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The quantum electrodynamics of the scattering of radiation from an interacting, fully-ionized plasma is
treated. The theory includes the effects of quantum statistics and is valid to all orders in many-particle
perturbation theory. The scattering cross section is related to the partial conductivities of the interacting
system. This reduces the problem of the inclusion of close Coulomb collisions, which lie outside of previous
random-phase approximation calculations, to the calculation of collision corrected conductivities. The theory
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is applicable to degenerate quantum plasmas as well as to classical plasmas.

I. INTRODUCTION

OME interest has recently arisen in the incoherent
scattering of electromagnetic radiation from plas-
mas. Experiments have been carried out and more are
under way in which high-powered radar beams are
backscattered from the ionosphere.'~3 With the advent
of high-intensity laser beams the possibility arises for
measuring the incoherent scattering of light from labora-
tory plasmas. If the frequency of the radiation is such
that the material is essentially transparent and, in
addition, the wavelength is much greater than the
Debye length of the plasma, the theory shows that the
line shape of the incoherent scattering is an excellent
measure of the spectrum of collective modes in the
plasma.

The classical theory of incoherent scattering from
plasmas has been given in the random-phase approxi-
mation (RPA) Dougherty and Farley,® Salpeter,®
Rostoker and Rosenbluth,® and others. The theory
which includes the effects of wave mechanics and quan-
tum statistics has not been given previously to our
knowledge, nor has a treatment of the effect of close
Coulomb collisions.

The purpose of this paper is to present the (non-
relativistic) quantum electrodynamics of scattering of
radiation from a plasma, quantum or classical. Using
modern techniques, we develop here a theory which
includes quantum effects and the effects of close colli-
sions which are not included in previous RPA calcula-

1 K. W. Bowles, Phys. Rev. Letters 1, 454 (1958). The experi-
ments were originally suggested by W. E. Gordon, Proc. Inst.
Radio Engrs. 46, 1824 (1955).

2V. C. Pineo, L. G. Craft, and H. W. Briscoe, J. Geophys. Res.
65, 2629 (1960).

3H. Carru and M. Petit, Note Technique Projet C.D.S. 2,
Centre National d’Etudes des Télécommunications, Issy-les-
Moulineaux, 1962 (unpublished).

4 7. P. Dougherty and D. T. Farley, Proc. Roy. Soc. (London)
A259, 79 (1960).

5 E. E. Salpeter, Phys. Rev. 120, 1528 (1960).

( 6M). N. Rostoker and N. Rosenbluth, Phys. Fluids 5, 776
1962).

tions. In a second paper we apply these results to the
classical plasma and calculate the effects of short-
range collisions on the scattered line shape. Later, we
hope to study the applicability of this phenomena to
determine the spectrum of collective excitations in
solid-state systems.

We employ a form of many-particle perturbation
theory introduced in Ref. 7 in which various inter-
action processes are represented by Feynman diagrams
with an accompanying set of rules for evaluating the
contribution of each diagram. These techniques, which
are very similar to the Feynman techniques of vacuum
electrodynamics, were used in Ref. 7 to compute the
high-frequency conductivity of a plasma. They have
the advantage of expressing in a very explicit way the
basic microscopic processes involved. In the present
paper, the coupling of the radiation to the ions via the
excitation by the electrons of the acoustic plasma reso-
nance in the screening cloud of the ion is very explicitly
shown in the method of calculation.

In Sec. IT we present the formalism and perform the
calculation of the line shape in the RPA in order to
show how the standard results are obtained by our
method. In Sec. III a general formula, for the scattering
rate is developed for a two-component plasma and an
electron gas with uniform background. Finally, in Sec.
IV we briefly comment on the applicability of these
results to experimental situations.

Previous classical calculations relate the scattering
cross section to the electron density correlation function
(see the Appendix) and then proceed to calculate this
quantity directly from the plasma hierarchy® or first
relate the correlation function to the external con-
ductivity via the fluctuation-dissipation theorem and
then calculate the conductivity from the Vlasov equa-
tion.4® Our procedure uses the techniques of quantum
electrodynamics to derive from the microscopic theory
what is essentially the fluctuation-dissipation theorem.

7D. F. DuBois, V. Gilinsky, and M. G. Kivelson, Phys. Rev.
129, 2376 (1963).
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INCOHERENT SCATTERING OF RADIATION BY PLASMAS. I.

