
neighbor (nnn) pairs (i,j); 

Hex=-2JX Z S r S i - 2 / 2 E SrSy, (10) 
<i,j>nn <i,j>nnn 

with Si the spin operator associated with the site i. For a 
system governed by this exchange the spin-wave ener
gies are given by 

€k = 2 S / i £ [ l - e x p ( & - l i ) ] 
h 

+25/2E[l-exp(A.l , ) ] , (11) 
12 

where li and U denote, respectively, the set of Z\ nearest-
neighbor and Z2 next-nearest-neighbor vectors of the 
magnetic lattice. While the experiments are performed 
on unmagnetized powder samples, the individual do
mains are understood to be magnetized according to 
local conditions of anisotropy, interdomain fields and the 
magnetic dipolar coupling within the domain. These ef
fects are represented in the Hamiltonian by a Zeeman 
energy term 

H.= » t f f l E A „ (12) 

and the dipolar interaction between all pairs (i,j) 

Hd 

(gpy 

<i,> ft, 
b|* Oj—3 

(«*"f»i)(Syr,-y) 
(13) 

Here H is the component along the domain magnetiza
tion direction z of the field acting on the domain, and r# 
is the separation of the pair of sites i,j. Each domain is 
assumed to be uniformly magnetized and the demag
netizing field resulting from Eq. (13) will be included, 
along with an effective anisotropy field and the inter
domain field in H. 

The spin-wave spectrum for a nearly saturated mag
netic domain governed by the Hamiltonian H=Hex+Hz 

+Hd was first calculated by Holstein and Primakoff .10 

Under the assumption that certain dipole sums may be 
replaced by integrals, they found 

where ek is given by Eq. (11), 

0k=fl84irM/(€k+g/3^, (15) 

and 0k is the angle between the wave vector k of the 
spin wave and the magnetization M. The reduction in 
moment associated with the excitation of a spin wave is 

d l+|0ksin20k 
Mk = 0k=g/3 . 

dH [l+<£ksin20k]
1/2 

(16) 

which differs from gff only beyond the first order in the 
dipolar interaction. For application to experiment it is 
almost habitual to expand the radicals appearing in Eqs. 
(14) and (16) keeping only the leading term in fa. Physi
cally, this involves the assumption that the energy of 
spin waves excited in the experiment is largely given by 
the exchange and Zeeman terms; the dipolar interaction 
being only a small perturbation. Immediately, one then 
has fXk=g(3. Under this approximation it is also valid to 
calculate thermodynamic properties neglecting the vari
ation of spin-wave energy with the angle of propagation 
0k; i.e., replace sin20k by its average value, f. Then (nk) is 
calculated using the dispersion law 

ek=€k+flS(ff+t irJlf), (17) 

so that the effect of the dipolar coupling on the spin-
wave spectrum is represented by the demagnetizing 
field (included in H) and the Lorentz local field correc
tion f7rM. It is further assumed that the spin-wave ex
change energy, already taken to be large compared to 
gfikirM sin20k, is small compared to that corresponding 
to the Brillouin zone boundary. In that case it is ap
propriate to expand €k in powers of k, keeping only the 
leading terms, and also to convert the sum on k to inte
grals, extending the range of integration to | k \ = °°. The 
result of this procedure is the well-known spin-wave 
theory in which the magnetization and specific heat vary 
as JT3/2 ; leading corrections due to the periodicity of the 
lattice appear as terms proportional to T5/2 and, because 
of the gap in the spectrum g/3(il+f wM) the coefficients 
have a temperature as well as field dependence.16 

For EuS in the helium temperature range, none of the 
procedure described below Eq. (16) is applicable. From 
the previous work on this material it is known that 
gft^wM/kB~2°K, so that the expansion of the radical is 
not valid for many of the spin-waves excited. Further
more the exchange, as measured by 2S(Ji+J2), corre
sponds to about 1°K. We include, in the appendix, an 
unpublished calculation due to Tanaka and Glass17 for 
the simple cubic lattice and nearest-neighbor exchange 
only, and show that the power series in T is valid only 
for 4:SJi/kBT> «1.5. It is reasonable to expect that a 
similar criterion will obtain for the face-centered cubic 
lattice. Therefore, we conclude that the results indicated 

ek= (ek+gm){l+fa sin^k}1'2, (14) 

16 For an application of this form of the theory, see B. E. Argyle, 
S. H. Charap, and E. W. Pugh, Phys. Rev. 132, 2051 (1963). 

