B1476 G. L.

potential depth ; but a regorous explanation of a common
reaction cross section for the two sets of curves is
hindered by the present limited understanding of the
physical significance of the optical model parameters.

The different sets of values of optical model parame-
ters obtained by Perey and by Wilkins apparently
originate in the basically different search programs used
by each investigator to obtain best fits to elastic scat-
tering and reaction cross section data. Since both sets of
parameters give convergent fits for the reaction cross
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section data of this work, a more stringent test must
await the availability of experimental elastic scattering
angular distributions in the uranium region.
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Assuming that the range of nuclear forces is small compared to the size of the triton and the wavelength
of the incoming neutron (‘“zero-range’ approximation), we derive a connection between the cross sections
for elastic and inelastic #—¢ scattering by calculating the ratio of the first Born approximation for inelastic
to that for elastic scattering. A calculation of the inelastic scattering cross section is made for an incoming
neutron energy of 14 MeV. Since experimental elastic angular distributions are not available, we use values
calculated by Bransden and Robertson for p—He? assuming Serber interaction. Inelastic angular distribu-
tions are calculated for the ejected deuteron, the ejected neutron, and the scattered neutron. Integrating over
the distribution of the ejected deuteron, we obtain a value for the total #—¢ inelastic cross section of 343 mb.
We realize that the calculations are very crude, but hope that the work will be helpful in planning future

experiments.

I. TRITIUM WAVE FUNCTIONS

N this paper the triton will be treated as a deuteron-

neutron bound pair. The ground-state wave function

of tritium may be written as the product of a spatial

part symmetrical in all three coordinates 123 times an
antisymmetrical spin function

Y= (123)X.™. M

Since T is a spin-1 particle, the spin functions are
P! P s P

1
Xallzz_,:(alﬁ2'—i81a2)a3 (2)
V2
and
1
Xa“m:E(al&-ﬂlaz)ﬁa- 3)

The space function after elastic scattering is

. o(1) f(@)+ o (q+31) f(— (¢/2)+41)
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where ¢(r) is a function of the deuteron coordinates and
f(g) is a function of the relative coordinates of the
triton. The factor (3.344)'2 is obtained by normalizing

the integral
Jatear,

o(r)=e"/r, a=0.23182F1 (5)
fl@=e"P1/q, B=0.44T743F1 (6)

and the triton is made up of neutrons at 7; and 7, and
a proton at 7;. It is bombarded by a neutron at 74 The
following coordinates are used:

using

I=re—Is3, (7)
q=r1,—73(r2+13), (8)
Q=r1—3}(1+12+13), ©)

s=2%(ritrotr3trs). (10)

With one of its neutrons excited, the triton could either
have spin § or 3.

The S=% Case
¥=o(r) frr2(q) X3/2™ 3
~¢<q+%r>fk,q(—%q+—r)r3/2m, (11)
7
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where the superscript of fi? means the quartet case is
present and the subscript refers to the triton momentum
in center-mass. The I's™ takes the spin exchange of the
two neutrons into account

Fg/ng (12),,X3/2m= X3/2™. (12)
The spin functions are
X382 = 1503, (13)
1
Xa/2' = —(a1Bss+Brosost+aicsBs) , (14)
V3
1
X9~ 2= — (81098318283 B18203) , 15)
V3
X35 3%=B1B:Bs. (16)

The S=1 Case
Y= o) frr?(Q) X12"— (q+31) frr/(—1q-+40)Tem. (17)
Where the superscript of fi-¢ refers to the doublet case.

Xy/9' 2= 62 (10983418203 — 2B1000003) (18)
and
Xyg 2= —672(818005+BraoB3— 2c18:85) . (19)

When two neutrons are excited, there are two possible
cases, S=% and S=1.

S'=%: The deuteron must be in a triplet state and will
be denoted by ¢x?(r). The subscript K refers to the
deuteron momentum. Then the triton wave function
may be written as

¥=ox'(t) fir k(@ Xz2™
~ extlatin e (). (0
S=41: Now the deuteron may be either triplet or
singlet.
Y= ox'(t) fir &g (@) X1/2™
—¢K‘(q+%r)fk',Kd"(—g+§f>rl/2m 21
or

Y= ox* () fur.x®* (@) (X12™)’
— ox*(q+31) fir ,Kd's(—g"‘%l‘) (Ty2™’,  (22)

where the spin functions are

(X12*?) =6(a1a2133—a1§2a3) (23)

