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The reaction p+p — d-+=* in the BeV region is studied within the one-pion-exchange model with final-
state interaction between the neutron and proton to form the deuteron. A simple approximate evaluation of
the loop integral gives the final differential cross section in terms of the pion-nucleon coupling constant,
the deuteron wave function normalization, the =5 elastic scattering cross section, and the Ferrari-Selleri
form factor. Comparisons with the limited experimental results are made and fairly good agreement is ob-
tained. The large forward scattering cross section near c.m. energy 3.0 BeV is explained in terms of the

large backward #*p elastic scattering cross section at 7p c.m. energy 1.92 BeV [/=4%,
Further implications of the calculation are discussed.

I. INTRODUCTION

HE one-pion-exchange model! has been very
successful in the interpretation of pion production
in proton-proton collisions in the 1-3-BeV region.?
Several pion-nucleon isobars have been observed,
namely, the 1.23-BeV isobar (the 33 resonance) the
1.52-BeV, and the 1.69-BeV isobars. The 1.92-BeV
isobar has not yet been observed, although the threshold
energy is 2.46 BeV. Presumably, this isobar will also
have been produced at energies much above threshold.
Encouraged by the quantitative success of the one-
pion-exchange model we attempt here to extend the
calculation to the reaction

ptp—dtnt. )

The physics involved is rather simple, because process
(1) is closely related to

ptp—ntptat, 2)

with a final-state interaction between neutron and
proton to form a deuteron.

Although the ideas involved are elementary in nature,
there are several features of the problem which deserve
comment at the outset before the detailed calculation is
presented. First, we consider the number of dynamical
variables in reactions (1) and (2). Reaction (1) has two
particles in the final state, and we have just two vari-
ables, the total c.m. energy U, and the four-momentum
transfer squared #= — (p1—k»)% Reaction (2) has three
particles in the final state, and we have five independent

n [ r+

Fic. 1. One-pion-exchange diagram for

T+ the process p+p — n+p-+nt.
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=1(?) resonance].

variables. We choose them to be U, #, defined as in
reaction (1), and s=— (k1+$1)% k= (m—p/)? and
d*= (n1+p;)%. The various symbols for the four-
momenta will be defined in Sec. IT (see Figs. 1-3).

When the neutron and proton in the final state com-
bine to form the deuteron, the individual constituent
nucleons are off the mass shell. But the wvariable
@*= (n1+p2)* must be equal to —M 42, Mga being the
deuteron mass. As a result we have now six variables,
namely, U, u, 5, k2, ps%, and n.%. Clearly, we are left with
a four-dimensional integral over s, k2, p:?, and 7% In
other words our model requires the calculation of a loop
integration. It is well known that loop integrals involv-
ing strongly interacting particles are extremely difficult
to handle. Here, we shall appeal to our knowledge that
the deuteron is a very loosely bound system, and con-
sequently the contribution to the loop integral will
mainly come from the neighborhood where p.?=mn?
= — M2 With this approximation the neutron-proton
deuteron vertex is simply related to the deuteron
asymptotic normalization, and the nucleon-pion coupl-
ing constant and nucleon-pion elastic scattering ampli-
tude can be easily employed in our calculation. We have
to emphasize that there are many fundamental un-
certainties in our formulation, and the present calcu-
lation should be regarded as a first attempt in a quanti-
tative understanding of the problem. However, the
numerical results are quite encouraging.

II. FORMULATION OF THE PROBLEM

First, let us write down the #t4-p — #+-+p scattering
amplitude, where the incoming pion and the outgoing
proton are not on the mass shell. (See Fig. 4.) We define
the three variables s, ¢, and # as follows:

s=— (p1+k1)?=— (potk»)?,
t=— (p1—p2)?=— (ka—F1)?,
u=— (p1—k2)*=— (pa—k1)?,

where &1, p1 are the incoming pion and proton momenta,
and ks, p» are the outgoing pion and proton momenta,
respectively. We have here

==, hi=—p2,

2.1)

prtRi=patky
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d(d)

+
Fic. 2. Triangle diagram with ¥ (ky)

«t exchange in p+p — d+=t. n(n)

p(p)) plp,)

and
stttu=—[p2+k+p+k]

=[P+ ]—[p k]
We choose k2, ps% s, and # as the four independent
scalars. The pion-nucleon elastic scattering cross section

can now be written down. From Lorentz invariance we
have?

