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Measurements of the magnitude, sign, and temperature dependence of the Knight shift and susceptibility 
in platinum are used to determine the contributions to each arising from the spin paramagnetism of the s and 
d bands, the orbital paramagnetism and the core diamagnetism. A complete expression for the orbital con­
tribution to the Knight shift in a transition metal is derived, including spin-orbit coupling. We show that 
in the tight-binding limit, as in the free ion, a simple relation exists between the orbital susceptibility and 
the orbital hyperfine field. The relation of the enhancement of the d-spin susceptibility over its specific heat 
value to the possible occurrence of superconductivity is discussed. 

INTRODUCTION 

IN previous work1 an interpretation of the Knight 
shift (K), susceptibility (x), and electronic specific 

heat of various transition metal compounds was given. 
It was seen that orbital paramagnetism made major 
contributions to K and x and that the temperature-
dependent part of K was associated with that of x 
through core polarization. The present work (a) ex­
tends this to an analysis of platinum metal, thereby 
giving estimates of the various contributions to K and 
x; (b) gives a more detailed treatment of the relation 
between orbital Knight shifts and orbital paramagnet­
ism, including spin-orbit coupling; and (c) establishes 
a relation between the occurrence of superconductivity 
and the ratio of the observed spin susceptibility to that 
deduced from the measured specific heat. 

I. NUCLEAR MAGNETIC RESONANCE IN PLATINUM 

Platinum, like nickel and palladium, represents the 
case of a nearly filled d-band transition metal. The 
electronic properties of these metals have been the 
subject of extensive experimental and theoretical study. 
The earliest interests2 centered on the seeming simplicity 
with which one could understand the results of alloying 
(e.g., Ni-Cu, Pd-Au, etc.) and the fact that the de­
generacy temperature of the positive holes was suffi­
ciently low (~1500°K) as to be accessible to experi­
mental study. The importance to the magnetic behavior 
of these metals of d-d exchange, s-d exchange, and of 
electron transfer between the two bands has been 
investigated.3-7 

The utility of the Knight shift in further under­
standing the electronic properties of the d-band metals 

1 A. M. Clogston, A. C. Gossard, V. Jaccarino, and Y. Yafet, 
Phys. Rev. Letters 9, 262 (1962). 

2 N. F. Mott and H. Jones, The Theory of the Properties of Metals 
and Alloys (Clarendon Press, Oxford, England, 1936). 

3 E. P. Wohlfarth, Proc. Leeds Phil. Soc. 5, 89 (1948). 
4 H. Watanabe, J. Phys. Soc. Japan 3, 317 (1948). 
5 E. P. Wohlfarth, Proc. Roy. Soc. (London) A195, 434 (1949). 
6 S. V. Vonsovskii and K. B. Vlasov, Zh. Eksperim. i Teor. 

Fiz. 25, 327 (1953). 
7 M . Shimizu, J. Phys. Soc. Japan 15, 376 (1960); 16, 1114 

(1961). 

and alloys has only recently been exploited.1'8 Certain 
procedures have been advanced for separating the 
various contributions to the Knight shift and suscepti­
bility, particularly in those cases where K and x are 
dependent on temperature. A similar graphical analysis 
is now offered for platinum. 

Rowland9 studied the Pt195 nuclear magnetic reso­
nance (NMR) in platinum metal between 78 and 
350°K. He found the NMR to be strongly temperature-
dependent, and when compared with the Pt NMR in a 
nominally nonmagnetic chloroplatinic acid solution in 
the same field, the metal resonance was displaced to­
wards a lower frequency by some 3.5%. This was 
opposite in sign, and a factor of two or more larger than 
had been expected. Rowland conjectured that the 
magnitude and sign of the shift of the metal NMR 
could result from a large chemical shift in the reference 
solution. Subsequent to Rowland's work a study of 
several intermetallic compounds10 (e.g., PtAl2, PtGa2, 
Ptln2) revealed that the Pt Knight shift in these 
metals was of the expected magnitude and sign (i.e., 
positive) when compared with the same chloroplatinic 
acid reference. Clearly, then some particular mecha­
nism must be responsible for the unusual NMR prop­
erties of platinum metal. As will be shown below, the 
large negative Knight shift and its temperature de­
pendence is a consequence of the core polarization of 
inner s electrons by the d-band electrons. 

