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calculated from the corresponding values of ., 7, and
n as deduced from the two latest experiments.!

X. CONCLUSIONS

The results of the experiment have been analyzed
by expressing the probability of seeing the observed
data as a function of the assumed p — e+ branching
ratio B. Limits on the electron range and electron-
gamma angle have been used in the selection of events
to exclude regions strongly favoring u— e+vy+v+5
over u— e+7y. Once events with the shortest range
electrons have been excluded, the results are sub-
stantially independent of the exact choice of limits.
The probability is largest for B=0, drops to less than
50% of this value for B=0.8)X10"8, and to less than
109, of this value for B=2.2X10"8,

The results of this and the two preceding experiments
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could be combined by multiplication of the three proba-
bility distributions. However, this joint probability is
not significantly lower for B<2X10~% and thus does
not change the above results appreciably.
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The Feinberg-Pais theory of summing the uncrossed ladder graphs is re-examined. A single regularization
of the W propagator is used throughout. Instead of the iterative procedure used previously, the leading
terms of the individual graphs are summed exactly. The result of Feinberg and Pais for energies much below
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300 BeV is obtained for all energies in the limit of infinite regulator mass.

1. INTRODUCTION

ECENTLY, Feinberg and Pais! studied the higher
order effects in weak interactions. In their work,

the weak interactions are assumed to be mediated by
massive bosons W of spin 1, and neutral lepton currents
are assumed to be absent in the Lagrangian. In studying
two-body scattering processes involving only leptons,
Feinberg and Pais restricted their consideration of
higher order weak interactions to the uncrossed ladder
graphs only. The rungs of these graphs consist alter-
natively of W+ and W, a fact of great importance in
their work. So far as leptonic weak interactions are
concerned, one of the important conclusions of Feinberg
and Pais is that, for the so-called allowed processes, the
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1 G. Feinberg and-A. Pais, Phys. Rev. 131, 2724 (1963).

factor

—i@uwtmquq,)/ (@+m?) (1.1)

in the expression for the matrix element should be re-
placed, when higher order effects are taken into account,
by

— 1508, (1—3m2¢®)+4m2q,q, )/ (¢+m?)  (1.2)
provided that ¢ satisfies
|¢g?/m*| 1. (1.3)

Here m denotes the mass of W, and g is the W-lepton
coupling constant.

It is the purpose of this paper to study in more detail
the properties of these uncrossed ladder graphs. We do
not inquire into the effects of more complicated graphs;
instead, given these uncrossed ladder graphs and some
rules of computation to be outlined in Sec. 2, we ask
what mathematical deductions are possible. Since it
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seems necessary to use at least one regularized propa-
gator, we choose as our starting point the &-limiting
process of Lee and Yang.? In other words, we shall
regularize the W propagator once while leaving the
lepton propagators unregularized.

The Bethe-Salpeter integral equation is simplified in
Sec. 3, and the approximate integral equation used by
Feinberg and Pais is studied in Sec. 4. In Sec. 5 we sum
exactly the leading terms of the uncrossed ladder graphs
by first reducing the problem to a pair of differential
equations. Without using the iterative procedure of
Feinberg and Pais, it is then found that from the
differential equations the result (1.2) follows. Moreover,
when the present procedure is followed, (1.2) is found to
hold even without the restriction (1.3). Therefore, with-
in the approximation of taking into account only the
uncrossed ladder graphs, the precise result to the order
g? is now known. There are, of course, higher order
terms in g% due to uncrossed ladder graphs,® but these
are not discussed here. The notation of Feinberg and
Pais is followed in this paper.

2. PROCEDURE OF COMPUTATION

We are interested in the dominating part as £ — 0 of
each ladder graph. When there is only one rung, this
dominating part is simply

Mi(q)=—ig[v,(1+vs) JP [y, (1 +vs) ]®
qugy

m2

x(a,.y+ (2.1)

)q2—|-m2—-ie .

When there is more than one rung, this dominating part
can be written down explicitly by using the following

in—l
M oy 1($,01,Q2) = g2+ Y / d*ky- - - d%kn
T n

P:kl P p+tkn o p+Q2

k-Q, C Kp=Ky - o Koy-Kng C Q- k,

p-k, B p-kq
Fic. 1. A scattering graph of order 2(n-1).

P+Q A

pP-Q 7 a p-Q,

simplified Feynman rules:
(a) at each W-lepton vertex, insert a factor
8vu(1+7s);
(b) for each fermion propagator, insert a factor
. b
— ,
PP—1ie

where p= —iv,up,;
(c) for each W propagator, insert a factor
__i?ui’v( 1 1 >
m \p—ie pP+A—ic)’

where A?=¢"m?; and

(d) the momenta of external leptons are taken to be
zero.