M=A+1iBq+iCr4Dqr, (2.2)
where
q=3kitky), r=%(ki—ks).
If the outgoing proton is on the mass shell, p?=—M?,
then the last two terms in Eq. (2.2) drop out, and we

obtain the familiar form. In general, 4, B, C, and D are
functions of the four invariant scalars, s, %, k1%, and ps?.

The physical amplitude for #*+-4p scattering is
obtained by setting k= —u?, p2=—M? in Eq. (2.2),

M=A4+iBq, 2.2)
=0 (ps)[A+iBqJu(p). (2.3)

When we sum over the spins of the initial and final
protons, we obtain for the square of the matrix element
the following form

SIESITI B M)
+ [ B[2[u'— (s— M*) (u—M*)]
+M(AB*+A*B)(u—s)} .

The cross section for #t4-p—nt4-p is

2{| A | [s+u—2u2+2M?]

(2.4)

e (A
T ) 2\ B

X / dsmdakzk‘ii% P
B 1 1 /%)2 wl
- (2m)? (Zw)z\E kr/s
oE
X/dﬂk2k2k\/s% SpZiEIS\TP. (2.5)

Therefore,

5 |rle= (21r>2(5[2~)22sj‘7”, 2.6)

spins ke

3G. F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu,
Phys. Rev. 106, 1337 (1957).
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d(d)

Fie. 3. Triangle diagram with
79 exchange in p+p — d+=t.

p(p)

p(p})

where all the quantities are evaluated in the =p c.m.
system, and

E= (k2+M2)1/2 , w= (k2+'u2)1/2 R E_}_w:sll?'
Now we turn our attention to the study of the matrix

element for reaction (1). It can be written

T= T]“‘ T2 y (2.7)
with
1 —im+M T
T,= / [ "NEG%%(P{):I I
@2m)4) Lnd+M2—ie
—ipe+M .
———— [ A+igB+irC+qrD]
PP+ M2—ie
Xu d*ny. (2.8
(Pl)kf—i—u?—ie 1 (2.8)

The superscript 7' means taking the transpose of the
quantity in bracket. The symbol G denotes the neutron-
proton-pion vertex function, and is here a function of
two variables, G=G (n:2,k:%). The symbol " denotes the
neutron-proton-deuteron vertex function, with both the
neutron and proton off the mass shell. The scalar func-
tions 4, B, C, and D have already been introduced at
the beginning of this section. In general, these six func-
tions are extremely complicated and we have no idea
whatsoever how they may behave. But as we shall see
below, in the approximation we make, these six func-
tions are all related to some experimentally measurable
quantities. T, is obtained from 7'y by interchanging p,
and p,. In Eq. (2.8) we wrote down the contribution
from the #+ exchange term only. The #° exchange
contribution can be similarly written down with appro-
priate trivial changes. In the following discussion we
shall only treat the = exchange term. In the end when
actual numerical calculation is performed we shall, of
course, also include the 7 exchange contribution.
Since the integrand in Eq. (2.8) contains functions
depending on the invariant scalars, #:% ps?, k:%, and s, it

Plpy)  r¥(k,)

Fic. 4. Diagram for 7t +p — 7+ p.

plpy) T (k,)
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will facilitate the evaluation of the integral if we change
the integration variable from dni* to dn.® dps® dk:® ds.
The Jacobian of the transformation can be obtained in
a straightforward manner.

1
1628w pokogks,pry’

d4%1 = dﬂ12d Pzzdk 12d8 , (29)

where e is the totally antisymmetric tensor.
In the rest system of the deuteron,
nl=md—nid,

p2t=(d—nm)?=— M 2+n2+2M anioa.

(2.10)
(2.11)

The integrand in Eq. (2.8) has poles at #;2=—M? and
pf=—M?. Therefore, the contribution to the #,* and
p# integration will come mainly from those neighbor-
hoods. The range of integration can thus be effectively
extended from — o to «. Equation (2.8) now becomes

1 ® * 1
T1= /ds/dklzf dﬂ12/ d]hz—_“_'_—“
2m)* o e 16e%84 p 1ok gk 1, Py’
T

—in1—|~M
X [——“—‘_—’L\/ZG’YsM (?1’) :l

ni+M>—ie
_ —ipet+M .
X [ A+igB+irC+qrD]
pE+M?*—ie )
X —_— (212)
M(Pl)kf—l—,u”—ie (

In order to proceed further we make the drastic assump-
tion that the integrand behaves nicely in the upper
half-plane and at infinity in both the #:® and the ps?
planes. The infinite line integrals can now be trans-
formed into contour integrals, and the residue at the
poles can be extracted.