1. Contributions to the Susceptibility and 
Knight Shift in Platinum 

(a) Susceptibility 

The delineation of the various contributions to the 
observed paramagnetism of a metal has been given by 
Blount11 and Roth12 in a detailed treatment of Bloch 
electrons in a magnetic field. We shall use a simplified 

8 A. M. Clogston and V. Jaccarino, Phys. Rev. 121, 1357 (1961). 
9 T. J. Rowland, Phys. Chem. Solids, 7, 95 (1958). 
10 V. Jaccarino, W. E. Blumberg, and J. H. Wernick, Bull. Am. 

Phys. Soc. 6, 104 (1961). 
11 E. I. Blount, Phys. Rev. 126, 1636 (1962). 
12 L. M. Roth, Phys. Chem. Solids 23, 433 (1962). 
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two-band (d and s) model in which the d electrons are 
treated in the tight binding approximation. In this 
limit two contributions to the susceptibility are of 
prime importance. The spin paramagnetism XP

d, and 
the orbital paramagnetism13 to be expected in partially 
filled degenerate bands, Xvv which is the analog in 
metals of the Van Vleck temperature-independent 
paramagnetism. 

We shall treat the s electrons as "free" with an 
effective mass ni* and a g factor of 2 (exchange and 
correlation effects nearly cancel).14 At T=Q the Pauli 
paramagnetism XP and the Landau diamagnetism XL 

are given by 

X P = 2 ^ ( f ) , 

xL=2^w(r)c-i(v^)2], 
where P is the Bohr magneton, m the electron mass, 
and N(£) is the density of states for one direction of the 
spin at the Fermi energy f. For the s electrons we take 
m* = m so that XL— — \XP whereas for the d holes one 
expects m*y>m so that one may safely neglect XL. 

The total susceptibility of platinum includes the dia­
magnetism of the core Xdia; we include in Xdia the dia­
magnetism of the filled portion of the outer d shell, 
essentially because it is temperature-independent and 
it has a negligible effect on the Knight shift. The total 
susceptibility at temperature T, x(T) is given by 

X(T) = iXP
s+XP

d(T)+Xvv+Xdiii, (1.2) 

where we allow for the fact that XP
d may be temperature-

dependent in the temperature range of interest, pri­
marily because of the relatively small degeneracy 
temperature of the holes. The dependence on tempera­
ture is further accentuated if exchange between the d 
electrons is present. Neglect of the s-d exchange inter­
action has but a small effect on xOO* 

To separate the various contributions to x{T) we 
must now estimate the relatively small contributions 
Xdia and Xps. The remaining quantities will be obtained 
from our graphical procedure. 

Xdia: estimated values of Xdia for platinum have been 
given in the literature based on earlier measurements of 
the susceptibilities of platinum compounds. The esti­
mate used by Hoare and Matthews15 and by Wohlfarth3 

is Xd i a~—28X10"6 emu/mole. That this is not an un­
reasonable choice, say ± 1 5 % , may be seen by taking 
the measured value of % for gold, %= — 28X10 - 6 emu/ 
mole where the d band is fully occupied, and subtracting 
a free-electron estimate for the ^-electron susceptibility 
from which one obtains Xdia=—36.6X10~6 emu/mole. 
Both these values are to be contrasted with the large 
value of Xdia= —75X10 - 6 emu/mole computed from 

13 R. Kubo and Y. Obata, J. Phys. Soc. Japan 11, 547 (1956). 
14 S. Raimes, The Wave Mechanics of Electrons in Metals (Inter-

science Publishers, Inc., New York, 1961). 
15 F. E. Hoare and J. C. Matthews, Proc. Roy. Soc. (London) 

A212, 137 (1952); see also D. W. Budworth, F. E. Hoare, and 
J. Preston, ibid. A257, 250 (1960) for more recent measurements. 

the Slater functions16 which is twice as large as the 
"measured" value for Au. Since 

