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The importance of the contribution from higher multipole moments of oxygen ions to the electric field 
gradient at nuclei in a wurtzite-type ionic oxide, namely, beryllium oxide, is considered and, in particular, 
oxygen dipole moments are found to contribute significantly to the field gradient at beryllium ion sites. The 
dipolar polarizability of an oxygen ion bound in a beryllium oxide lattice is analyzed and a value of 2.19 A3 

is obtained. Using 7.0 A5 for the quadrupolar polarizability of the same ion and considering the slight un­
certainty associated with the sublattice displacement parameter u, the experimental quadrupole coupling 
constant for the Be9 nuclei, ± 4 1 ± 4 kc/sec, can be explained. The quadrupole coupling constant for O17 

nuclei is also investigated and presented as a function of u. In this case, oxygen dipole moments do not 
contribute because of lattice symmetry; oxygen quadrupole moments do contribute, however. 

I. INTRODUCTION 

NUCLEAR magnetic resonance measurements in 
crystals without cubic symmetry yield1*2 the 

quadrupole coupling constant e2qQ/h. In those cases 
where the local symmetry around the nucleus is less 
than threefold, the asymmetry parameter rj may also 
be obtained provided the measurements are made on 
single crystals. Several examples of the calculation of 
electric field gradients in ionic crystals may be cited.3-9 

Most of these involve the summing of contributions 
from the monopole moments of the ions and information 
on the degree of success of such calculations has often 
been obscured by the presence of structures such as 
C103~, Br03~, N03~, and others which cannot be 
adequately described by a monopole moment alone. 

A few studies such as those of the metal reso­
nances3 •8»10'11 in BeO, AI2O3, and Fe203, the niobium 
resonance7 in KNb03, and the halogen resonances9 in 
a number of metal halides, have involved lattices with 
only monatomic ions but even in these cases, the sums 
over monopole contributions, where attempted, have 
failed to explain the observed coupling constants. It 
has been suggested that covalent bonding between 
cations and anions is responsible for the disagreement 
between theory and experiment. Calculations12,13 on 
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alkali halide molecules, on the other hand, indicate that 
the field gradient at the positive ion nucleus is substan­
tially affected by multipole moments, particularly the 
dipole moment, induced in the negative ion. It is note­
worthy that, in the cases cited above, the negative ions 
have large polarizabilities and are situated at points in 
the lattice where electric fields may exist and induced 
dipole moments may be expected. The effect of dipole 
polarization in nonideal wurtzite structures has recently 
been investigated in ZnS by photovoltage studies14 and 
the explanation of the coupling constant of niobium in 
KNbC>3 has been facilitated by invoking the dipole 
moments induced on neighboring oxygen ions.7 In ionic 
solids, therefore, it seems appropriate to consider the 
contribution to the field gradient at the nuclei from 
multipole moments induced in the ions before drawing 
conclusions about the extent of covalent binding and 
its effects. In spite of the diffuseness of the O charge 
distribution in the oxides listed above, the compactness 
of the positive ions, as manifested by their small radii, 
argues against the possibility of much covalent bonding. 
The question can only be settled ultimately by careful 
band-structure calculations. 

The electrostatic effects of higher multipole moments 
of ions in a crystal lattice have been discussed theoretic­
ally and methods for the calculation of the crystalline 
potential and its derivatives in lattices of sources having 
arbitrary multipolar composition are in existence.15-18 

This article considers the question of higher multipole 
moments and their effect upon field gradient at the 
ionic nuclei in beryllium oxide. This substance has a 
nonideal wurtzite structure with ions at the positions 
given in Table I. The unit cell is illustrated in Fig. 1. 
The lattice parameters of BeO at 21°C have recently 
been determined19 with high accuracy: c=4.3772 
±0.0002 A, a=2.6979±0.0001 A, and c/a= 1.62245 
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TABLE I. Crystallographic positions of ions 
in the hexagonal unit cell of BeO. 

