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that the methods developed in this paper lead to
sufficiently accurate wave functions to make meaningful
comparisons of theory and experiment possible.
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The rotation-vibration model and the hydrodynamic dipole-oscillation model are unified. A coupling
between the dipole oscillations and the quadrupole vibrations is introduced in the adiabatic approximation.
The dipole oscillations act as a ““driving force’”” for the quadrupole vibrations and stabilize the intrinsic nu-
cleus in a nonaxially symmetric equilibrium shape. The higher dipole resonance splits into two peaks sepa-
rated by about1.5-2 MeV. On top of the several giant resonances occur bands due to rotations and vibrations
of the intrinsic nucleus: The dipole operator is established in terms of the collective coordinates and the
y-absorption cross section is derived. For the most important 1~ levels the relative dipole excitation is esti-
mated. It is found that some of the dipole strength of the higher giant resonance states is shared with those
states in which one surface vibration quantum is excited in addition to the giant resonance.

I. INTRODUCTION

T has been emphasized by Faessler and Greiner! that
the anharmonicity of the nuclear surface vibrations
implies in a certain sense a triaxiality of the nucleus.
In this paper we show that this triaxiality manifests
itself in the photonuclear giant resonance. The de-
generacy of the upper peak, which in the static model??
is due to the equality of the two minor axes, disappears.
Thus, in a dynamic treatment, there appear three dipole
peaks which, however, overlap due to the damping of
the giant resonance. In the remainder of the Intro-
duction we first give some background material, and
then we describe the contents of this paper.
The collective model of surface vibrations and ro-
tations has been spectacularly successful in explaining
the nuclear low-energy spectrum.*~® Similarly, the
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collective model predictions of the most important
electric dipole transitions have been quite well con-
firmed by the experiments within the region of appli-
cability, and significantly, the agreement has improved
with the increase of details of the theory and with the
improvement of the experimental accuracy.”® In the
present paper we intend to unify these two aspects of
the collective model of the nucleus, namely the unified
model and the dipole giant resonance model. In other
words, we would like to develop the complete quantum-
mechanical collective model of the nucleus, treating all
collective degrees of freedom as quantum-mechanical
variables. However, we consider in this paper only
even-even nuclei. We should emphasize that our treat-
ment is phenomenological in that we do not attempt to
derive the collective Hamiltonian from the nuclear
many-body problem. Instead, we assume the model and
determine its consequences in as consistent a way as
possible. By comparing our results with experiment one
can then decide the limits of the validity of the model.

We just note for completeness that a considerable
amount of work on a ‘“fundamental” level has been
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done since the introduction of the collective models,
namely, by the Copenhagen School on the low-energy
part®?2 and by the Hole-Particle School on the high-
energy part.)*=1% For this work the reader is referred to
the original papers.

We now summarize the results of this paper. In Sec.
IT we write down the Hamiltonian, i.e., we define the
model. For the low-energy part we follow closely the
work of Faessler and Greiner.® We should therefore
expect the treatment to be applicable for nuclei heavier
than, say, 4~350. For lighter nuclei the assumption of,
e.g., an infinite number of rotational states is not well
justified, and, in fact, the number of such states can be
quite limited.!® However, within the region of applica-
bility, the rotation-vibration part of the Hamiltonian
is fully determined except for four adjustable parame-
ters which are taken from low-energy data: moment
of inertia, deformation, frequencies of the 8 and v
vibrations; in B vibrations the nuclear deformation
oscillates around the equilibrium deformation leaving
the nucleus axially symmetrical, while in v vibrations
the deformation stays essentially constant and the ratio
of the lengths of the shorter axes of the nucleus oscillates
about the equilibrium value, which here is assumed to
equal unity [see Eq. (4) below and footnote 26]. For
the giant resonance part, we take the hydrodynamic
model. This again limits the region of applicability.
The model is expected to be good for medium and heavy
nuclei except for a small number of nuclei around doubly
closed shells; the region of validity thus complements
the region where particle-hole calculations are feasible.
This additional limitation is due to the requirement of
high-level densities for the validity of the hydrodynamic
model. In order for the idiosyncrasies of the different
nuclei to average out and thus approach a classical
situation, a sufficiently large number of roughly equally
important configurations must participate in the dipole
state. This is evidently not true for light nuclei and it is
not really true for Pb®® where, again, the number of
important configurations'” is only about 10.

The position of the resonance energies depends in the
hydrodynamic model on one adjustable parameter
which, however, is fixed by the integrated cross sec-
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tion,!$% and which is due to the nuclear exchange
forces. According to one’s taste, one may or may not
consider this parameter to be a free parameter of the
theory. This point has been more fully discussed in
Ref. 19.

The complete Hamiltonian contains, in addition to
the terms describing the rotations, vibrations and dipole
oscillations, interaction terms between all these degrees
of freedom. We limit ourselves to the linear approxi-
mation in which the different amplitudes are considered
to be small compared with the appropriate “unit
amplitudes” and we treat some of the interaction terms
as perturbations since they contain products of the
amplitudes and thus are smaller than the main
terms.

Our treatment goes beyond the treatment of this
problem within classical mechanics by Araujo.* He
does not discuss the coupling between the different
modes. His treatment was, however, more general in
that he considered also the nuclear compressibility. We
neglect this nuclear property and as a result lose the
states corresponding to compression waves (ordinary
sound). We feel justified in doing so because the com-
pressibility of nuclear matter seems to be relatively
small and the sound-wave states would thus lie at a
much higher energy than the dipole states.

We include formally a term in the Hamiltonian in
order to describe the damping of the giant resonance.
It is supposed to lead to off-diagonal matrix elements
connecting the dipole states with other states which
do not have a dipole moment. We assume that this term
can be treated by the Wigner-Weisskopf procedure.?
We do so in order to have a Hermitian Hamiltonian.
An alternative procedure would be to assume that the
energy of the dipole states is complex. We prefer the
first of these alternatives because of mathematical
simplicity.

In Sec. III we discuss the spectrum of the Hamil-
tonian. The low-energy part of the spectrum remains
unchanged from previous treatments.*® In the high-
energy part in essence two new features arise.