Ne2 

X d i a - H(r?)y (1.3) 
6mc2 * 

and the major part of Xdia comes from the Sd shell, it 
appears that the Slater functions overestimate (r2)w 

XP
S: the molar spin susceptibility of the s electrons 

is given by 

XP*= 1.86X 10-e(AT/p)2 'V / 8 emu/mole, (1.4) 

where for platinum M =195.09, p=21.37 g/cm3 and ns 

is the number of s electrons per atom. We obtain XP
S 

= 4.8X 10~6 if we choose ns=nd=0.2. This value follows 
from an interpretation of the temperature dependence 
of the susceptibility in terms of a parabolic d band. A 
similar analysis7 without the benefit of knowledge of 
the Knight shift gives values of ns — nd—0.3. 

XVv: if f(Enk) and f(En>k) are the Fermi functions 
for electrons in state nk and n'k with energies Enk and 
En'k, respectively, the tensor susceptibility Xvv may 
be written13 in the tight-binding approximation, as 

r dk / (E n k ) - /CEn 'k ) 
Xw— \ ]L 

J (2x)3 »»' En,k-Enk 

X / 3 2 ( ^ k | L | ^ k ) ( ^ k | L | ^ k ) , (1.5) 

where L is the orbital angular momentum operator (the 
symmetrical Wigner-Seitz cell is used for the integra­
tion). A great deal of information about the band 
structure would be required to calculate Xyy. However 
this quantity is related to the orbital contribution to the 
Knight shift as seen in detail in part I I . Using this re­
lation we are able to deduce XVv by an analysis of the 
Knight shift versus the susceptibility [see (c) below]. 

(b) Knight Shift 

The original interpretation given to the observed 
shifts of the NMR in the non-d group metals assumes 
that only the ^-electron hyperfine interaction con­
tributes to the field at the nucleus.17 As such, the 
Knight shift apart from any diamagnetic terms, could 
be expressed as 

KS^AH/H= (87r/3)Xs12(|^(0)|2) r, (1.6) 

where 0 is the atomic volume and (\^s(0)\2)^ is the 
average at the Fermi surface of the s conduction-
electron probability density at the nucleus. The shift is 
measured with respect to a nonmagnetic, nonmetallic 
reference. More recently, it was recognized that addi­
tional contributions to the Knight shift must be con-

16 W. R. Myers, Rev. Mod. Phys. 24, 15 (1952). 
17 C. H. Townes, C. Herring, and W. D. Knight, Phys. Rev. 77, 

852 (1950). 
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sidered. Cohen, Goodings, and Heine18 have shown that 
core polarization of the inner s-shell electrons by the 
conduction electrons modifies the Knight shift of the 
alkali metals. Core polarization has also been used to 
explain the negative Knight shifts observed in certain 
intermetallic compounds.8 The existence of core po­
larization can be seen in the hfs spectra of J-group 
ions in crystals and was first described in terms of 
atomic configuration interaction19 and more recently 
calculated by means of the unrestricted Hartree-Fock 
method.20 For other than s electrons, if one neglects 
spin-orbit coupling, the spin dipolar hyperfine field 
vanishes in cubic symmetry so that the spin mag­
netization of p- and d-band electrons is manifest only 
through core polarization. Because of the translational 
motion of the electrons through the crystal the angular 
momentum is quenched, (lz) = 0 and the orbital hyper­
fine field, and therefore the orbital Knight shift is of 
second order in lz as is the orbital paramagnetism. 

We may express K(T) for platinum as 

K(T) = Ks+Kd(T)+KVv+dKdia, (1.7) 

K(T)=asxP*+adxP
d(T)+pfFjXvv+dKdi^ (1.8) 

where 

as = 0.895XlO-AAttHhi(s), ad=0.S95Xl0-*AttHM(d), 

and Hu(s) and Hhi(d) are the hyperfine fields per spin 
in the metal arising from the contact and core polariza­
tion interactions, respectively, and A is Avogadro's 
number (all susceptibilities expressed per unit volume). 
For platinum, .40=9.10 cm3. In the case of a free ion, 
ft is rigorously given as 

i8
/ = 2<l/f»>0, (L9) 

where (1/V3) is the expectation value of r~z for the 
free-ion wave functions concerned; Fj is a relativistic 
correction factor discussed below. In the metal, cor­
responding to (1.5), the orbital field at the nucleus is 
[see Eqs. (II.5) and (II.9)] 