17 T. Tanaka and S. J. Glass (to be published). 



A816 S. H . C H A R A P A N D E . L . B O Y D 

by the equations of this section must be used without 
approximation in the present context. 

IV. RESULTS 

The expressions needed for a complete calculation of 
specific heat and magnetization in the circumstance that 
spin-wave excitation is dominant are given in Sec. I I I . 
The formulas may be parametized as follows: 

$=2SJi/kB, 

WL=g{MnM/2SJi9 

K=gW/2SJi, (18) 

so that a choice of values for these four quantities com
pletely specifies a material as regards its magnetic be
havior. I t is not our purpose to find those parameters 
which separately produce best fits to the magnetization 
and specific heat data. Previous attempts have resulted 
in rather good fits over a broad range of microscopic 
parameters despite the fact that the formulas used to 
produce these are not quite correct. Considering the de
ficiencies of the available samples of EuS, it was not ex
pected that a least square analysis based on the correct 
spin-wave formulas would yield a much narrower range 
of possibilities. The following procedure was adopted: 
Values were assigned to p, 3m, and 5C, and specific heat 
and magnetization were calculated numerically on an 
IBM 7094 computer for an appropriate range of values 
of g/T. By comparison with the experimental results we 
determine values of $/T corresponding to the various 
temperatures of experimental measurement. For the 
magnetization 29 experimental points between 1.890 
and 4.219°K were used. For the specific heat twelve 
points at equal temperature intervals between 1.25 and 
4.00 °K were read off the graph. In this way the value of 
$ required to fit each experimental point for given p9 9fTC, 
and 3C is determined. If the latter parameters are fortu
nately chosen it is expected that the set of $ values so 
obtained will be a reasonably consistent set. 

In every case 9fTC was chosen to reflect a value of 
4:wM~14t kOe. This value is based on the result of the 
magnetic moment measurement (—194 emu/g) con
verted to a magnetization value through the x-ray den
sity (5.7 g/cc). As indicated in Sec. II , this magnetiza
tion is smaller than the theoretical value and the value 
of NS on the right-hand side of Eq. (7) must be reduced 
appropriately for the calculation. The same correction 
does not apply to Eq. (9) since the measured specific 
heat is normalized to the stoichiometric density of Eu2+ 

ions. Values of 3C were chosen to correspond to field in
crements of the order of 500 Oe and it turned out not to 
be meaningful to examine values of p in smaller incre
ments than 0.05. 

If attention is restricted to the magnetization alone, 
it is impossible to determine $, p, or 3C although a rela
tion among these is established. At all values of p which 

FIG. 6. Comparison of 
experimental values of 
M0-M(T) for Eu163 in 
units of 106MQ/VO and 
C/R (in units of 10"1 

J/mole-deg) with calcu
lated values of the two 
using / I / £ B = 0 . 2 1 ° K , 
^=0.4, a n d / / = 4 k O e . 

were considered (—0.3<£<0.6), a value of 3C(>0) was 
found which produced a very consistent set of $ values 
(rms deviations —1%) over the measured temperature 
range. If, on the other hand, attention is restricted to 
specific heat alone, good fits (rms deviations of $ < 4 % 
though never less than 2.6%) are obtained for 0.2 <p 
<0.6 for certain values of 3C. Within this range accepta
ble fits to specific heat and magnetization occurred si
multaneously for the following parameters: 

£ = 0 . 3 ; H~2 kOe; /i/ifo = 0.19oK, 

£ = 0 . 4 ; # ~ 4 k O e ; J r
1 /*5=0.20°K, 

£ = 0 . 5 ; # ~ 6 k O e ; 7 1 / ^ = 0 . 2 1 ° K , 

with rms deviations in Ji of about 3 % . Figure 6 is a plot 
of VQ— v(T) and C/R as calculated for £=0 .4 with a num
ber of experimental points included for comparison. The 
fit is observed to be fair, as would be expected from the 
discussion above. Our result may be stated as 

and 

7i//b=0.20=L0.01°K, 

J 2 / ^ = - ( 0 . 0 8 ± 0 . 0 2 ° K ) , 

# = 4 ± 2 k O e , 

where a degree of correlation in the uncertainties at
tached to these quantities should be recognized. These 
results will be discussed in relation to other evidence on 
the properties of EuS in the next section. 

