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Some aspects of the correlations between interacting electrons in a magnetic field are studied by a quan­
tum kinetic approach, taking into account the quantization of the orbital motion of the electrons. The 
treatment is based on the introduction of an hierarchy of equations of motion for the s-body density matrices 
and employing a decoupling scheme, valid in the self-consistent field approximation. In this way the dielectric 
function is introduced "naturally," and the response of the system to an applied field is calculated. The 
dielectric function reflects the two main effects of the correlations, i.e., the collective excitations of the 
system and the dynamical shielding. The dielectric function plays a role also in the "dressing" of the inter­
acting electrons. This is shown by calculating the spectrum of the density fluctuations and the equation 
which governs the approach to equilibrium of the system. The method is not limited to systems in thermal 
equilibrium, but also applies to systems in other stationary equilibrium states. 

I. INTRODUCTION 

THE properties of a system of noninteracting 
degenerate electrons in strong uniform magnetic 

fields have been studied by many authors.1-2 The main 
features of this system are the oscillations of the thermo­
dynamic quantities in the magnetic field. The novel 
effect of'the (strong) magnetic field on the electrons is 
the quantization of the orbital motion. The effect of the 
orbital quantization is important, when the energy 
associated with this quantization is of the same order 
or larger than the average kinetic energy per particle. 
That is, when HCOC^EF, where coc is the cyclotron fre­
quency of the particle and EF is the Fermi energy. The 
question arises as to how the presence of the interaction 
between the electrons would affect the various properties 
of the system in magnetic fields. 

Recently, attempts were made to include the Cou­
lomb interaction and to study its influence. The case of 
the Fermi liquid model in thermal equilibrium was 
studied by Bychkov and Gorkov3 and others4 neglecting 
the long-range part of the Coulomb interaction. Some of 
the properties of the ground state and low-lying excita­
tions of an interaction electron gas were studied by 
Kohn.5 Some properties of the interacting electron gas in 
thermal equilibrium, especially the plasma oscillations 
in magnetic field and their effects, were investigated by 
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Stephen,6 Akhiezer7 and Zyryanov.8 Stephen6 ap­
proached the problem of plasma oscillations by employ­
ing a technique, which is originally due to Montroll and 
Ward,9 and made connections with the classical treat­
ment of plasma oscillations. Akhiezer7 generalized 
former work on the energy loss of a test particle to the 
case of strong magnetic fields by the method of tempera­
ture dependent Green's function technique. Zyryanov8 

adopted the self-consistent field approach of Ehrenreich 
and Cohen10 to derive the dispersion relations for plasma 
oscillations in high magnetic fields, but made some un­
necessary approximations in his calculation.10a 

The present paper is concerned with some aspects of 
the Coulomb interaction between electrons in a strong 
uniform magnetic field. The treatment of the interaction 
is restricted to the domain of validity of the random 
phase approximation11 or the self-consistent field ap­
proach (SCF).10 The magnetic field is assumed to be 
strong enough, so that the quantization of the orbital 
motion of the electrons takes place. The magnetic inter­
actions and retardation of the Coulomb interactions be­
tween the electrons are neglected, and a homogeneous 
positive background is assumed for average neutrality. 
The method of approach is a generalization of the well 
known one, employing in the investigations of classical 
systems of interacting electrons, namely, the kinetic 
approach. This quantum kinetic method, which was 
developed in a previous paper12 (hereafter referred to as 

6 M . J. Stephen, Phys. Rev. 129, 997 (1963). 
7 1 . A. Akhiezer, Zh. Eksperim. i Teor. Fiz. 40, 954 (1961) 

[English transl.: Soviet Phys.—JETP 13, 667 (1961)]. 
8 P. S. Zyryanov, Zh. Eksperim. i Teor. Fiz. 40, 1065 (1961) 

[English transl.: Soviet Phys.—JETP 13, 667 (1961)]; P. S. 
Zyryanov and V. P. Kalashnikov, Zh. Eksperim. i Teor. Fiz. 41, 
1119 (1961) [English transl.: Soviet Phys.—JETP 14, 799 (1962)]. 

9 E. W. Montroll and J. Ward, Phys. Fluids 1, 51 (1958). 
10 H. Ehrenrich and M. H. Cohen, Phys. Rev. 115, 786 (1959). 
10a It has been brought to our attention that John J. Quinn and 

Sergio Rodriguez [Phys. Rev. 128, 2487 (1962)] have been investi­
gating the same problem. 

11 D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953). 
12 A. Ron, J. Math. Phys. (to be published). 
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I), is a suitable one for the study of both thermal 
equilibrium and quasistatiohary equilibrium. 