1 1
(2mi)? / ds / dhs?
(27r)4 16€aﬂﬂvplak2ﬂklpplv,

X[ (—=in+M)iV2Gysu(py) T (—ipe+M)

T1=

1
X[A+igB — 13
[A+igB (), (19)

u—ie

where all quantities in the integrand are now evaluated
at n?=p?=—M? The C and D terms in the integrand
have now vanished, because for C

(—ipat+M)ru(pr) =3 (—ipat+M) (ki—ko)u(p1)
=3i(—ipst+M)(—ips— M)u(p:)
= —3i(p+M>)u(p)=0,

and the D term can now be incorporated into 4 and B.
The s integral can easily be transformed into an azimu-

YAO

thal integration. In the deuteron rest systeni

ds=2 €2 “Vflakzﬁkl,,pl,,dtp . (214)

Mapid

The ranges of integration for .2 can be seen from the
relation
k= (p1'—m)?
=—2M2—2n,- py

= —2M2—2n1dp1d' COS,B-I—MdPlod’. (215)

In the deuteron rest system,

1
nia=3Ma,
ﬂ1d=ilc,

and k=M, e being the binding energy of the deuteron.
Since the binding energy of the deuteron is so low, the
k1? integration can well be approximated by the product
of the average value of the integrand and the width of
the integral. The width is 47 « $14’, proportional to the
square root of the binding energy.
Equation (2.13) is now reduced to

4
Ti= (27i)? dixp1d
(27r)4 16Mdp1dl
X [(~in1+M)inG75u(p1')]T
1
XL (—ipy+M)[A+igBTu(p1) , (2.16)
k-
where all quantities in Eq. (2.16) are to be evaluated at
pP=nlt=—M,
and

k2= —2M>4-Map1od .

The function G is now evaluated at #,>= —M?, and is
therefore simply related to the pionic form factor of the
nucleon. The function I is evaluated at p?=mn?= — M?,
and is related to the deuteron wave function normaliza-
tion. Here we shall use the form given by Blankenbecler
et alt

JZ\/?M(J

47N
i BRELAP (v-B)C
uL

81/2

4w N M ;—1d, 3
AN M z[(1—!——‘)—)(7-5)—\/—;];(16'5)(7@'7)]0,

M 0IM, 812
2.17)
where
C=v072, C*=1, Cv C=—vw,, and CyC=1s.
k 1 1

2 —

_—27r 1402 1—«ky.

4M. L. Goldberger, Y. Nambu, and R. Oehme, Ann. Phys.
(Paris) 2, 226 (1957), especially pp. 250-252; R. Blankenbecler,
M. L. Goldberger, and F. R. Halpern, Nucl. Phys. 12, 629 (1959).

, and T'=y, ¥y,
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p is a measure of the amount of D state in the deuteron,
and p?=49,. v, is the effective range. £ is the deuteron
polarization vector, and d-£=0, d-k=0, k*=—«?
=— Me, where k=% (n1— p2), and e=2M—M.

The square of the matrix element T is

|T|2=|T1—T.|*

=|T:1|*+T|.|?, (2.18)

where we have neglected the interference term. We will
see presently that when T is large, T is small, and vice
versa. Therefore, the interference term is probably not
too important. When we sum over the final deuteron
spin and average over the initial proton spins, we obtain
(for details see Appendix)

P2 T
spins
2 2
= 1 / N ) 12 2 12[ 1 ]
2r)\2M o/ (k+ud)? M 2VIM,

<) -l G

2\? dogp

k2

where we have introduced the Ferrari-Selleri off the
mass-shell correction function F(k2),5

F(k?) =

=, a~0604?,
1+ (ki +p?) /o

and G is now just the pion nucleon coupling constant
with G2/4r=15.

In the center-of-mass system the differential scatter-
ing cross section for reaction (1.1) is

T 2 LT+ |Ts%],

spins

do N 1 /2M>2dUMd (2.20)

i eo\U/ 8

where
(dU2+Md2)1/2+ (dU2+IJt2)1/2: U ,
d0U= (dU2+Md2)1/2 ,
2 ([)2+M2)1/2= U.