Abbreviated Positions in 
Ion designation unit cell 

Be++ R (0,0,0); ( i f , J ) 
0 ~ X (0,0,u); (hhi+u) 

±0.00013. The sublattice displacement parameter u is 
not so well known and the best value presently avail­
able20 to the authors is 0.378. Whereas c and a are 
unequivocally defined by the periodicity of the lattice, 
the very meaning of u is contingent upon an adequate 
definition of the ionic centroid. This question arises 
again in connection with ionic polarizability and a 
working definition of the ionic centroid is given. Using 
this, contributions to the field gradient are calculated 
as functions of u and it is found that a value quite close 
to 0.378 yields results in agreement with experiment. 
It may be remarked that the field gradient produced 
by the monopole moments alone vanishes at u—0.37765, 
hence, it is absolutely essential to invoke the higher 
moments. 

The numerical calculations reported here were 
performed on an IBM 1620 computer. 

Gaussian units are used throughout this article. 

II. GENERAL THEORY 

Following the notation of Saha and Das,1 the expan­
sion of a Laplacian electrostatic potential about a 
point te is characterized by the coefficients &im: 

V(r) = t, E ^ | r - r e | z ( V 2 / + l ) 1 / 2 F r * ( ^ ) , (2.1) 
1—0 w=—l 

where 6 and <t> express the direction of r—re. Similarly, 
the electric multipole moments of a localized charge 
distribution, reckoned with respect to the point r', are 
denoted Qim: 

Qiw= \ p\r-tfV[—-J Yrfrtidr, (2.2) 

r 

20 G. A. Jeffrey, G. S. Parry, and R. L. Mozzi, J. Chem. Phys. 
25, 1024 (1956). 

where 0 and <j> now express the direction of r—r' and p 
is the charge density. Our definition of the surface 
harmonics Yim, given in Ref. 1, is consistent with that 
used by Condon and Shortley,21 Ramsey,22 Pound,10 

and many others; the §im and Qim symbols are, respec­
tively, equal to the Fq

(k) and Qq
w used by Ramsey 

with k = l and q=m. The Cf and Bx
m of Hewitt and 

Taylor17 reduce to §im and Qim only for m=0. 
The Sf1 coefficients are related to the derivatives of 

the potential evaluated at te. If p = V , the operator 
plYim(6v,<j>v) has meaning since it is a homogeneous 
polynomial in d/dx, d/dy, and d/dz. Following the 
example of Cohen,23 it is not difficult to show that 

«r=C2 z( i)IT'LP1 (4TT/2/+ I ) I / * F , « ( M P ) v \ , (2.3) 

where {z)i means T(l+z)/T(z). Using (2.3) and letting 
E represent the electric field at the expansion point, it 
is seen that 

6i»=dV/dz=-E,; (2.4) 

6i**=2-1l2(^dV/dx~idV/dy) 
= 2-W(±Ez+iEy). (2.5) 

Similar relationships for the <§2m coefficients may be 
found in Ref. 1, p. 370. 

Because of the negative sign in (2.4), the authors 
choose to define the multipolar polarizability tensor 
avm'im of a localized charge distribution by the equation 

Qi ,« '= -a j , « ' , *5 i» . (2.6) 

Only axial components (tn=tn'—0) of the dipolar and 
quadrupolar polarizability tensors occur in the re­
mainder of this article, hence, the less cumbersome 
symbols a and P are used for these two quantities, 
respectively. Thus, 

Q%o=-aSlo o r pz=aEz, (2.7) 
and 

Qf=-pg2*. (2.8) 

Attention is directed to the fact that the quantity 
<§2°, which is here called the "axial field gradient" is 
actually one-half of the quantity conventionally 
designated by this term. Similarly, the quantity Q20 

which we label the "axial quadrupole moment'' is one-
half the conventional axial quadrupole moment. In 
spite of this disagreement with convention, the nota-
tional system employing the Sf1 and Qim symbols has 
valuable internal consistencies and the authors choose 
to use it in all analyses and calculations. The necessary 
factor of 2 is supplied at the very end when the coupling 
constant, e2qQ/h, is calculated. 