In Sec. II we recall the formal development of the 
hierarchy of equations for the density matrix, as was 
derived in I. The truncated set of equations, for the one-
electron density matrix and the two-electron correlation 
function, is given in the SCF approximation. A proper 
representation in terms of the "Landau states" is 
introduced to take account of the quantized orbital 
motion of the electrons in the magnetic field. In Sec. I l l 
we present calculations of the dielectric function, 
dielectric tensor, and the density-fluctuation spectrum 
of the system. These functions are calculated by the 
kinetic method for the case, where the electrons are 
known to be distributed among the "Landau states" in 
a given "diagonal" distribution function. (Fermi dis­
tribution is the one which corresponds to the special 
case of thermal equilibrium.) A concept of a "dressed" 
electron is introduced in a natural manner, to account 
the the cloud of the Landau electrons, associated with a 
given "test electron" due to the Coulomb interaction in 
the SCF approximation (compare with Rostoker13 and 
Ron14). The spectrum of density fluctuation is obtained 
by virtue of an ensemble average of free dressed elec­
trons. Section IV deals with the derivation of an 
irreversible kinetic equation for the Landau electrons. 
A method developed in I, which is similar to the one 
originally used by Dupree,15 is adopted here, with slight 
modification, to solve the integral equation for the 
correlation function. The kinetic equation governs the 
approach to thermal equilibrium of the Landau electrons 
by virtue of both the individual and collective aspects 
of their interaction. We conclude our paper with a brief 
discussion of the results (Sec. V). 

II. HAMILTONIAN FORMULATION 

We consider a system of N electrons in a unit volume 
with a mass m and a charge +e. The electrons interact 
with each other via Coulomb potential v(t) = e2/r and 
move in a constant magnetic field B. A neutralizing 
positive background is assumed. In the second quanti­
zation representation the Hamiltonian of the system 
reads (with #= 1) 

H=—L [drfiXtl-i -A(r)"L(r) 
2m * J L St c J 

+ J E fdrdW(T)*S(tr)v(T-tWA*')+.(A, ( 0 

where \pj(r) and $0(r) are, respectively, the creation 
and annihilation operators of the electrons with spin a 

and position r, satisfying the usual anticommutation 
relation, and A(r) is the vector potential corresponding 
to the uniform B field. From here on, our formal 
development proceeds in close analogy with that of I, 
and for completeness we shall give brief review of it. 

The one-electron density matrix is denoted by 

Fffl(l,l') = i?
ffl(ri,r1')0 

= Tr{ZVn t(n'#»,(ri,0} 
= <W(l '¥n( l )> , (2) 

where the Heisenberg representation for the operators 
is used, and D is the time-independent density matrix 
of the whole system. The two-electron density matrix is 
given by 

F , w ( l , 2 ; l',2') = (^1 t( l ' )^2
t(2'V.2(2)^1(l)) , (3) 

and higher order functions may be defined in the same 
manner. The equations of motion of the F's are 

6-+r1V1(l,l ') = E (<MFi2/Wl.2;l',2), (4) 

and 

(i-+T1+T2-W1?\Ffflff2(l,2; l',2') 

= £ fdn(Wn+W2z)Fffl02ffs(l,2)3]r,2f
y3)etc.i (5) 

0"3 J 

where 7\-, Wij, and Wtj stand for 

Ti=—\-\-i -A(r,)l 
2ml L dti c J 

+ +*——A(r/) , (6) 
L dr/ c J J 

Wii^vfc-rd-vbti'-T/y, (7a) 

Wij=v(ri-rj)-v(r/-rj). (7b) 
arid 

If Eqs. (4) and (5) use has been made of the equations 
on motion for the \p operators 

d r d e "I2 

i-Ur) = \ -i A(r) U.(r) 
L dt c J dt 

13 N. Rostoker, Phys. Fluids 3, 922 (1960), and Nucl. Fusion 1, 
101 (1961). 

14 A. Ron, Phys. Rev. 132, 978 (1963). 
15 T. Dupree, Phys. Fluids 4, 696 (1961). See also P. A. Wolff, 

Phys. Fluids 5, 316 (1962). 

dt c 

+E A&Mr-0*a'KOMOlk(r) (8) 

and a similar one for ^t. 
We now introduce a proper antisymmetrization 

operator 

file:///-/-i
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where Pjh permutes the tj and r^, and define new func- and approximating the three-electron function by 
tions by means of 

F.v..9n(\>- • •*; 1'- • -n') /™„(1,2,3; l/,2,,3,)=IlAft*/) 
= 7 » / . r ^ l . ( l - - - n ; l / - • • » ' ) . (10) 

We also use the truncation scheme of I, which is + £ f<n(i,i')g<rj<rk(j,k) f,k'). (12) 
originally due to Bogoliubov, by introducing a genuine pa i r s 

two-electron correlation function T ^ ^ I U J ^ U ir • A * .c u 
In the Coulomb case, under the self-consistent field ap-

g,l0-2(l,2; l /,2 ,) = /<n(T2(l,2; l',2')—/<ri(l,l /)/<r2(2,2'), (11) proximation, we obtain the coupled set of equations 

f d 
i-
dt 
- + r i - E f^2TF12A2(2,2)]/ffl=- /^r2IF12/ffX2,lU2(l,2)+£ / " ^ T T ^ ^ C l ^ ; ^ ) , (13) 
t <T2 J J J <n J 

and 

r f l + r i + r 2 - £ ^ r 3 ( t f 1 3 + t f 23) / , 3 (3 ,3)~L 2 ( i ,2 ; l',2') 

