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The Percus-Yevick approximate equation for the radial distribution function of a fluid is generalized
to an m-component mixture. This approximation which can be formulated by the method of functional
Taylor expansion, consists in setting exp[ —B¢:;(r)]Ci;(r) equal to gi;(r)[eBeiit?—17], where C;j, gi;, and
@i are the direct correlation function, the radial distribution function and the binary potential between
a molecule of species 7 and @ molecule of species 7. The resulting equation for C;; and g;; is solved exactly for
a mixture of hard spheres of diameters R;. The equation of state obtained from C;;(r) via a generalized
Ornstein-Zernike compressibility relation has the form p/kT={[ 2 p; L1+ £+ £]—18/7 Zicinini(Ri—R;)?
X[Ri+Ri+R:R;( ZmR?) ]} (1—£)73, where n;=m/6 times the density of the sth component and £= ZmR}.
This equation yields correctly the virial expansion of the pressure up to and including the third power in the
densities and is in very good agreement with the available machine computations for a binary mixture.
For a one-component system our solution for C(r) and g(r) reduces to that found previously by Wertheim
and Thiele and the equation of state becomes identical with that found on the basis of different approxima-
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tions by Reiss, Frisch, and Lebowitz.

ECENTLY, Wertheim! and Thiele? succeeded in
obtaining an exact solution of the Percus-Yevick
(P.Y.) integral equation®* for the radial distribution
function g(r) of a fluid of hard spheres. The equation
of state obtained from their g(r) through the use of the
Ornstein-Zernike compressibility relation® coincided
with that obtained previously by Reiss, Frisch, and
Lebowitz® (R.F.L.) and is in very good agreement with
the machine computations” for the whole range of
“fluid” densities. The R.F.L. theory which does not
involve g (r) directly is based on approximating the work
necessary to add a hard sphere of diameter R, to a fluid
of hard spheres of diameter R; and density p;. (The

* Supported by the U. S. Air Force Office of Scientific Research
under Grant No. 62-64 and the U. S. Atomic Energy Commission
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temperature 7= (k8)~! will not be indicated explicitly
in most cases.) This work is essentially the chemical
potential us(p1,R1,02,R2) in the limit p;—> 0, which is
equal to the chemical potential of the single-component
fluid when R,= R, and thus yields the equation of state
of a single-component fluid also found by Wertheim
and Thiele. The P.Y. approximation for a hard-sphere
fluid, on the other hand, is completely characterized®
by assuming that the direct correlation function®® C(r),
introduced by Ornstein and Zernike® vanishes for 7
greater than the diameter of the spheres. The identity
of the equations of state for a single-component hard-
sphere fluid obtained from these apparently unrelated
theories led us to a generalization of the P.Y. equation
to fluid mixtures. We shall present here the explicit
solution of this generalized P.Y. equation for a binary
mixture of hard spheres of diameters Ry, R; and densities
p1and py, and briefly the results for a general mixture of
m components. The chemical potential u, obtained from
this solution agrees, when p; — 0, with that obtained by
R.F.L.% for all values of R.. The reason underlying this

8 G. Stell, Physica 29, 517 (1963).
9 J. L. Lebowitz and J. K. Percus, J. Math. Phys. 4, 116 (1963);
4, 248 (1963).
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agreement and a more complete discussion of this
equation will be presented elsewhere.

The P.Y. equation for a mixture may be derived in
complete analogy with that of a single-component fluid*
by using the methods of functional Taylor expansion.
We consider a binary system confined to a volume V
which is represented by a grand canonical ensemble
with chemical potentials u; and us. The particles interact
via a pair potential ¢;;(#) and are subject to an external
potential U,(r) where ¢, j=1, 2. Let & be the grand
partition function of this system. It is then easy to
show? that,

6 InF
5(—BU (1))
dni(r)
B(—BU ) 5(—BU;(X))5(—BU:(x))

X Cis(tx)— 1+ @)1, (2)

=n,(r), 1)

8% InE
=n;(1)n;(r')

where #;(r) is the density of the sth species at r and
g:;(r,t’) is the radial distribution function between an
1 particle at r and a j particle at r’, gs;(r,r")=g;(x).
Defining now the direct correlation functions Cy;(r,t’)
by the equations,