Correlative to the polarizability of a single localized 
charge distribution or source, we introduce another 
tensor Gimvm' which is a function of the crystal structure 

21 E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1953), p. 52. 

22 Norman F. Ramsey, Molecular Beams (Oxford University 
Press, London, 1955), pp. 52-57. 

23 M. H. Cohen, Phys. Rev. 95, 674 (1954). 
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and the location of the expansion point relative thereto. 
This four-index symbol is equal to the potential com­
ponent Sim generated at the expansion point per multi-
pole moment Qi*m' of contributing sources situated at 
lattice points. Thus, 

Sr=Gim
v
m'Qv

m'. (2.9) 

In the event the expansion point coincides with a 
source, the effect of this source is deleted. The problem 
of finding the Gimi*m' symbols is the problem of lattice 
summation and is well understood. The G symbols used 
here were calculated by the method of Refs. 17 and 18; 
the actual formulas employed, translated into the 
present nomenclature, appear in Appendix A. 

In finding the crystalline potential due to the multi-
pole moments of the ions, consistency conditions must 
be satisfied since the crystalline potential itself induces 
all moments higher than the monopole. In the subsequent 
analysis, we consider moments only as high as I'=2. 

In BeO, the R ions constitute an hexagonal close-
packed system with nonideal c/a ratio. The X ions 
constitute an identical system which interpenetrates 
the R system but is displaced from the latter by a 
distance uc in the z direction. From the identical 
character of the two systems, we conclude that 

GiRi'R=Gixifx- (2.11) 

It also follows that the total structure viewed from an R 
site with the observer looking in the +z direction will 
appear the same as if viewed from an X site with the 
observer looking in the —z direction, except that R 
and X ions will be interchanged in the two cases. Thus 
interchanging R and X is equivalent to changing the 
sign of the z coordinate, and 

GWx=(- l ) w 'G«xi<*. (2.12) 

An obvious corollary is 

GiBVR = Gtxi'x = Q for l+l'odd. (2.13) 

This relationship immediately reduces six of the G 

TABLE II . Calculated values of the w-independent G symbols for 
the BeO structure with c/a —1.62245. Symbol TO indicates volume 
of unit cell. 

Quantity Value 

a?Gixix = a*G1RiR —6.01575 
a5G2X2X = a5G2R2R 5.06433 
a?G2xox=O?G2RQR 0.0267064 
a3J87rr0 5.96234 

As indicated earlier, m' = 0 for all of these since both R 
and X ions are situated on a threefold axis of symmetry. 
For simplicity, the m! superscript is omitted entirely; 
QOR, QIR, and Q2R, respectively, represent the monopole, 
axial dipole, and axial quadrupole moments of the Be+ + 

ion and OLR and PR represent its dipolar and quadrupolar 
polarizabilities. The same notations with X substituted 
for R apply to the O ion. The G symbols are also 
simplified by omitting superscripts; R and X identifica­
tions are added, however. Thus GIRVX means the Si0 

potential component generated at the site of a type R 
ion per Qi$ moment of all type X ions. 

The consistency conditions form a set of simultaneous 
linear equations with QIR, QIX, QIR, and Q^x as the 
unknowns and QOR and Qox as knowns. The fields and 
field gradients established by the monopole moments 
are the driving forces of the system and are put on the 
right-hand side. The equations may be written as 
follows: 

symbols in (2.10) to zero. Application of (2.11) and 
(2.12) reduces the remaining number of apparently 
independent G symbols from eighteen to nine, namely, 
GiXlX, G2X2X, GiXIR, GiX2R, G2XIR, G2X2R, GiXOR, G2XQR, 
and G2X0X. 

We now invoke some equivalences for axial lattice 
sums listed in Appendix A. Using these, it is found that 

G\X2R = — G2XIR • (2.14) 

G2XOR=— J (GIXIR+|87rr0); (2.15) 

G2X0X=— hiGiXlX+^TTTo), (2.16) 

where r0=j31/2aV, the volume of the unit cell. These 
three relationships further reduce the number of 
independent G symbols from nine to six. Values of the 
G symbols relevant to the present article are given in 
Tables II and III. 