For cases in which the scattered frequency w=ws—wa
is large enough so the ions cannot respond, and for a
fixed value of the wave-number shift |k|=|ky—k|
the cross section can be related to the fotal local con-
ductivity. For w small enough for the ions to respond
(as is the case near the acoustic ion plasma wave fre-
quency) to evaluate the cross section, it is necessary to
know separately the response of the electrons keeping
the ions in equilibrium and vice versa. This effect arises
because the ions scatter the radiation only m/M times
as effectively as the electrons.

Since the cross section is exactly related to complete
conductivities, the problem of including the effect of
close collisions is reduced to a conductivity calculation.
In a second paper we make use of some recently derived
expressions for the collisional conductivities in a classical
plasma as an application of the formulas in the present

paper.
II. FORMULATION

The description of individual electromagnetic proc-
esses in terms of Feynman diagrams is at once the
clearest, most elegant, and the most convenient for the
purpose of calculation. We shall utilize this method for
the problem at hand: the incoherent scattering of pho-
tons from a many-electron system in thermodynamic
equilibrium.

The total scattering rate I'yoy is given by the familiar
Golden Rule

A%t

Th 5
R

X l(f) kb;éb‘M‘/h ka:éa>l
X (271)30% (Py— Pi+iko—tiks)
X 21r6(Ef—E,:+ﬁwb—ﬁwa) .

AT total=1%

T
eb,ea 2wp2we

(2.1)

The subscripts ¢ and f refer to the initial and final states
of the matter. The subscripts ¢ and b refer to the initial
and final states of the radiation (k, is the initial wave
number, &, is the initial polarization). The photons are
normalized in a unit volume. In Eq. (2.1) we sum over
all final states and average over all initial states. The
correct average over the initial particles states is ob-
tained by using a suitable Gibbs factor,

pi= B BE—uN) (2.2)
where 87'=£kT, u is the chemical potential, N; is the
number of particles in the state 7, and exp(8Q) is the
normalizing factor fixed by Trp;=1. We are considering
a unit volume so that we can denote by » the number
density and the total particle number.

We are, however, interested not in the total transi-
tion rate but in the rate to all particle states with the
final photon state (ksws) fixed. We denote this by
I'(kw). The experimentally observable partial cross
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section do (kw)/dwydQs which is independent of the nor-
malization volume is obtained by dividing I' (kw) by the
photon speed ¢. From Eq. (2.1) one has
do (k,w) hoow

=32 L2 —
dwbdﬂb . 4(27I')3 Wa
X [(f; ko, 8| M |35 kata)|*(205)%6° (Pi— Ps+1ik)

X2w6(Ej— Ei—hw) .

ebea f ¢

(2.3)

To obtain the amplitude M we simply draw all pos-
sible modes for scattering a photon in state (kqeq) to a
state (ks,er). We can make a number of approximations:
First, we will consider only the coupling of the incoming
and outgoing radiation to matter arising from the
(e?n/mc*)A? term in the nonrelativistic Hamiltonian
which is represented by the double photon vertex in
Fig. 1. In the Appendix this approximation is seen to
lead to the well-known expression relating the cross sec-
tion to the density-density correlation function derived
classically as, for example, by Rostoker and Rosenbluth.®
The single photon vertex, arising from the -4 term in
the coupling Hamiltonian, contributes in second-order
perturbation theory. These terms can be neglected when
ke<kp (kp the Debye momentum) and w, is much
greater than the collision frequencies of the system as
can be seen from the following argument. The optical
theorem states that the total cross section for scattering
and absorbing a photon (k,,e,) is proportional to the
imaginary part of the forward scattering amplitude. The
imaginary part of the forward scattering amplitude is
easily seen to be proportional to the real part of the
polarization self-energy part for transverse photons dis-
cussed in Ref. 7. In the notation of that reference the
total cross section is then w,?2—ReQr(wa,ka)c2 The
term w,%c2=mnr¢® is the sole contribution from the A?
interaction of the radiation with matter while ReQr
contains all the terms arising from the -4 coupling.
The leading term in Qr arising from the RPA gives a
contribution %% 2/3c?=k%w,?/(3kp%*?) and can be neg-
lected if #&<%p. The term arising from electron-ion colli-
sion corrections, however, is of order (wp*/c?)(Tei/w)
where T',; is of the order of the electron-ion collision fre-
quency. Likewise, from electron-electron collisions there
is a contribution of order (w,?/c?)(k%/kp?)(wy L ce/w®)
where I, is of the order of the electron-electron collision
frequency. These estimates are somewhat crude and a
more complete discussion will be given elsewhere. The
result is that if £,<<kp and w,>T;, T, the contributions
to the total cross section from the $- A coupling can be
neglected relative to the A% coupling. This implies that
the same is true for the partial scattering cross sections
provided the 4% coupling produces a cross section which
is not vanishingly small at any angle which we shall see
is the case at least near the important resonances.
Furthermore, we shall neglect terms of order a?=m/M,
the ratio of the electron and ion masses, so it is not
necessary to consider the interaction of the radiation
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F16. 1. Lowest order scattering process. The heavy line
denotes ions.