- E (dti[WMiy)gw(2fr 2 ,3)+W28/0,(2 2')*o1„(l,3; l ' ,3)] 

= ^ i 2 / n ( l , l 0 / o , ( 2 , 2 0 - J & s [ ^ i 8 / a l ( l , l 0 A ( 2 , 3 ) / ^ ( 3 , 2 0 (14) 

We wish to point out that the terms on the right-hand where the cyclotron frequency wc is 
side of Eq. (13) are, in the self-consistent field approxi- _ 72/ 
mation, small compared to those on the left-hand side. Uc—e/tnc. { ) 
A detailed discussion of this subject was given by Equation (18) is the wave equation for an harmonic 
Guernsey (see also I) . oscillator with the energy eigenvalues 

To make further progress, we notice that our set of 
equations, Eqs. (13) and (14), is a complicated differ- Ea=cc{n+^)+p /2m. (20) 
ential-integral equation in the configuration space, and The eigenstates of Eq. (16) are 
a change of representation is called for. A proper 
representation is/undoubtedly, the so-called "Landau *«(*)= l«>= k M H (27r) -V^+^* w (x-g/wco c ) , (21) 
representation,1'2" where the electrons are first subjected w h e r e ^ a r e t h e o rthonormal set of eigenfunctions of 
to the magnetic field and then interact with each other. t h e harmonic oscillator. The boundary conditions we 
Introducing the Landau gauge, with B in the z direction, i m p o s e o n t h e w a v e f u n c t i o n a r e the usual ones, namely, 

A(r)={0 2?#0} (IS) periodicity in the y and z directions and reflecting 
boundaries in the x direction (the border region may be 

the Schrodinger equation for an electron reads neglected). The number of states belonging to given 

1 r d2 / d eB \ 2 d 2 1 n anc* ^ (P e r u n ^ v o m m e > a n d regarding p as 
— + ( i—x) H La(r) = Ea(t>a(r). (16) continuous) is 

2mldx2 \dy c / dzU na=rno>c/(2ir)\ (22) 

Noticing that z and y are cyclic, we write a p a r t f r o m s p i n < F i n a l l y > t h e p r o p e r representations for 

1 yf/^t) and iM(r) read 
0 a(r) = — exp(ipz+iqy)ua(x), (17) 

2TT ^a(r) = 2La<t>a(r)aa)<T, (23a) 

and the equation for ua(x) is a n c l 

r l f l ' - . / _ J _ V 1 <M<0=L.*.*<r)o...tl (23b) 
~"o~~T~2 o^0 \ / \a^x' where the summation goes over all a=n, p, q, and aj, 

z A 2 \ a<* are> respectively, the creation and annihilation 
= ( E ——]u (x) (18) operators for the Landau states. In particular, we shall 

\ 2m) ' be interested in the distribution of the electrons among 
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the states a, that is, in operators we have abbreviated by 

Ma) = (oa.Ma..)= f^1Jr1^a(r10^*(ri)/<r(l,lO, (24) W\F(jt,p)\a)= U / ( r W r , -i-^>a(r). <31) 

with the normalization We wish to point out thatj/<r(0)(a:) is not the thermal 
equilibrium Fermi distribution, but any stationary dis-

N=Z /,(«). (25) 
tribution of the electrons in the n, p states. In particular, 
one can substitute for f° the Fermi distribution. 

The solution of Eqs. (29) and (30) is straightforward. 
III. RESPONSE FUNCTIONS We perform Laplace transformations of both equations, 

We consider now the system of electrons under the substitute / « from Eq. (29) into Eq. (30), and dis-
influence of a driving force. The assumption is made that c a r d i n S t h e m i t i a l / ( " w e o b t a m 

the latter causes only small effects and that the system yk=Vk V yk, V (WI ̂ . r i a\ 
responds linearly. K' aa'a 

M0)(<x')-M0)(<*) 
A. The Dielectric Function x <a I e lk'*r I«'>— " ~ > ( 3 2 ) 

SLa' — tLa — CO — 1 0 

Before we turn to the calculation of the dielectric , „ . . 
tensor in a magnetic field, it is convenient to derive, in a w h e r e 8* a small positive convergence factor. Now, we 
simpler way, the longitudinal component of this tensor, \ o t l c ^ that both /."(a) and Ea are independent of q, and 
which is, sometimes denoted as the "dielectric function." t n e r e f o r e t n e summation 
We shall adopt this terminology in the present paper. JZ(a \eik'T\a)(a\e~ik''T\a) 
The simple derivation of the dielectric function serves qq> 
here just to illustrate the connection between the collec­
tive excitation of the system and the self-consistent can be carried out first. We reserve the algebra for the 
field approach. Appendix and state only the result 

