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The theory of electron capture in H*—H collisions at kilovolt energies is developed. A strong coupling is
assumed between the electron ground states in the target and scattered atoms. The method depends on an
approximation which amounts to neglecting terms of order K™ compared to 1, where K is the wave number
in atomic units for the collision of the two protons. Calculations are made for lab energies from 0.6 to 50
keV and the results compare favorably with the experimental results of Lockwood and Everhart. The
center-of-mass correction accounts for the damping of resonances and otherwise produces a considerable
effect. The method is applied to developing a formula for the relative probability for capture into an excited

state. It is estimated that this probability is small.

1. INTRODUCTION

HEN an ion with energy in the kilovolt range is
incident on atoms or molecules, the probability
that it will capture an electron from a target atom or
molecule has been measured in a number of cases.!—?
The plot of a typical differential cross section for elec-
tron capture versus energy of the incident ion exhibits
pronounced resonances. This suggests a strong coupling
between certain states for the electron in the target atom
and those for the electron in the incident ion. In Sec. 2
the cross section for electron capture in the collision of a
proton with a hydrogen atom is calculated on the as-
sumption that in such a collision the ground states of
the electron in the target and incident nuclei are strongly
coupled together, and that other states may be disre-
garded. The method used depends upon the fact that
at these high energies the wavelength for the motion of
the colliding nuclei is small compared to the size of the
atom. The results of a calculation are compared with
experiment. In Sec. 3 the application of the strong coup-
ling method is justified. The dependence on scattering
angle and the effect of the center-of-mass correction
are discussed. [Note added in proof. The center-of-mass
correction referred to in this paper is equivalent to
taking into account the momentum of the electron.]
Reference is made to Appendix IT where the method is
applied to finding the probability for capture into an
excited state. :
This problem has been considered in recent years
by a number of investigators.?? The methods they
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use are essentially perturbation methods or various
modifications of the Born approximation. Some base
their calculations on electron eigenfunctions of a quasi-
molecule while others use atomic eigenfunctions. The
method used here is a perturbation method in a different
sense since the emphasis is placed on the nuclei. The
Coulomb wave function which represents the collision
of two protons gets modified by the presence of the elec-
tron. The usual boundary condition that the wave func-
tion represent an incident and a scattered wave is suf-
ficient to determine the relative magnitude of the com-
ponents of the capture and the noncapture states that
make up the scattered wave.

2. THEORY AND CALCULATIONS

The Schrédinger equation for the collision of a proton
with a hydrogen atom is

#? #? e e &
<—'VR'2+—Vr12——+"—+—'+E>‘I’=0, (1)
M 2m R

ry 72

where M is the nucleon mass, 1y, re, are the distances of
the electron from nuclei 1 and 2, the target and incident
nuclei, respectively, R’ is the distance from the c.m.
of the target hydrogen atom to 2, and R is the distance
from 1 to 2. A general approach in solving this equation
is to expand ¥ in terms of the eigenstates ¢; of the hydro-
gen atom,' i.e.,

V=3 Fi(R'Wu(ry).

On substituting this into the Schrédinger equation and
using the orthogonality property of the ¢;’s, we are led to
a differential equation for F;(R’) which is the Schréd-
inger equation for a Coulomb field €2/ R together with an
interaction term, Vine (R') =2 wFm (R') S 175 €3 Y mdr.
For the region R'<<the Bohr radius ao, the sum Y_,, of
Vine! contains a significant contribution only from the
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term m=I! because of the orthogonality of the y’s.
This circumstance uncouples the equations in the F/’s
and leaves them all as Schrodinger equations with a
Coulomb field. For the range of collision energies
spanned by our calculations, 0.6 to 50 keV (lab system),
Kay varies from 140 to 1300, where X is the wave num-
ber for the colliding particles in the c.m. system. We
can therefore find an R’ which simultaneously satisfies
the two conditions, R'<<ao and KR">>1, for the range of
K corresponding to the range of energies that will con-
cern us. This means that the solution starts out from
R'=0 as a Coulomb scattered wave and reaches the
asymptotic value of a Coulomb wave within the region
R'Kay. Of course, when R’ extends beyond this region,
¥ gets modified due to Vi,