S(—BU) s
oni(r") N ni(r)

Cij(rr), ®3)

we obtain immediately the relations!?
Lg:(rr)—1]=Cy(r,r)

+ZZ Lga(r,y)—1Im(y)Cyi(y,x)dy, (4)

Cii(r,)=Ci(r'r). ()

When there is no external potential, U;(r)=0, and the
system is sufficiently large, V — oo, then #;(r)=p;, the
average density, and g;;(r,r"), Cy;(r,r") depend only on
|r—r'|.

We consider now the behavior of the function
7, (r)eflUiN—¢ii(N] ag the external potential U,(r) is
“turned on” from zero to its final value ¢;;(r), i.e., at
the end there is a particle of the jth species held fixed
at the origin. Then,

75 (r)gﬂ[Ui(T)—‘/’(T)] = pie—ﬁ‘l’ij(") R initiauy ,

=0:8:(7), finally. ©)

Expanding the final value of this function about its
initial value in a functional Taylor series in the density*°

WF, J. Pearson and G. S. Rushbrooke, Proc. Roy. Soc. Edin-
burgh A64, 305 (1957).
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we obtain, using (2) and (3),

2
pigii(r)=piePi] "’[ 1+ | Ca(r—1")

l=1

XpL gy(r)—1]dr'+. . :I (7)

Truncating this expansion after the second term and
using (4) yields the generalized P.Y. equation for
mixtures,

gij(r) (e‘ﬂ‘l’ii(")_. 1) - g‘ﬂ‘Pii(T)C’.j(y) . (8)

Thus, as in the case of a single component fluid, the
P.Y. approximation for a mixture states that the range
of C;;(7) is equal to the range of ¢;;(7). In particular for
a fluid of hard spheres,

e Beii(r) = 0, r<Ry= (R1+R,)/2 ,
=1, r>Ry;.
Equations (8) and (9) state that C;;(r) vanishes for
7> (R:~+R;)/2 and g;;(r) vanishes for < (R;+R;)/2.
The approximation is of course in the first statement the
latter being rigorously true.* We may define now,

0ij(r)=—12(nim;)*rCyi(r), r<Rij,
= 12(’7i77]')ll2rgii(f) ) 7'ZR1']' )

and write Eq. (4) in terms of ¢ alone. Doing this and
going over in the integrations into bipolar coordinates
yields,

0ij (7) =A4r— ZZ

=12 J Rq

)

ni=wp;/6, (10)

0 [r+y, Ryjl
dyoa(y) oi;(x)dx, (11)

| r~y|

where [74y, R;;] indicates that the smaller of these
two numbers is to be taken as the upper limit of the
integration. Here

A =12 (nm;)a; (12)
and
aj=1~— Z pl/Clj(l')dl'
=12
0Bu1(p1,p2) 3p(p1,p2)
-z [» |- . (13)
1=1,2 dp; dp;

where p is the pressure. The second equality in (13)
follows from (3) upon integration with respect to #’
in a uniform system when it is realized that the chemical
and external potential enter the grand partition function
in the combination u;— U,. Thelast equality followsfrom
thermodynamics. These equalities may also be derived
from consideration of fluctuations in a binary system?®
and are a generalization of the Ornstein-Zernike com-
pressibility relation for a one component system.

11 For a one-dimensional mixture of hard rods the exact Ci;(r)
vanishes for »>R;; and Eq. (8) is exact, [c.f., J. L. Lebowitz,
J. K. Percus, and 1. J. Zucker, Bull. Am. Phys. Soc. 7, 415 (1962),
where this was shown for a one-component system].
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Let us assume, for definiteness that Ry>R;. The
upper bound on the second integral in (11) will then be
R;; except for the case (4,7) = (1,2). Taking the deriva-
tive with respect to 7 of (11) yields