We consider only the left-hand side of Eq. (13) and ^ , ,, . . . w , ... . v 

write it as E<« | ^ " | « > < a | ^ '|a> qq' 

1/2 

Wa/aO+rI-[7(i)-F(iO]}A(M')-o, (26) - ^ . k V . ^ J Y — ) V I , (33) 

where (compare to Akhiezer7) 

Enn,(x) = ( dsh[_x(s)^~le-*Ln(s)Ln,(s), (34) 
Jo 

where 

n i ) = E /'A2t»(r1-r8)/a(2,2) (27) 
0-2 J 

is the self-consistent field. If we now linearize Eqs. (26) 
and (27) around a "diagonal" distribution 

A(0)(1,1') = E« *«*(n ,)#«(r)/rw(a), (28) 
*„ = k-B/S, &i=kxB/£; (35) 

Io(oc) is the Bessel function of order zero, 8 is the 
where fff

i0)(a) is assumed to depend only on n and p Kronicker symbol, and Ln(x) is the Laguerre poly-
of a, we obtain nomial. Finally, the equation for the self-consistent field 

fpri He 

Wd/dt)+E«-Ej}fw*Ka//) D(MVk=0, (36) 

E k F*<«| t f -^ |c />C/^)( i / ) - /^>(a)X (29) w h e r e 

and mo)c p / 2 x1'2 -i 
Vk=vkZ,(a'\eik-*\a)f^(a,a'). (30) ^ ( M = l -— - v k £ Hnn\ I J k, 

aal(T Zir nnr L\mo)c/ J 
In Eqs. (29) and (30) we have denoted by /<*> the y f«°(n', p+ku)-f<r°(n,p) 
perturbed density matrix (in the a representation), and j? ' T? ,, ;* 
by Vk the Fourier transform of t>(r), 

is the dielectric function in a magnetic field. This func-
v = f dreik'rv(r)' ^ o n w a s s t u c^ed by Akhiezer,7 and we have merely 

J ' presented here another method for deriving it, which is 
in the spirit of the present work. We should mention 

matrix elements of any function F(r,p) of the particle here a paper by Zyryanov,8 where a similar method was 
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employed, but the author failed to obtain the correct 
dielectric function of Eq. (37), due to some unjustified 
approximations he made in obtaining the matrix 
(a | eik'r | a). Equation (37) may be also considered as a 
generalization of Akhiezer's thermal equilibrium result 
to more general stationary situations. 

It is now clear from Eq. (36) what is the origin of the 
name dielectric function. As usual, the equation 
JD(k,co) = 0 represents the condition for self-consistent 
longitudinal collective oscillation in a magnetic field. 
The real part of this equation amounts to the dispersion 
relation, while the imaginary part of Z>(k,co) represents 
the generalized Landau damping of plasma waves in a 
magnetic field. It is not the purpose of our paper to study 
the properties of the dielectric function, but rather to 
use it for deriving different results. However, we restrict 
ourself from now on to the case where f<r°(a) is such 
that the collective oscillations are damped in time and 
do not show instabilities. 

B. The Dielectric Tensor 

In*an electron system, the presence of a magnetic 
field produces coupling between different components of 
the current, induced by an electric field, and the 
components of the latter; that is, electric fields induce 
currents which are, in general, not parallel to the fields. 
This is usually expressed by a dielectric tensor e(k,co) 
defined by the equation 

j(k,co) = (««/4x)[e(k^)- l]-E(k^), (38) 

in terms of the Fourier transforms of the induced 
current j and the prevailing field E. 

In order to calculate the dielectric tensor, it is con­
venient to start from the gauge invariant Hamiltonian 

X{(2W)-1[p-(^A)A(r)]2+eX(r)}^(r), (39) 

where p—•> —i(d/dt), xOO is the scalar potential, and 
the vector potential A(r) is given as 

A(r)=A0(r)+Ai(r), (40) 

where A0(r) corresponds to the uniform magnetic field 
B. If we further assume Ai and x to be small, the 
linearized equation for the density matrix takes the 
form 

li(.d/df)+T{\f.<»(l,l') 
= [t/(l)-L/(l ')]/„ ( 0>(l,l ' ) , (41) 

where Ti is defined by Eq. (6), //°>(1,1') is given by 
Eq. (28), and 

Z7(r )=-—(r P - -Ao(r ) l -A 1 ( r ) 
2mc IL c J 

+A 1 ( r ) . [p - -Ao( r ) ]}+«( r ) . (42) 

In terms'of the Landau's representation, Eq. (41) reads 

[•(*/&)+£„—£„]/„<» (a,aO 

XE*«i*(ri')*.i(ri)A(0)(«i), (43) 

where <t>a is given by Eq. (21). 
We turn now to the introduction of the induced 

charge density and current. The charge density operator 

Kr) = eX.W(r)M*) (44) 
yields, for the (induced) charge density, 

P(r i )=«l / , ( 1 ) (1 ,1 ' ) 