III. IONIC POLARIZABILITY 

With regard to dipolar polarizability, the simple 
model of Fig. 2 is adopted. The ion is assumed to con-

CORE 

FIG. 2. Simple model of ion >fT11111111l̂ ^̂ f̂T!111111liV 
showing core bound to sheath / ] f^ 
centroid. Restoring mechanism j f||j| 1 
symbolized by spring with elastic v f / 
constant KQ. \ 1 / 

^ U L W J J J > ^ ^ SHEATH 

GlRlR-j-dR*1 

GiXIR 
G2R1R 

G2X1R 

GIRIX 
Gixix-\-ax~l 

G2R1X 
Gixix 

G\R2R 
G\X2R 

G2R2R-\~PR~1 

G2X2R 

GiR2X 
G\X2X 
G2R2X 
G2X2X-\-0X~ A 

\QlR 
Qix 
Q2R 

IQ2X. 

- GIRORQOR—GIROXQOX 
- GIXORQOR—GixoxQox 
- G2RORQOR ~ G2ROXQOX 
- G2XORQOR ~~ G2XQXQ0X J 

(2.10) 
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TABLE III . Calculated values of the w-dependent G symbols for the BeO structure with c/a—1.62245 and four assumed values of u. 

Quantity 

u 
a2GixoR = — a2Gimx 
adGixiR = adGiRix 
cftGixiR^ — cfiGtRix 

= aAG\R2X = — a4Gix2R 
a^xoR^a^Rox 
a6G2x2R:=a5G2R2x 

0.3765 
0.0190600 

-6.17707 

43.3918 
0.107367 

77.3760 

Value 

0.3770 
0.0240425 

-6.10678 

43.2662 
0.072218 

77.4051 

0.3775 
0.0289680 

-6.03668 

43.1406 
0.037170 

77.4400 

0.3780 
0.0338368 

-5.96679 

43.0149 
0.002224 

77.4807 

sist of a core having charge eZc, in which most of the 
mass resides, and a sheath with charge — eZs. In the 
present article, the core is considered to be the nucleus; 
the sheath, the entire electronic configuration. Other 
allocations of charge between core and sheath are 
conceivable and the implications of this are discussed 
below. It is assumed that the distortion of the polarized 
ion may be regarded simply as a relative displacement 
between the charge centroid of the core and that of the 
sheath against quantum mechanical restoring forces 
symbolized by the spring of elastic constant K0. We 
may immediately write the dipolar polarizability of the 
free ion at optical frequency (where the heavy core 
undergoes negligible displacement) as 

a' = K{+#Zi (3.1) 

This result and others are summarized in Table IV. 
Calculations by Pauling,24 by Wikner and Das,25 and 

by Sternheimer26 agree that the free-ion dipolar 
polarizability of Be++ is about 0.008 A3. For the 0 ~ 
ion, on the other hand, Pauling obtains 3.88 A3. In view 
of these figures and similar ones for the quadrupolar 
polarizabilities, the external effects of all moments of 
the Be++ ions higher than the monopole are neglected 
in the final calculations in this article. 

An O ion bound in BeO is illustrated symbolically 
in Fig. 3. Here it is assumed that the bonding, which 
again is quantum mechanical, may be regarded as 
acting on the sheath centroid and may be symbolized 

TABLE IV. Axial dipolar polarizabilities of an ion with core 
charge eZc and sheath charge — eZs under various conditions. KQ 
and K are elastic constants defined in text. 

Formula Description 

a"=(KQ+K)-le2Za
2 

a = K<r1eiZc* 

a = &[KiTlZc*+K-i (Zc-Zsyi 

Dipolar polarizability at optical 
frequency for free ion. 

Dipolar polarizability at optical 
frequency for ion bound in 
crystal lattice. 