First, the higher peak of the giant resonance is
connected with angular momentum =1 along the
intrinsic axis of the nucleus. The coupling between the
dipole mode and the surface leads to vy vibrations of the
nuclear shape which in turn causes a split of this higher
giant resonance. This can be explained as follows: It
has been shown that the v vibrations are anharmonic.
As a consequence, the probability distribution of v has
maxima at y>0 and it vanishes for y=0, even in the
ground state. Therefore, the nucleus is in effect “asym-
metric,” though not, however, in the sense of Davydov
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of Maryland, 1961, Technical Report No. 221 (unpublished).
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et al.,5?*% who assume a permanently deformed triaxial
shape. Upon excitation of a “transverse” dipole mode
the nuclear shape becomes stabilized in its axially
asymmetric form. This way the degeneracy of the
upper dipole resonance is removed and two resonances
will appear corresponding to the two axes perpendicular
to the “symmetry”” axis. We would just like to mention
that this degeneracy remains intact if one neglects the
anharmonicity of the v vibrations and treats them as
being harmonic.

Second, each dipole state forms the basis of vibra-
tional and rotational bands (Fig. 1). The dipole states
thus behave in a way completely analogous to that of
the odd-particle states in the low-energy region,? a not
very surprising result.

In Sec. IV we calculate the dipole operator and
derive expressions for the dipole transition probabilities.
We find the rather surprising result that, in addition
to the dipole states, also those states have an appreciable
photon absorption cross section where a vibrational
state is excited in addition to the transverse dipole
states. The transverse dipole states thus each acquire
a “satellite” at an energy about 0.8 MeV higher (Fig.
2). Offhand, one would expect that transitions to these

LINE STRENGTH

i
i
1
I
|
|
|
|
]
1
l
i

ENERGY

F16. 2. Schematic picture of the dipole strength distribution.
The higher resonance of the static model (dashed line) splits into
two lines which each has a weak satellite at a somewhat higher
energy. The total energy spread of these lines is about 2 MeV.
All the indicated lines are broadened by “friction” to a width of
2-3 MeV and thus overlap.
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region.

satellite states should be inhibited by a selection rule
analogous to the K selection rule in the low-energy
spectrum, since in these states more than one degree of
freedom makes a transition and the dipole operator is a
one-body operator. The breakdown of this selection
rule is again associated with the anharmonicity of the
v vibrations and their strong coupling to the “trans-
verse’’ dipole modes.

II. THE COUPLING OF ROTATIONS, QUADRUPOLE
VIBRATIONS, AND DIPOLE OSCILLATIONS

A. The Rotation-Quadrupole Vibration

We describe the excited states of a deformed nucleus
in the extended Bohr-Mottelson model, where the
assumption is made that the nucleus in its ground state
consists of a rotating intrinsic nucleus with an axially
symmetric equilibrium shape which can perform @, and
a vibrations (see below) about this equilibrium.® With
this model the low-energy collective spectra can be
very well understood. The parameters entering this
description are determined from the low-energy ex-
citations. In addition, we now have the ‘internal”
degree of freedom of giant resonance dipole oscillations,
i.e., vibrations of the proton and neutron fluids against
each other. Let the angular momentum of the dipole
oscillations be j and that of the rotations be R. Then
the total angular momentum is

M=R+j (1
and we have, therefore, for the rotational energy® T
h2
=% (M,—j32)%;
7 27 ,(a,) ’
(2)

B
J1,2= Z(Sdz2+12do2i 8(6)aza,), J3;=8Bas?,

25 A. Kerman, in Nuclear Reactions I, edited by P. M. Endt
and M. Demeur (North-Holland Publishing Company,
Amsterdam, 1959).
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where J,(a,) are the moments of inertia and @, are the
parameters specifying the intrinsic shape given by

R=Ro(14aoV 2,0t a2(V22+ Vs, ). 3)

The energy, Eq. (2), contains the energy of the pure
rotations, of the rotation-vibration interaction and of
the Coriolis coupling (RPC terms). We introduce the
quadrupole vibrations by writing?6

do=50+do',

a;=Prta’, B:=0, a//BK1, 4)
where By and B; denote the equilibrium values and the
primed quantities are the vibrational coordinates,
which are assumed to be small compared with the
equilibrium deformation. The quadrupole-vibrational
Hamiltonian is'-®

Br o
Hvib=—“—l:
2BL da,"

1 9 Co
+- —*:l+"—do'2+cza2'2 , (5)
2 da)?1 2

where B is the parameter occurring in the moments of
inertia in Eq. (2) and Cy, C; characterize the vibrational
energies.

Expanding Eq. (2) about the equilibrium values,
Eq. (4), and using Eq. (5), we obtain for the rotation-
vibration Hamiltonian

T+Hvib= Hrot+Hvib+Hvib rot+Hrot dip » (6)
with
A2 7

Hm=[M2—M32—j32]57+[(M3—j3)2—1 )
0

]16Ba2’2 ’

One sees in this equation that the a, vibrations cannot
be harmonic. The name one gives the terms of the
Hamiltonian which depend on more than one dynamical
variable is quite arbitrary. We have written the last
term of Eq. (7) together with the rotational part of the
Hamiltonian, and not with the term Hyip rot, because
this term cannot be treated as a perturbation® since
the range of a4’ includes the value zero. We are going
to use the adiabatic approximation with the justifi-
cation that both the vibrations and the dipole oscil-
lations have much higher energy than the rotations.
Then the last term of Eq. (7) will contribute a
“potential” term to Eq. (5) making the vibrational
Hamiltonian anharmonic. For (M;— j3)?%0 this term
has simply the character of a centrifugal potential.
The (—1) in this term has, however, a different origin;
it comes from the phase space of the @, vibrations.! It
appears via the Jacobian when one chooses the volume
element to be dr=dada.d? with dQ the differential of

26 Usually the intrinsic parameters are given by 8 and v which
are connected with the a, by ao=p cosy, a;=%8 siny. Therefore,
ao vibrations are essentially 8 vibrations and a,’ vibrations are v
vibrations.
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the Euler angles. Further,

/

W ) 2a0
Hvib rot = _"[MZ_ (M3_.73)2:I[ ___:l
27, B

0

’

———ff—(M M 2)[%(6)1/2(1_2:] (8)
4 + - 3 ’

0 0
Hdip rot— — (ﬁ2/2~]0)[M+j—+M—]+] . (9)

Here M =M 1=4=iM;, j.= j1==ijs. Equation (8) couples
the vibrations with the rotations and Eq. (9) couples
the rotations with the dipole oscillation (Coriolis term).