with the ions. In Fig. 1(a) we show the simplest inter-
action of interest here. Other possible processes in a
plasma are shown in Figs. 1, 3, and 4. The braided line
represents a screened Coulomb interaction.

The amplitude for any process is readily computed
from the corresponding diagram by use of the calculat-
ing rules presented in Ref. 7. For example, the ampli-
tude for the double photon-electron vertex shown in
Fig. 1(a) is given in Ref. 7 to be ¢(4we*/mc*)éy- &,. The
rate for this process is then

do(k,w) d*ps &Py i
=% f(sm) -
dwpdQy aea) (2wh)3) (2wh)? 4(2m)3 we
eZ 2
X | ——8- 84| (2%)%°*(p2— p1+7ik)
mc?

1 1
X21r§<——P22——P12+h€0)» (2.4)
2m 2m

where k=k;—k,, w=w,—ws, and f(£,) is the one par-
ticle distribution function with £,=$*/2m—pu, u the
chemical potential.

We shall deal only with unpolarized radiation, so we
sum and average over the polarizations.

3 2 (6 2a)’=%(1+cos%),

€b,€a

where ky- ko= kikq cosf. The integration in Eq. (2.4) is
simple and yields the expression

g 01 (1+ . )wb m 1
——=2r’s cos?0)— —
dQ o we k (2wh)?

X / appfE), (2.5)
|mew/k4hk[2]

where ro=¢€%/mc? is the classical electron radius.
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In the limit of Boltzmann statistics this becomes

(with f(£,)=n(2m8/m)**h® exp{—p*/2m})

do nrg? 1 wy
=—— — 1 (14-cos2)—e (/D (@ k+Hik[2)® , (2.5a)
dowdQ  (2m)V2k Wa

where we have gone over toplasma units” k= (k;—k,)/4p
and w= (wy—w,)/w, With kg?=4renB, w,2=4mre? nm,
In these units % is in units of Bw,. For most cases of
interest in classical plasmas we can neglect the term
proportional to % in the exponential.

The scattering due to the process in Fig. 1(a) pro-
duces a line of width proportional to the electron rms
velocity v,=w,/kp, as we see from Eq. (2.5a). This is
in disagreement with the experiments of Bowles! who
found a linewidth proportional to the 701 rms velocity.
We look to diagrams involving the interparticle inter-
actions to correct this discrepancy.

Likewise, in the case of degenerate electrons at 7'=0
where the distribution is just a step function, f(£,)
=n(pr—p) (pr is the Fermi momentum), we find

do [(cosit) @y 3 m pri— |ma/kt-hk/2?
=nr
0 207

dwdQ 2
if pr>|mw/k+hk/2]; (2.5b)

’

wg 4 kpp

=0, otherwise.

The width of the scattered line is of the order kpr/m or
again k(o).