Apparent dipolar polarizability 
of ion in permanent local 
crystalline field. 

Incremental dipolar polariza­
bility of ion with respect to 
additional local static field. 

24 L. Pauling, Proc. Roy. Soc. (London) A114, 191 (1927). 
25 E. G. Wikner and T. P. Das, Phys. Rev. 107, 497 (1957). 
26 R. M. Sternheimer, Phys. Rev. 107, 1565 (1957). 

by four springs connected to adjacent Be++ions. Static 
electric field due to sources within the crystal is present 
at the O ion sites, hence, the bonding system is 
permanently stressed and the O sheath centroid 
occupies an equilibrium position zf with respect to the 
Be+ + ion immediately below it in the arrangement of 
Fig. 3. This position z1 is regarded as the position of the 
O ion and the reference with respect to which its 
moments are to be calculated. In view of the permanent 
field, the spring K0 is also stressed and the O— ion has 
a permanent dipole moment with respect to the point 
at zf because of the displacement of its core. The ratio 
of this moment to the permanent crystalline field is 
called the apparent polarizability, a. Thus, 

--Ko-VZJ. (3.2) 

The principal objective of this section is to obtain the 
apparent polarizability for the O— ion. One might 
think this task trivial since K0 can be eliminated be­
tween (3.1) and (3.2) yielding 

a=a'Zc
2/Zs

2. (3.3) 

Actually, a can also be obtained from the quantities a" 
and a of Table IV. The latter method is preferable for 
two reasons: (1) both a" and a have been measured 
experimentally, whereas we must rely upon a calculated 
value for a*; and (2) when a is obtained from an and a, 
the result is found to be very insensitive to the allocation 
of charge between ion core and sheath, whereas when a 
is obtained from a' the result is quite sensitive to this 
allocation as is obvious from (3.3). We now discuss a" 
and a and the method of obtaining a from them. 

R ION 

R ION 

FIG. 3. An O— or 
type X ion bound 
in the BeO lattice. 
Sheath centroid is 
shown displaced 
from equilibrium 
position for clarity. 

RION 
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With the O ion sheath centroid in its equilibrium 
position at z\ an additional local field at optical fre­
quency may be impressed. The heavy core will not 
respond to this field, but the sheath will attempt to 
follow the field against the combined action of the 
restoring forces associated with the bond to the core 
and with the external bonding. If the elastic constant 
in the z direction of the external bonding is K, one has 
for the optical polarizability of the bound ion 

a"=(K0+K)-WZsK (3.4) 

Finally, an additional local static or quasistatic field 
may be applied at the O sites by plating electrodes 
on a single crystal and applying a potential difference. 
The result desired is that obtained with c/a held con­
stant, that is, under conditions of constant strain. 
Experimental work in this area is usually done under 
conditions of constant stress, but a theory exists27 

whereby the former results can be inferred from the 
latter. (The distinction is actually inconsequential in 
BeO, which is only very weakly piezoelectric.) Calling 
the additional local field Ega, it is seen that the sheath 
centroid of the O ion will migrate to a new position 
zs such that 

zs-z
/ = K-1e(Zc-Zs)Eza. (3.5) 

At the same time, the O core migrates to a new 
position ze, where 

zc—zB = Ko-1eZe(Ege+EMa)9 (3.6) 

and Ezc is the permanent crystalline field. Adding these 
results, one obtains 

zc-z
f^K0-

1eZc(Ezc+Eza)+K-le(Zc-Zs)Eza. (3.7) 

The total dipole moment is given by 

pz=eZc{zc-z')-eZs(zs-z
f)) (3.8) 

pz=e*£Ko-1Z>(Ezc+Eza)+K-1Zc(Zc~Zs)Eza 

~K-^Zs{Zc~Z8)Eza-]. (3.9) 

The incremental polarizability a is the derivative 
dpz/dEza. Thus, 

a= e2lKo-1Zc
2+K-1(Zc-Zs)

22. (3.10) 