1 r dk f(EnJ-f(En,k) ( |2L| \ 
#orb— / L ftlnk\—\nfk) 

NJ (2TT)3 nn> E n , k - E n k \ I f3 I / 

X ( » ' k | H . L | » k ) , (1.10) 

so that Eq. (9) may be used in the solid with a value of 
(1/V3) close to that of the free ion (N, number of 
atoms/unit volume). 

Next an estimate of as and ft is made and we 
show that SKD, the differential diamagnetic contri-

18 M. H. Cohen, D. A. Goodings, and V. Heine, Proc. Phys. 
Soc. (London) A73, 811 (1959). 

19 A. Abragam, J. Horowitz, and M. H. L. Pryce, Proc. Roy. 
Soc. (London) A230, 169 (1955). 

20 R. E. Watson and A. J. Freeman, Phys. Rev. 123, 2027 
(1961). 

bution to the Knight shift is, for all practical purposes, 
unimportant. 

as and ft: the neutral platinum atom has the con­
figuration •••5d96s1;3Z>. The hfs of the Pt195 isotope 
has been determined21 in the fine structure levels J=l 
and 7 = 3 of the ZD state. Expressing the hfs interaction 
as 3C=i4yI- J we have 

Ax= (5/±)am-\a(s) = - 1 6 8 X 1 0 - 3 cm"1, 

^3=f^5 /2+ iaW = 199X10-3 cm-1 , 

where #3/2 and #5/2 are the hfs interaction parameters 
for the single Sd (1=2) hole in the states j=lzL%, and 
a(s) is the hfs interaction parameter for the 6s elec­
tron.22 The parameters ay are related to (1/V3); 

21(1+1) sl\' 
a==y F i X l . 5 9 X 1 0 - 3 X < - > cm-1, 1.12) 

J(J+1) V / 

where Fj is a relativistic correction factor given by 
Casimir,22 the prime on (1/V3)' indicates the use of 
atomic units, and 7 is the nuclear gyromagnetic ratio 
in units of fin, the nuclear magneton. 

For Z = 7 8 , the values of Fj are i*13/2= 1.14 and JF5/2 
= 1.05. Using 7195=1.21 and Eqs. (1.11) and (1.12) we 
find for platinum that #3/2= 74.8, #5/2= 29.6, and a(s) 
= 1046 (all times 10~3 cm-1). Values of HM(s) and <1/V3}' 
are given in Table I where Hhf(s) is obtained from the 
relation HM(S) — a(s)/yixn. 

To calculate a and ft we need to know how the 
hyperfine fields in the metal differ from their free atom 
values and here is the largest uncertainty that enters 
into the computations. For the s electrons this problem 
has received considerable attention.23 As a reasonable 
estimate for £ = #hfraetalC0/#iifC0 w e take 0.7, giving 
for as the value in Table I. Since relativistic corrections 
are not entirely negligible for the spin-dipolar and 
orbital-hyperfine interactions, we must estimate an 
average value of Fj for the Sd electrons in the metal. 
Assuming the two states to be populated according to 
their statistical weight, we find Fj= 1.086. Since we 

TABLE I. The hfs interaction parameters determined from optical 
dataa on the neutral platinum atom (see Sec. I). The second col­
umn gives the hyperfine field per spin for the s contact hyperfine 
interaction, the hyperfine field per spin resulting from core polariza­
tion (obtained from analysis of the metal Knight shift), and the 
hyperfine field per unit angular momentum for a d electron; 
<l/r»)JV = 11.7au. 

as 27.6 XW Hhi(s) 33.9 X W O e 
ad_ - 1.92X103 HM(d) - 2.36X106 Oe 
jS'F/ 2.41X103 2p{\/r*)Fj 1.47X10«Oe 

« See Ref. 21. 