We shall assume for ¥ not the general superposition
of states discussed above; rather, we write

W=Fo(RWo(r)+F(R"Wolrs) )

Fy and F, being the amplitudes for the electron in the
initial and capture ground state, respectively; R”,
appropriately, is the distance from nucleus 1 to the
center of mass of nucleus 2 and the electron. [The term
F.(R"Wo(rs) is contained in the general expansion of
the type >_i F1(R"Wo(r1).] Since ¥ starts out from the
origin as a Coulomb wave and is modified over the
atomic dimension by a slowly varying interaction energy
Vint, it is natural to assume for Fy and F,, as we do be-
low, a Coulomb wave modified slowly over the extent
of the atom; but the rapidly varying part of the
Coulomb wave, namely, exp(iK:R) or exp(iKR), is
retained. Now
R,=:R‘—l';l'}'}'l«]ll—'1
and
R’"=R—RmM+rmM,

and, therefore,
K-R'~K-R—£r;-R,
KR'=KR—Fkr;- R (3)
KR"=KR+kr; R
k=KmM,
where the first equation holds very approximately for
the case we calculate in this section, namely, small
angle scattering. In view of Eq. (3) and the above
remarks about the mathematical form of ¥, we may
write
Fo(R")=F,(R) exp(—ikr1+R)
F.(R")=F .(R) exp(ikrsR).
We substitute in Eq. (1) the ¥ of Egs. (2) and (4),
multiply the resulting equatlon by ¥o(r1) exp (ikrye R)
and integrate over ry. This gives the equation
(V24 K2—2aKR™1)Fo(R)
+20K[Voo(R)Fo+Vo.(R)F,]=0, (5)

4
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where a=¢?/%v, v being the relative velocity of the two
nuclei, and

Voo (R) = / 1’2_11[/02 (fl)dl’l s (6&)

Voc(R) = / rl_llpo (1’1)1/10 (1’2) exp[ik (r1+r2> -R]drl . (6b)

We may, in the same manner, expand ¥ around nucleus
2; i.e., we substitute for ¥ in Eq (1) as above, multiply
the resultmg equation by yo(rz) exp(—-zkrg -R), and
integrate over r,. We then obtain the equation

(V+K2—2aKRY)F,(R)

+20K[Voo(R)F AV o*(R)Fo]=0. (7)

The coupled Egs. (5) and (7) can be readily solved
by a method described by Mott and Massey for the
case of the strong coupling of two states in exact reso-
nance.* By adding and subtracting these two equations
we get the following equations:

(V+ K?—2aKR) (Fot-Fo)
420K (VootVoor) (Fot+F.)

+1:2aKV0cI(F0_F0)=0 ’

(V*+K2—2aKR)(Fo—F,)
+2aK (Voo—Voer) (Fo—F )
—i20KVoor(Fo+F.;)=0, (8b)

Voer=Re(Vie); Vor=Im(Vo*). )

(8a)

We assume solutions of the form

31+3S51() explies(R)+g+(R)], (10)
=31+35f@) explie_(R)+g-(R)], (11)

where I+S /(&) is the Coulomb solution in the asymp-
totic region.!® The function 7 is essentially the incident
wave part, exp(iK-R), and S is essentially the scattered
wave part, exp(¢KR)/R, of the Coulomb field solution.
The function of the scattering angle, f(#), is the
Rutherford scattering amplitude.

The solution given by Eqs. (10) and (11) satisfies
the required boundary conditions, namely, that at
infinity Fo become the sum of a plane wave and a
scattered wave and F, become purely a scattered wave.
Furthermore, in view of the arguments preceding and
following Eq. (2), the solutions to Eqgs. (8a) and (8b)
for R<a, are the Coulomb field solutions I+Sf(), so
that as R— 0, ¢, and g, go to zero. On substituting
the solution given by Egs. (10) and (11) into Egs. (8a)
and (8b) and neglecting terms of order K, we find that
o+ and g, must satisfy the following differential

Fot+F,=
Fy—F

14 Reference 13, p.
15 W. Gordon, A Phy51k 48, 180 (1928); also Ref. 13, p. 46.
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equations:
[— e/ +ig +a(VootVoer)] expGos+g4)
+iaVor exp(ie-+g-)+&,=0 (12)
[—o'+ig " +a(Vo—Vor)] exp(io-+g-)
—iaVo.r exp(tostgi)+3_=0
q):i:= ZI[Sf(t?)]—l[a(Voo:l: VocR):b’I:aVocI] .