= e £ 4v*(ri)0«(ri)/,(I)(«,«'), (45) 
craa' 

under the assumption that before applying the perturb­
ing field the net charge density vanishes. The Fourier 
transform of p reads 

p(k) = * E <«'|«ik#r|a>A(1)(«,«'). (46) 
craa' 

In a similar way, the current operator, 

iW = ^ E | * ( r , | p ' - 4 ( r ' ) ] { ( r - r ' ) 

+ 5 ( r - r ' ) [p ' - -A(r ) l }^(r), (47) 

yields for the (induced) current 

j(k) = j0(k)+j1(k), (48) 

where 

e2 

jo(k) = 2 > | e^'Axto | «>/„«» (a) (49) 
mC ca 

and 

ji(k) = - £ <«'I«*-{p--A0(r)+-l|*W»{a,a'), 
7YI <r,aa' L C 2J 

(50) 

where the definition of the matrix elements is given by 
Eq. (31), and the assumption of zero net current [for 
the distribution /<r°(a)] is invoked. 

Now, since our linearized equations are gauge 
invariant, we choose the gauge where x(r) = 0, and the 
vector potential Ai is determined by the prevailing 
electric field 

E(r,0=E(k',co)^k/-r+-S (51) 
namely 

A1(k
,,a)) = i(^/o))E(k». (52) 
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Substituting Eqs. (52) and (51) into Eqs. (42) and (43), we obtain the stationary solution 

f,™(*,*/)=-*—E(k>MaVkH p — A 0 + - |a>* —, (53) 
mo) L c 2 J Ea'—Ea—u—id 

where the asterisk stands for the complex conjugate, and 5 is a small positive convergent factor. Further, the 
induced current [Eqs. (49) and (50)] is 

e2N e2 re k'n 
j(k,co) = - f E(k,a>)-i E ( k » . £ < « V k H p — A 0 + - |a>* 

mo) m2o) f«a' L c 2 J 

X < a / | c H p — A 0 + - |a> , (54) 
L c 2J Eat—Ea—co—i5 

where use has been made of Eq. (25). Following a procedure similar to the one which leads from Eq. (32) to 
Eq. (37), we can write the dyadic 

E(c/ le* k '{p--Ao+- ||aX^^ (55) 
««' L c 2 J L c 2 J 

where, with e8 , e^, ez the unit vectors in the x, y , z directions, 

Fnn ' P (k )= / dxeikxX$n\x )( —ie* eymo)cx+ezp+~pn(x), (56) 
J \ mwe'\ dx 2/ 

and $n(x) are the harmonic oscillators, eigenfunctions. Finally, we employ Eq. (3&), and with Eqs. (54) and (55), 
we obtain the dielectric tensor. 

/ « A cop
2 coc / ^ ° > « p+kn)-f*(0)(n,p) 

e(k,«) = ( l ) l E F n n , p (k )F n n , p *(k) r — , (57) 
\ CO2/ CO2 N <mn'p Ent )P+fc„ —-E n ,p~C0 — i 5 

where cop
2=4xeW/w is the plasma frequency. defined by 

We do not intend to study here the properties of the «/t w ? ReS'+Tk ) /ro\ 
dielectric tensor, but merely to present a method of ' ' ' 
deriving it from the equations of motion of the density where 
matrix. However, we wish to point out that by using the 
equation for the continuity of charge, dp/dt+ dj/dr= 0, S+(k,co) = (2AT)"""1 

and the Schrodinger equation [Eq. (16)] one can show ^ 
that the dielectric function D(k,co) of Eq. (37) is, indeed, x j dteiut(n(k,t)n(-k,0)+n(-k,Q)n(kJt)), (59) 
the longitudinal component k- e(^,co)-k/^2 of Eq. (57). J 0 

C. Spectrum of Dens i ty Fluctuations fe stfds f<\r ^ e ref f r t ' * ( k ' 9 i s t h e s P a t i a l Ff r!e r 

transform of the electron-density operator, and the 
In the theory of linear response of a many-body (• • -)is taken in the sense of Eq. (2). A standard method 

system, the Fourier transform of the time-dependent of calculating Eq. (59) is the Green's function technique, 
density fluctuations, introduced by Van Hove,16 plays which is limited to thermal equilibrium (and zero tem-
an important role. We wish to present here a simple perature), and it is essentially given by Akhiezer7 in his 
method of deriving it in the case of electrons in a study of the problem of the energy loss of a charged 
magnetic field. The method is based on the introduction particle moving through the system, while in thermal 
of the so-called "dressed electrons/' i.e., the electrons equilibrium. Our approach to the problem, which makes 
with their associated clouds.14 use of the "dressed particle" method, covers a wider 

The spectrum of the electron-density fluctuations is range of situations, namely, systems in stationary states 
of the one-particle distribution function. 