21 B. Jaeckel and H. Kopferman, Z. Physik 99, 492 (1936); 
T. Schmidt, ibid. 101, 486 (1936). 

22 H. B. G. Casimir, On the Interaction Between Atomic Nuclei 
and Electrons (De Erven F. Bohn N. V., Haarlem, 1936). 

23 W. D. Knight, Solid State Phys. 2, 93 (1956). 
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know that the d wave functions are expanded in the 
metal we take, as in the case of V(1\ the value f(r~3)i0n 
as a reasonable one for (r~s) in the metal. The value of 
/3' times Fj is given in Table I. 

The procedure employed here for obtaining (1A3) 
differs from the one employed in the case of V, since 
in that case no measured values of the hfs parameters 
existed but we had reliable Hartree-F6ck calculations.24 

No such calculations exist for the 5d ions at the present 
time but a useful check on the magnitude of (1/f3) is 
obtained from the empirical relation for (1/f3) obtained 
from the fine structure splitting22 X using screened 
hydrogen-like wave functions; 

-3.50 

X= (2H-l)Ziff<l/r8>,X2.0 cm~ (1.13) 

where Z» is the "interior charge" defined as Z%=Z—ZS 

and H is a relativistic correction factor. For the Sd 
shell we have found from an analysis of the hfs and fine 
structure of La and Lu that the values of (1/V3)' de­
rived from (1.12) and (1.13) are brought into coincidence 
for Z s~20. Furthermore, it may be shown that in the 
3d shell, Zs is surprisingly constant as one crosses the 
shell and, if we assume the same to be true for the Sd 
shell, we may use Zs = 20 in (1.13) for platinum. For 
#=1.052 2 and X = 8419.9 cm"1 for the fine structure 
splitting25 of the configuration 5d9 of Pt n , we find 
<l/f»y = 9.5. 

6Kdia'> in comparing the shift of the NMR in the 
metal with respect to a chloroplatinic acid solution, one 
has to correct for the differential diamagnetic shift. 
That this is unimportant relative to the other large 
shifts that we are considering may be seen as follows. 
The metal and the acid platinum configurations corre­
spond roughly to core +5d10 and core +5d6

} respec­
tively; hence26 

1 e2 

8Kdis^ £ • 
3mc2 s 

/ 1 \ rQ /a0\ 

\ r / 3a0 8 \rf 

where ro and #o are the classical electron and first 
Bohr radii, respectively, and the d indicates the sum 
extends over four of the Sd electrons. Now quite 
generally (ao/r)<((ao/r)z). In particular for the iso-
electronic Ni1 Hartree-Fock calculations27 give (ao/r) 
— KfaoA)8)- Using the same ratio for Pt we find that 
(oo/r)~3 and hence 8Kdi^-4,(r0/ao) =-0.02%. This 
number is so small when compared to the uncertainties 
in the other quantities, observed and estimated, that 
we shall omit all reference to it from now on. 

24 R. E. Watson, SSMTG, Tech. Rept., 1959, MIT, Vol. 12 
(unpublished); R. E. Watson, Phys. Rev. 119, 1934 (1960). 

25 C. E. Moore, Natl. Bur. Std. (U. S.) Circ. No. 467, Vol. I l l 
(1958). 

26 A. Abragam, The Principles of Nuclear Magnetism (Clarendon 
Press, Oxford, England, 1961). 

27 A. J. Freeman and R. E. Watson (to be published). 
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FIG. 1. The experimentally observed Knight shift of the Pt195 

NMR in platinum metal versus the susceptibility, with tempera­
ture the implicit parameter, is shown by the open circles. The 
straight line is a best fit to this data. The open square is a low-
temperature measurement of K which is arbitrarily placed on the 
straight line. The value of 1/x corresponding to this is shown as 
a cross in Fig. 3. 