In rule (b) we have neglected the lepton masses, in
rule (c) we have neglected the W mass in the denomi-
nator. We shall justify these approximations as well as
rule (d) by the following considerations.

Take a ladder graph of order 2(n-+1) as shown in
Fig. 1. The contribution from such a graph, before any
approximation has been made, is given by (the spinor
factors for the external lines are omitted)

XF (1470 btk tm, (170 Dt+Rustm pt+kitmy i ):I(I’
_’Ya Ys) (?—I-kn)z—{—mﬂ——ie% Ys) (p+k,,,_1)2+m;2——ie (P-I—kl)z—l-mzz—ie” Vs
X— (1479) D—kutmy (170 D=k at+my DP—kitm, o )'](2)
L Y byt mi—ie Y p—hnytmi—ie Ry tmi—ie
B (Q2~kn)V(Q2—'kn)a:": 1 1 :l
X| 8sat
L m? (Q2—Ekn)2+m2—ie (Qe—Fkn)*+A2—ie
B (kn_kn—l)p(kn_kn—l)ﬁ 1 1
X| 8,6 :“: :I
B m? (kn—Ena)?+mi—ie (kn—FEn-1)®+A2—1ie

1 1

X[a)\f %

m2

(k1= Q) (k1—Q1) r:l[

], 2.2)
(B1—Qu)*+m?—ie  (k1i—Q1)*+A2—ie

2T. D. Lee and C. N. Yang, Phys. Rev. 128, 885 (1962); T. D. Lee, Phys. Rev. 128, 898 (1962).
3 See, for example, G. Feinberg and A. Pais, Phys. Rev. 133, B477 (1964).
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where m; is the lepton mass. To single out the leading term in the variable £}, we make a scale transformation

kil"‘—“ki/A ’

i=1---n.

Since p, Q1, Qs, 7, and m, are fixed quantities, p/A, mi/A are all small in the limit £— 0 and can be neglected in
calculating the leading term, which we shall denote by Npq1:

g2 gA 2n in—l
Nn+1=_(——>
mi\m/ (2mr)**

’ __k 1 —

P

k.
/d4k1/. . .d“k"’['Ya(l‘*"Ys);Iz—_'Yp(l'i‘Ya)
n 1€

’

’ ®
N (H"Ys)]

12—t ki?—1ie

’

l;
n—12—1€

1

X[va(lJr%)k——,;n—:w(l—l—w)
n 1€

® 1 1
o . 71‘(1+'Yﬁ)j| kna,knal[ N ; ]
ki?—ie ky2—ie ko?+1—ie

X (kn,—kn— I) (kn,_kn~ ,) [
v VL (e — i) — i

This leading term is thus independent of the external
momenta and the lepton masses. And the rules of
computation outlined above follow.

As discussed by Feinberg and Pais,! the allowed and
forbidden processes are, respectively, described by

Moa=M1(9)+ 2 Nangr (24)
n=l
and
Meven= Z Ngn. (2'5)
n=1
0 2 w g
ky C ka=ky «ooe- kn=Kn-1 C q-kn
o T

F16. 2. The graph for Npy1(q).

As £— 0, each N, is infinite. Thus the limit £— 0 is to
be taken after the sums are found. Moreover, for small
but finite £ the sums are divergent. It is therefore
necessary to give a meaning to the divergent series.
This point is to be discussed later.

Contrary to the procedure of Feinberg and Pais, in
this paper we observe strictly the rule of summing only
the leading terms, in the limit £ — 0 while all physical
quantities are fixed. Since these leading terms NV, (n>1)
are independent of momenta and lepton masses, the
matrix elements for the allowed and forbidden processes
are respectively determined by one real number each,

1 1
Jhin]
(k! — s 2H1—iie ki —ie

. (23
k1'2+1—ie] @3

namely the values of the infinite sums in (2.4-5) in the
limit £— 0, which may be interpreted as direct four-
fermion interactions. In other words, from the present
point of view, the discussion near the end of Sec. 7a in
the paper of Feinberg and Pais® applies for all ¢, not
necessarily small.