So far we have neglected the 7% exchange contribu-
tion, which can be easily included. Instead of V2 G in
Eq. (2.16) we have G, and instead of 4 and B (which
should be properly written as A3/, and Bss) we have
(V2/3)(—A3p2+A41p2) and (V2/3)(—Bsje+Byjs), and
instead of I we have —TI'. The subscripts £ and 1 denote
the different isotopic contributions. Including the #°

5 E. Ferrari and F. Selleri, Phys. Rev. Letters 7, 387 (1961).
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contribution 7'; now becomes

1
Ty=— —[(—inet MVIGysu(ps) T T (— ipat-M)

dr M4
X[ (343/2—3412)+iq(§Bs/2—3B1s2) ]
1
Xu(pl)k12+#2. (2.21)

Correspondingly in Eq. (2.19) dosp/dQ:, should be
replaced by

%[3d—”(w++w D)= it p 4 9)
%, o,
do B
> w°+n>] .

k2

The final expression for the differential cross section is

de  3—(3/V2)p+(27/8)p* G* dy ki
— —F%(k?) ek—— ———
dQq 14-p? A Up (k24-u2)?
I:" dot do— . do? :I (
Xl 3 Fa— |+ (2 p), (222
i A% A%, nEp), @22)
where

k= —2M AU M 2 — 2] —dyp cosh, (2.23)

6=angle between outgoing deuteron and incoming
proton in c.m., 0<6<7/2 and

s=3[U— M+ 12,

do/dQy,, the differential m-p scattering cross section, is
to be evaluated at its c.m. energy s'/2 and its c.m. scat-
tering angle 6, where we have the relationship

w=— (p1—ks)*= M+ p*— Uksoy+2pdy cosh

=M2+uP—2p10ska0s— 2p1:kss cosd,  (2.24)
with
kov= (1/2U0)[U+u*—M 7],
pros= (1/28'%)[s+M>+k?],
kaos= (1/2s")[s+-p2— M?*],
kos=[koot—ut 2.

pre=[pro2— M2,

The second term in Eq. (2.22) is obtained from the first
term by interchanging p; and p,’. This interchange
amounts to changing cosf to —cosf in Eqgs. (2.23) and
(2.24). For cos§=1, k? is a minimum, cosé=—1, and
we see that backward mp scattering is very important
for deuteron formation in the forward direction (either
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Fie. 5. Differential cross section for p4p — d-+=* in cm.
system with cosf=1. (The solid curve is the calculated curve
including backward = scattering only.)

0° or 180° in the c.m. due to the symmetry of the two
incident protons).

When cosf= —1, ki is very large, and the exchanged
virtual pion is very far from the mass shell. Our approxi-
mation now becomes highly dubious, since for large
momentum transfer (k;2>60 u?), we have no reason to
expect the one-pion-exchange mechanism to be im-
portant. Nevertheless, we have also calculated the
contribution from large k.. Again we include the
Ferrari-Selleri form factor, which is no doubt invalid for
such large momentum transfers. It is satisfying that in
the peak region for deuteron production we find that the
contribution from large k% is much less than that from
small k.2, and consequently does not influence the calcu-
lated cross sections in any essential way.

III. RESULTS AND DISCUSSION

In Eq. (2.18) we have neglected the interference
term, which is justified only when one term is much
larger than the other. This approximation means that
our calculation becomes poorer when we are away from
the forward direction, and becomes highly unreliable at
90° in the c.m. system where the interference is largest.
Therefore, we have computed the differential cross
sections for deuteron production at 0°, cosf=1,® where
we have some available data to compare with.”»® (The

6 J. A. Helland, T. J. Devlin, D. E. Hagge, M. J. Longo, B. J.
Moyer, and C. D. Wood, Phys. Rev. Letters 10, 27 (1963); D. E.
Damouth, L. W. Jones, and M. L. Perl, bid. 11, 287 (1963); M. L.