(Xl/z_llz)'=-1‘(51a263‘31.32013) (24)
V2

(Tye™)'= (12)6 (X1ya™)". (25)
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II. TOTAL SPIN FUNCTIONS

Since the ground state of tritium has S=4 and the

incoming neutron has spin %, the triton-neutron system
must have a total spin of either 0 or 1. In the ground
state,

Sr=0, (1/V2) (X 81— Xs ) =X,° (26)
ST=1 , X,ZIIZCME Xil. (27)
In the continuum states,
STZO, XOOE (1/@) (X1/21/264—— X1/2—1/2C¥4) y (28)
I‘o(): (12),,-X00 5 (29)
or
1
(X®) =—[ (X12"?) Bsa— X1/ 4] (30)
V2
(To®) = (12),(Xo%)’ (31)
ST’—’ 1 s X1/2”2a45 X11 (32)
P11= (12).:)(11 (33>
or
(X' = (X1/2") s 34)
Th)'=(12), (X1, (35)

or for the case in which a state of tritium has spin §,

X1t =—X3Ba— X312 Pts

(36)
Tyl= (12), X, =Xyl (37)

III. CALCULATION OF n-2n CROSS SECTION

Conservation of energy requires for the #-2n process

k?=k— (9/8)k"*— (9/8)ar?, (38)
where
oM
ki=——FE1y. (39)
8 72

Eg is the energy of the incoming neutron in the lab
system.

4 M
OZT2=" —I: (BE)triton— (BE)deuteronj . (40)
3 72
k, is the initial wave vector of the neutron 4 in the total
center-of-mass system. k’ is the final wave vector for
relative motion of neutron 3 in the center-of-mass
system defined by particles 1, 2, and 3. k; is the final
wave vector of the scattered neutron in the total
center-of-mass system.
The differential cross section for the #—2#% process is

2
doin=z;3h—"| Mal?os(K k)d'dk,,  (41)
v

where L3 is the normalization volume and

L\3 ks LN\?
oe(K ky)dk'dk;= (——) kf2<——> dﬂf(——> dk’  (42)
2 OE /1 2
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is the energy density of final states. E is the final energy  approximation.

in the lab system. M= (1= Pri— oy Xs, [V an(ri—1s)
FVanlre—r)+Vap(rs—r) WiXi},  (50)

where P;; is an operator which exchanges space and spin

coordinates of particles ¢ and j. A Serber potential is
(44) assumed:

4/ 1
B )iy, @)
3\2M

M
o?= ;L; (BE) deuteron ,

1+ (@ )x\ /14 G ))o
Va,s(h'—*f,‘) = U(Ti—i’j)l:aVag"'( >< )
and v= (4/3)%k;/m is the initial velocity of neutron 4 in 2 2
the lab system. .. ..
1 1—-
The differential cross section for elastic scattering is +1V, B+< +(1])x>< (’L])a>:|. 51)
2 2
2m
doo= L3h— | Me|?pr(ks)dk;, (45)  The initial wave function is
v
where ¥iX;=exp(ik; Q) p(123)x,57, (52)
LN\3  /0ks and the final wave functions are, for elastic scattering,
R L ) D |
U ¥sXs=exp(—ik;+ Q)
4 hk; 4 Tk r + o(q+21r) f(—1q+-3r
g M _HHR @) XI:«:( )@+ e(at30) f(—q+% )]x@-ST, (53)
3 M 3 M (3.344)1/2
and and for inelastic #—2# scattering,
8 7%k .
E=———. (48)  ¥sX;=exp(—ik;Q)
o u XL f(@X—e(a+3nf(~3a+inr]. (54)
The ra,tio Of inelastic to elastic Cross Sections iS Applying the Zero range approximation,l 6(1-3._ r4)’ in
i YL B which it is assumed that the range of two-body nuclear
Tin_Hin 130 100 A0y forces is short compared to the size of the triton and the
= k2R dQ dQ— (49) A .
oca Mgl 2r) 5 wavelength of the incident neutron, and neglecting all

terms except those in which the arguments of ¢ and U
where the matrix elements are to be calculated in Born overlap, we get for elastic scattering:

om M
gt (Y rorrOrdUo [ (Bl k- (1/5)0+ G/ expliks Q125
X{[(14),+ (24),]x,X*}drdq  (Sy=0), (35)

or M
J= ————(3Vs4+)ro<pf(0)702U0/{EXP[—ikf'(— (1/3)Q+(8/9)a) 11 (r) exp(iki- Q) ¢ (123)}