3. INTEGRAL EQUATIONS

Let us denote by N ,;1(¢) the amplitude of a graph
with external momenta (0, 0; ¢, —¢) as shown in Fig. 2,
computed on the basis of the simplified Feynman rules
(a)-(c). Thus, for example,

Ni(g)=—ig"[vu(1+v5) JO[rys(1+v5) 1@

Quqv< 1 1 )
X .
m? \@®—1e @P+A’—ie

Define
N (g)= Zo Naa(g) 3.1)
and
NO@= 2 (~)"Nuna(@)- (32)
The following relations are obtained:
N,=lmN,(g), »>1, 3.3)
70

Mosa=M1(@)+3 Im[N® () +N (@—2N1(9)] (34)

and

Meven=% ].qiLI(l)ENH_) ((1)+N(_) (Q)] . (35)

Since N ,(g) satisfies the recurrence relation

k [¢)] —k @
Nua(g)=ig? f d“k[%(1+75) . ] [yaum) : ]
k2—1e k2—1e

(q*k)a(q_k)ar 1

N.(B), G.
L (g—E)—ie (q-—k)2+A2—-ie] ®, (6)

m?
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it follows that N (q) satisfy the following integral equations:

v =i )
m? \g?—ie @*+A’—ie

[vu(14v8) IOy, (14y5) ]@

+ g

where Q=g—*k.

i PR —k D 0,04 1
f 9] 7o (17— ] [ 4 ] I
(2m)t k2—1e k2—1e

N®®E), (3.7
mr L(g—k)2—ie (q—k)2+A2—ie:| ®, &1

The integral equation (3.7) can be simplified in two steps. We shall first eliminate the y matrices by substituting
into (3.7) the explicit dependence of N (g) on the v matrices

N®(g)=[v.(14+7vs) ][y, A+75) JPN P (@) (3.8)
and by introducing the notation &,,, defined by*
(1'—75)77\7/)'0: E)\par(l_'yb)')"r . (39)
Substituting (3.8) and (3.9) into (3.7) and canceling out the v matrices, we obtain
v 1 1
NP (g)= -—igzq“q < )
m? \g*—ie @+A2—7ie
4ig? koks . 1
$ /d4k d Q)\Q r - ]Naﬂ(i) (k)s)\paufraﬂw (3.10)
Qrt)  GE—ier me Lg—kr—ie (g—kp+A—ie
Since N,,® (k) is of the form
N og® (k) = AD (k2)8,,+BX (B)k,k, (3.11)
and £, ,q, satisfies
kﬁkag?\pay=k25)\y (312)
and
6aﬂkpk vaQTEMmuEf By szza;w ) (3.13)
(3.10) can be further simplified to
qugrf 1 1
A ()8 B (¢)qugr= —ig“—( )
m? \g®—ie @*+A’—ie
o / . (4209 Z st mow0.0|(— (3.14)
k| AD (K 8.+ B 2 ,:K ) . .
(2r)im? 2 je N (g—k)r—ie  (g— RN —ie

These integral equations are to be studied further in
Sec. 5.

4. FEINBERG-PAIS APPROXIMATION PROCEDURE

The integral equation (3.14) corresponds to the “ap-
proximate integral equation” (4.27) of Feinberg and
Pais,! if we neglect ¢ in Q and thus put Q= —%. In this
case, the equation is soluble since it takes the form of an
algebraic equation in coordinate space. Because of our
rule of summing only the leading terms, even with this
approximation our calculation differs somewhat from
that of Feinberg and Pais. In this section, we study this
approximate integral equation in some detail. This
seems worthwhile because it makes contact both with
the work of Feinberg and Pais and with the considera-
tion of the next section, where explicit solution is not
possible. In particular, we shall see the consequence of

the singularity at ¢?=0 of the inhomogeneous term, and
also treat a contour integration in a way to bring out the
important role played by analytical continuation.

The solution of the approximate integral equation is

A ()3 +BP (qz)qlz.q:;
,igZ ] _ 4,ig2- —1
=— fd‘xe'q"a“a,Ap(xz)[1=F———Ap(x2)] , (41)
m? m?
where

Zp(xz) =

1 1 1
dipe—ire . (42
(2mr)* [ e <p2—ie p’—l—A’—-'ie) (4.2)

We shall study these solutions in some detail in this
section.
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We compute the trace of (4.1):

44D (@)+BW (@)
,igZ ) _ 4,ig2_ -1
% / d4xe"1”DAp(x2)[1=}=—Ap(x2):| . (43)
m? m?
Explicitly,
1
A = ——— 2
Ap(x?) e 4Tz\/xZKl(A\/x )6 (a?)
e HO( (). (84)
— - —X°). X
8my/—a? '
Moreover,

OAr(#?)=—A%Ap(s?), (4.5)

where Ar(a?) is defined as

1 1
A 2) — d4 ip.‘c._______,.
##) (2w)4f e e

We have, as shown in Appendix A,

(4.6)

i1
A F (x2) =—
4 e
- [4_15;_ 4«2\/sz1 (A\/xz)]a )

1
_[Wx2+mzfl< ) (A/— 4 )]0(—x ). (@47

Using the reduction formula of Feinberg and Pais,!
we can write the trace (4.3) as the sum of a Bessel
integral and a contour integral over the complex vari-
able 5 defined by #*=22. That is

