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Spin-Lattice Relaxation in Ruby*
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Spin-lattice relaxation times for ruby of very low Cr concentration at low temperature are computed for
the one-phonon Kronig-Van Vleck process, using the spin-lattice Hamiltonian derived by Van Vleck and
taking the vibrational anisotropy of the crystal into account. The relaxation times are computed as functions
of the angle between the applied magnetic field and the ¢ axis, temperature, and frequency. Reasonably good
agreement with experimentally determined relaxation times is obtained.

I. INTRODUCTION

N electron spin-lattice relaxation at low tempera-
ture, the dominant process should be the one-
phonon process proposed by Kronig! and by Van Vleck,?
which takes place through the combined effects of
orbit-lattice coupling and spin-orbit coupling. In order
to calculate the relaxation rate due to such a process,
Van Vleck? employed an effective spin-lattice coupling
Hamiltonian which is quadratic in spin and linear in
lattice strain. Although Van Vleck’s calculations per-
tained only to titanium and chromium, it was shown
later by Mattuck and Strandberg® that such a spin-
lattice Hamiltonian should be applicable to most iron-
group ions. Estimates of spin-lattice relaxation times
due to this interaction made originally by Van Vleck,?
and later by Mattuck and Strandberg? and by Orbach*
indicated that the proposed interaction does account
for the observed spin-lattice relaxation times. This
paper is concerned with a more accurate computation
of spin-lattice relaxation times based on recent experi-
mental work in which the spin-lattice interaction
Hamiltonian has been measured, both by microwave
ultrasonic techniques®7 and by observing the effects of
uniaxial stress on electron spin resonance spectra.®?

As a result of such measurements, the phonon-
induced spin-transition probabilities for the one-phonon
process can be computed and used to compute the spin-
lattice relaxation times due to this process. This paper
presents such a computation for the case of ruby
(Al;03:Cr?t), assuming such a small Cr concentration
that interactions between neighboring Cr ions may be
neglected. Ruby was chosen for this computation
because of its many important applications and also
because the results are more interesting for this four-
level system with zero-field splitting than for, say, the
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case of a simple Kramers doublet. Relaxation in such a
system is, in general, characterized by three relaxation
times, and, because of the zero-field splitting, these re-
laxation times depend strongly upon the angle between
the applied magnetic field and the trigonal axis of the
ruby.

Spin-lattice relaxation times in ruby have been ex-
tensively investigated, but most measurements have
been carried out with samples of such high chromium
concentration that exchange interactions and cross re-
laxation are important, resulting in strongly concen-
tration-dependent relaxation times much shorter than
those computed here. Measurements on samples of
very low chromium concentration (<0.019%,) are,
however, in fair agreement with the results presented
here, indicating that for such samples the Kronig-
Van Vleck one-phonon process is dominant.

II. SPIN-LATTICE HAMILTONIAN

Van Vleck? originally derived the spin-lattice inter-
action Hamiltonian as a spin operator quadratic in spin
and linear in strain. The most general expression for
such an operator was first presented by Watkins and
Feher? in the following form:

Hgr=3:; DiS:S;. 6y
The tensor D is related to strain linearly as follows:
Dij=3s.i,1,1 Gijrient. (2)

The tensor G has many of the symmetry properties of
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SPIN-LATTICE RELAXATION

the elastic stiffness tensor, limiting therefore the
number of independent components. Furthermore,
since D can be chosen to be traceless an added limitation
is placed upon the number of independent components
of G.

Although the maximum point-group symmetry of

Gll Gl2
G12 Gll
G=|—(Gu+G1) —(Gu+Gr)
G41 - G41
_G52 G52
—Gus G

For the two different sites the components Gy, Gis,
Gis, Gus, Gus, and Gay are respectively equal, whereas
the components Gss, G, Gis, and G4 are equal, re-
spectively, in magnitude but of opposite sign. The
values obtained by Hemphill and Donoho! are given
below :
G11=124.6 Gc¢/sec
G12=—35.8 Gc¢/sec
G33=181.2 Ge/sec
Gas=54.0 Ge/sec

Gre=—15.0 Ge/sec

Gu=—15.0 Gc/sec
G25=45.0 Gc/sec
G52=45.0 Ge/sec
Gi=0

G45= 0.

In the following computation it is assumed that both
sites are equally populated.

III. PHONON-INDUCED STRAIN

In order to obtain a reasonably accurate approxima-
tion to the phonon-induced lattice strain only fre-
quencies for which the phonon wavelength is long com-
pared to interatomic spacing will be considered. Thus
it may be assumed that all atoms in a unit cell undergo
displacements of equal amplitude. The displacement
for phonons of wave vector k and polarization vector e,
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F16. 2. Relaxation times and amplltudes for 1-2 trans.;
7=9.3 Ge/sec, T=4.2°K.