B. The Dipole-Oscillation Hamiltonian

We construct the Hamiltonian for the dipole oscil-
lations in the adiabatic approximation, i.e., with the
assumption that the quadrupole vibrations (~1 MeV)
and the rotations (~100 keV) are slow compared with
the giant dipole oscillations (1520 MeV). Thus, 15-20
dipole oscillations occur during one quadrupole vibra-
tion. Therefore, the dipole oscillations ‘‘see” the nuclear
shape fixed at each moment, so to say. Thus, we have
at every moment a triaxial nucleus. In such an ellipsoid
three eigenvibrations exist along the three axes which
are

W= 71(kyr) sinf cosg,

Vo= 71 (ko) sinf sine, (10)
‘I’3= jl(ksf) COSG,
with the wave numbers?27
2.08 AR;
k,--—————(l—l—0.0&—) ,

AR;=R:—R,, i=1,2,3

where R; are the radii of the three axes given according
to Eq. (3) by
R1= R(')T/Z,O) = Ro(l —%(5/4%')1/200
+(3/2)"2(5/4m)"as)
Ro=R(w/2,w/2)=Ro(1—%(5/4xm)a,
— (3/2)1*(5/4m) P as)
R3=R(0,0)=Ro(1+ (5/4m)"%as).

(12)

Inserting Eq. (12) into Eq. (11), using Eq. (4) and
expanding in the small quantities a,’, we get
k1,2= k1,2(0)[1+Godolﬂ:G2azl:| ,
ks=Fk;(0)[1+Fay'], (13)

2 E. V. Inopin, Zh. Eksperim. i Teor. Fiz. 38, 992 (1960)
[English transl.: Soviet Phys.—JETP 11, 714 (1960)].
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where
2.08[[1—0.04(5/4)'28¢]
Ro[1—0.5(5/4m)28¢] ’
2.08[14-0.08(5/47)28, ]
Ro[1+(5/4m)"80]
0.5(5/4m)"” 0.04(5/4ar) 2
" 0.5(5/4m)"8, 1—0.04(5/4m)1%8,
(15/8m)v2 0.08(15/8x)12
1-0.5(5/4m)8,  1—0.04(5/4m) 8,
(5/4m)!s2 0.08(5/4m)12
14 (5/4m)280 1-+0.08(5/4m)28,

k1,2(0)=

k3(0) =

(14)

The frequencies of the three eigenvibrations, Eq. (10),
are given in the hydrodynamical model by

w,=uk,, v=1,2,3,

(15)
= (8x/M*)(NZ/ A2). (16)

« is the symmetry-energy parameter, M* is the effective
nucleon mass'®?; N, Z, and 4 the number of neutrons,
protons, and nucleons, respectively. Inserting Eq. (13)
into Eq. (15) we get

w1,0=w1,2(0)[ 14+ Goas’ £Geas" ],

where

w3=w3(0)[1+Fa0'] , (17)
where
w1,2(0)5w15w_1=uk1,2(0) )
w3(0)5w0=uk3(0) . (18)

Assuming harmonic giant dipole oscillations and intro-
ducing the appropriate annihilation and creation oper-
ators by, b," for the modes, Eq. (10), we can write

H=Haip+Haip viv=2_ T b*b,. (19)

This ansatz contains the pure dipole oscillations as well
as their coupling to quadrupole vibrations via the terms
with ¢, in Eq. (17). We have in Eq. (19) no zero-point
dipole energy. The states &,"|0) which correspond to
the ¥, of Eq. (10) have the disadvantage that they are,
according to Eq. (10), a superposition of states with
different angular momenta along the intrinsic axis. We
therefore introduce new states with definite com-
ponents of angular momentum along the intrinsic axis
by the canonical transformation

Bit+B_r+
S ——) L n—
vz ’ vz
b3+=’30+_

Brt—poi*

byt
(20)

One can easily see from Eq. (10) that the states §,7|0),
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which we shall denote by 7,, are characterized by the
angular momentum component v along the intrinsic
axis. Since they describe the annihilation and creation
of states with spin 1 the 8,, 8,* fulfill the boson com-
mutation rules. Introducing Eq. (20) into Eq. (19) we
find

H gip= hw1,2(0) (B1+81+B-1B-1) + w8 Bo

3 (w1 (0) — A02(0)) (B—11B1+B1B-1),  (21a)
Hgip vin=fiw1,2(0) (Br"B1+B-11B-1)Goay’
+Fiw1,2(0) (BT B-1+B-181) G202’
+FwiBotBoFay’.  (21b)

Equation (21) shows explicitly the mixing of the a,
vibrations with the excitations 8;+, 8_it. The last term
of Eq. (21a) vanishes since we consider the equilibrium
of the intrinsic nucleus to be axially symmetric, and
therefore fiw;= fiws [see Eq. (18)].

We are now able to write down the total Hamiltonian.
To the above discussed terms we add a term H, which
includes all terms omitted in the discussion so far. This
is supposed to contain all other nuclear degrees of
freedom, e.g., the single-particle coordinates. Formally,
itis just H1= Hyyclear— H collective, the difference between
the actual nuclear Hamiltonian, H yclear, and the model
Hamiltonian, Hopectivee It thus describes the non-
stationary character of the higher energy states. We
shall consider its influence later (Sec. IV) together with
the term H,,q which describes the interaction with the
radiation field. Thus, we have for the total Hamiltonian

H= H10t+Hvib+Hdip+Hdip vib+Hvib rot
+H1‘ot dip+H1+Hrad- (22)

III. SOLUTIONS OF THE HAMILTONIAN—THE
ENERGY SPECTRUM

We are interested in the basic structure of the energy
spectrum of Eq. (22); therefore the rotation-vibration
interaction can be neglected because for low spins it is
one or two orders of magnitude smaller than H,o. One
might expect that even the rotational energy can be
neglected compared with quadrupole vibrations and
dipole oscillations. This, however, is not true for states
with K50, where K is the component of the total
angular momentum along the intrinsic axis. In such
states the third moment of inertia may contain an
energy which is comparable with that of the quadrupole
vibrations. Furthermore, we would lose with the ro-
tations the orientation of the nucleus in space and
effects such as nuclear tensor polarizability?”?8 could
not be discussed consistently.