44 @)+ BO (AP=TS (O)+CO @), (48)
where, for ¢*>0,
ig? din? [
ro@=="" [ 1(mnas(r)
m: q 0
4,L'g2 —1
x| 1F—Bsto) | i, (49)
m

and

192 447?
cw (g)=—2 2T f H® (gn)A*Ar(n)
m: q Je

4ig®_ —1
X[I:F—;Ap(n):] 12dy. (4.10)
m
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Here we use

_[i—le(An)]] , (&11)

Ar(n)=i{ -

472 (n?4-1e
_ irt A
Brla)=—] ——Fslh) |

” "

(4.12)

and the contour is along the first quadrant counter-
clockwise, at least for sufficiently small A2,

Let {=An. The Bessel integrals (4.9) become, in the
limit ¢— 0,

igZ )
roo=-= [ KE
2m? 0

2l 1 -
)| v, @

i e

s

which approach the limit zero as A2— . On the other
hand, in terms of the complex variable ¢, the contour
integrals (4.10) can be rewritten as
) o2
CD (¢ %
m2q c

% {ﬁ—l}—ie_ [—;—EKIG)]}

gArt 1 -1
X [ IES l:———Kx(s“):” eds,  (4.14)
¢ ¢

7[.2 m2

H,® (gfA™)

which are also equal to zero for any space-like ¢ in the
limit A>— . To see this, we first notice that the
common numerator of the integrals is analytic in the
first quadrant of the complex { plane for any space-like
g which can be chosen as small as we please. In Ap-
pendix B, we study the locations of the zeros of the
denominators.

11
DeE-1x K|, @19
S Y
where
g2A2
Z= (4.16)
wim?
and obtain the following conclusions: There are no

zeros of D (¢,Z) in the first quadrant if Z<1. When Z
increases continuously, the zeros of D™ (¢,Z) move into
the first quadrant from the left across the positive
imaginary axis. The denominator D ({,Z) has, in
addition to the zeros which moves across the positive
imaginary axis, a zero which moves from left to right
on the positive real axis and which goes as Z? when
Z — o, Therefore we shall take different contours Cy,)
for the integrals C®) (¢?). For a large value of Z, C(y, are
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(b)
F16. 3. Contours of integration for C(®(g).

shown in Figs. 3 (a) and 3(b), respectively. This choice of
C( is that of Feinberg and Pais.! Then we have, for
space-like ¢, CY (%) =0 for all Z, and C™)(g?), being
equal to the residue at pole on the real axis, tends to
zero as Z — . As a consequence, we have

lim im[44® (¢?)+B® (¢*)¢*]=0.

A0 ¢—0

(4.17)

Note that the order of taking limiting values is the one
prescribed in Sec. 2.

We now turn to calculating the function B® (g?) as
g— 0. Let us define N 5, N auu(g) by

No=[vu(1+7s)1O0y, (14 v6) JON nyy,  (4.18)
and
N (@) =[vu(14+v5) IOy, A+75) JON i (g),  (4.19)
and 4,(¢?), Ba(g?) by
N (@) =A a (@8 +Bn(®gugs.  (4.20)

Because of the relations (3.3), the limit

im® 4, (¢?)
-0

exists for each #>1 and is equal to N ,,, which has the
form C,0,,, where C, is a constant. In other words

Cbuy=Hm[ A4 .(¢)8,+Ba()qugs], n>1. (4.21)
q—0

Then it follows that, for z>1,
Cn=A4,0) and limB.(¢®)¢—0,
-0

since the components ¢ approach zero independently.
Therefore, if the limit ¢ — 0 is taken termwise

;o2

?
HmB®@® (¢2)g2=1limB,® (¢)g*= _¥, (4.22)
a0 a0 m2

The limit (4.22) is also obtained from a direct calcula-

tion of (4.1) in Appendix C.
From (4.17) and (4.22), we can write

i 1 B (02) = ——
lim limA (¢ o’ (4.23)
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and consequently
1g? 1
N0 Q=] to=—g, [FO@). 429
m q
The correction from higher order ladder graphs is
. i@
3 Im[N (9)+N (9)— 2N (q)]w=w6w , (4.25)

and the amplitude of the allowed process becomes
Moaa=—ig?Lyu(1+75) 1Oy, (1475) 1@ ,
X[0u G—im ) +m2quq, )/ (+m*—ie). (4.26)
We have thus reproduced the result of Feinberg and
Pais! without trying to justify the approximation.
5. SUMMING THE LADDER GRAPHS

In this section we study the problem of summing the
uncrossed ladder graphs without using the Feinberg-
Pais approximation. The starting point is the integral
equation (3.14). Let

o® (o) = (2m)™* | d'ge~1*(¢'—ie) AP (P),

and

(5.1)

B (a2) = (27)~ / digeie=BD (¢?) (5.2)

then in coordinate space (3.14) takes the form
o (22)8,,+ 0,.0,B@ (x2)

= —ig'm20,0,A r (22) £ 4igm [P (a2) O A r (22)8,,

+B® (2%)0,0,Ar ()], (5.3)

which is a differential equation. Among the multitude
of solutions of this differential equation, we choose the
one such that (1) A®(0) exists, (2) BP (¢?)=0(g?)
for small ¢? and (3) the integral in (3.14) exists.