10 R, B. Hemphill and P. L. Donoho (to be published).

IN RUBY A1081
the AL,O; lattice is Dsq, that at each chromium site is
only C;. Thus, there are two nonequivalent sets of
chromium sites, each of which can be transformed into
the other by means of a twofold rotation of the group
Dj4. As a result, there are two different G tensors each
of the form (in Voigt notation):

'_G33/2 Gl4 _G25 G16
_G33/2 _Gl4 G25 '—GIO
Gss 0 0 0 (3)
0 G Gus G2
0 —Gss  Gu Ga
O GZE Gl4 %(Gll_ GIZ)
can therefore be written!
u(r)= (/2Mw)'"(ats, p— a_r,») ee™ T, 4)

where M is the crystal mass, w is the phonon angular
frequency, and the phonon operators ¢ and a' have the
following properties:

@it |, (=L (0, o+ Dl 2 s p4+1),  (5)
@k, p| 1k, o{ = (11, o) 2| Mz, p—1) . (6)

The strain due to this displacement is then obtained
from the usual classical definition

1/0u; Ou;
ecf=—<—+——) . (7
2\9x; Ox;
Thus, the phonon strain can be written:
€= (h/8Mw)*(ak, o' —a_1,p) ,
X (ep,iki+€p,iks)e™t. (8)

In the calculation of spin-lattice transition proba-
bilities the density of phonon states is required. For
phonons with wave vector within solid angle dQ, this
density is given by the following expression:

p(E)=VuwdQ/8m%hvy, », ©
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Y, M. Ziman, Electrons and Phonons (Oxford University
Press, Oxford, 1959), Chap. 3.
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Fic. 4. Relaxation times and amplitudes for 2-3 (low-field)
transition; f=9.3 Ge/sec, T=4.2°K.

where V is the crystal volume and vy, , is the phonon
phase velocity, which depends upon both the direction
of k and ¢,

Finally, it is assumed that the average phonon occu-
pation number is given by the Bose-Einstein formula:

g, p= (ePlFT— 1)1, (10)
IV. SPIN-LATTICE TRANSITION PROBABILITY

The transition probability per unit time for a tran-
sition in which the ion goes from state ¢ to state 7 and
a phonon mode of frequency w= (E;— E;)/#% goes from
occupation number # to #+1 is obtained in the usual
way from time-dependent perturbation theory. Because
of the vibrational anisotropy of the crystal, the tran-
sition probability must be computed as a sum over all
phonon polarizations and an integral over all directions
of the phonon wave vector:

wehel T s
W= 1) Y Gunaclilsnsal §
St 1)) B il
aQ
X (ep,oket€p,iks) | (11)
Vk,p

This expression must be computed numerically using
a high speed computer. For each direction of k the
Christoffel equations must be solved for the phonon
velocities and polarizations. In this computation the
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F16. 5. Relaxation times and amplitudes for 3-4 transition;
f=9.3 Gc/sec, T=4.2°K.
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elastic constants obtained by Wachtman et al.’> were
used.

For each direction of the applied magnetic field with
respect to the trigonal axis the matrix elements of the
quadratic spin operators must also be computed. A
simplified spin Hamiltonian of the form

Hys=g8H-S+D (5.2~ 5/4) (12)

was employed with isotropic g=1.980 and D= —5.733
Gc/sec. It is known from ultrasonic spin-resonance ab-
sorption measurements®? that the computed matrix
elements of quadratic spin operators between eigen-
states of (12) are substantially correct.

Transition probabilities have been computed for all
six transitions for many different values of frequency
and for different angles between the applied field and
the trigonal axis, but they are not presented here.
Rather they are used to calculate relaxation times,
which are more accessible to measurement, and there-
fore, more interesting. The transition probabilities
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themselves could be employed to predict such things
as population inversion in maser applications, although
they are only useful for crystals of very low chromium
concentration.

V. SPIN-LATTICE RELAXATION TIMES

The transition probabilities for the six pairs of levels
in the four-level Cr*t ion are used to solve the rate
equations which govern the dynamical behavior of the
spin system. If the population of level j is denoted by
n;, these equations take the form

4
=2, (Wimj—Wims), 1=1,2,3,4.

=1

(13)

Such a set of equations will, in general, yield three in-

2 T B. Wachtman, Jr., W. E. Tefft, D. G. Lam, Jr., and
R. P. Stinchfield, J. Res. Natl. Bur. Std. 64A, 213 (1960).
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dependent relaxation times, and the approach of the
system to equilibrium after, say, saturation of a pair
of levels will generally depend upon all three relaxation
times.