The two elastic constants K0 and K may be elimin­
ated among Eqs. (3.2), (3.4), and (3.10) to yield a 
quadratic equation in a. Of the two solutions of this 
equation, the one with physical meaning is 

a = h{a+iaff+la^aaff{l+e)+<^mej12}, (3.11) 

where £= (2ZC/Z.)-1. 
We now proceed to obtain values of a" and a from 

experimental dielectric constants. Clausius-Mossotti 
theory is adequate at the level of accuracy attempted 
here; it is, however, possible to construct a more 

27 IRE Standards on Piezoelectric Crystals, 1957, Proc. IRE 46, 
764 (1958). 

i sophisticated theory using the lattice sums of the 
- previous section. Tessman, Kahn, and Shockley28 give 
t a"=1.29A3 directly for O— in BeO. Austerman, 
) Berlincourt, and Krueger29 report 7.66±4% for the 33 
5 component of the dielectric tensor at constant stress in 
* BeO single crystal; other data in the same article 
t indicate that the value at constant strain is negligibly 
5 different from this. We find, then, that 5=2.27 A3 

±1.4%. 
> When these values of a" and a are substituted into 
' (3.11) with Zc=8 and Zs = 10, the result is 

| a = a x = 2.19A3. (3.12) 

If one chooses to regard the oxygen nucleus and the ls
2 

" configuration together as the core with the 28
2 2pQ 

configuration as the sheath, then Zc=6, Zs — 8, and ax 
: becomes equal to 2.15 A3. The small difference between 
7 • ' 

this and the previous value is reassuring, as is the 
J precision of the value of a upon which d<x principally 
L depends. We regard Zc= 8 as more realistic than Zc— 6 
\ and therefore adopt 2.19 A3 as the more probable value. 
L Considering the uncertainty of some of the other 
L quantities with which we are concerned here, the 

dipolar polarizability of the O ion is remarkably well 
1 established. 

A value for the quadrupolar polarizability of 0 is 
obtained from a theoretical paper by Burns and 
Wikner.30 We use 

fo=7.0A3, (3.13) 

which is an average of two results given by these 
authors. The precision of this result is probably con­
siderably less than that associated with the dipolar 
polarizability. 

IV. RESULTS AND CONCLUSIONS 

As indicated earlier, the higher moments of the Be+ + 

ion are to be neglected in solving Eq. (2.10); we there­
fore set QIB and Q^R equal to zero and these equations 
become 

Gixix+ax"1 0 1[~£1X1 

0 G2X2X+PX-1-LQ2XJ 

[ —GIXORQOR ~| 

• (4.1) 
— G2XORQOR—G2xoxQox-l 

The solution of the above is very simple and Qix is 
independent of any assumptions regarding fix; Q2X, of 
ax- Values calculated from (4.1) are given in Table V. 

The total field gradient at the Be+ + ion &2R is 

Jack R. Tessmann, A. H. Kahn, and William Shockley, 
Phys. Rev. 92, 890 (1953). 

29 S. B. Austerman, D. A. Berlincourt, and H. H. A. Krueger, 
J. Appl. Phys. 34, 339 (1963). 

30 Gerald Burns and E. G. Wikner, Phys. Rev. 121, 155 (1961). 
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TABLE V. Calculated results for four assumed values of u: higher moments of t h e p — ion, field gradients at Be4""1 

and 0 ion sites, and coupling constants. Lattice parameter a=2.6979 A; e is charge of proton. 

Quantity 

u 
Qix/ea 
Q2x/ea? 