We again use the complex variable 9. In view of (4.9)

and (4.10), it is sufficient to consider 5 to be in the first
quadrant. It follows from (5.3) that B (x?) satisfies

@ 1d
<____ _> B&®
dn* ndn
grrsd& 14\_
= -i——l:(——~—— —)AF] (1F4BD). (5.4)
mL\dy® 5 dn
It is convenient to take the trace of (5.3). If we define
T (a2) = 4a® (22)+ B® (a2), (5.5)
then T (a?) satisfies

= _.,_[<_d_z-+§ i)zﬁ] (1F4T®). (5.6)

m’L\dn* ndn
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Equation (5.6) can be simplified by using (4.5)

@& 3d gA?
(_—+_ -—)T(i) =i—Ap(1FAT®),  (5.7)

dn* ndn m?

The problem is to determine A4 (0) from (5.4) and (5.7)
together with appropriate boundary conditions. By
(4.7), (5.4) and (5.7) have no singularity in the first
quadrant of the complex n plane, and thus both B& and
T are analytic there. Hence, the contour integration
part of the reduction formula of Feinberg and Pais! is
zero in each case. Therefore, it is sufficient to restrict ¢
to be real and positive. It is interesting to note that this
part of the argument is much simpler here than in the
last section.

We first consider (5.7) in some detail. Since >0, we
can set e— 0 in (4.7), and (5.7) reduces simply to

@ 3d A
<__+- _) T®=—Z-K,(An) FFTD), (5.8)
dnz 'l]d‘ﬂ n

where Z is defined by (4.16). Consider T® to be a
function of y and Z. In Appendix D it is shown that the
iterative solution of (5.8) with the boundary conditions
(D3) and (D4) converges for each >0 provided that

|Z] <1. (5.9)

This convergent solution defines T when (5.9) is
satisfied, and we define T in general by analytical
continuation from this solution. In this process of
analytical continuation, A is taken to have a small
negative imaginary part. This gives a definitive meaning
to the divergent series in the present case.

If a solution of the corresponding homogeneous equa-
tion is assumed to be of the form #*, then the indicial
equations give the following values for \:
asn —> ©

A=0, —2; (5.10)
as g — 0, then for TP
A= —1 (1+2)2, (5.11)
and for 70
A=—1£(1-2)12, (5.12)

When g — 0, g2T® may be found from the lowest
order graph:

limg2T® = —im—2Ap. (5.13)
00
Since T is analytic in Z within the unit circle, (5.13)
rules out one of the solutions in each of the cases
(5.10-12). Accordingly, we get the following behavior
for T™® when Z<1:
asn —> o,

T®~consty™? (5.14)

and as 9 — 0,

7D :F_}:Nconst gt vax2) (5.15)
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Equations (5.8), (5.14), and (5.15) determines T
uniquely when Z<1.
Rewrite (5.14) in the form

T =gy Bg240(2). (5.16)

Then a¢™® is a function of Z. We now note that, since
(5.8), (5.14), and (5.15) also determine a unique 7
even outside the unit circle, so long as Z=<71, respec-
tively, they can be used directly to determine a@o®.
Furthermore, this gives the proper analytical con-
tinuation.

Since A is taken to have a small negative imaginary

part, for Z<1 (5.15) is replaced by
T~V +2) (5.17)

and

T oy iv(2-1) (5.18)

as 7— 0. Assume Z— « and we want to determine
ao® from (5.8) and (5.16-18). This problem can be
solved by the WKB procedure.

When Z{—1K1(¢)>>1, it follows from (5.8) and (5.17-
18) that

TO ~34-CyP K, () T

xesp| 2 [ KPR, 619
and

TO~ —}CO KL (T
Xexp{iZW / d;[g*"Kl(g')jl""} . (5.20)

On the other hand, when Z{—1K,({)<«1, (5.16) holds. It
remains to consider the transition region defined by

[1—=¢/60|1, (5.21)
where ¢, satisfies
Zei K (fo)=1. (5.22)

When Z is large, so is {o. Thus, in this region, (5.8) may
be approximated by

BTD /di2= — ¢ ¢10 (LFTWD), (5.23)

Equation (5.23) can be solved in terms of Bessel func-
tions. By (5.19-20) the appropriate solutions are