For the results presented here it is assumed that a
pair of levels is initially saturated and that the recovery
of these levels to equilibrium is observed after removal
of the saturating signal. Thus, the normalized popula-
tion difference will have the form:

S= (n;—n;)/ (my—mnjo)=1+A4,e7 4T

+ Aae T AgetTs, (14)

where #; and »; are the instantaneous populations of
levels 7 and j, respectively, and #; and #»;, are their
respective equilibrium values. The quantity .S is then
proportional to the signal observed in a typicalrecovery-
after-saturation measurement. Of course, the levels in-
volved in the recovery-after-saturation observation may
be different from the saturated levels, but for sim-
plicity the results presented here concern saturation
and recovery of the same pair of levels.

Since the energy eigenvalues of the spin Hamiltonian
(12) and its eigenfunctions depend strongly upon the
angle 6 between the trigonal axis and the applied mag-
netic field the quadratic spin matrix elements depend
strongly upon this angle, with a resultant angular de-
pendence of the relaxation times. For reference, Fig. 1
shows the energy levels of ruby and the nomenclature
used here for referring to the levels.

The relaxation times T, Ty, and T and the ampli-
tudes A;, Ay, and Az of Eq. (14) are illustrated in
Figs. 2 through 5 for the 1-2, 2-3, and 34 transitions
at a frequency of 9.3 Gc¢/sec as functions of 6.

It is seen that in most cases one relaxation time,
usually the longest, dominates the behavior; when two
relaxation times are important they are usually nearly
equal. As a result it may be difficult experimentally to
observe the mixture of different relaxation times in the
recovery of a signal after saturation. If a transition of
higher frequency, however, is saturated, say the 1-3
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transition, and the recovery of a transition of lower
frequency is observed, say the 2-3 transition, the shorter
relaxation times become more important in general.

It is easy to explain the strong angular dependence
of the relaxation times of, say, the 1-2 transition,
illustrated in Fig. 2. At angles near zero the magnetic
field is large (~7.5 kG); state 1 is largely m,=%, and
state 2 is largely m;=%. The matrix elements of quad-
ratic spin operators are large between these states,
resulting in a large transition probability. At angles
near 90°, however, the field is small (~1.5 kG); state 1
is largely m,=1% and state 2 is largely m,= —3, yielding
very small matrix elements and, hence, small transition
probability. ,

The frequency dependence of the relaxation times is
interesting largely because it exhibits no definite be-
havior. Figures 6 through 9 illustrate the frequency de-
pendence over the range 1-10 Gc/sec for 1-2, 2-3, and
3—4 transitions. These results are in agreement with
those of several authors obtained over a frequency
range®17 3 Gc/sec-34 Ge/sec in which no strong fre-
quency dependence is observed. It should be noted,
however, that for a four-level Kramers system with no
zero-field splitting the frequency dependence should be
(w)"2, whereas an isolated Kramers doublet would
exhibit a dependence (w)™. The frequency dependence
is therefore small mainly because of the zero-field
splitting. Even though each transition probability is
proportional to w? the zero-field splitting provides, at
least for small fields, the major contribution to the
energy difference between levels such as 2 and 3 or 1 and
3 so that the corresponding transition probability will
not depend greatly on the field and, hence, on frequency.

The temperature dependence of the relaxation times
is not very interesting, being governed almost entirely

13 W, B. Mims and J. D. McGee, Phys. Rev. 119, 1233 (1960).
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by the Bose-Einstein factor in the transition proba-
bility. Thus, since no allowance has been made in the
computation for such effects as a phonon bottleneck the
relaxation times almost always approach a constant
value as temperature approaches zero. The case of the
3-4 transition is, however, different since it resembles
the situation envisioned for rare-earth ions by Orbach!8
in which a ground-state doublet is separated from an
excited state by an energy less than k7. In this case the
direct transition probability W34 for small magnetic
fields is very small compared to Wiy, Wy, Wi, and
Was so that the relaxation rate for levels 3 and 4 is
governed almost entirely by the populations of levels 1
and 2, which decrease exponentially with temperature.
This situation is illustrated in Fig. 10, in which one
relaxation time, that dominating the behavior of the
3-4 transition, increases almost exponentially with de-
creasing temperature while the others are constant.
The quantitative agreement between the computed
relaxation times and experimentally measured
values®®17 is quite good, but only if measurements on
samples containing much above 0.019, Cr are excluded.
A comparison is presented between experimental results
for such samples and computed values in Table I.
Detailed measurements on ruby containing 0.0059, Cr
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are in progress in this laboratory, but have not yielded
usable results as yet.

In conclusion it appears that the Kronig-Van Vleck
mechanism adequately explains spin-lattice relaxation
in ruby of sufficiently low Cr concentration. The results
obtained here exhibit interesting features which are in
reasonable agreement with experimental results, but
which have not yet been verified in detail.

TasrE I. Comparison of calculated and experimental
relaxation times in ruby.

'} Freq. Tr(calc) T r(exptl)
Transition  deg Ge/sec sec sec
23 54 9.3 0.226 0.20015
23 80 7.2 0.539 0.500
12 60 29 0.750 0.500%
13 90 34.6 0.080 0.05418
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