A narrow line would result if we could replace the
electrons by ions in Fig. 1(a), but since the direct inter-
action of the photons with ions is of order a?=m/M
smaller, this would not account for the observed cross
section. However, there is a way of coupling w, k£ into
the ion motion as shown in Fig. 1(c). In this diagram
the w, k are transmitted to an ion via the dynamically
screened interaction (braided line). That is, an electron
in the polarization cloud which accompanies each ion
(heavy line) scatters the radiation and then interacts
with the ion via the screened interaction transferring w
and & directly to the ion. The amplitude for this process
(using the notation of Ref. 7) is given by (amplitude for
photon-electron vertex)X (amplitude for electron den-
sity fluctuation bubble)X (amplitude for screened in-
teraction), or,

Maoni=(im e)( o(k )( _ )
RPA_Gmcz brta )= QS ke B0 (k)
_re) 08
me B4Q

= & s,

(2.6)
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The function Q(k,w) is the proper polarization part’
which in the lowest order or RPA is the sum of simple
electron plus ion loops

Q (k)" (w/ k) =Q (w/ k) + Q8 (w/k),  (2.7)

where

Q0 (w/k)=Q(w/ak), o=m/M. (2.8)

In the classical limit of Boltzmann statistics with Z=0

4’11'62 Q.eo
mcz k2+Q0
02 e
= _____e—ll2(wlak)2% (1 +COS20)‘_ .
[ k2+Q° [ 2\2rak Wq

We have taken the limit of Boltzmann statistics with
#=0. Here we have used the units of Eq. (2.5a).

This is the part of the well-known formula*~® in the
RPA which is significant near the center of the scattered
line. In distinction to Eq. (2.5a) the exponential factor
here produces a narrow line with a width proportional
to the don thermal velocity v;=aw.= (m/M)"?(w,/kp).
The same width but a magnitude reduced by a factor
of o? arises from the direct coupling of the ion to the
radiation. The intermediate coupling of the screening
cloud causes an additional enhancement of the scatter-
ing rate due to the denominator |k*+(Q°|2 which is
proportional to the absolute square of the longitudinal
dielectric function ez of the plasma (see Sec. II). This
becomes small at the collective resonances of the sys-
tem. Since the exponential in Eq. (2.11) cuts off fre-
quencies w>ak, the electron plasma resonance at w=1
does not contribute to this formula. However, the very
broad ion acoustic resonance (for equal electron and ion
temperatures) contributes two humps in the curves
shown in Fig. 2.

In the model case of a degenerate electron gas with
uniform positive background there is, strictly speaking,
no such contribution. In solid-state cases the ions should
be replaced by lattice phonons and impurity ions. In
addition, the screened interaction should also contain
the interaction via phonons. The formulas in this case
will have additional resonances for given % correspond-
ing to possible phonon modes which can be excited. We
will not treat these cases explicitly in the present paper,
however, it is clear that in all these cases the line given
by Eq. (2.11) or its analogs is considerably narrower
than in the Doppler broadened scattering from free
electrons [Eq. (2.5a)].

dot &Ep, 2mB\¥? h
[ :I =3 (1+cos%) / —-——-—Mt‘*(—) g Pr22M.
dwdQ RPA (21[';1')3 M 4-'(27|')2 Wa
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this function is

Qy(f) 1 S piiataibr? /
k k 0
™\ /2 w
-I—i(;) -}; el (2.9)

The general expressions for Q°(w/k) can be found
elsewhere.”

The cross section is then given by substitution of
M=zpatinto Eq. (2.3)

wlk
dtell2??

Wy

1 1
i (21rh)383(p2—— p1+ﬁk>(27)6(ﬁpzz—ﬁﬁ12+ﬁw) (2.10)

(2.11)

It is clear that an analogous process is possible in
which the radiation interacts with the screening cloud
surrounding an electron transferring w and % to the
electron as in Fig. 1(d). The amplitude for this process
should be added to the amplitude for the direct scatter-
ing by an electron since both processes have the same
final state. The total amplitude in this case is

4,”.2 an
MR,PA":i——éb'éa[l— } (2.12)
2 R24-Q°

and the corresponding partial cross section in the

K2=0,1 M

«0

.08 |-

dor K%z 0.5

04 |-

.02 -

o] 1

-io 0- 10
w

F1c. 2. Line shape of scattered radiation in the random-phase
approximation for several values of k. The scale is arbitrary. The
diagram does not extend far enough to show the high-frequency
electron resonances on both sides.
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classical limit:

o120l

do® ; 0 |2
[ ] =nrel1—
dwdﬂ RPA i k2+Q0 \/71rk
W,
X%(1+c0520)—b.

Wa

(2.13)

This contribution has a width [like Eq. (2.5a)] pro-
portional to kv, but is of order a= (m/M)'2 smaller
than T'gpa’ at w=0 and so is unimportant near the
central line. However, because of the broad exponential
the sharp plasma resonance at w=1 can contribute
through this term giving the so-called plasma satellite
lines.