The prime indicates the operator d/dR.
As a first approximation to the solution of the coupled
differential equations (12) and (13) we take

— o/ +a(VotVoer)=0,
g+ exp(ge)EaVo.r exp(gs)=0.

(13)

(14)
(15)

Equation (14) follows approximately from Egs. (12)
and (13) because V .z is small compared to Voo or Vcr
and because g’ is small compared to the quantities
of Eq. (14). Also, the terms ®, have many oscillations
over a Bohr radius and they therefore contribute negli-
gibly when Eq. (14) is integrated. This integration
gives
P+=¢oto,

0R=a VoodR,
olR)=a | )

R
ga(R) = a/ VocRdR .
0

Equation (15) with the upper sign is obtained by
multiplying Eq. (12) by exp(—i¢q), subtracting from
it Eq. (14), and taking the imaginary part of the re-
sulting equation. The term in &, is discarded for the
same reason as above. Equation (15) with the lower
sign is obtained in the same manner from Eq. (13).

To solve Eq. (15) we first multiply the equation with
the upper sign by exp(gy) and the one with the lower
sign by exp(g-) and add the two resulting equations,
giving,

d d
exp (g+)d—R[eXP (g+)]+exp (g—)E[eXp(g—)]

1d
= Lo (2 +exp(2g)]=0. (17)

exp(2g,)+exp(2g_)=const=2,

since 2 is the value of the constant near R=0. Equation
(15) now becomes

d
[2—em(2gi)]“/2d—£[em (gw)]

d
Ty sin~'[exp(g4)/V2 ]} =FaVou
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and therefore,

exp[gL(R)]=V2 sinliiwr:Fa /

0

R
VoadR:l . (18)

We are now in a position to calculate the relative
probability for electron capture P,. From Egs. (10),
(11), and (16) we find the absolute probability for elec-
tron capture, |F.|? given by the equation
|Fe|?=%]/®)[*|exp(ieo)

X[exp(io+gs)—exp(—iet+g)]|2.

By definition the relative probability is given by

Po=|F|*/(|Fc|*+|Fol?). ‘

Since by our assumption we have | Fo|2+ | F,|?=| /() |?,
Py={cos’¢[exp(g+) —exp(g-) I

+sin’¢[exp(g)+exp(g-) I} .

The ¢ and g, which appear in this equation and which
are given by Egs. (16), (18), (6b), and (9) are to be
evaluated at R= «. These quantities are evaluated in
Appendix I. According to Egs. (16) and (A3)

o=2a(14k)2. (20)

The energies corresponding to the maxima and minima
of Py are, according to Eq. (19), given by solving for
k in the equation

(19)

20/ (14+-k2)2=1nr, (21)

with odd #’s corresponding to maxima and even #’s
to minima. We use atomic units for all quantities and in
those units

k=0.100 (Elab in keV)”2.

A useful relation in these units is @k =1, and this enables
us to write Eq. (21) as

1/Lk(1+R)"]=5nr,

» being an integer.

The energies given by Eq. (22) are displayed in the
upper and lower parts of the graph in Fig. 1, together
with reference marks. The theoretical curve of Fig. 1
was calculated on the basis of Eq. (19). The quantities
¢ and g, were taken in the first approximation, as
represented by Egs. (16), (18), (A3), and (AS5).

Second approximation to ¢ and g.. From Eqgs. (12),
(13), and (16) we may write:

—Lo'+a(Voot Voer) J+igs +iaVor
Xexp(—i2¢+g-—g)+®; exp(—ipr—gy)=0,

—[Let +a(Voo—Voer) 418" —iaV oer
Xexp(i2¢+g+—g-)+®_ exp(—ip_—g )=0.