(3.344)1
X{L(1D) o+ (24), X X }drdq (Sr=1), (56)
and for inelastic #—2# scattering:
M
J= —67rg(le4+)ro«>f (0)ritUs / {exp[—ik;- (— (1/3)Q+(8/9)a)]f(r) exp(ik;- Q) ¢(123)}
X{L(14),I— (24),X], X }drdq  (Sr=0), (57)

M
J== 67"%(3V34+)7’O¢’f(0)7’02U 0 / {exp[ —dks- (— (1/3)Q+ (8/9)a)1f(r) exp(ik;- Q) ¢(123)}

X{[(14),I'— (24),X],X51}drdq (Sr=1). (58)
1R. M. Frank and J. L. Gammel, Phys. Rev. 93, 463 (1954).
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TaABLE I. Initial- and final-spin functions before and after
scattering, and the spin matrix elements obtained by performing
the spin sums. In the notation (4,B)¢, 4 refers to the state of the
triton, B to the state of the deuteron, and C to the total spin of the
neutron-triton system.

Initial Spin
Spin Statistical  spin matrix

function weight  function element
Elastic Scattering:
@, x:0 3 X0 (3.344)12
(d,t)o X3! 2 X! (3.34:4)_1/2
One neutron excited:
(GA) X 3 x:° 0
(@)1 xit H xi! —2V2/\3
(@)1 xtt 2 Xt —2/V3
Two neutrons excited:
@,t%)o X 3 x;° 0
(@,5%)0 (X’ b xi° 2
(¢t e 3 X! —2VI/V3
@, xit 3 X! —2/V3
(@,5")1 Cab)’ 3 X 0

The spin sums are calculated and listed in Table I.
After scattering we take as the wave function of the
ground state of the triton

ar 1/2 e—are
@:(—) (59)
2m q
and for the continuum state, /=0
ik’ q
b=k 94 1(6) (60)
q
eZiﬁo(k’)_ 1 eik’q
s (2107 -
2ik q

sink’q cosk’q
=cos&o(k’)ei""("')[———-—}—tan&o(k’) :I . (62)
kq kq
The calculation will be performed for an incident
neutron energy of 14 MeV. ¢(123), a symmetric func-
tion of particles 1, 2, and 3 is taken to be

0(123) = g Glar*t2eh)

(63)
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For elastic scattering |k;| = |k;| while for inelastic
scattering k; is determined by Eq. (38). However, using
the method of the impulse approximation'? the ks
appearing in Eqgs. (55)-(58) are taken to be the same.
The ratio of the first Born approximation for inelastic
scattering to that for elastic scattering is calculated in
the following way: The coordinate Q is eliminated in
terms of q and r, and q is integrated analytically. The
wave functions f(r) which could be either quartet or
doublet have been calculated previously for #n-d
scattering by Christian and Gammel.? Their doublet
wave function did not vary much with relative n—d
energy for the important region. A factor of

( tandy (k’))

k’a4
is removed from f4(r), the quartet function, making it
more nearly a constant as a function of energy. Since

—tangy(k)7!
[——] = —a4k’ cotdp=1—%psask’?,
k'd4

(64)

with

2,=62F, @,=08F;}

04=3.582 F, ps=45.1F,
we must then multiply f4(r) by [1—0.23807E], where
E is the energy of neutron 1 relative to the deuteron.

The ratio of |J4/J2|? is integrated numerically on the
IBM-7094 for several values of E and the following fit is

obtained:
1 J4(inel) |2 21r)|:sin260 (k')] A2
Ja(el) B (aT k2 404’
X [(20.23)(14-20.52%'24-105.3k4)] (65)
Jo(inel)|2 /2«
= <——) [cos?8e(k’) ]A2(3.344) , (66)
Jz(el) ar.

where A=1.332F appears because the Christian-Gammel
functions are plotted in gauss range units. The resulting
cross section for inelastic scattering is

2/2VI\2 127\ /sin?Bo(R))\ A2
doine1= {§<—> <—)<————> —2(20.23) (14-20.52%24-105.3%"%)

\/g QT klz 4 Q4

The sin?§(%’) and cos?8o(k’) terms are calculated from

+2< 2 )2(3 344)(2”)>\2[ 250(k)] } NV rdrdde, . (61
\a . o c0s28, 2 (Tur(€ 2y j;.‘ 67)
 cotdo(k) = — (1/a)+Lok" (68)