V. DISCUSSION 

Although the cubic europium compounds, EuO, EuS, 
EuSe, and EuTe are expected to be the very nearly ideal 
physical manifestation of the Heisenberg model, the 
available specimens are far from perfect. Nevertheless, 
the various studies of the magnetic behavior of EuS do 
present us with reasonably consistent picture based on 
that model. 

We begin by deriving from the present results some 
numbers of interest. The exchange energy associated 
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with the ground state is 

-NSKJ1Z1+J2Z2) = -N&JiZxil-y). (19) 

The remaining magnetic effects which have been repre
sented above by an effective magnetic field contribute 
to the ground state an energy 

-aHM, (20) 

where a is a number between \ and 1. The value of a de
pends upon the relative strength of those contributions 
whose origin is in internal interactions such as the di
polar fields (a=i) and those which have the nature of 
one-ion effects (a= 1). This ground-state energy is meas
ured by integrating the magnetic specific heat from 
T=0 to T— 00. We have the energy per ion 

/ 

'Cm{T) Jy EM 
dT=Z1S»— (l-ip)+a 

0 R kB NkB 

(21) 

which takes on a range of values of about 24— 27°K ac
cording to our results. The Curie point Tc is calculated 
by combining the Rushbrooke and Wood empirical for
mula for nearest-neighbor exchange only 

(kBTc/Jdp-*=99, (Zi=12,*=J) (22) 

with the molecular field result for the variation of the 
Curie point as second-neighbor exchange is "turned on" 

to give 

Xkn' v 
(r c)p=99(i-

(23) 

(24) 

Our parameters give for EuS, 

rc=15.8±0.6°K. (25) 

The paramagnetic Curie point is given by 

0=§5(5+1) (ZJ1+ZJi) = 126(JV*s) 
X ( l - & ) = 20.1=fc0.8°K. (26) 

Experimentally the Curie point of EuS has been de
termined by location of the specific heat anomaly. 
Moruzzi and Teaney6 find Tc= 16.3°K in this way, and 
also 

"cm(X) 
rfr=31±3°K. (27) 

-o R 
/ ; 

This last result was found by subtracting from the ob
served behavior a lattice term proportional to Tz and 
assuming that Cm^T~2 far beyond the transition. The 
Curie point has also been determined from magnetic 
measurements by Argyle, who found Tc—16.5°K. All of 
these results were obtained for the material used in the 
NMR experiment. The Curie point of the material used 
by Callaway and McCollum8 was measured by Archer 

and Wild1 as r c =17±l °K. The paramagnetic Curie 
point is «19°K. 

Finally, by comparing the transition temperatures 
and paramagnetic Curie points of EuO, EuS, EuSe, and 
EuTe (the telluride is antiferromagnetic), McGuire and 
co-workers18 have speculated on the values of Ji and J\. 
Our results tend to confirm their picture of the variation 
of the interaction strengths in this series of compounds. 
Values for J\ and J\ have been deduced from the specific 
heat data by Callaway and McCollum8 and recently by 
Low.19 Both estimates involve integration over the exact 
Brillouin zone and neglect of all magnetic effects. Calla
way and McCollum have / i / Jb = 0.172dz0.019°K and 
/ 2 / Jb= -0.012±0.032°K. Low, who took into account 
the renormalization of spin-wave energies by an itera
tion procedure, found that the lower temperature part 
of the curve is fitted with Ji=0.20°K and J2= -0.07°K, 
while the higher temperature part deviates from his 
calculated values in much the same way as in our Fig. 6. 
Although the calculated and measured values of the 
integrated specific heat are not reconciled, it would 
appear that no very serious discrepancies have yet come 
to light. The magnitudes of Ji and J2 may presumably 
be calculated from first principles. However, the ex
tremely large effective field (H « 3000 -4000 Oe), which 
has already been indicated by the large fields required to 
saturate the EuS powder,1 is not explained. Magneto-
crystalline anisotropy should be small in view of the fact 
that divalent europium has an S ground state (the mag
netic dipolar coupling will account for Ki/M^1Q0 Oe). 
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APPENDIX. MAGNETIZATION OF A SIMPLE 
CUBIC LATTICE 