T =14 CyPK (26~ G=1012) (5.24)

and
T = —3—3riCyOH® (2¢-G—10r) . (5.25)

The relation between C;® and C:® is of no interest
here. Let {—¢o>1, then (5.24) and (5.25) reduce to

TH~ 2+ CoPF(E— o). (5.26)
On the other hand, when (5.21) holds, (5.16) gives
TH~ DA 1—2071(E—Co0)]. (5.27)
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A comparison of (5.27) with (5.26) gives approximately
G ® = £ 1 PA. (5.28)

Since {9 is defined by (5.22), it follows from (5.28) that
a®P=0 (5.29)

as A — . In momentum space, (4.17) follows im-
mediately from (5.29).

By an argument entirely analogous to that given in
the last section, we again get (4.22) provided that it is
permissible to take limits termwise. From the point of
view of the differential equation (5.4), if a solution of the
corresponding homogeneous equation is assumed to
have the form 5* as n — o, then the indicial equation
gives

A=0, 2. (5.30)

But from the second requirement under (5.3), B®
must have the following behavior

B&® (x2)~ao’(=‘=)'q“2 (5.31)

as n — «, To determine a¢ @, it is sufficient to study
(5.4) for large positive 7:

@ 1d 2%
(____)B(d:):——(lellB(*))n—‘. (5.32)
d® qndy w2m?
Therefore
g
afd® = , (5.33)
4Ax?m?

at least for sufficient small Z. By analytical continua-
tion, (5.33) holds for all Z and (4.22) follows.

Once (4.17) and (4.22) are obtained, the rest of the
computation is identical with that of Sec. 4.

6. DISCUSSION

By summing exactly the leading terms of the un-
crossed ladder graphs, we have verified one of the im-
portant conclusions of Feinberg and Pais,! as expressed
by (1.2). Our result is more general than theirs in that
we do not need the restriction (1.3). However, this
generality is mostly illusory. On the one hand, (1.3) is
satisfied for almost all energies available in the labora-
tory at the present time; and, on the other hand, (1.2)
must break down for sufficiently high energies because
it violates unitarity.

Since the final answer is identical to that of Feinberg
and Pais when (1.3) is satisfied, all their discussions,
with the exception of the part pertaining to very high
energies only, still hold without alteration. However, the
following remark may be appropriate here. Although, in
general, higher order weak interactions may lead to a
violation of local action of lepton pairs, no such violation
occur within the present approximation. This is simply
a consequence of the fact that, within the present ap-
proximation, the result takes the form of a sum of two

terms, one of which is just the usual one through an
intermediate boson, while the other one represents a
direct four-fermion interaction as given by (4.25).

The procedure followed may be summarized in terms
of the following steps: (1) take the uncrossed ladder
graphs; (2) compute the term containing the highest
power of £ for each of these graphs; (3) sum these
leading terms; and (4) take the limit £ — 0. It may be
worth re-emphasizing that in step 2, with the exception
of the lowest order graph, there is no momentum de-
pendence. Accordingly, the quantities N,(¢g) must be
regarded as devoid of physical meaning for ¢0, and
they are introduced for mathematical convenience only.
Thus, even though the integral equation takes the
Bethe-Salpeter form, the usual physical interpretations
of Bethe-Salpeter equations can be applied only with
extreme caution. In particular, to extract physical in-
formation, it is necessary to take the limit ¢ — O while
still keeping ¢ finite. There are two obvious ways of
taking this limit; we can either sum over the various
graphs first and then take the limit, or take the limit
¢ — 0 for each graph and then sum these limiting values.
It is perhaps satisfying to find that at least these two
ways of taking the limit give the same answer.

The series of contributions from the ladder graphs
under consideration may be divergent. When the ap-
proximation procedure of Feinberg and Pais! is em-
ployed, it may be seen from (4.1) that the series is
divergent for all values of £ Even though there is still
a natural way of giving a meaning to this sum, such a
situation does not seem to have been encountered before
in physics. When the uncrossed ladder graphs are
summed as in Sec. 5, not only do we manage to avoid the
approximation procedure of Feinberg and Pais together
with its numerous related questions, but we also find
that the series is indeed convergent when (5.9) is
satisfied. Consequently, it is possible to assign a unique
value by analytical continuation to the series, which is
divergent when £ is sufficiently small. The situation is
accordingly a rather familiar one in physics.

The most serious problem with the present calcula-
tion, as well as that of Feinberg and Pais, is whether any
consideration neglecting all graphs but the uncrossed
ladder graphs is of any relevence to the physics of weak
interactions. In particular, we may ask the much more
restrictive question what happens if the single rung of
the uncrossed ladder is replaced by a more complicated
graph. So far it can only be said that (1) the independ-
ence of the leading term on momenta and lepton masses
holds in general, provided that the graph is convergent;
and (2) the trace T still seems to play an important role,
at least in the restrictive case stated above.
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APPENDIX A

The expression (4.7) is obtained by substituting into
the standard expression for Ar(x?)