2 G. F. Chew and G. C. Wick, Phys. Rev. 85, 636 (1952).
3R. S. Christian and J. L. Gammel, Phys. Rev. 91, 100/(1953).
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and in place of the experimental #-T elastic angular distributions which are not available, calculated values by
Bransdon and Robertson* assuming Serber interaction for p-He? are used. Their 14-MeV curve has not been
verified experimentally, but results of Artemov, Kalinin, and Samoilov® for energies up to 9.6 MeV indicate that
for the higher energies the theoretical curves fit the experimental angular distributions fairly well.

IV. ANGULAR DISTRIBUTION OF DEUTERONS EMITTED IN THE LAB SYSTEM

In order to calculate angular distributions for deuterons in the lab system, we make the following
transformations:

—1k+1P, initial momentum of neutron 1, (69)
=k'—31k,4+3iP, final;

P.,=k+1iP; initial momentum of neutron 4, (70)
=k;41P, final;

P;=—%k,+1P, initial momentum of the deuteron, (71)

=—k —%k;+1P, final;

k; dk'dk; 9 9\
k’de'dﬂldﬂf—-= 5[kf~(ki2—gkl2'—§a1’z> ]

i kiky ,
dP4dPy 9 9 12 9 9
- [kf+<kf——k’2——af> ]a[kﬂ—(kﬁ——k’z——aﬁ)]. (72)
kik, 8 8 8 8

Substituting in %; and ' in terms of P4 and P4 according to Eqgs. (70) and (71), we get

dUinel Sin?ag
— = { (0.08353)[1+20.52(k’)2+105.3(k’)4]< > +[:0.26538(c05250)2]}
AEqdQq \ k2 /,
(0.1553) PgjdPy | 1 1
X (O'n__T)Pd2 Sln04d04d(p4[ 5(P4 7’1)+ 5(P4—7’1>]
- Ed (Po)(ks) | Pa—11] | Py—1
9 9 12
X[kf+<ki2—“k/2"‘—a7‘2) :| , (73)
8 8
where
4 8 4
F2= P2+ £P4P(sinfy sinfy cos s+ cosdy cosfs) —5PaPs cost+6P42——9~P4Ps COS@4+§P 2, (74)
ky= (P2—1P4P, cosbs+5P:2)2, (75)
9
k:2=0.37989, §aT 2=0.22522,
A= P, cosfs— Pa(sinf, sinfy cos g+ cosfa cosbs) , (76)
B= (424 P4P, cosfa—0.150146—0.75P2)2, (17)
rn=A+B, (78)

When integrating Eq. (73) numerically, we must be careful to take only the range of integration for which either
#1 or 74 are real and positive. Integrating Eq. (73) using the data of Bransden and Robertson, we obtain a total
inelastic cross section of 381 mb. This value is modified in order to be consistent with the known total #—¢ cross
section of 980 mb. The elastic angular distributions were lowered by 109, giving a total elastic cross section of
637 mb. We then obtain the angular distributions shown in Figs. 1 and 2, and a total inelastic cross section of
343 mb.

4B. H. Bransden and H. H. Robertson, Proc. Phys. Soc. (London) A72, 770 (1958). .
§ K. P. Artemov, S. P. Kalinin, and L. N. Samoilov, Zh. Eksperim. i Teor. Fiz. 37, 663 (1959) [English transl.: Soviet
Phys.—JETP 10, 474 (1960)7. ,
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Fic. 1. Inelastic differential scattering cross section expressed in Fic. 2. Inelastic differential scattering cross section expressed in

mb/MeV-sr as a function of energy of the ejected deuteron in the mb/sr as a function of lab angle of the scattered deuteron. This
lab system plotted for several deuteron lab angles relative to the curve is obtained by integrating the curves in Fig. 1 over the
incoming neutron. deuteron energies.