We neglect the Coriolis terms; this is reasonable for
low spins. They may be of some importance for higher
spins. The terms H; and H;aq are treated later as a
perturbation (see Sec. IV). We are then left with the

% E. G. Fuller and E. Hayward, Nucl. Phys. 30, 613 (1962).
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Hamiltonian

H=Hrot+Hvib+Hdip+Hdip vib « (23)

We solve the problem specified by this Hamiltonian
for excitations where only one dipole quantum is excited
in the intrinsic nucleus.

All the essential approximations we were going to
make have been done already at this point. The only
place where we shall still use an approximate mathe-
matical method will be in solving the differential
equation (35b) below. This is evidently inessential.
Furthermore, we feel that our treatment gives a physical
insight concerning the mechanism of the vibration-
dipole oscillation interaction.

The wave functions are of the type

Xvib(ad',a2) Dy’ (O)na. (24)
They must be invariant under rotations of = around
the intrinsic 2’ axis and &’ axis (see Fig. 3).
The first invariance leads to the condition?
K—Q=2v,

v=0, £1, £2---. (25)

The second one transforms?:2

1 1
—(motn—0) Dux! — £—(noz=n_g) (=) FEFHADy_gT.
V2 V2

Hence, a properly symmetrized solution is of the form
XKI(ao',dzl)[SDMKIi(nnzi:n—n)
V2
+ (“)“'KJrj‘LQ$DM—KIi (nﬂﬂ:n~n):|
. V2
=Xg! (ao',dzl)\/—z(ﬂnﬂ:ﬂ—ﬂ)

X[ Dpgla (=)D, (T,

where K and Q have to fulfill Eq. (25). In our case j=1
and @==41, 0. Therefore, two types of solution are
possible:

(26)

1
Xg, 417 (00’,02,)6(77121271—1)[3)MKI:|: (=) ED k"],

I=K, K+1, K+2, ---

K=1,3,5, - (27a)

and

Xk, ol (ad,a o[ Darx ™+ (—) M Dar—x],
I=1,3,517,--- for K=0,
I=K,K+1,K+2, --- for K=2,4,6, --.(27b)

2 A, Bohr, Kgl. Danske Videnskab. Selskab, Mat. Fys. Medd.
26, No. 14 (1952).
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F16. 3. Intrinsic coordinate sys-
tem of the nucleus; Z’ is the axis
of symmetry of the equilibrium
shape.

*.

The ansatz (ne=n_q) for the dipole wave function is
suggested by the structure of the Hamiltonian Eq.
(21a) and it can be seen immediately that Eq. (27) is
diagonal in this part of the wave function and in the
rotational part. We look now for the quadrupole vibra-
tions in both cases [Eq. (27)] separately. Inserting Eq.
(27a) into Eq. (23) one obtains a differential equation
for Xg(ay',ad), if one multiplies with

[t L Dur’+ (— 1) Dy g 1]

from the left hand and integrates,

mwr o2 1 4 K>
{ - *—Ii + ] I +Caay"
2B 6a0’2 2 602,2 16B(12,2

Co
=+ Fiw1Gaas’ —I-?ao'z—f- fi1Goay’ } Xk, 417 (ad,as)

=Eg, 11Xk, 117 (ad,as) . (28a)

Similarly, using Eq. (27b) we get a differential equation
for Xg ol

mr o 1 4
)
2B 6(1912 26(12’2

Co
+ C202'2+—2'do'2+ hiwoFay } Xkl (ad’,a2")

n*(K*—1)
16Ba,"

= Eg,o' Xk, ol (ad,a2’) .

(28b)
Here E denotes the total energy of the system and
II+1)— (I<2+1)h2

EK,:EJ:E‘— —hwl,
2J,
(29)
I(I4+1)—K2
EgxJ=E———h— .
2J,

We see that the interaction Haip vin occurs in Eq. (28)
as an additional potential for the quadrupole vibrations.
The fast dipole oscillations act, so to say, as a “driving
force” for the shape of the intrinsic nucleus. Equations
(28) can be separated immediately into ¢ and as
vibrations.

xK,vI(aol’aﬂl) = uK.l’I (do,) ‘Plf,vr(‘l?’) y U= 0: +1. (30)
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Viay)

Fi1G. 4. Potential energy for the a, vibrations, transverse dipole
modes. (A) Orthogonal coordinate system: For even K>2, Eq.
(36b) and for odd K without the linear term in Eq. (36a). The
minima of the potential lie symmetrically at ¢ and —a. (B) Non-
orthogonal coordinate system: For odd K with the linear term in
Eq. (36a). The minima of the potential are displaced to the left
to the places @ and —@"”. They do not lie symmetrically with
respect to a;=0. The situation shown corresponds to the excitation
of the dipole mode 51 —n_;. For the excitation of the mode m+7_;
the minima would shift to the right and lie at @’ and —a’. Both
dipole modes thus split in the same way, which is a consequence
of the symmetry between the x” and 3" directions in the intrinsic
system.