1 A
Ap(a?)=—38(22)+ K1(A\/%2)0 (22
)= S A0)
A
————H,® M/ —7)0(—2%), (A1)
8my/ —a?
the well-known identity
1
=——7id(x?), (A2)
tie

where P denotes the principal value.

We shall show that Arp(¢¥)=(®+A2—ie)?, if we
substitute the expression (4.7) into the reduction for-
mula of Feinberg and Pais. For ¢*>0

Yin?
AF 2) =—ro| Hlm F 2d
(@ . [ /C (gm)Ar (n)n*dn

- /; i Jl(qn)AF(n)nZdn], (A3)

where Ap(n) is given in (4.11) and the contour is along
the first quadrant counter-clockwise. The contour inte-
gral is zero. And the Bessel integral gives the desired
result by the Weber-Schafheitlin formula.4

APPENDIX B

We study the motion of the zeros of D® (¢,2) defined
by (4.15) as Z goes from 0 to . We concentrate only on
the first quadrant.

When Z=0, D@ (¢,0)=1. There are no zeros in the
first quadrant of the complex { plane.

When Z<1, it is sufficient to let [{|<1 in the
equation D@ (¢,Z)=0. In this case,

Z 1
DW (1,2)~ 1:1:3 ln? ) (B1)

There is no solution for D=0, while D™ has a zero
at e%Z on the real axis.

As Z increases, zeros of D@ ({,Z) may enter into the
first quadrant through the walls: (a) the positive real

4 Bateman Manuscript Project, Higher Transcendental Func-
tions (McGraw-Hill Book Company, Inc., New York, 1953),
Vol. 2, p. 93.
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axis, (b) the upper imaginary axis, and (c) the first
quarterarcat {— «. As{ — o, K1({)~e~* we see that
no zero comes in through wall (c). On the positive
imaginary axis, let { =10, we have

Ky ()= —3rH\® (0)= —§n[J1(0) —i¥1(0)]. (B2)

A number of zeros of D™ ({,Z) enter through wall (b).
Their entering positions oo® and the corresponding
values Zo® are the possible solutions of the equations

J1(@)=0 (B3)

and

1FZ[02+4m0~ 1V (o) ]=0. (B4)
To check that a zero is entering instead of leaving the
first quadrant at oo as Z increases from Zo, we let

c=00tde, Z=Zy+oZ, (B5)

and examine whether
Im (50’/6Z) (i)—'l >0

[i.e., Im(80/52Z) () <0 and so Re(5¢/82) 4 >0]. Substi-
tuting (BS5) into the equation D™ (i5,Z) =0, we get

Im(80/6Z) (™ =3m(ZoP)2(0o®P) 2T/ (00®), (B6)

where J1'(c) is the first derivative of J1(c). For all sets
of values of [o¢®,Z®7], (B6) is indeed positive. On the
positive real axis, D (¢,Z) is nonzero for all Z, while
D) (¢,Z) has a zero near Z'2 for Z>>1. This zero stays
on the real axis. No zero comes in through wall (a).

APPENDIX C

From Eq. (4.1), we have, in coordinate space

Y i &
B (2) = —— Ar(a?)
d(x2)? m? 9 (x2)?
4102 —t
X[l:F——AF(xz)] . (€1
m2
Define a function By(x?) by
ig’_
Bo(#*)=——Ar (), (C2)
mZ

then the difference

2

@ (x2) — Bo (a2
S PO @ Be)]

62 _ 4,ig2— 1
: 2Ap(x2)[1:F7nz—Ap(xZ)I (c3)

s
——:l::n‘;AF(x )a(x)
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can be transformed to ¢ space as

B (#)— Bo(a?)

64gt o _
=F— / d*xete"Ap(a?)
,m4 3(92)2
» 4ig? -1
e 1F—Ap(2) | . (C4
(x)Am[:F A()] (c4)

We again use the reduction formula of Feinberg and
Pais, and split the integrals (C4) into Bessel integrals
and contour integrals. Following the same argument as
given in Sec. 4, we can show that the contour integral for
[B(+) (¢»— Bo(q2):] is zero and that for [B(‘) (¢»—Bo(g®]
is equal to the residue at the real axis. However,

lim @*[BS(¢*)—Bo(¢?)]e=0.

-0

The Bessel integrals are, for ¢*>0,

16@4/00 S e TAs)
F J1(gn) ]A
N a(q2)2¢1" 1(gn)Ar(n
62
X
(n?)?