(c) Construction of the K versus % Diagram 

If one plots the raw measurements of K (9) versus 
X (15), with temperature the implicit variable, one finds 
the result shown in Fig. 1. The figure also includes more 
recent measurements of K at lower temperatures.28 It 
is to be noted that K versus x is linear with the excep­
tion of the lowest temperature region. We shall offer 
evidence in the susceptibility versus temperature analy­
sis later on which indicates that the effects of a para­
magnetic impurity on x might be responsible for this 
departure from linearity in the K versus x plot. From 
the partitioning of K and x in Eqs. (1.2) and (1.8) we 
see that the slope of the K versus x plot determines aa; 
the value so obtained29 is given in Table I. It appears, 
as in the 3d group, that | a^ |~0 ' and both are an order 
of magnitude smaller than as. 

The chloroplatinic acid has one drawback as a refer­
ence solution; the Pt4+ ion in PtCl6 is in 5d6 configura­
tion in a strong crystal field and not a closed d shell. 
Although the level (5d)61Ti lies lowest, there is an 
appreciable Van Vleck paramagnetism to be expected. 
This problem has been treated in detail for the 3d6 Co3+ 

case and an empirical procedure followed30 which 
utilizes the optical measurements of the cubic field 

28 L. E. Drain, Phys. Chem. Solids 24, 379 (1962). 
29 A. M. Clogston and V. Jaccarino, Bull Am. Phys. Soc, 7, 

293 (1962). 
30 J. S. Griffith, The Theory of Transition Metal Ions (Cam­

bridge University Press, Cambridge, 1961), p. 374. 
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FIG. 2. A diagram of the Knight shift of the Pt195 NMR in 
platinum metal versus the susceptibility. The solid line marked 
"observed" is the experimental datum shown in Fig. 1, only much 
reduced because of the scale change. The solid line immediately 
above marked "corrected" is the same data corrected for the 
positive NMR shift in the chloroplatinic acid reference solution. 
The remaining features of the K versus x diagram are discussed 
in detail in the body of the paper. 

splitting (^1—^4) and NMR shifts in the same com­
pounds to extrapolate a "zero shift" value. It appears 
somewhat more difficult to do this for different 5d6 Pt 
compounds because the Ti—T4 optical transition in 
many cases overlaps the intense charge transfer bands. 
Nevertheless, Drain28 has estimated the VV shift for 
the PtCl6 ion to be about +0.7% and an examination 
of the optical data of Jorgensen31 on platinum complexes 
would seem to support this value.32 

Assuming now that we have all contributions to K 
and x we construct the diagram in Fig. 2. The Xdia 

corresponds to the horizontal line starting from the 
origin of the K-X axis. The Ks contribution is added to 
this and from the point A a line with slope ft is drawn. 
The observed K versus X data are shown in the lower 

si K. Jorgensen, Acta. Chem. Scand. 10, 518 (1956), 
32 In this regard an additional piece of evidence to support the 

VV correction to the PtCle— shift comes from the NMR measure­
ments (Ref. 10) on the PtAU, PtGa2, PtXn2 metals. The sus­
ceptibility of these metals is much smaller than Pt metal indicat­
ing, in a crude sense, that the d band is filled. The observed Knight 
shifts, though positive (K~-\-QA%) with respect to the PtCl5 
reference are not as large as would be expected on a free-electron 
calculation for the 6s band. Again one must subtract at least 
0.7% from the reference (or add it to the metals) to obtain any­
where near a reasonable value of Ks. Since the d band is filled, 
Xvv and Kvv^®-

right-hand part of the figure and the same data, dis­
placed vertically by 0.7% for reasons discussed in the 
paragraph above, are then extrapolated until it inter­
sects the line extending from point A. The extrapolation 
procedure provides all of the information concerning X 
that we need. In particular, it shows that XP

s+Xvv 
nearly cancels Xdia so that all of the observed X~XP

d. 
The magnitudes of the individual contributions to the 
susceptibility are indicated by the horizontal lines in 
Fig. 2. Although the Hhf(d) resulting from core polariza­
tion is an order of magnitude larger than the corre­
sponding fields observed in the 3d transition metals, the 
ratio of Hhi (d)/HM 0)^0.1 does not change appreciably. 