V. ANGULAR DISTRIBUTIONS OF NEUTRON 4 AND NEUTRON 1

Using the same methods as the previous section, we obtain for neutron 4,

doinel sin28, (k")
- { (0.002687)[1—{—20.52k’2+105.3k’4]|:———-—] + (0.008536)[c05250(k’)]2]
dE Q4 k2 4
(ﬂ'n_T) 5(P1—1’2) B(Pl—'h) 9 9 1/2
X[ P4P12dP1 Sin91d01d¢1:": } ]I:kf"}_(kiz_"km-_aTZ) ] ) (80)
Pskf |P1"‘7’1| |P1—7’2{ 8 8
where
1 2 1
k2= P2+4-2 P, Py(sinfy siné;~+cosfy cosd,) — 2P, P, C0591+—P42—‘9‘P4Ps C0504+5P.-2, (81)
9
B+ (B—C)2
= (82)
2
B—(B—C)"2
o= e | (83)
2
B=%[P, cosf;— P4(sinf; sinfy cos g1+ cosf; cosfs) ], (84)
C=4(P42—%P4Ps COS@4—%P32+C¥T2) . (85)

And for neutron 1, we obtain a similar expression

d0inel sin?8y (k')
—=1(0.002687)[ 1+20.52k">+ 105.3k’4:]|:————~:l —I—(0.008536)(c0525o(k’))2}
dE]dQl le 4
O‘n_TP1P42 5(})4—7’2) 5(P4—1’1) 9 9 12
X —————dPy sin04d04d<p4l: H jl[kf"f—(kf—-km‘——ai’?) :l , (86)
Pskf |P4—7’1[ {P4—7’2| 8 8
B+ (B—O)
= 87
1 5 (87)
B—(B*—C)2
pom 88
2 ; (88)
B=%[ P, cosfs— P1(sind; sinfy cos s+ cosb; cosbs) ], (89)

C=4(P2—2PP, cosb;—3P2+ar?). (90)
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Integrating Eqs. (80) and (86) numerically we get the
angular distributions shown in Figs. 3, 4, and 5. The
total #-T inelastic cross section obtained from the
neutron 1 angular distributions is 349 mb which com-
pares with 343 mb obtained from the deuteron angular
distributions. The cross section obtained from the
neutron 4 angular distributions will be the same since
the neutron 1 and neutron 4 curves coincide except for
small variations.

T T T T T T T T T T T T T T T
ler -
14} ]

_ 120°
12t o -
135 o-0°
5 0F s0° ]
]
8l ) 1
) 1057900 \-750 60° 4 V300
© 6 15°
al 1
180°
2 B
0 A\ L , , . ‘
“0 10 20 30 40 50 60 70

En (MeV)

Fic. 3. Inelastic differential scattering cross section expressed in
mb/MeV-sr as a function of energy of the scattered neutron 4 in
the lab system plotted for several neutron 4 lab angles.

VI. ESTIMATE OF n-3n CROSS SECTION AT 14 MeV

An order of magnitude estimate of the #-3xn cross
section can be made by calculating

o'totaln—T(el) O totalnd Ototalnp
doinel= 13.38( )( ( )
4 2ar 2a

1 ks
X——(4r)3K2dKk'*dk — ,
(2m)® k;

(91)

2

using the conservation of energy equation,

(92)

k= h2——k—3K2— —ar?—3a?.
8

The answer obtained is 0.4 mb which indicates that the
n—3n inelastic scattering is insignificant. Therefore, a
more careful evaluation will not be made. The same
kind of estimate can be made for #n-2x scattering by

L. GAMMEL AND A. D. MacKELLAR

T T T T T L T 7
53 R
14} E
— §,=0°
3 12 1
E 10r 4
2
I= 8ries | 90° 75° 60° 43> 30° B
b
o 6} 15°; g
1
4} 1
2 ! |
o 1 1 1 L 1 1
"0 10 20 30 40 50 60 70

Epi(MeV)

Fic. 4. Inelastic differential scattering cross section expressed in
mb/MeV-sr as a function of energy of the ejected neutron 1 in
the lab system plotted for several neutron 1 lab angles.

calculating
3.344 Tiotalnd
da'inel = (Utotaln—T) (
3w ar

1 ks
X——(4r)%k'%dk'—, (93)
(2m)® ks
with the conservation of energy equation (38).
The result obtained is 217 mb which is a factor of 1.6
less than the more careful calculation but significantly
greater than the #—3# cross section.

100
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Fia. 5. Inelastic differential scattering cross section expressed in
mb/sr as a function of lab angle of the scattered neutron 4. This
curve is obtained by integrating the curves in Fig. 3 over energy.

VII. DISCUSSION

We realize that the calculations in this paper are very
crude and many unjustifiable approximations have been
made. We hope, however, that the work will be helpful
in planning experiments and possibly serve as a guide
for future theoretical work.