The uk . (ad") satisfy

w3 Co
{ _E 3 /2+~2—ao'2+ f1Goao’ }MK,:}:II(GOI)
(12
= 6:&1%K.¢11(aol) ’ (31a)
w3 C
{ —E P 12+-2-110/2+ fiwoFay’ }uK,OI (do')
Qg
= eottx,of (a0). (31b)

Both lead to harmonic vibrations with a frequency
w?=Cy/B around the new equilibrium value of a,.

fzwl
Qo1 =,30—C—GOE130+301 ,

0

(32a)
hwo
aoo=PBo——F=Bo+Loo,
0
hw1G0 €
01=— 7 E—3,30 )
8
? (32b)
fiwoF €
Boo= — 380
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Here we have expressed the quantities B¢, in terms of
the parameters FEg, Bo, and e=%2/Jo=%2/3BB# which
are known from the low-energy spectra. The energies
are given by

hleo 2 Co
eﬂ(no):—( ) DB, (33)
Co 2
fiwo'\2 Co
eo<m,>=~( ) 2 (k)Es,  (33b)
Cy 2

where #(Co/B)!?=Es and the wave functions are
Hermite polynomials H,, about the new equilibrium
value. The constant terms in Eq. (33) give the energy
change due to the change of the shape of the intrinsic
nucleus. Explicitly the wave functions are

L . 1/2H /
UK ,v,ny = [W} no[a (d() _6:2.7)):]
X eXpI: —*2“(00/—,30.1;)2]

ad=BCo/#2, 1=0, +1. (34)

The ¢k ,v,2,7(a2’) satisfy the Egs. (35a) for odd K
and (35b) for even K.

n? 02 K2
l - JI +C202/2:|: hledeI ]
2(2B) da.®* 16Bay?
X @K, 11,n5" (€)= €11(n2) 0K 21,057,  (35a)
29 rEK—1)
{ — } +C202/2} ©K,0,n (a2))
2(2B) day® 16Ba,?
= g0(”2) ‘PK,O,nzI . (SSb)

Remembering from Eq. (14) that G. is negative, the
effective potential of the ay’ vibrations, is shown in
Fig. 4. It is seen that two stable minima occur in the
potential energy:

K2
Vk,11(a))= +Coay? 4= f1:Goay’
6Ba,’?
K_—_l’ 3’ 5, (36&)
2(K2—1)
Vi,o(ay)=————+Csa4"?,
16302’2
which are at the positions
2
a2, &, 41~ = (12K2/16 BCy) 4 —
2
(3K)1/2 3 ﬁleg €
==k (¢/E4)"*Bo—= —
2 8 E, E,
K=1,35 ---, (37a)
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ds, k0~ (12 (K*—1)/16BC3)"*
=3[V (K2—1)""](¢/ E,) B0,
for K0

K=246,---. (37b)
E.,=#%(Cy/B)" is the y-vibration energy.

Equation (37a) represents the first two terms of a
perturbation expansion which considers the shift of
the potential minimum due to the linear term (see
Fig. 4) to be small. Indeed, the second term of Eq.
(37a) is small compared with the first term and is of
the order 3V3(%un:Gs/E,)(e/E,)?By=%. No displaced
equilibrium value exists for K=0. Instead we have a
situation as shown in Fig. 5. The frequencies about the
new equilibrium values, Eq. (37), are given by the
curvature of the potential energy, Eq. (36), at these
points:

) 72K?
20y (£1)= +2C,=8C,, K=1,3,5 (38a)

8Bay"
20,(0)=8C,, for K0, K=2,4,6, ---, (38b)

so we see that both minima in Fig. 4 lead to approxi-
mately the same vibrational energies given by

i, =n(Cy/ B)\?=2E,, . (39)

However, the ground states have different energies.
We can solve Eq. (35a) approximately. Since we
saw that the two minima in the potential energy occur
at the same @’3x 41 and the linear terms do not influence
the curvature, Eq. (38), we can expect that the wave
functions are not very sensitive to these linear terms,

Viaz)

Fic. 5. Potential energy for the @, vibrations, 5y dipole mode,
and K =0, The nucleus retains its axially symmetric shape.
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Viay)

—

$laz),0=4 TN $(a3), 02
27N
~

Fic. 6. The same as Fig. 4(B), redrawn in an orthogonal co-
ordinate system. The wave function for the @, vibrations is indi-
cated: for ¢=—1, full line; for =1, dashed line. For the mode
1 —n—1 left and right must be interchanged. o= +1 indicates that
the wave function is nonvanishing on the side of the lower po-
tential minimum.

which influence only the energies: One minimum is
shifted up, the other one down. The change of energies
is given approximately by replacing the @y’ in the linear
term by the appropriate equilibrium values, Eq. (37a).
Then the equations to be solved are

o 9 K
— + +Co02 A 11 [ 0K 21,00
2(2B) 9ay?® 16Bay”

(40)

—z I
= €K, £1,mPK ,£1,n2 »

flleg

A p1=1hw1Gal2, k117 (BK)'2(e/ E4) '8y,

and Eq. (35b) is not changed, of course. The solutions
of both Egs. (40) and (35b) are!:®

1

T(p N oyIlx+d 3 1/2

OK. 4, (@)= [2NEHT (Ig+3+-n2) /02 ]

’ T(lx+3)

Xay kg2 By (—py Ix+3 5 Nay'?)

= —3+3 (1KY,
4BC,
72

(41)
where
for odd K

for even K

= and ay>0

The function ¢ in (41) is normalized to unity in the
range 0<ay’< . It is consistent to have ¢ finite only
on one side, i.e., either for a;’ positive or for a;’ negative,
since the potential barrier 1/ay is impenetrable, How-
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ever, the state where, e.g., d=-41 and ¢ is finite for
ay’>0 is degenerate with the state, where d=—1 and
¢ is finite for @y’ <0 (see Fig. 6). Therefore, one must
take a suitable linear superposition of these two
possibilities. This point will be discussed below, Sec.
IITA. We introduce a new quantum number o to label
these linear combinations. Then the energies are given
by

e, 0mg= Cuot+Hlxg+3)Ey+tod,, n:=0,1,2,---. (42)
I,.M 21—*—1 " 1 ( I ( )I+K I)
\IIK,n 2,0 =[“‘ ] '—{ Dyurl—o(— Dyu—xr
B 1672 V2 "

+ (= NED (DT o (— ) HED g T)

o==41,

I=K,K+1, K+2, -+ -,
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o=0 for even K and o==1 for odd K. (Here o char-
acterizes the higher or lower minimum of Fig. 4.) For
odd K the two modes (n:4=7_1) are degenerate.

A. The Complete Level Scheme

We now can discuss the complete level scheme of the
Hamiltonian Eq. (23). For this purpose we write down
the total wave functions and energies.