oi; O (r)=A445— 21: l: / culr—x)oy;(x)dx

|r—x|> Ra, —R;i<x<0

[ s |-pa), 9
|7 —x|> Rit, 0< x< Ryj
where
Pij(r)=016;2P(r),
Rz
P(r)= 2% ou(r—2)o1(z)dz,
=12 J Rypgr
r<(Re—Ry)/2=N\,  (15)
=0, r>N\.
Taking the Laplace transform of (14) yields
s[Gii(s)+Fii(s)]=Au/s—2 Gals)
XLFii(=$)—Fii(s)]+T4;5(s), (16)
where
Gij(s)= / e (r)dr=12(nm;)!1*
R;j;
X[ ermiir-cu, on
Rij Ris
Fi(s)= / e i;(r)dr=—12(gin;)!/?
0
Rij
Xf e““rCﬁ (f)d1’= F,-i(s) , (18)
0
Ti5(5)=8:1852T12(5) = 8:18;2[ P (— 5)— P(s)], (19)
Y
P(s)= / e P (r)dr. (20)
0
Solving for G;(s) we obtain, in matrix notation,
G(s)=[A+sr(s)—s2F (s)]- [l —sF=(s) ]!
=H()-K(s), (21)
F£(s)=F(s)—F(-s),
where I is the unit matrix. More explicitly
Gii(s)=Ni;(s)/D(s), (22)
where
D(s)={[s*—sFa*(s) [s*—sF11%(s)]
=Pt ()Fa*(s)}, (23)
Nij(s)= IZ {[AitsTals)—s2Fu(s)]
=1,2
X[s%vj— (—D)HisFupt(s) ]} (24)

and 1'=2, 2’=1. The requirement that G and F be
symmetric determines the value of I'y2. This value of
T'y2 also ensures that we can obtain o1y from i by
simply interchanging #1, Ry with 5,, Rs.

The solutions of Eq. (11) which are physically
meaningful are those for which g;;(r) > 1 asr— e in
such a way that /7| g:;(r)—1|dr exists.” This requires
that G,;(s)—12(nm;)Y2s~2 have no singularities in the
closed right-hand plane of the complex s plane. Now
the symmetry of G and F imply, using (20), that

G(s)=H(s)- K7 (s) (s) = GT(s) = K (s)- HZ (s)
=K(s)-H7(s),

where the superscript T indicates the transpose of a
matrix and the last equality follows from the symmetry
of K. Multiplying (25) by H”(—s) and noting that
K(s)=K(—s), gives

L(s)=G(s)-H?(=s)=[H(s)-K(s)]- HT(—5)
=H(s)-[H(—9)-K(=s)]
=H(s) - G(—s)=LT(—s). (26)
It is seen from the definition of H(s) that it (i.e., each
of its elements) is an entire function of s. Hence, since
H(0)=A, we have, by our assumption on the nature of
G(s), that
L(s)—s2A’=G(s)- HT (—s)—s2A/
=H(s) - G(—s)—s2A’, (27)
where A;/ =123 1(nm) 24 5= (12)2(nim;) 2 3. mar= 4./,
has no singularities anywhere in the s plane and is
therefore an entire function. It follows from (14) that
e, V(0)=4;, i=1,2

0'21(7’)=0'12(1')=A217’,

(25)

28
y<n, (28)

and ¢2; @ (7) is continuous at #=\. An examination of
the behavior of the entire function

N21(S)Hz1(—S)+N22(S)H22(“5)

Lzz (S) —4 22’5_2 =
D(s)

—A4 22,3_2

(29)

now shows that it is bounded along every ray in the s
plane. Hence it must be a constant'® which we shall
call 2Bs. Thus, using (27),

G1(8)F21(—$)+Gaa(s)Faa(—)
= {A21G21(S)+A 22Gi2g (5)}5—2
Az1(nam)' 24 Agame)  2Bss

st 52

(30)

12 This method is a generalization of that developed by M.
Wertheim for the one-component system [J. Math. Phys. (to be
published)].