When ¢— 0, these integrals diverge logarithmically.
Therefore

4402

ZF(ﬂ)[lT mi

zﬁ(n)]— wdn. (CS)

limg’[B® (¢) — Bo(¢*) ]=0 (Co)

for all A. And it follows that

lmB® (@®)g?=limBo(¢®)?= —ig®/m?.  (C7)
a0 a0

APPENDIX D

In this Appendix we study the iterative solution of
(5.8). For this purpose, define T¢™(y) for >0 recur-
rently as follows:

TO(n)=% (D1)

and
a2 3d
(“"" ‘>T<"’ (n)=—A"K1(An) TV () (D2)
i ndy

for n>1. With (D2), the following boundary conditions
are used: near =0

T ()=o0(r*) (D3)
for alla>0; and as n—
T™ () ~ao ™y, (D4)
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where ao™ is independent of 7. Let

So(z)=2 a™z" (Ds)
1

and

Qm,2) =2 T (n)z", (D6)
1
when the series converge, then

TH=FQ(y, FZ) (D7)

and
a'P=FS(FZ). (D8)

We are interested in the radii of convergence of the
series (D5-6).
It is convenient to use the variable
r=%Aq. (DY)

Then 7¢™ is determined for #>1 by the differential
equation

@ 3d
<——+~* ——)T (m) (7)= —27"1K,(2r) T D (7), (D10)
ar* rdr
together with the boundary conditions
T (r)=0(7"%) (D11)
near 7=0 for all >0, and as 7 — »
T (r)~at™7r72, (D12)
Clearly
alm =5A%™ . (D13)
Let
S(z)=2 amz"=1A%S5:(3) (D14)
1
and
Q(r,2)=2 T"™(1)z"=%Q. (D13)
1

We proceed to study the convergence of S(z) and Q(r,2).
First, (D10) may be solved to give

T (1) = 72 / dr'K1(2¢") T (') min (+%,7%) . (D16)
0

Thus
T (7)>0 (D17)

for all 7 and all ». Hence, the radii of convergence may
be found by estimating K;(27). We make the following
particularly convenient choice. Let

72, for 71,
F(T)—[Tﬁ, for 721, (D18)
then
277K, (27)<F (7). (D19)
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Analogous to T(™(7), define " (7) recurrently as
follows:

for 7<1,

o1 (D20)

b0 (r)= {(1)

, for

and, for n>1, 5™ (7) is determined by the differential
equation

@ 3d
<_+_ —)b<"> (N =—F@b(), (D21)

dr? rdr

together with the boundary conditions that for 7 small

b (r)=0(r") (D22)
for all >0, and that for r— o«
Y™ (r)~pm 2, (D23)
Also let
V(z) =i Bmzn (D24)
1
and
W (r,2)=>_ b" (7)zm. (D25)
1
Similar to (D16), (D21) may be solved to give
W™ (r)=37"2 / dr'v'F («")b" D (7" )min (2,7'2)
0
>0. (D26)

Moreover, a somewhat tedious calculation gives

YO (F)>TO(r). (D27)
Hence, by (D19), (D16), and (D26)
b (7)> T (7) (D28)

for all #>1. Therefore, if (D24-25) converge, so do
(D14-15).
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If (D25) converges, then W satisfies
@ 3d
(S
dr* rdr
=—zr 14 W(r2)], for =<1,

2
=—zrW(r,2), (b29)

for >1.

Equation (D29) can be solved in terms of Bessel
functions. Indeed, this is the motivation for the choice
(D18). The result is

V(z)=3D""[1-(1—2)""], (D30)
and
VO DL (/)T /)],
_ for 7 g 1 ’
W(r,2)= D14 (1— )2 152, (1 /3),
for 721, (D31)
where

D= (1= ], (/o) + T/ (v/5).  (D32)

To ascertain the analytic behavior of W in the variable
2, we need to find the zeros of D. Let

fea)=(1-2)"121(V2)+ali (vVa), (D33)

where a2 0. Then, for each a, f(z,) is analytic in the 2
plane with a cut along the real axis from 1 to «. In
particular,

D=f(z,1). (D34)

When a=0, f(e,0) has no zero in the cut plane, but has
zeros along the cut, it may be verified that as « increases
from zero, these zeros all recede from the cut plane.
Moreover, no zero can appear through either this cut or
from infinity as « increases. Thus f(z,e), and in particu-
lar, D has no zero in the cut plane.

Consequently, for each 7, the right-hand sides of
(D30-31) each have a radius of convergence 1 in z
when expanded into a power series. Thus, for |z] <1,
the right-hand sides of (D5-6) converge. It can also be
shown that the right-hand sides of (D5-6) diverge
when |z|>1, but this statement does not seem to be
useful.