The cross section do®/dwdQ as given by Eq. (2.13) is
the only RPA contribution to the scattering in an elec-
tron gas. The case of degenerate electrons can be found
by noting that the factor (2r)~1/2¢~12(/? in Eq. (2.13)
is replaced by (3m/8mpr®)[p*— (mw/k+1k/2)*] as was
the case in Egs. (2.5a) and (2.5b). In addition, the
appropriate expression for Q(k,w) in the quantum limit
must be used.

The total RPA scattering rate

do dot N do?
dwdQRPA—dwdQRPA ' dwdQrpa

(2.14)
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is plotted in Fig. 2 for various values of 2 for a classical
electron-ion plasma. The curves do not extend far
enough to show the satellite plasma resonances. The
expression for this total rate is easily shown to be ex-
actly that derived by previous authors by other methods.

III. GENERAL FORMULAS

We will now generalize the arguments of Sec. III to
derive a general formula for do/dwdQ. We will carry
through the discussion for the electron-ion plasma and
comment at the end on the modifications necessary in
treating other systems. Near the resonances, this ex-
pression is determined by the local conductivity of the
plasma which is already known in certain limiting cases.

It is convenient to separate the diagrams into two
classes as in Figs. 3 and 4. The first class are those dia-
grams in which the w and % transferred to the matter
at the scattering vertex is immediately dissipated along
several routes as in the diagrams in Fig. 3. These terms
correspond to direct scattering of the radiation from
the electrons in the plasma. (The corresponding terms
from direct ion scattering are, of course, m/M times
smaller because of the mass dependence of the scattering
vertex.)

The second class of diagrams are those in which w
and % are carried by a single screened interaction line
to a second vertex at which » and % are dissipated along
several routes as in the diagrams in Fig. 4. These dia-
grams correspond to the (virtual) excitation of a col-

IS
X
XX

F16. 4. Resonant scattering processes.




INCOHERENT SCATTERING OF RADIATION BY PLASMAS. I.

lective longitudinal field (or wave) by the scattering
radiation which ultimately is damped by Landau damp-
ing and collision damping.

The original scattering vertex factor is proportional
to ms'n,, where m, is the mass and #, the density
operator for species s. Thus, ions do not contribute
appreciably to the scattering vertex. However, the
vertex which damps the collective wave is proportional
to the total density operator # and ions can contribute
appreciably to this vertex (at low w).

<f7kb,éb[M[i7kﬂ:éa>

.41r62éa : éb m . m
= 1—————[ Vif""l']‘—[Vijt— [Qa(k,w) 'I"EQt(k:w)]

mc?
><V,<k,w>tvife+vfﬁj}, 3.1)

where V¢(Vs%) is the sum of the amplitudes for all
diagrams leading from a given initial state ¢ to a given
final state f via an eleciron (ion) density fluctuation
vertex.? The factor V,(k,w) is as usual the complete
propagator for the screened interaction. Thus, Q.(k,w)
(Qi(k,w)) is determined to be the sum of all ampli-
tudes of all proper polarization diagrams leading from
an electron (ion) vertex and ending in an arbitrary
(electron or ion) vertex. The complete polarization part
Q(k,w) is the sum

0 (kw) = Q. (kyw)+Qi(kw).

However, we see that a different combination arises in
Eq. (3.1) because of the mass dependence of the scat-
tering vertex.

The amplitudes Vs and Vs which are represented
in Fig. 4 are intimately related to the dissipative part
of the local longitudinal conductivity by the formula

47 Tmo . (k,w)

(3.2)

® 1w
=—ImQ (k,w) =— —(4mre? i| Vi +Vie|?
= 1m0 k)=~ = (47¢) T | ViV

5 (1= e-6%) (2m)3 (eo-t Ei— B (20)?
X8 (hk+P;—P)).

This expression follows directly from the arguments in
Ref. 7 and we will not discuss it further here, except to
say that it makes use of the gauge invariance of the
theory to relate diagrams with a density vertex to those

(3.3)

duwpdQ

TINW 2 We
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with a current vertex which arise in the general expres-
sion for the conductivity. In the case of w much greater
than the collision frequencies of the system, only a
finite number of the diagrams in the series for Vs need
be included. For w much less than the collision fre-
quencies, an infinite series of terms must be summed,
since it can be shown that the expansion involves
powers of N/«w? In any case, the formal statements
which we derive are valid to infinite order in perturba-
tion theory.