18 See, e.g., E. C. Titchmarsh, The Theory of Functions (Oxford
University Press, London, 1939).
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If we take the inverse Laplace transform of (30) then
for r<Rxn <R, the first two terms on the right side will
not contribute since G;;(s) goes as e~*Eii for real part
of s large positive and has no singularities in the right
plane. Thus we can close the contour on that side. The
Laplace transform of the left side of (30) is precisely
the first term in the bracket on the right side of (14)
for 022® (r) [cf., first term in bracket on right side of
(16)]. On the other hand, the second term in the bracket
on the right side of (14) makes no contribution to
022 (r) for r<Rys. Therefore, adding the inversely
Laplace transformed Eq. (30) to Eq. (14), we obtain

o2 ® (7’) =4 22+23227+2EA 21 (712171)1/2+A 22172]7’3 )

r<Ra, (31)

while for Ry <r<R,, we find after taking two more
derivatives and using (28),

022® (r)=12[ A 01 (1) 2+ A oo r=24Dqer.  (32)

Hence,
0a2(r)=Assr+ Bot®>+Door, r<Rs,  (33)

which is of the same functional form, i.e., a quartic
polynomial in 7, as that found by Wertheim and Thiele
for a one-component system.

We can carry through a similar analysis for the
function

Ly (s)er* Ao '[s24+As1]
[N21 ($)Hu(—s) +N22(S)H12(—S)]
D(s)
Xer—Ag (s724+As0).

(34)

This function is also an entire function of s which is
bounded on every ray. [From (19) I'j2(s) is an even
function of s which goes as s—2¢¢ for real part of s large
positive. ] Hence, it is equal to a constant; 2By;. In a
manner similar to (30), we now find

Ga1(5)F11(—$)+Gaa(s)F12(—5)
=[A11Ga1(s)+ A 15G22(5) I~ 24 T'12(5) Gaa(s)s™*

m 1/2
— { 24(—-) Doy[s™44+Ns~¥]+2Byy/s? } e,
N2

Taking the inverse Laplace transform of (35) and adding
it to the equation for o™ (r) in (14) we obtain,
(using F21= F;z),

0‘21(7’)=0'12(7)=A211’, r_é)\

1\
= Apr+Bow+2 (R2~R1)<—) Dgoa®
n2

71\
+<———) D22x4, )\S’_<_R21; (36)
N2
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where x=r—\. The coefficients 4 ;;and B;;may be found
from (13) and from the continuity of ¢.;(r) and its
first two derivatives at R;;. We find

—Ciu(r)=a,+br+drd, r<R;, i=1,2
—Cu(r)=—Cu(r)=a, r<\
= ay+[ba2+4Ndxd+dat]/r,
A<r<Rn

(37)

and vanish in this approximation! for > R;;. Here,

_ 3[Bp(p1,p2)]
dp:
b1=—6[mR:*g1* (R1)+n2R1z’g12* (Rua) ],
b= —6[mRug11(R1)+naRages(Re) IR12g12(Ru2)
d=3[mai+n:a.],

a;

(38)

Bp=1 (p1+p2)[1+£+£]
18
b (Rz"‘Rl)2[(R1+R2)
T
+RiR, (ﬂ1R12+"72R22)]} 1-973, (39

gu(Ry)={[1+3£]+3nR2(Ri—Ro)} (1— )2
=—Cu(Ry),
g12(R12) =[Rog11(R1)+ Riga2 (R2) J/2R1e
=—Cu(R),

(40)

E=nR3nR: ’

and by, g2:(R) are obtained from b1, gu1(R;) by inter-
changing 71, Ry with 9., Re. The Laplace transforms of
rg:i(r), [12(nin;)2]71G4;(s) are found from (20) or (26):
Gu(s)=s[h— Lz(s)e* R/ D(s),

G21(5) = G1a(s) = () 2s%e*B12{ [3 (noRo*—n1R:?)

X (Re—Ry)—Ri2(1438)Js— (1+28)}/D(s), (41)
where
D(s)=h— Ly (s)e*Br— Ly(s)e* R4S (s)e* (BrtE) | (42)

14 The exact one-dimensional direct correlation functions for a
one-dimensional mixture of hard rods are (c.f., Ref. 11),
—Cu()=[1—p2(Re—R1)— (p1+p2)rJ(1—p1R1—p2R2) %, r<Ry
—Cra(r) =[1=p2a(Re—R)) J(1 —p1R1—p2R2)2, 7N

=[1—ps(Ra—R1)]— (pr+p2)[r— (Ra—R1) /2]
X (1=p1R1—p2R3)™?, A<r<Rp.