NM—0N-1

V2

@K, 1,n,7 (a2)

mton_y

O, 1,057 (—aa') {1k 1,00 (a0'),

K=135 -+ and a’>0. (43)

72 H1w1Go\ 2
EK,M,M,,I=[I(I+1>—<K2+1>jg+ﬁw1—< E ) 38det (no+-3) Egtodet Qo tlx+3E,, o=21. (44)
0

(]
2I4+1

‘I/K,nn,n2.o'=01'M= [‘”‘_'—
167!’2 (1+5K0)

+ ()5 ok 0,n" (—a2)),

h?

Frwol\ 2
Ex no,o=o"= I (I+1) ‘“K2)E]—+ Tiwo— <7;—> $8ce+ (no+3) Egt+ (2net1lx+3) E,.
0

B

We have chosen the linear combination in Eq. (43)
and Eq. (45) in such a way that the following additional
symmetry is fulfilled: A rotation through im around
the 2’ axis (see Fig. 3) and a simultaneous replacement
of a2 by —as [see Eq. (12)7] should leave the wave
function invariant.?® Since the mentioned rotation
changes

Ourx! (mtn-1) — D ED D! (91 Fn-a)

one checks that Eq. (43) and Eq. (45) fulfill this
symmetry if we choose

pa(—a)= ¢_a(ad).

The energy spectrum in the giant resonance region
is shown in Fig. 1. We now consider first the 1~ levels.
Going up in energy the first state is the pure giant
resonance 7 along the major axis of the ellipsoid. The
next levels are this same resonance with 8 and v vibra-
tions on top of it (the starting levels of the first three
bands in Fig. 1). Some MeV above these levels follow
the giant resonances n; and n_; where the neutron-
proton fluid oscillates along the minor axis. Two states
of this type occur corresponding to the two new
equilibrium shapes in Fig. 4. Above these levels come

1/2 1
:| (DurT—= (=D ED gD notex,0,n0” (GOI>6(S0K,O.MI (ad)

K=0,24, .-,

I=1,335 -, for K=0,

=K, K+1, K+2, ---, for K#0. (45)
(40)

quadrupole vibrational states with one and more
quadrupole quanta excited on top of the dipole quanta.

The transition energies are found by subtracting from
the energies (44) and (46) the ground-state energy which
can be obtained by replacing in (46) 7w, by zero and
inserting I=K=mno=n:=0; lx=—3.

In this discussion we have so far neglected the
rotation-vibration interaction and the Coriolis term.
The first one is very small and it is to be expected to
change things by negligible amounts (except for very
high spins). The second one is of the order of the
rotational energy. At high spins the Coriolis force is
therefore expected to mix several bands (no; m1=E9-1).
However, even for high spins the effect of this mixing
can cause an energy shift of the bands of only a few
hundred keV.

IV. THE DIPOLE OPERATOR AND THE
ABSORPTION CROSS SECTION

A. The Dipole Operator

Our program is now to calculate the dipole operator
in terms of the creation and annihilation operators 8,7,
B, of dipole quanta and to establish its additional
dependence on the shape of the intrinsic nucleus. We
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need for this calculation, as we will see, the potential
energy of the dipole oscillations. Since we assume
harmonic dipole oscillations it must be of the form

VM(EM)=%C#|EMP7 (47)

where £, characterizes the amplitude of dipole vibration
connected with 8,%|0). The proton distribution is given

by
(00)s=pp(O)(A+E.F 71 (Ru?) Y 1,) (48)

where F, is a normalization factor, p,(0) is the un-
perturbed proton distribution. We calculate the energy
constant C, in the hydrodynamical model

| po— 20|
%c“;gm:x/——(’——”—dv,
v Po

(49)

where k is the symmetry energy parameter in the
Bethe-Weizsicker semiempirical binding energy
formula and where po is the unperturbed matter dis-
tribution and the integration goes over the volume of
the intrinsic nucleus. We obtain with Eq. (48) ex-
panding in the small parameters a,, Eq. (4):

4p,%(0) .
3Cul £u|*=const+« [Eul2F 2 | ji2(Rur) | V1, 2rdrdQ
Po v
4rp2(0) F 2| £,
= const+—— Al rG(kpRO)
Po Zk,,a I_
3G (p)
+ (kuRoar, |, (50
aP Ayl
where
G(p)=p*[j1*(p)— Fo(p) j2(p)]
and
7= (5/4m)172(1020] 10) (1u20] 1ps) .
So we get
4xp,*(0) F )2
Cu= —[G(kuRo)+ R, (kuRo)a 1=Q,.F,2, (51)
Po ki
where
3G (p)
R,= (BuRo) 7.
ap QY0

If one takes ap=% and k,Ro=2.08 one estimates that
[R(kuRo)ao/G(kRo)J~%- - 3.

The dipole operator in the intrinsic system is defined as

D,= / pot Vi,dr. (52)

With Eq. (48) we get after some calculations similar to

those above
froo_

ij =pp(0)F_uS_ub—u=pyp <O)[2

1/2
] S_u(BitHBor),
Qs (53)
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where we have used Eq. (51) and introduced annihi-
lation and creation operators of the dipole quanta by
means of £,= (hw,/2C, )2 (8,F+B.), and where w,(v=0,
=+1) is given by Eq. (18). We have introduced further

1 _ _
S,= ;[G(k,‘Ro)-l"R (kuRo)ao],
n

G(p) = —3(p cosp—sinp) —p? sinp; (54)
_ G(p)
k= whROT
9p layo

where 7, is given by Eq. (50).