If we drop terms proportional to #/M and substitute
Eq. (3.1) into Eq. (2.3) we have

do (k,w) 7 o2ﬁ

Wy
= 1(14cos0)—
dwbdﬂb (21!')2( €08 )wa
Qo(kyw) Qe(kw) 2
X2 0|V 6<1—""“‘_““‘>'—Vi R
Vi ) etk
X (27%)36% (hk+ P;— P;) (2r)6 (hw+ E;— Ey) .
(3.4)

This expression simplifies in several cases:

i. Near resonance. In this case er, is nearly zero if the
resonances are sharp so that the terms proportional to
€' dominate the amplitude. Using Eq. (3.3) we can
write

da(k,w) nroh

P e 2%(1—{—00520)

0] b iy »
@ Q.(kw) |? E 41|-Im0'l,(k,w). 3.5)
wolBer(kw)l o (1—eFtv)

Since er=14 (4wo/w) we have expressed everything
except Q. in terms of the local conductivity. We will
return to Q. below.

il. w/E>>v,=(ET/m)'2. In this case Vi<V s°. This
is seen as follows. Each term in the expansion V;s* has
an energy denominator

1 1 | k-p B
w—k-p/M.-{-ie_w Isz, l

(3.6)

arising from the initial vertex. The terms proportional
to 1/w can be shown to vanish by gauge invariance so
that the leading term is (m/M)'? times smaller for
ions than electrons. By the same argument Q:(k,w)
KQ.(kw) so we have Q(k,w)~Q,.(kw). Thus we can
write

_ 0(kw)
k% L (k,w)

2 k2 47 Imo 1, (k,w)

w 1—gPhe

3.7

8 Throughout the body of this paper the functions Q, Q., Qi, V., and ez, are retarded propagators as defined for example in Ref. 7.
In the Appendix the superscripts +- and — are used explicitly to"denote retarded and advanced functions,
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do(kw) nrdh B oy 4dworn(k,w)| 2 4r Imor(k,w)
= -3 (14-cos?0)— — |1+ 3.8)
dondQy  TIUO,E ® Wa w 1—¢gBho
and
do(kw) nrih wp k2 Tmer 1 (kw)
=—3(14cos?)— — ———— 3.9)
dopdQy T ,? W w2 1—gBho

Thus, we can relate the cross section directly to the
complete local conductivity in this case. This is because
in this limit the conductivity is determined only by the
electrons (to order m/M) so that Q. can be replaced
by Q. This formula is not valid if w/k<v, which is the
case near the ion resonance. However, Eq. (3.5) is
valid here. The high-frequency plasma resonance satis-
fies w/k>>v, and the two formulas, Egs. (3.9) and (3.5),
give identical results here. (Note that Q,=2Q=—k? at
this resonance.) For the ion acoustic resonance (see
following paper) it is found that

Qg'—Qi:

so that Eq. (3.5), which is correct, predicts a cross
section 1/k? times larger than Eq. (3.7).

The quantity Q.(k,w) measures the fluctuating po-
larization induced by the scattered radiation. The fotal
polarization Q(k,w) is related to the total local con-
ductivity (which is proportional to the total current) by

dror(kw) = (0/F)Q(kw), (3.10)

which merely expresses the charge conservation relation
between the induced current and the induced fluctuating
charge. We can discuss the separate electron and ion
currents and their related conductivities

or=0.4a®,
and by conservation of electrons it follows that
dro O = (w/k*)Q.. (3.11)

The quantity o(® can be interpreted as the fotal longi-

do(kw) nreh
dwyd Qs

T2 Wg @

Wp k2
=—1(1+cos¥)— —(1— e—"”"’)—141r{ Imozee(k,w)

tudinal current (divided by E) induced when only the
electrons are perturbed by the field Ez. Thus 1@ (and
therefore Q.) can be easily obtained from any calcula-
tion of the complete conductivity.