The resemblance to (37) is very striking.
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and
h= 36711172 (Rr—Rl)2 ’
Ly(s)= 1212 (1438)+3nRs? (Re— Ry) IRys?
+[129.(14-28)— hRy Js+ &,

S (s)=h+[12(n+n2) (1428) — h(Ry+Ro) Js
—18(n1R 2 +n2R?)%s2— 6(771R12+?72R22)

X(1—§)s*— (1—-£)s,

and Ga(s), La(s) can be found from Gy (s) and Ly(s)
by interchanging 71, R, with 5s, R.. We may now verify
explicitly our previous assumptions on G;;(s) as well as
its correct behavior when 51 or Ry vanishes or R;=R,.
The pressure given in (39), which comes from the
compressibility relation (13), yields correctly the first
three virial coefficients,’® i.e., coefficients of pilpe* for
I+k<3. It is also in very good agreement with the
Monte-Carlo computations!® of the pressure done for
R1=2%R;, p1=p3, £<0.2. The reduced volume of mixture
is always negative which implies that there is no phase
separation of the components.}” The pressure may be
obtained from g;;(r), in addition to the compressibility
relation (13), also by use of the virial theorem. For a

mixture of hard spheres this has the form,®
Bp"=prtpat3m 2 pipsRifgis(Rys) .

L

(43)

(44)

( ‘55A). G. McLellan and B. J. Alder, J. Chem. Phys. 24, 115
1956). .

16 E, B. Smith and K. R. Lea, Nature 186, 714 (1960).

17T am indebted for the above results to Professor J. S. Rowlin-
son. Professor Rowlinson also obtained independently the pressure
(39) for the case R;=0.

18 Note added in proof. B. J. Alder has kindly informed me that

For the correct g;; the two relations, (13) and (44), will
yield the same result. For our approximate gi; we find
from (40), 8

Bp =3P"; 1—pp

where we continue to label the compressibility pressure
(39) by p. The generalization of the above results to

an m-component mixture of hard spheres is immediate.
The generalization of Eqgs. (39), (45), and (40) are

(mR2+19Re?)®, (45)

T i<

m 18
Bp= EZI pd[1+é+8]—— T ninj(Ri—R,)?
X[2R.+RiR; (X mR#)]; (1—£)2, (46)

18t m m
bpr=p——L3 MREF(L—97, E=2 MRS, (41)
T I=1 =

£ii(Rij) =[Rigii(R)+Rigsi(R;)J/2R;, (48)
guR)=((1-9+ (CMRARY (=02 (49)
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Simplified Approach to the Ground-State Energy of an Imperfect Bose Gas.
II. Charged Bose Gas at High Density
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Foldy, and later Girardeau, calculated the ground-state energy of a charged Bose gas at high density.
We rederive the common first term obtained by these authors by using a nonperturbation method developed
previously. Our aims are: (i) to establish the validity of this common result, which has not been proved;
(ii) to establish the validity and usefulness of our nonperturbation method. We also show that our method
will give the correct functional dependence of the ground-state energy on the density at Jow density, although
the exact coefficient must await a numerical computation.

I. INTRODUCTION

BOUT two years ago Foldy! suggested investigat-

ing the charged Bose gas as a possible model for

superconductivity and superfluidity. He derived for-

* Now at Belfer Graduate School of Science, Yeshiva University,
New York, New York.

1L. L. Foldy, Phys. Rev. 124, 649 (1961) (hereafter referred to
as F). See also Errata, ¢bid. 125, 2208 (1962).

mulas for the ground-state energy and elementary
excitation spectrum of the system at high density
(weak coupling constant) by applying Bogolyubov’s
well-known method.? Foldy derived the first two terms

2N. N. Bogolyubov, J. Phys. (U.S.S.R.) 11, 23 (1947). See
also The Many Body Problem, edited by C. DeWitt (John Wiley
& Sons, Inc., New York, 1959), p. 343.