16 L. Van Hove, Phys. Rev. 95, 249 (1954). Consider a test particle, with the same properties of 
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the electrons, embedded into our system. If we assign 
to the test particle, in the given magnetic field, the 
Landau states /? and /?', it will interact with the electrons 
of the system, via the potential (energy) 

Ftert (k,0 = vk{fif | e^ 10)afi> V<(**-**>«, (60) 

where ap\ a$ are the creation and annihilation operators 
of the test particle, and Ep is the associated energy. 
Assuming the system to respond linearly to the small 
perturbation caused by the test particle, we can write 
the equation for the density matrix as 

(i-+Ea,-Ea\^M 

k 

X{ E W\etk"\ai)f.V(«u«i') 
(ra\aif 

+ lfil\e^t\^)a^apei^'-E^t}, (61) 

where we have skipped over some steps, which are 
similar to the derivation of the dielectric function. The 
stationary cloud associated with the test particle is, 
thus, given by 

n<«(kfl= £ {a'\e^\a)f^M, (62) 
<raaf 

which yields, upon solving Eq. (61), 

»<"(k,/)=-
mo)c Vk 

XHn 
r / 2 \1 / 2 

2w D(k,Efi—E(t) nn> 

f/0Knf,P+ku)-f<r0(n,p) 
) < y . 

av Ea>-Ea-Ep + Ep-i5 

)\] 

X <tf I «*-rl ftopia&W-W, (63) 

where Z> and # are given by Eqs. (37) and (34) respec­
tively, and f<r°(n,p) is the stationary "diagonal" dis­
tribution function of the (field) electrons. 

We now consider the test particle with its associated 
cloud as a "dressed electron" with the assigned Landau 
states /3' and j3; hence the corresponding density 
operator reads 

n(k,t) = iff | eik" | fta^a^W-Wt+nM (k,t) 

<|8Vk'r|g) 
mDQL,Efi,-Ep) 

•eW-Wafi'lap. 
(64) 

If we substitute Eq. (64) into Eq. (59), consider the 
average (•••) as taken over "free" dressed particles, 
and remember that we deal with fermions, the spectrum 

fluctuation reads 

mo)c Hnn'r(2/mo)c)
ll2ki~\ 

S(k,a>) = — E , , N, 
2N nn> | ^ (k ,C0) | 2 

X £ $(Enr p+kn—EntP—<ti) 
P,(T 

+A ( 0^)[W* ( 0 )(»' , *+*„)]}. (65) 

This is our result for the spectrum of density fluctuation 
in a uniform magnetic field, in the self-consistent field 
approximation. Its wide variety of applications is well 
known and we do not consider them here. 

IV. KINETIC EQUATION 

In the present section we consider the problem of 
deriving a kinetic equation for the electrons in a uniform 
magnetic field.169. This task is accomplished by solving 
Eq. (14) for the correlation function g in terms of the 
/o-(l,l'), and substituting the result into Eq. (13) to 
yield an equation for / , itself. We shall follow closely the 
approach investigated in I, with appropriate modifica­
tions to suit the present problem. 

The first step is the transformation of Eqs. (13) and 
(14) to the proper Landau representation. We restrict 
ourselves to a derivation of a kinetic equation for the 
distribution function fff(n,p) of the electrons among the 
states specified by En,p. Thus, we assume that in Eq. 
(11) fa is represented by 

/ . ( ! , ! ' )=L« *«*(ri')*(,(ri)/,(a), (66) 

while g takes care of the "off-diagonal" elements, 
namely 

*™(1,2; l',2')= E ^ ( r i O ^ ' * ^ ' ) 

X 0 a 2 ( * 2 ) 0 a i ( * l ) g W 2 ( a i , a 2 ; a^M) ( 6 7 ) 

without restricting a priori the dependence of 
g(ri«r2(«ij«2; ai,,«2/) on the a's. This scheme of approxima­
tion will be justified a posteriori by the explicit depend­
ence of the correlation function on the strength of the 
interaction 

[the ratio = (potential energy)/(kinetic energy)]. 
Equation (13) now reads 

(d/dt)Mn,p)= -2^kvk £, ,«, Im£G,(a,<x'; k ) ] , (68) 

where vk is the Fourier transform of v(r), Im stands for 

16a We are thankful to Dr. E. Klevans for pointing out to us an 
unpublished work of V. P. Silin [Salzberg Conference, Paper 
CN-10/247, September 1961, English transl.: AEC-Tr 5589, 1963 
(unpublished)], where the kinetic equation has been investigated 
by employing a different method. 
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the imaginary part, and In deriving Eq. (68) we have used the relation 

Gn(ai,ai /;k)= £ <«iVk'rl«i> gw*(ai/**;ai'w') = gw(ai'/Xi';aiw). (70) 
C20C20C2' 

X(a2
f\e~ik'T\a2)g^2{oiha2)ai' a2). (69) Similarly, Eq. (14) takes the form 

[i (d/dt)+Eai> — Eai+Ea2f — Ea2]g<n*2 (ai,«2 J a i ' , ^ ' ) 

k ' 0-30:30:3' 