The general expression can be reduced to a form
involving conductivities by observing that o has the
following structure:

O'L(k,o))=O'L“+O'Li°+0'1,‘i+o'[,ii, (3.12)
where we define (s, s'=1, ¢)
4r ImaL"' (k,w)
low ,
==—(4re®) 3_ pi(Vis*)*(Vis*)
2 k2 if
X (1—eF%) (27)6 (hw+ E;— Ey)
X 2rh)30% (hk+P:—P;). (3.13)

In physical terms ¢z’ is proportional to the current of
species s induced if only species s’ interacts with the
perturbing field. It follows from this definition that?

Imo?*(k,w)=[Imo*(k,w) J*. (3.14)

In this notation ¢ and ¢ defined above are given
by
o (s)=0. ee_l_a ie
P T (3.15)
U.L(a) =0’L“+0'L”-
Using these definitions we can write the completely
general Eq. (3.4) in the form

2

Q¢ (kyw)
Fer(k,w)

QG (k )w)

| P

2
+Imoi(k,w)
k2er(k,w)

__Imersi(k,w)[<1—— Q) >* Q. (k) :I—c.c.}. (3.16)

In applying this derivation to an electron gas in a
uniform background one simply sets V=0 through-
out. Then it follows that Eqgs. (3.7) and (3.9) are correct
for all frequencies for this model.

For electrons interacting with phonons or fixed im-

Fer(kw)/ Rer(k,w)

purities, Egs. (3.7) to (3.9) are still valid for high-fre-
quency shifts near the electron plasma frequency where
only electrons can respond appreciably. The low-fre-

9 Note that Imo*® and Ime® are not necessarily real functions
but that Im(c?*+o%) is real.
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quency portions of the scattered line must be handled
separately in each case. The results should be essen-
tially as described in Sec. II, except that Q is replaced

by the complete electron polarization part. A more

detailed discussion of these cases is outside of the main
area of the present paper.

Near the resonances, at least if they are sharp,
Eq. (3.5) is dominated by the small denominator
|1+447ror/w|?=|er(kw)|2 If the resonance is at fre-
quency wz and the damping rate vz is small, we can
approximately write the dispersion relation for wg

47 Reor(k,wr)
g R (3.17)
WL
Then, for w near w;, we have
1 Zy YL
=1lwr — O<——) ,  (3.18)
er(k,w) w—wr+iiyL L

where (see Ref. 7)

Zpt=——

wr 0 [44r Reo . (k,w)
2

] (3.19)
w w=0L
and the damping factor is given by
vr.(k)=ZAm Imoy(kwy). (3.20)
Combining these equations, we have near resonance
do(kw) mreh 1 (1+cos?) wy |Qe(kywr)|?
dondy  dmme? 2 (1— Py, B2

wrZyL

X——————F0(v1¥/w:?).
(w‘“wL)z"}‘%‘YLz

(3.21)

If v1/01<K1, the resonance is very sharp. The area
under the resonance as obtained from this expression is
1 (1+C0520) wy ‘Qe(k,wl,)lz
2 (1—eFhor) w, k?

nr ()Qﬁw L

2
2wy

L . (3.22)

which is independent of v;.

IV. REMARKS

These formulas are, of course, examples of the general
fluctuation-dissipation theorem. They relate the spec-
trum of electron density fluctuations to the dissipative
part of the longitudinal conductivity. This is discussed
more fully in the Appendix where we present a more
formal derivation of these results. The treatment given
above has the advantage of exhibiting very clearly the
basic microscopic processes involved. Namely, the scat-
tering of the radiation by an electron in the screening
cloud of an ion or another electron which excites a
collective oscillation of this cloud which is ultimately
damped by various processes.

A1315

The expressions derived in this paper are applicable
to both classical and quantum plasmas. In the following
paper an application of these results to classical plasmas
will be made. These results have a bearing on the ex-
periments under way of scattering of radar beams from
the ionosphere.

A perhaps more interesting application would be to
the scattering of intense laser light from dense semi-
conductor plasmas. Because of the intrinsic smallness
of the (Thompson) cross section per electron, it appears
necessary to use degenerate or nearly degenerate semi-
conductors with a high density of carriers. A detailed
study of the feasibility of such experiments is now under
way. For such experiments to be feasible it is necessary,
of course, to find materials which are highly transparent
at existing laser frequencies.