Equation (54) is again an expansion of the integral,
Eq. (52), in terms of the surface parameters. It is easy
to check that the second term of Eq. (54) is of the order
£ smaller than the first one. The normalization factor
F, has dropped out in Eq. (53). This form of the
intrinsic dipole operator is still not suitable for calcu-
lations since it contains the quadrupole vibrational
coordinates @, in a complicated form. Inserting the w,
from Eq. (17) and Q, from Eq. (51) we obtain finally
after some expansions

An=[hw_“(O)]1/2S—u(0)(ﬁ-ﬁ-l—ﬂ—u)[l—#f—uao'], (55)
20-,(0)
where
fn=1|:00+_ 2Rk R
2L GluR) — R (kRo)Bo
R(kuRo)
_G(kuRo)““R(knRO)ﬁo:', “
0,(0)— 27 O [O®RI+R,RIS)
oo (kuRo)?
[G(k,Ro)+R (k,R0)B0o]

SH(O) =Pp(O)R03'RU ’
(kuR0)4

and 7w, (0) is given by Eq. (18). Terms linear in ay’ do
not contribute to transitions from the ground state.

The expression Eq. (55) shows explicitly how the
dipole operator depends in lowest approximation on
the quadrupole coordinates @,’. Since the f, are pure
coefficients of the order 1, one can already see that the
contribution of the latter terms to the dipole cross
section are of the order i compared with that of the
‘“pure” giant dipole operator. Equation (53) is the
dipole operator in intrinsic coordinates. In the labora-
tory system it is obtained by rotating it with the D,
matrices.

D=3, D' (0)D,. (57)
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B. The y-Absorption Cross Section

The giant resonance is usually studied by y-absorp-
tion experiments: A bremsstrahlung beam falls on the
target and the photon absorption is measured. We treat
the problem by assuming that at /=0 an electromag-
netic field of frequency w is switched on, and we deter-
mine the behavior of the system for times long com-
pared with the lifetime of the excited levels. Now let
¥, be the ground state and ¥, the excited state. The
ground state is stable; i.e., it does not decay. The
excited state, however, decays partly into the con-
tinuum and mostly to other configurations which are
not of the giant resonance type. Let us describe the
total system by Eq. (22)

H=Hyt+H+Hryq, (58)
where H is the rot-vib-dip Hamiltonian which we have
discussed so far. H; shall describe the decay of the
dipole levels, i.e., there will exist nonvanishing off-
diagonal matrix elements of H; which connect the
dipole levels with other excited levels.® Hq is the
interaction with the electromagnetic field.

Hya=e(4n/3)?E-D, (59)

where E is the electric field, D is the dipole operator,

Eq. (57), and e the electron charge, and

E=zE, sinwt. (60)

If a,, a; are the amplitudes of the states ¥,, ¥; and if

¥, is a complete orthonormal set and eigenfunctions of
H,, then we get in the usual manner

(ZIrad) if
d'i: dfel(wif—“’”, (61)
2i%
(Hrad)fi (H1)fv
ar= azerterimt4 S aeivt.  (62)
2ih v 4l

In the first equation we have neglected the transitions
from the ground state to other excited states, because
they are “off resonance.” By definition, the Hamiltonian
H, does not contain matrix elements to the ground
state. Therefore, the sum in the second equation is
restricted to »#1. This sum describes, so to say, the
thermalization of the energy contained in the excited
state ¥y. Following Wigner and Weisskopf,?:*' we take
this energy dissipation into account in a certain aver-

30 We assume in the sense of the random-phase approximation
that the interaction of the giant resonance levels due to H,
averages out to zero,

(o, H1 Vo Vo, H1Wp)
Z, yop—n =0,
3L A similar procedure was used by S. Fliigge for the derivation

of the Breit-Wigner-formula [S. Fliigge, Z. Naturforsch. 1, 121
(1946) ; 3a, 97 (1948)7.
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aged way by the ansatz

(H rad) fi

df: - aie’b(wfi—w)l____af,
2ih

(63)

i.e., we assume that the different phases in the sum of
Eq. (62) average out.® We have a system of coupled
equations where @, @; have to fulfill the initial
conditions

a,(t=0)=1,
(lf(t=0)=0. (64)

We can solve Eq. (63) by inserting for @, its initial
value, Eq. (62) and we get

(Hrad)fi

erlesi—o)t__ o—(T/2)¢

a; ()= (65)

The probability for observing the excited state ¥, after
a long time is given by

| (Hraa)si]? 1
w)|2= . 66
les(=)] 42 (wji—w)'—T2/4R (66)

The y-absorption cross section o (/kw) is defined as the
energy absorbed during the lifetime 7%/T" of the excited
state divided by the incoming energy flux per unit area
and second.

las(©)|2Esi  2m

1
- | Hanl?
(Ec/8m)()T) & E(Fc\( )

o(E)

-

X (67)
(Epi—Ey+T%/4

This formula exhibits the resonance behavior of the
cross section as a Breit-Wigner-type formula. It is
derived, as we see, by a straightforward procedure. It
is interesting to discuss on this basis the autocorrelation
effects of our system.!® By this we mean the following:
Since the rotational times for low spins are of the order
#/100 keV and the decay time of the giant resonance is
of the order #/T'=%/2 MeV (which is our measuring
time) we expect that the system ‘“‘sees” the intrinsic
nucleus. Indeed, we see from Eq. (67) that since I'=2
MeV the resonance energy FE; can be shifted by
amounts AEKT, ie., we can neglect the rotational
energies. If, however, the rotational energies become
of the order of T' or even larger, then we can detect
these shifts according to Eq. (67). In this latter case
we do not see the “intrinsic” nucleus but the nucleus
of the laboratory system.

C. Estimates of the Absorption Cross Section

The strength of the absorption cross section is given
by the square of the dipole matrix elements. We do not
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perform detailed calculations and comparison with
experiments here. Such calculations are to be published
elsewhere. However, we would like to give an estimate
of the relative strength of the most important levels;
i.e., essentially the excitation of the two giant modes
along the minor axis and the excitation of the first a5’

1

1 |‘2)\“+%I‘(ll+%+n2)
T+l

%2!

1/2 0
] f 02,l1+;€_)‘a2’1F1(— g, ll—‘% ; )\dgl2) 1F1(0,1 3 )\(12,2)(102/ .
0
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vibrations. These cross sections are different only
because the overlap integrals of the ay’ vibrational wave
functions differ. The vibrational function is given by
Eq. (41).