a?£>2R 

e 

due to all 
monopoles 

due to 0 
dipoles 

due to 0 
quadrupoles 

[total 
Be9 coupling constant 

a*&2X 

e 

due to all 
monopoles 

due to 0 
quadrupoles 

[total 
O17 coupling constant 

0.3765 
-0.01292 
-0.006330 

-0.1613 

0.5605 

-0.4898 
-0.0906 
—13 kc/sec 

0.1613 

-0.0321 
0.1292 

—355 kc/sec 

Value 

0.3770 
-0.01629 
-0.003572 

-0.0910 

0.7050 

-0.2765 
0.3375 
49 kc/sec 

0.0910 

-0.0181 
0.0729 

- 2 0 0 kc/sec 

0.3775 
-0.01963 
-0.000821 

-0.0209 

0.8470 

-0.0636 
0.7625 

110 kc/sec 

0.0209 

-0.0042 
0.0167 

—46 kc/sec 

0.3780 
-0.02293 

0.001921 

0.0490 

0.9865 

0.1489 
1.1844 

170 kc/sec 

-0.0490 

0.0097 
-0.0393 
108 kc/sec 

calculated in the following way: 

&2R — G<LRQRQ$R-\-G2R0XQ<)X 

-\-G2R\xQlX+G<ZR2xQ.2X. (4.2) 

The dimensionless quantity az&2R/e and the terms 
which compose it are given in Table V and are plotted 
with respect to u in Fig. 4. The coupling constant is 
related to SIR as follows: 

#qQ/h=(eQ/k)(l-yj2S*B. (4.3) 

Eere (1—y^) is the antishielding factor introduced by 
Sternheimer31-33 who gives 0.811 for (1—Y^) of the Be+ + 
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FIG. 4. Electric field gradient at Be + + or type R ion site in BeO. 
31R. M. Sternheimer, Phys. Rev. 84, 244 (1951). 
32 H. M. Foley, R. M. Sternheimer, and D. Tycko, Phys. Rev. 

93 734 (1954). 
33 R. M. Sternheimer and H. M. Foley, Phys. Rev. 102, 731 

(1956). 

ion.34 Lurio35 has made a tentative determination of 
+0.05 b for Q of the Be9 nucleus. Using these values, 
the coupling constant for Be9 has been calculated and 
is listed as a function of u in Table V. Hon's experi­
mental value8 of ± 4 1 ± 4 kc/sec agrees with the present 
calculations for u slightly less than 0.377. Considering 
the x-ray value of 0.378 obtained by Jeffrey, Parry, and 
Mozzi,20 there is reasonable agreement between theory 
and experiment. Further refinement cannot be expected 
until more precise values of Q, u, and the quadrupolar 
polarizability of O become available. 

The rapid variation of the field gradient with respect 
to u is a singular feature of this problem and it is con­
ceivable that, at some future time, nuclear resonance 
measurements will be considered more effective than 
x-ray diffraction for the final and precise determination 
of certain crystal structure parameters. The same 
conclusion could be drawn from the work of Brun and 
Hafner36 who made an analogous calculation on AI2O3 
using a summation in the real lattice over a relatively 
limited number (about 2500) of ions.87 

If the nuclear magnetic resonance of the spin-f 
nucleus O17 could be studied in BeO, possibly using an 
enriched sample, more information relevant to the 
present problem could be obtained. Because of the 
vanishing of G2xix and of the relatively negligible part 
played by the higher moments of the Be+ + ion, the 
field gradient at an O site depends only upon the 
monopole contribution and upon the effect of the 

^ R. M. Sternheimer, Phys. Rev. 115, 1198 (1959). 
35 Allen Lurio (private communication). 
3« E. Brun and S. Hafner, Z. Krist. 117, 63 (1962). 
37 R. R. Sharma and T. P. Das have in progress an extensive 

program for investigating the crystalline fields in A1203, Cr203, 
and Fe2Oa to interpret the available experimental data in much 
the same manner as the present article. Their summations extend 
over much larger numbers of ions (about 106) than Brun and 
Hafner considered, and they make use of the very recent crystal 
structure data of R. E. Newnham and Y. M. De Haan, Z. Krist. 
117, 235 (1962) and of G. Shirane, D. E. Cox, W. J. Takei, and 
S. L. Ruby, J. Phys. Soc. Japan 17, 1598 (1962). 