APPENDIX: GENERAL FORMULA FOR
THE SCATTERING RATE

The particle-field coupling Hamiltonian which is sig-
nificant for this problem is

2

Hl(t)=§~>:ﬁ dona(x)A(x)-A(x). (A1)
c? i

sms

The electromagnetic field is described by the (time-
dependent) operator A(x,f), and #,(x,t) is the number
density operator for particles of species s with charge
ez, and mass m,.

The complete amplitude for the transition 7— f is
then proportional to

/ K3 s H1(8) |4 Kiny)

. )

" 28 (2nZod)
X (21)%53 (P — Pi+fiky—Fik,)

X 208 (Ey— Es+Fioon—Ficsa) .

2r-8) T~ 1n(0,0)])
8 My

(A2)
One obtains for the partial scattering cross section

do (k,w)
duwpd

owp 1
=7'()2 Z Z pi— _(éb éa)2 Z z,,—(f[n(0,0) |1‘>
7 i 2mwe s m,
X (271)%5% (P,— Py+%k)
X 218 (Ea— Ev-His).  (A3)

It is clear that we can neglect the ion contribution be-
cause of the mass dependence. On averaging over po-
larizations, we have then (8)

do (k,w)
dwpd Qs

nroth wp ImII*(k,w)
= —3 (14-cos?)———,
T, W, 1— ¢ Fho

(A4)
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where

ImIL*(k,w) =§ g p1|{f]7.(0,0)|3)|2

X (21)3% (P;— Pi+-1k) (21)8 (E;— Ei+hw)

+(1—eP)  (AS)
is the imaginary part of

It (kw) = /_ Zd(tl—tg) / a3 (x1—x2)

XH8+(1,2)eiw(t1—t2)e—ik-(x1~x2) , (A6)
where

I+ (1,2) = (4me?)yn (—ta){[me(1),2.(2)])  (AT)

is the retarded averaged electron density commutator.
The combination which occurs in Eq. (A4), namely,

H¢+(k,w)/ (1 —gPhe) )

is easily seen to be the transform of the usual electron
density correlation function

(ne(1)n(2))

thus establishing the relation of our approach to that
of Salpeter,® and Rostoker and Rosenbluth.$

An analysis of functions such as I+ (1,2) in the frame-
work of many-particle perturbation theory was carried
out in Ref. 7 (There we analyzed the current correla-
tion I;it (1,2.)=9(ti—2:){[J:(1),7;(2) J)which has the
same formal structure asfII;+.) Without repeating the
details, it can be shown by the same methods of re-
ordering and summing the elementary perturbation
series that I+ can be represented in the form

12 () = 0ot (k) — 0 () ——
L T T Lo (k)@ (k)
XQG-(—k) _w)y (AS)

where Q.t is the sum of proper polarizations diagrams
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which begin and end with electron density vertices and
Q.+ is defined in Sec. III. Using the isotropy of the
system and the time reversal invariance it is easy to
show that

0 (—k, —w)=0s(k, —0)=[0:(k,—w)]* (A9)
)
o (k,w)Qs (k, —w k
Hee+(k,w)=Q“+(k’w)_[Q *(k,w)Qa ( ) Jo( ),
140(k)Q (kw)
(A10)
ImIT,.*(kw)

[QO+(k1w) QG_ (k) - w)] ImQ+ (k;w)
|40t (kyw) |2

=TImQ..+(k,w)— .
(A11)

The resonant part clearly arises from the second term
in this expression with the resonance denominator. Sub-
stitution into Eq. (A4) gives

do(kw) wmrdh wpl (1-4cos?)
dnd

{—m0.ct (ko)

TMwE wg 2 (1— e Fho)
o (k)0 (k,—w) L k,w
+[Q (k,w)Qe~ (k,—w) JImQ*( )}. (A12)
ket (ko] )?

In the classical limit 1—e#*~B#w and using Q.F
~(4rk/w)or (kw)

do(kw) nre? wy (14-cos?) : ImQ..t(k,w)
dwbdﬂb B

Tkp? wa 2 )

[QG+ (kyw)Qe_ (k) —O.))] Imo’L (k)w

Eo?| ert(kw)|?

e

The last term in this expression clearly contains the
resonant part of Eq. (3.4) as given by Eq. (3.5). Eq.
(A13) can in fact be shown to be completely equivalent
to Eq. (3.17).