The fact that Xvv in platinum is substantially less 
than the value of 211X10-6 emu/mole deduced for Xorb 
in vanadium1 is in keeping with the expected qualitative 
dependence of Xvv on the position of the Fermi level in 
the d band. Equation (1.5) would suggest that, apart 
from the detailed consideration of the symmetries of 
the d functions and their energy distribution in the 
band, Xvv^N0Nu where N0 and Nu are the numbers 
of occupied and unoccupied states, respectively, in the 
d band, subject to N0+Nu= 10/atom. For vanadium, 
iW^4, Nu~6, whereas platinum (as we shall see from 
the analysis of the temperature dependence of the sus­
ceptibility) has N0^9.S and Nu^0.2. The ratio 
(NoNu)v/(NoNu)i>t=12 is to be compared with the 
ratio deduced; (XFy)v/(XyF)pt—7.5. 

2. Estimate of the d-Band Parameters 

Having seen that the observed susceptibility is in 
fact equal to the d-spin susceptibility, it is possible to 
interpret the temperature dependence of the suscepti­
bility in terms of the derivatives of the density of states 
at the Fermi level.2 In addition, platinum, being the 
heaviest transition metal, has the largest spin-orbit 
coupling. It is of interest to see whether the values of 
the band parameters deduced from experiment are 
appreciably modified by spin-orbit coupling. To do this 
we make the usual parabolic band approximation for 
the d holes, being aware that this is a gross approxima­
tion to the actual band structure. Let X(T) = XP

d(T). 
Then the reciprocal susceptibility is3 

1 1 kBTe: 

X{T) Xd(T) nft 
(1.15) 

kB is the Boltzmann constant, Tex an effective exchange 
temperature n, the number of d holes per unit volume 
and j#*= (g/2)0} the effective spin moment with a g 
factor determined by spin-orbit interaction, XQ(T) is 
given by 

xocn=~—\ 1—(- ; 
2 kBT0L 12\TQJ 

(1.16) 

where To is the Fermi temperature, ^=ksTo. 
The electronic specific heat per unit volume Cv is 
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TABLE II . d-band parameters determined from the analysis of 
the electronic specific heat and the temperature dependence of 
the "corrected" susceptibility of platinum. The two columns of 
numerical values correspond to (1) zero spin-orbit coupling and 
(2) ratio of spin-orbit coupling to mean band width equal to 0.1. 
The quantity N(£)V is discussed in Sec. III . 

No. of holes 

atoms 

To (°K) 
rex (°K) 
m*/tn 
N(£)V 

0.20 

1206 
454 

19.2 
0.565 

0.18 

1096 
345 

19.9 
0.472 

given by 
Cv = i(^)(nkB/T0)T^yT. (1.17) 

(For simplicity in the above analysis we have not 
differentiated between the "bare" iV(f) and the modi­
fication that results from electron-phonon self-energy 
corrections; see section III.) The last three equations 
contain three unknowns, T0, Tex and n (fi* will be dis­
cussed below), which may be determined experimentally, 
provided x varies as T2. 

However, the observed 1/x versus T exhibits an 
anomalous decrease at the low-temperature end of the 
plot (see Fig. 3) although no such behavior is present 
in the Knight shift. Since K(T) = constantXX(T) above 
80 °K, it would appear reasonable to assume that some 
paramagnetic impurity could be responsible for the 
low-temperature behavior of 1/x and at the same time 
not affect the Knight shift. If we use the Knight shift 
at 20 °K as a measure of l/x(20°K), we find the point 
indicated by a cross on Fig. 3. The dashed line is an 
extrapolation of the high-temperature data to T=0 
subject to the condition £d(l/x)/dT^T=o=0. We shall 
call this the "corrected" l/x(T). In Fig. 4 we plot the 
"corrected" 1/x versus T2. The linearity of this plot 
shows that the density of states does not vary rapidly 
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FIG. 3. The reciprocal of the mass susceptibility versus tem­
perature is shown by the open squares. The point marked by a 
cross is the value of l/% determined using the Knight shift as a 
measure of the susceptibility in this low-temperature region. The 
dashed line is an extrapolation of the high-temperature 1/x data 
subject to d (1/x)/dT=0. 
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FIG. 4. The reciprocal of the mass susceptibility versus T2 

using only the data above 80°K in the previous figure. The lowest 
temperature point is derived from the Knight shift found at 20°K 
as explained in the text. 

in the vicinity of the Fermi level and this, at least, is 
consistent with our simple model. 