We present an exact calculation, first performed by 
Tanaka and Glass17 for the magnetization of a simple 
cubic lattice with nearest-neighbor exchange in the spin-
wave region. The result is expressed in closed forms in 
terms of a Bessel function of imaginary argument.20 

The dispersion law is 

ek=4:SJ(3—coskxa— coskya—co$kza). (Al) 

18 T. R. McGuire, B. E. Argyle, M. W. Shafer, and J. S. Smart, 
J. Appl. Phys. 34, 1345 (1963). 

19 G. G. Low, (unpublished). 
20 All of the Bessel function properties used here are stated by 

E. T. Whittaker and G. N. Watson, A Course of Modern Analysis 
(The Macmillan Company, New York, 1943), p. 373. 
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where the cube edges have length a and lie along the x, y, 
and z directions. The fractional deviation of the moment 
from saturation at temperature T is 

M(0)-M(T) a3 

M(Q) (2TTYS «-I 
£ d*kexp(-nek/kBT). (A2) 

In obtaining this result the Bose-Einstein function has 
expanded in powers of exp(— e^/knT) and the sum over 
the Brillouin zone has been replaced by an integral with 
limits —Tr<kxa<iT) —Tr<kya<ir, —Tr<kza<Tr. We de
fine Q — lSJ/ksT and Ki=kia(i—x,y,z) and find 

M(0)-M(T) 1 00 

= £ 
iif(O) (27r)35n=i 

X [ e x p ( - ^ ) / dK exp(n2$ cosK)J (A3) 

where 

1 oo 

= - E [ e x p ( - n 2 5 ) 7 0 ( n 2 5 ) ] » > 
S «=i 

Io(z) = J0(iz) = —i e* 
2TJ 

(A4) 

(A5) 

is a Bessel function of the first kind. 
While Eq. (A4) represents the exact solution, it is of 

interest to examine this result for low temperatures, i.e., 
large $. The Bessel function possesses an asymptotic 
expansion for large z 

h(z)~le*/(2Trzyin 
L r-1 

oo l 2 X 3 2 - - - ( 2 r - l ) 2 -

rWrzr 

E . (A6) 
(2TTz)^r=i Trr\(2zY 

Insertion of this series into the result, Eq. (A4), repro
duces the well-known series in half-integer powers of Ty 

which is known to be correct at low temperatures. As the 
temperature is increased and terms beyond Tm begin to 
become important, as noted by Callaway and McCol-

lum,8 it is quite likely that the series itself may be in er
ror. The usual derivation of the series involves a calcula
tion in which the finite size of the Brillouin zone is neg
lected, and as the temperature is increased this approxi
mation tends to lose its validity. 

We now proceed to make use of the preceding analysis 
to investigate the range of usefulness of the temperature 
series result. The asymptotic expansion (A6) is, of 
course, a nonconvergent series. The difference between 
the function itself and the sum of the first p+1 terms is 
of the order of the term given by r—p+1. In general, 
for finite z this difference decreases as p is increased, 
reaches a minimum &tp = poy and then increases without 
limit as p —> oo. As z is decreased in magnitude po be
comes progressively smaller. Thus, as z is decreased the 
number of terms to be used to represent IQ(Z) is also de
creased until, finally, for 3~1 the expression must be 
abandoned entirely. We have investigated the behavior 
of the asymptotic expansion by comparison with tabu
lated values21 of Io(z). At £=1.5 the first three terms 
yield Jo to within about 1%. While the error resulting 
from using these terms for z>1.5 is less than 1%, for 
z< 1.5 the error is greater and its dependence on z intro
duces a spurious slope. 

For calculation of the magnetization the argument z 
is n2g and it is clear that for all values of 3 there is a 
value of n large enough that n2gS>\. However, the w== 1 
term contributes of the order of one-half of the entire 
sum. Therefore, we conclude that the temperature series 
may be used only if 2$>1.5 , and in that case that it 
may be terminated at T7/2 with no greater error than 
— 1.5%. We note that since the paramagnetic Curie 
point is given by 

kjfi=4S(S+l)J, (A7) 

the criterion for use of the temperature series is 

r < i [ 0 / ( S + l ) ] . (A8) 

This criterion is simply a reflection of the fact that the 
Curie temperature is of the order of S+l times the 
temperature required to excite spin-waves near the edge 
of the Brillouin zone. 

21 E. Jahnke and F. Emde, Tables of Functions (Dover Publica
tions, Inc., New York, 1945), p. 226. 