(22)

To proceed to a second approximation we let

ﬂo;e': ‘Pl:!:’+ A‘P;{:’ ’
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Fic. 1. The graph shows a comparison between theory and
experiment for electron capture probability Po. An empirical
curve was drawn by Lockwood and Everhart (Ref. 2) through
their experimental points; it is reproduced here as the dashed line
curve. The full line curve was calculated on the basis of Eq. (19).
A first approximation was used in calculating the phase angle and
damping factor appearing in that equation, as described in the
text. The reference marks with numbers above and below the
graph show the calculated maxima and minima.

where @1y’ is the first approximation quantity which
satisfies Eq. (14). On substituting for g, from Eq. (15)
and discarding the terms &, for the reasons given
earlier, we obtain

Agy'=aVor exp(g-—g+)[sin2¢—i(1—cos2¢) ],

23
Ag_'=aV .1 exp(g+—g-)[sin2¢+i(1—cos2¢)]. @)
Integration gives
Re(Apy)=a f Voer sin2¢ exp(g-—g+)dR,
(24)

Re(Ap_)=a f Voer sin2¢ exp(g;—g-)dR.

This second-order approximation to ¢4 will introduce
a correction in ¢ which, according to Eq. (16) and the
equation preceding Eq. (19), is given by

Ap=3(Apy—Ap)
=%a/ Vo;[ Sin2<p
X [exp(g-—g.)—exp(gr—g-)JdR. (25)

The imaginary part of Ay which results from integrat-
ing Eqgs. (23) is, according to Eqgs. (10) and (11),
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equivalent to a correction in g,. We may therefore write

Agp=—Im(Apy)=2a / Voer sinp exp(g——g)dR
(26)
Ag=—TIm(Ap_)= —ZafVOCI sin?e

Xexp(gr—g-)dR.

3. DISCUSSION

The theoretical plot in Fig. 1, based on a first approxi-
mation to the solution of Egs. (12) and (13), appears
to be in good agreement with experiment, partictlarly
with regard to the location in energy of the maxima and
minima of Py. A second approximation calculation was
made using Eqs. (25) and (26). The integrands in these
equations were evaluated numerically using Egs. (A4),
(16), (A2), and (18) for values of the quantities Vo.r, ¢,
and g, that appear in the integrands. Calculations for
energies varying from 50 to 4 keV gave values for Ay
varying between 0 and 0.1, while ¢ itself, in this energy
interval, ranges from 0.63 to 4.9. This justifies confi-
dence in the first approximation for ¢ as given by Egs.
(14) and (16). It also explains why the theoretical
maxima and minima agree so closely with the experi-
mental ones in Fig. 1, for their locations depend upon
¢, as given by Egs. (20) and (22). The corrections to
g+ given by Eq. (26) were, however, in most cases equal
to, or slightly larger than, g,. For such cases we would
need a third approximation correcting Eq. (15), due to
Eq. (14) not holding in the second approximation. For
energies above 35 keV the second approximation cor-
rection to g, given by Eq. (26) is a safe improvement to
the first approximation of g. The trend in such calcula-
tions is illustrated in Table I. For 34 keV the Ag, is
about equal to g. As the energy increases, Ag, becomes
smaller than g, and the second approximation is valid;
as the energy decreases below 34 keV, Ag, becomes larger
than g;. This is reflected in the improvement of the
second approximation over the first one for energies
above 34 keV, and in the fact that for such energies
|Fo|2+|F.|? retains the value of 1 after the second
approximation.

It should be noted that P, was calculated on the
assumption that the electron will be only in the ground

TaBLE 1. Trend of 2nd approximation calculations based on
the correction Ag, to the damping factor g,.

Capture probability Py
E 1st 2nd
(keV) g+ Agy approx. approx. expt. |Fo|*+|F,|?
226 —0485 0.704 0.87 1.0 0.85 1.2
340 —0376 0370 0.64 0.74 0.70 1.0
500 —0.282 0.133 0.36 039 045 1.0