N U C L E A R Q U A D R U P O L E I N T E R A C T I O N S I N BeO A1333 

W T A L " * " -

DUE TO ALL 
MONOPOLES 

^DUE TO 
O-QUADRUPOLES 

^ ^ = 

U) 

u 

FIG. 5. Electric field gradient at O— or type X ion site in BeO. 

quadrupole moments induced in the 0— ions. Thus, 
S2X=G2XORQOR-J-G2XOXQOX+G2X2XQ2X> (4.4) 

Again the dimensionless quantity az&2x/e is presented 
in Table V and Fig. 5. Burns and Wikner30 give 29.22 
for (1—Too) of the O ion and Kamper, Lea, and 
Lustig38 obtain -0.026S b for Q of the O17 nucleus. On 
the basis of these values, the coupling constant of O17 

was calculated and is also given in Table V. An experi­
mental determination of this quantity would be very 
interesting39 since it would shed light on the quadrupole 
polarizability of O— without invoking the dipolar 
polarizability of this ion. 
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APPENDIX A: CALCULATION OF G SYMBOLS 

It is not difficult to rederive the lattice sum method 
reported by Hewitt and Taylor17 in terms of the nota­
tion of this article and to arrive at an expression for 
Sf1 at a given expansion point due to a lattice of 
multipolar sources, each having moment Qvm'. Dividing 
the former by Qvm', one obtains an expression for 

Gimi'm'=\ 
0 

4ril A(h) 
• £ (2Tch)l-*kr+H.h(2<ichrl) 

*<X)i h Qv 

X(V2/+l)1 / 2Fr(^h,0h). (Al) 
38 R. A. Kamper, K. R. Lea, and C. D. Lustig, Proc. Phys. Soc. 

(London) B70, 897 (1957). 
39 We are indebted to one of the referees for suggesting the 

possibility of detecting the sign of the coupling constant by 
incrementing the natural field gradient through the external 
application of an electric field or a mechanical stress. 

Here the upper value in the braces is to be used if a 
source is actually present at the expansion point, other­
wise the lower value (zero) is to be used. This change, 
which is appreciable, arises because the effect of a source 
at the expansion point is deleted, but the effect of a 
source only slightly removed from the expansion point 
is included and is powerful. Nq is the number of mono-
poles per unit cell and comes into play only if GW is 
being calculated. The distance parameter n must be 
chosen so that a sphere of this radius contains all charge 
belonging to the source at the origin (if there is one) 
and no charge belonging to any other source. The 
quantity n is an arbitrary non-negative integer and the 
function Av(z) = T(l+v)(2/zyjv(z), 

The Fourier coefficient ^4(h) was derived18 using a 
model in which the charge density of each source resides 
on a spherical shell of radius si. Introducing present 
notation, the expression for A ()i)/Qi>m' for a unit cell 
containing N sources at positions r / and for hs^O 
becomes: 

A(h) rN -](-27rih)1' 
=TQ~1\ 2 exP(—2irih'rk) 

Qv« Lw J 2*'(J),, 
XAr+j(2TfoO (V2/'+l)1 /2F,X*(0h ,0h). (A2) 

The quantity in square brackets is the structure factor 
for the N sources. The values of s\ and n are inter­
dependent since in no case may r% be greater than 
ro—si, where r0 is the distance from the expansion point 
to the center of the nearest source. In most cases it is 
convenient to let sx —> 0, whereupon the A function in 
(A2) may simply be set equal to unity. It must be 
remembered that A (0) = 0 even for l'=0 because of the 
compensating background charge density which must 
be present in this case. 

If Z'=0, which means that the sources are monopoles, 
the Fourier coefficients simplify very considerably. This 
may be exploited by invoking the equivalence relations 
developed in Ref. 18 whereby all G symbols with 
w = w

, ==0 and l+l'=L, a constant* are related. Thus, 
if L ^ 3 , one has 

=(-D "O- (A3) 

where 

0 
is a binomial coefficient. When L=2, a Lorentz term 
involving Nd, the number of dipoles per unit cell, must 
be included and 

4irNd 
GW+in =( 

3ro 
-!)*'( ) (W. (A4) 