The overlap integral leading from the ground state to
the excited states is

0 1 0
5/ oo’ (—ay’) <p1,_1,n21(—ag')da2'+5/ @000’ (@2') @1,1,n,T (a2")das’
—c0 0

(68)

Here exists the general formula® (in which p is the arbitrary),

0
f e 2y IKrHEAM D By (— g 5 iy 5 5 Ao ) F 1 (— o Iky+3 5 Nay')?day’
0

= AN HRAHEAPEIT[E (I, gy +p+3) T (ko +3) T (123 (ks — Iy — p) U T (a+1x,+3)
XT3 Ugy—1g,— p) 1 sFo(—n1, 3 (Ui Hig,+p43), 3k, — Ik, p42) 5 1,13,

_”2+%(1K1'_ZK2+P+2) 1)

=GN HRAHEA PO [E (I, + ey + p+3) 0 (U, +3)T Uk +3)T[0a+5 (ke — Iy — p) 0 [M2+5 Uk — Ik, — ) ]
XAT (1, +3)T o+, +3)TL5 (Ui — o — ) ITLE Uro— Iy — p) 1} sF 2 (— 11, — 1o,

X3UrHg+p+3) ;s 1—m+i(x—Ik+p), 1 -3 —Ix+0); 1)

(69)

In deriving the second, more symmetrical expression above, use is made of the fact that 7, is an integer.%
Note that four of the above factorials are, with the abbreviation (a),=T (¢+#)/T (a), simply

(’%(lKl—ZKz—P))m(%(le_lKl_P))nz

(IK1+%) n1 (ZK2+%)7L2

In (69) we have (3(lg,—lx,— 9))ns/ (ks +2) s, as factor.
Thus, we can write

/ POk d,mT (‘12,) ©Ka,d’ ma] (a2l)daZI = ["1 e IT (”1+1K1+%>P ("2+ZK2+%)]_1/2
' X G (i —lea— 1)) G (=Tt — §))aN T3 (e L+ 5+3)]

XsFo(—n1, —na, 3(Ux,+Hk+p+3); 1—m+-3Ure— g+ ), 1— 020k, — Ikt 9) 3 1),

and (68) becomes

f ¢oooI (llz') ‘Pl,d.nzI (dzl)daf/
0
=31+ [ne+30+3)]

X [ﬂz r (%2+11+%)]—1/2 . (68"

2 L. J. Slater, Confluent Hypergeometric Functions (Cambridge
University Press, Cambridge, 1960), p. 54, Eq. (3.7.4).

3'W. N. Bailey, Generalized Hypergeomeiric Series (Cambridge
University Press, Cambridge, 1935). The relevant equation in the
notation used by Bailey (see p. 22) is T'(aiss)T (c126)Fp(0; 4,5)
= (—1)"T (co25)T (wo15) F (5; 0,2).

(70)

For the ratio of the absorption cross section leading
from the ground state to the lowest state of one of the
bands (Fig. 6), on the one hand, and to the first a2’
vibrational satellite on the other hand we find

[{0,0,0°] @1,41,0) |2 1(2

[{@0,0,°] @1,41,1)[2 1

, (1)

i.e., the absorption cross section to the pure “trans-
verse” dipole state, i.e., that associated with an ex-
citation along the short axis, is about 10 times stronger
than that to the vibrational satellite of this state. The
transitions to both “transverse” dipole states are of
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the same strength, as to be expected from sum-rule
arguments. This can easily be seen from the integrals
Eq. (68) which now go over the negative region of a,’.
Up to a phase factor the integrals are the same.

The question arises about the corrections to these
results arising from the @,-dependent terms in the
dipole operator Eq. (55). It is easy to see that these
corrections are of the order (¢/E,)Bo=1% to (1/20)
and they are thus small.

Finally, we estimate the ratio of the absorption cross
sections of the B¢t giant resonance and its satellite, i.e.,
the B¢* giant resonance with an a,’ vibration on top of
it. The wave functions for these states are given by
Eq. (34) and the changes in the intrinsic deformation
Bo» are very small.

ﬁw1Go hleo € 1 1
Bo1= = — 3B=— to
Co Es Eg 10

100

in most cases. Therefore, we can neglect the 8o, and put
them equal to zero. Then the only possibility for exciting
the ay’ vibration comes from the ay’-dependent term in
the dipole operator, which is of the order

B2 e e 12 1 1
EAROE
2BE; Esd 10 20

Therefore, the ratio of the excitation matrix elements
is of this order and the cross sections differ by the
factor 1/100.

V. DISCUSSIONS AND RESULTS

We have developed a dynamical collective theory of
the giant resonances in heavy deformed nuclei. The
extension from the earlier work? consists in the inclusion
of rotations and quadrupole vibrations of the intrinsic
nucleus. We have constructed the complete Hamil-
tonian on the basis of the adiabatic assumption, i.e.,
the rotations and vibrations are taken to be slow com-
pared to the giant resonance oscillations. The additional
degree of freedom of the intrinsic nucleus, the dipole
oscillations, are handled similarly to the coupling of an
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odd particle to the core in the Nilsson model.?4?5 The
complete Hamiltonian contains coupling terms between
the rotation, the quadrupole vibrations and the giant
dipole oscillations. We calculated the solutions of the
Hamiltonian neglecting the Coriolis term and the
rotation-vibration interaction.

A series of rotational and vibrational bands on the
top of the various modes of the giant resonance is
predicted. An interesting result is that the intrinsic
nucleus, which is axially symmetric in its ground state,
gets deformed and stabilizes in two new nonaxially
symmetric equilibrium shapes when a giant resonance
mode perpendicular to the major axis is excited. The
two new nonaxial equilibrium shapes are separated
energetically by ~1.0-2.5 MeV. The nucleus does not
change its equilibrium shape if a giant resonance mode
along the major axis is excited (at least for the lowest
rotational giant band).

We have constructed the dipole operator in terms of
the collective coordinates. This dipole operator con-
tains terms which can lead from the ground state to
the 1~ states of the different giant resonance bands.
The formula for the differential absorption cross section
is derived under the assumption that the part of the
Hamiltonian which is responsible for the damping of
the giant resonance can be treated as a perturbation.
However, we did not perform detailed calculations
concerning the absorption cross section. A paper con-
cerning such calculations and an analysis of some
experimental data is in preparation.®
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