-E^ '<a2 |e i k ' , r | a2 ' )C^(«2 ,a2 ' ) - -P . i (a2 ' , a2) ] E <a»'|*~ ik ' , r|ai>g»m(aia8;ai',as /) 

= E W<ai I «'k'-r I «i/)<«21 ^ k ' ' r I a2%Fffl (fluafiFo* {a2ya2
f)-Fffl (a1',a1)Fa2(a2',a2)~], (71) 

k' 

where Adopting the procedure employed in I, which is 
FJaa,) = f<r(a)ri — /*(<*)]• (72) originally due to Dupree,15 we introduce an operator 

(P(0,k,/) by the equation 
We now notice that in order to obtain the kinetic equa­
tion it is enough to solve Eq. (71) only for the expression [ i(d/d/)+#(0,k)](P(0,k,O = 0 , (78) 

Im E Gff(a am, k ) . with the initial value (P(0, k, t=0) = I, where / is the 
ad' unity operator. We also invoke the adiabatic hypothesis, 

which is due to Bogoliubov,17 that the correlation func-
Hence we define a function tion of the two electrons reaches an asymptotic value 

, 0 *\ __ v- / /1 ik.r I \ m a time short compared with the time in which the dis-
g ( 0 i , 0 2 ; k ) - X, \ai\e% T\ai) tribution function changes appreciably. Noticing that 

1 1 2 2 i£(0i,k) commutes with K(/32j — k) and introducing 
(aha2; a i / ,a 2

/) , (73) Laplace transforms of Eq. (78), we can write the solu­
tion of Eq. (75) as 

where 0 stands for the shorthand 

p=a;n,p;ri,p'. (74) Q(php2;k)=-i dre~iT —^'1T / —V 2 r 

TT • -n /TIN •* ^° ^ci27rf 7C227ri 
Using Eq. (71) we can write 
Wd/dQ+KQM+Kfa -k)]8<M.; k) X<P(fc,k*)<P(fc, - k , *)«<hfc; k), (79) 

= §(01,02; k ) , (75) where e is a small positive convergence factor, and ci, c2 
are the usual Laplace transform inversion contours. The 

where # (0 ,k ) is the integral operator operator (P is obtained by solving Eq. (79), i.e., 

J w+A(0)l ^(k;) MHA( |5) I 

X C ^ M - W , * ) ] E , (76) where 

and the source term A ^ = £ a ' ~~ E<x 

MO) r / 2 x1^2 I 
• s ( ^ i A ; k ) A(p,k) = —vkdp,,p+knHnn,\( ) *x (80) 

= (wcoc/27r)2^52,1',:pl+fcn5p2^p2_fcII 27r L W*>c/ J 
X f f n l W 1 ' [ ( 2 / m c o c ) 1 / 2 ^ K 2 B 2 { ( 2 / ^ c ) 1 ^ i ] x [ / ? , ( a y ) - i? f f ( a ' , a ) ] , 
X[Fffl(ai,O£i0^<r2(a2,o:2/)""^tri(ai/,ai)i?

<r2(a2/,a2)] • and 
(17) A(P,b) 
( 7 7 ) D(k,s)=i-Z-——. (81) 

In obtaining Eq. (75) we have made use of the sym- ? is+A(p) 
metry property n N# N> Bogoliubov, in Studies of Statistical Mechanics, edited 

by J. deBoer and G. E. Uhlenbech (North-Holland Publishing 
g<TKr2(ai,«2 J aipi) = gc2d (a2iai; a2,ai) . Company, Amsterdam, 1962). 

K((3,k) = Ea'—Ea Vkdp' p+kuHnn'i • 
2TT LV 
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Finally, after some algebraic manipulations (see I for details) we obtain 

r00 dw 1 r A(phk) 1 -| 
Tm[ L G n ( a W ; k ) > I m / 1+ E 

vial' J^2iriA(Pi)-w+idL D(k,w) h A(pi)-w+i6J 

X-
1 

D*(k,w) h Ad32)+w+i8 
S03i,ft;k), (82) 

where the limit 5—> + 0 is understood, and D(k,w) is given by Eq. (37). Evaluating the w integration in Eq. (82) 
we obtain our final result 

d w*2ff»»i[(2/f««c)1/2*i]£r«,nlC(2/f«a>c)
1/2*1] 

-Mn,p) = -2w E X 
dt k,p',<r' ni,n2,nz | Z ) (k , Eni>p+kn — En,p) | 2 

X « ( £ » i , p + * i , - £ » f P + £ n , f P ^ 

-Mn,p)fAn2,P')ll-Mnh #+* . i ) ] [ l - .M»3, # ' -*n)]} . (83) 

Equation (83) is the kinetic equation for the electrons 
in a magnetic field. The individual and collective 
aspects of the electron interactions in a magnetic field in 
the self-consistent field approximation are included. The 
collective aspects are represented as a dynamic screening 
by the dielectric function D in the denominator. The 
latter is due to the simultaneous motion of the inter­
acting electrons in the magnetic field. It is obvious, by 
inspection, that the Fermi distribution 

/„(»,#)= {expCr-^.p-AOD+l}- (84) 

is a stationary equilibrium solution of Eq. (83), and 
therefore Eq. (83) can be regarded as governs the ap­
proach to equilibrium of the system of electrons. In 
Eq. (84) T and IJL are, respectively, the temperature in 
energy units and the chemical potential of the electrons. 