& Reference 2.
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state of the target or scattered atom. In the experiment
of Lockwood and Everhart? on Ht*—H collisions, Po
was determined by measuring the fraction of neutral
scattered particles to total scattered particles, without
regard to states of excitation in the scattered or target
systems. The favorable comparison of theory with
experiment seems to indicate that the probability for
capture with excitation is small. The method developed
in the preceding section may be used to calculate this
probability. In Appendix IT we indicate how this may
be done. The result for P,, the relative probability for
capture into an excited state ¢, is given by Eq. (A17).
The capture state ¥, and the initial state ¥ are coupled
together through a phase angle called ¢, which corre-
sponds to ¢ for capture in the ground state. It can be
seen from Eq. (A16) that { is very small since the
orthogonality of ¥ and ¢, makes Vo,r small. For the
same reason Vo, and V., are small, leading to the result
exp(p4) =~exp(p—). It then follows from Eq. (A17) that
P, is very small. This argument gets weaker as the
energy decreases, due to the factor a in ¢{.

The quantities ¢ and g, that determine the magni-
tude of Py in Eq. (19) have no dependence on the scat-
tering angle &. The angle ¢ entered into the first one of
Egs. (3), but this would affect only the quantities &,
of Egs. (12) and (13), and we concluded that these
quantities give no significant- contribution. Therefore
we expect the curve of Py in Fig. 1 to be independent of
scattering angle.

If we were to disregard the effect due to the change in
the c.m., as represented by Eq. (4), the results would be
considerably affected. Such an omission would have
the effect of putting £=0 in the expression for V.,
Eq. (6b). This in turn would make k=0 in Eq. (21)
and would shift the resonances and antiresonances in
the theoretical curve of Fig. 1 in the following manner:
The resonances at 19.8 and 3.88 keV would be shifted
to 40.5 and 4.5 keV, respectively. The antiresonances at
7.50 and 2.3 keV would be shifted to 10.2 and 2.5 keV,
respectively. Such shifts would materially reduce the
agreement with experiment. A more drastic effect of
disregarding the c.m. correction results in making
Vo, Eq. (A2a), equal to zero. This would make
exp(gs)=1 and would result in the disappearance of
damping. The P, curve of Fig. 1 would then oscillate
between maxima and minima of 1 and 0. As it turned
out in this problem the damping of the resonances and
antiresonances is a sensitive part of the theory. While
the location in energy of the maxima and minima is
given directly by the first approximation, the factors
exp(gy) which determine the damping require several
approximations and depend critically on the potential.

APPENDIX I: EVALUATION OF THE
QUANTITY V. (R)

To evaluate Vo.(R) it is convenient to use elliptic
coordinates. We place the origin O of the electron co-
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ordinates midway between the two nuclei, designate the
internuclear distance R by 2a, and let the z axis be
along R. The elliptic coordinates £, , ¢, of the electron
are defined as follows:

E=(rtr)/2a; n=(r—r)/2a;
and ¢ is the azimuthal angle.

As before, the distances of the electron from nuclei 1
and 2 are designated by 7; and 72. The volume element is

dr=a’(8—n)dtdndo.

A further useful relation is z=aéy. The normalized
ground-state wave functions for the electron are, in
atomic units,

Yo(r1) =2 exp(—r1)/ (4m)12;
Yo(r2) =2 exp(—ry)/ (4m)H2.

Referring to Eq. (6b) and using elliptic coordinates,
we obtain, after integrating over o,

+1 0
Vee(R) =32 [ dn / expl— RE(1—ikn)Jéds
-1 1

+1 0
_iRe f dn f exp[—RE(1—ikn)Tndg. (A1)
-1 1

Integration gives a real result for the first term on the
right and an imaginary result for the second term. In
accordance with our notation earlier, we call the first
term Vocz(R) and the second term (excluding the nega-
tive sign) Vor(R). The first term is integrated simply,
giving

e R(sinkR+k coskR)

k(147

Voer(R)= (A2)

and

Voen= / T Ver(RIR=2/(1+80.  (A3)

The second term may be first integrated over #, and
after a partial integration over ¢ we arrive at the
expression

VOcI (R) =

sinkx

¢ BsinkR R >
_— dx. (A2a)

—— e—x

k? kJr

The integral on the right can be evaluated by expanding
sinkx as a series in powers of x and then integrating each
term. This leads to the following result:

Voer(R)=e2[sinkR—RS(k,R)]/F2,

. k2n+l
Sk,R)=> (—)»
(%,R) Eo( )(2n+1)V(2ﬂ),
2n R*
v(2n)=3 —. (A4)
=0 5!
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It can easily be shown, either by this series or by working
directly with the second term on the right of Eq. (A1),
that

/  Vour(R)R=k/ (1+E). (A3)

0

APPENDIX II: DERIVATION OF A FORMULA FOR
THE PROBABILITY OF CAPTURE INTO AN
EXCITED STATE

Let us consider an excited state ¥, in the scattered
atom. If we denote its scattering amplitude by f.(R"),
we write, in place of Eq. (2),

V=Fo(RWo(r1)+Fo(R" Wo(ra)+ fua(R"Wnl(rs), (A6)
and in place of Egs. (5) and (7) we write
(Vi K2— 20K R)F,
+2aK(VO0Fo+ V00F0+ VOnfn) =0 ) (A7)
(V2+ K2—2aKRY) £,
+2aK(Wnnfn+ VOn*F0+ Vanc) =0 ) (AS)
Voum / 1 a(r¥n(rs) exp[ik(rtrs) - Rldrs
Ven= f rOW(r* ()i, o)

Wnn= Vnn+E0—En
Voan= /71—11\0"(72) ‘2dl‘2 )

where Eo and E, are the energies of the ground and
excited states, respectively. By adding and subtracting
Egs. (A7) and (A8) we obtain, in analogy to Eqs. (8a)
and (8b), the following coupled equations:

(V2 4+K2—2aKR™) (Fot f2)+2aKU =0
(V4 K2— 20K R (Fo— fa)+2aKT=0
U=[3(Voort-Wan)+Vour](Fot fr)
+ [% (VOO'—‘ Wnn) +7:V0n1:| (FO_' fn)
+ (V0c+ Vcn)Fc

T=[3(Voot-Wan)—Vonr](Fo— fu)
(VoW ) —iVoarJ(Fot 1)
: + (VOc_ Vcn)Fc

Vonr=Re(Von); Vour=Im (Vo).

As we did in Egs. (10) and (11), we assume solutions

(A10)
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of the form

Fot fa=31+3S1(0) exp(if4+p4)
Fo— fa=3I4+41Sf(®) exp(it_+p-).
On substituting these solutions into Egs. (A10), and

following the procedure that led to Egs. (12) and (13),
we obtain the following differential equations:

=& Hip a5 (VootWan)+Vonr]
Xexp(i§+pi)+iaVoar exp(is—+p_)+X =0,
= tip o[ F(Voot-Wan)— Vonr]
Xexp(if_+p_)—iaVourexp(if++p41)+ Y =0, (A12)
X=3(Voo—Wa,) exp(ig_+p_)
+ (V0c+ Vcn)Fc/[Sf(o)] ’
Y=3(Voo—Wan) exp @+ p4)
+ Vo= Ven)Fo/[ST®)].
Apart from the terms X and ¥, Eq. (A12) has the same
appearance as Egs. (12) and (13). By the same reason-

ing that led to Egs. (14) and (15) we take as a first
approximation,

(A11)

— [ (Voo Wan)£ Vonr]=0 (A13)
p+ exp(p4)+aVonr exp(p-)+Im(X)/cosg=0, (Al14)
b exp(p-)—aVour exp(p+)+Im(Y)/cos¢=0. (A15)

The solution to Eq. (A13) is
=S80kl
R
i’o=<¥/ $(Voo+Wan)dR,
0 (A16)

R
§‘=a/ VonrdR.
0

The integration of Egs. (A14) and (A15) can be
simplified by noting that V,, and V., are small, and
therefore exp(p4)~exp(p_). The value of F, is known,
being given by Egs. (10) and (11). In the same manner
that we arrived at Eq. (19), we obtain for the relative
probability P, for capture into the state #,

Py =1{cos{exp(ps) —exp(p-) P
+sin’Texp(py)+exp(p-) I},

since f, is small compared to Fo and F,.

The problem of finding the probability for the scat-
tering of the ion with the target atom being left in a
certain excited state can be treated by this method.
One would then let ¥, be an excited state in the target
atom and derive the corresponding matrix elements.

(A17)