Perl, L. W. Jones, and C. C. Ting (to be published).
7F, Turkot, G. B. Collins, and T. Fujii, Phys. Rev. Letters 11,
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experiment of Cocconi ef al. was performed at 60 mrad
in the laboratory system. Here, we have made no dis-
tinction about these two slightly different directions.)
The calculated cross sections are limited in accuracy by
our lack of information on the backward scattering
cross section in 7+ p — 7%+n. From Fig. 5 we see that
the calculated cross sections are compatible with the
experimental results within a factor of two or three. The
outstanding feature of the calculated curve is the
prominent peak at U~3.0 BeV. Our model explains it
in terms of the large backward n*p scattering cross
section due to the I=32, J=1% resonance at s'/2=1920
MeV. This explanation is analogous to the phenomeno-
logical theory given by Mandelstam for the other even
larger deuteron peak at U=2.2 BeV,? where the /=3,
J =2 mp resonance plays a dominent role. In fact, in the
neighborhood of U=2.2 BeV, we obtain a calculated
value at 0° which is very close to the experimental value.

The general qualitative agreement between the cal-
culated results and experiments seems to indicate that
the one-pion-exchange mechanism may indeed play an
important role in deuteron production. However,
quantitatively the calculated results are much larger
than the experimental cross sections in the peak region
near 3.0 BeV. There are several possible sources of error
to account for this discrepancy. One major uncertainty
is the way the loop integral was evaluated. Another
probable source of error may be in the off the mass-shell
correction we employed, since it is in the large momen-
tum transfer region (large ki) that we have serious
discrepancies. Further theoretical studies and experi-
mental investigations are certainly desirable.

Finally we comment briefly on the one-neutron-
exchange graph, Fig. 6. It is certainly a simpler graph
than the one-pion-exchange graph. But because of this
simple structure, we expect its contribution to vary
smoothly with energy. In addition, we have the further
difficulty of really not knowing how to compute this
graph.!9 Since the exchanged neutron is often far away
from the mass shell, both vertices are modified in an
unknown manner from their on-the-mass shell value.
We tend to think that the neutron exchange graph does
not play any important role in the energy region of
interest here.

F1G. 6. The neutron exchange graph

in p+p— d+r.

p P

474 (1963); M. G. Mescheryakov and B. S. Neganov, Dokl. Akad.
Nauk SSSR 100, 673, 677 (1955).

8 G. Cocconi, E. Lillethun, J. P. Scanlon, C. C. Ting, J. Walters,
and A. M. Wetherell, Phys. Letters 7, 222 (1963).

9 S, Mandelstam, Proc. Roy. Soc. (London) A244, 491 (1958).

10 See, however, a similar calculation by J. Bernstein, Phys. Rev.
129, 2323 (1963).
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1 « 1
2w V2ZM 4 Betu?

:'2{M[2.

When we sum over the final deuteron spins and average over the initial proton spins, we get

1T M=} T Tr({(—inet Mvau(pd Ya(pd yro( —inyt- M) T?
D (—iport M) (A-+igB) Xu(po)a(ps) (A*+igB*) (—ipa+ M)T}.  (A2)

Inserting Eq. (2.17) into (A2) and sum over the initial proton spins, (A2) becomes

Ly M) 1>24WN1TI ¢ Tl (Ma—id)| (142 " hp
2 0= () L s, - Aol (7)o g0

3
X (imyt M) (— iy + M) (in1+M)[<1+\—/pg>(v~E*)—\/Zf;(k-é*) (k-w](Md—id)

and

1 «
| T112=|:—— —0G
2 V2ZM ¢ k2p?

S (= iyt M) (A+igB) (—ipnt-M) (A*+iqB*)<—ip2+M>}

() (o ) (o 2) () () e
- \am/L m vamad s v/ v\ sl \a e

XTr{(Ma—id)(—ips+M)(A+igB) (—ipr+M) (A*+igB*) (—ipo+ M)}, (A3)

where we have used the relationships,
d-¢=0, d-k=0,
k2:k*2’ k,k*:_kz’

and
T (=3, (A9
(a-d)(b-d)
5080 )= (004 (3)
(k) (8- d)
S £ ) = — ok = — 2, (46)

d2

The trace calculation can now be done immediately, and the result is
X 2_1 1 I'47rN 1 2k2 . o \? 23p . p 3p\? \
I MR emyl u ZWMd] * [3< +:/§) a 5( +%>+<ﬁ> }Z(ZMMd+Md2)
XA PLstu— 2+ 2M7 14 [ B[t — (s— M*) (u— M) ]+ M (u—s) (AB*+A*B)}, (A7)

where in the last curly bracket we have set 2= —u® With this usual on the mass shell approximation we can now
use Egs. (2.4) and (2.6) to reduce the original rather complicated expression into a simple form. The final result is

given by Eq. (2.19).
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