V. DISCUSSION 

In the present paper we have studied some aspects of 
the correlations between interacting electrons in a strong 
magnetic field. We have used a quantum kinetic ap­
proach, taking into account the fact that the orbital 
motion of the electrons in a magnetic field is quantized. 
This is accomplished by writing the density matrix for 
one and two electrons in the so-called "Landau repre­
sentation." Starting from the equations of motion of the 
second quantization operators, a hierarchy of equations 
for the density matrices have been introduced. This 
hierarchy is "naturally" truncated in the self-consistent 

field approximation. Thus the magnetic field is con­
sidered as of zeroth order in the equations of motion for 
the electrons, while the interactions between the 
electrons is regarded as a first-order effect. As usual, the 
fact that each electron "sees" many others, due to the 
long range of the Coulomb potential, changes the order 
of magnitude of the interaction terms in the equations 
when many particles are involved (i.e., when an inte­
gration over the long-range potential is present and the 
exchange effects do not cut it off). In this way the SCF 
method takes proper account of both the individual 
and collective aspects of the electron interactions. 

While the electrons are moving in their quantized 
orbits in the magnetic field, they interact with each 
other and develop correlations. This is expressed to a 
large extent by the dielectric function calculated in 
Sec. III. The dielectric function reflects the two main 
effects of the correlations, i.e., the collective excitations 
of the system and the dynamical shielding. The spec­
trum of excitations is given by the zeros of the dielectric 
function, while the shielding is expressed by singling 
out a "test particle" and "dressing" it [Eq. (64)]. This 
dielectric function plays a role also in the equation 
governing the approach to equilibrium of the system. 
The electrons approach thermal equilibrium as though 
they are "dressed" by each other, as shown in Eq. (23). 
If an external field is present, the induced current is 
related to the field by a conductivity tensor, duetto the 
magnetic field, and a dielectric tensor expresses the 
response of the system to this external field. 

APPENDIX 

We wish to present here the derivation of Eq. (S3). Using Eqs. (21) and (31) we write 

2= Z<« V k - 1 a ) ( ^ - i k ' - r | a') 
qqf 

- (2TT)-4 X) / A^rV^'^^'^n'Ca;—^yw^cJe^V^^^^n^—^/w«c) 
QQ' J 

Xe-ipz,-iqyf^n(x
f~q/m^c)e~ikf'Tfeip,zf+iq,yf^(x/-qym^c). (Al) 
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The integration over z, zf, y, and yr is straightforward and leads to 

Z=hs,lcz'hy,ky>§V>,V+kz L Sq',q+ky / Adx>eihxX~ihx'X'§n>(%— tf/niO>c) 
QQ' J 

+$n{%—q/muc)$n(%f—q/nio)c)$n' {xf—qr/mo)c). (A2) 
Under the transformation 

x=R+£/2, x'=R-£/2, q=-Q+fm)cR, q'=-Q'+tna>cR, (A3) 

and an integration over R, Eq. (A2) becomes 

z=8kr,*8p>tP+kz L 8Q,tQ>-ky (d&ik*^nf{Q'/mo)c+y2)$n,(Q'/^ (A4) 
QQ' J 

Notice the Kronicker 8 for k' and k, which corresponds to invariance under spatial translation. Changing the 
summation by an integration, and using an integral representation for the 8 function, we obtain 

z=8k>)k8p>,p+im(nio>c/2Try / <*&%***+*** / dueim^u^n(u+^/2)^n(u-^/2) 

X / du'eim^u'$n> («'+.£/2)5y (u'-£/2) 

= 8v,K8p>,p+kJ J / dUneik^+ik^e-^^2^^Ln[ muc \Ln\ mwc J , (A5) 

where use has been made of the equation 

\due^^niu+^^niu-^^e-^^Lniap2^), (A6) 

with Ln(x) the Laguerre polynomial. Finally, if we set 

^=(2/mcoc)
1%, ri= (2/tno>c)Wy, (A7) 

and use circular coordinates for x, y, kx, and ky 

x=rcosd, y=r sind, kz—kiCosa, ky=kisina, (A8) 
we obtain 

2 = 5k' k8 
mo)c 

k' ,kOp' ,P+ku 
(2TT) 2 

and setting s=r2 yields 

/•oo /»2ir 

/ dr2re~r2Ln(r
2)Ln,(r

2) d&eiWmu')l,*ki'"»<*-">, (A9) 
Jo J o 

ma>c r r / 2 Y ' 2 1 
!=8k'.k«pMH.*„ / dsIJL I ) (S)^ki h l n W l n ' W , (A10) 

2w J L\mcoc/ J 
as stated in Eq. (33). 