In Table II values of n, To, rex, and m^/m are given 
for two values of /3*; /3* = /3 corresponding to no spin-
orbit coupling and 0*= 1.1/3. This latter value is ob­
tained as follows: If X is the atomic spin-orbit coupling 
for the platinum ion and A the mean width of the Sd 
band in platinum, then the fractional increase in g 
would be of order13 X/A. From the observed25 fine 
structure splitting of 8400 cm"1 for P t n 5d9 2D, and a 
value of A~4 eV, we find X/A~0.1. 

3. Temperature Dependence of 
Orbital Paramagnetism 

In the preceding section we have neglected the tem­
perature dependence of the orbital paramagnetism, Xvv. 
For platinum this can be justified as follows. 

From Eq. (1.5) it is easy to show, if one assumes that 
the holes have mostly F3 orbital character, that the 
change in Xvv for small T, 5XyV=Xvv(T) — Xvv(0) is 
of order 

8Xvv^Xvv(0)(N^)/n)(kBT)2/A. (1.18) 

In fact they will be a mixture of T3 and T5 so that the 
energy denominator should be somewhat smaller than 
the bandwidth A and probably of the order of f. As we 
have seen, the change in XP

d is of order 

5Xp^XP*(0)(^r/f)2 , (1.19) 

and since XFF(0)«XP
rf(0) and f«A, the change in XVV 

can be neglected. 
It may be noted that the temperature dependence of 

Xw must be taken into account, along with that of XP
d 

when XFF> XP
d, as is the case in the first half of the 

transition series. Thus an appreciable part of the 
temperature dependence of x in lanthanum and scan­
dium could be attributed to XFF. This appears to be 
borne out by the fact that the Knight shift of these 
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metals33 increases with decreasing temperature, as does 
the susceptibility,84 indicating that the changes in the 
susceptibility and in the hyperfine field are of the same 
sign, as would be the case for a field of orbital origin. 

II. THEORY OF THE ORBITAL KNIGHT SHIFT 
IN TRANSITION METALS 

The orbital Knight shift resulting from orbital elec­
tronic currents, can be conveniently split into two 
parts.35,36 First, there is a long-range contribution, 
(AH/H)=(4:w—D)x, where % is the total susceptibility 
and D the demagnetizing tensor. Second, there is the 
contribution of the short-range part of the orbital 
hyperfine interaction, which is very similar to the inter­
action in an isolated atom. As will be seen below, in 
metals with partly filled d shells this contribution is 
expected to be much larger than the former. Recently, 
Hebborn36 [Eq. (25) of his paper] has given an exact 
expression for this term, in a form which is simple 
enough that numerical calculations could be carried out 
if the (/-band wave functions were known. 

We give here an alternative and direct derivation of 
this term, which is based on the work of Blount11 and 
Roth12 and makes use of the similar character of the 
orbital-hyperfine and spin-orbit interactions, resulting 
from the fact that both interactions are velocity-
dependent. Our result is given in a form different from 
Hebborn's but it too is amenable to computation; it 
explicitly reduces to the atomic value in the tight-
binding limit and it can be generalized to include the 
effect of spin-orbit coupling, which, as we have seen, is 
not negligible in platinum. 

1. No Spin-Orbit Coupling 

Consider the interaction of a band electron with a 
periodic array of nuclear moments y, located at the 
lattice sites and parallel to one another. The periodic 
Hamiltonian is 

3C=3C0+3C', (II. 1) 

where 3Co is the sum of the kinetic and electrostatic 
energies, and 3C' is the short-range part of the orbital 
hyperfine interaction, given by36 

/ e \ 4TT y. x Km 

3C' = ( — ) £ — eiK™'r p (H.2) 

= (e/mc)Af*p, 

where Km is a reciprocal lattice vector and p the 
momentum. 

To find the orbital hyperfine field, we apply a mag-

33 W. E. Blumberg, J. Eisinger, V. Jaccarino, and B. T. 
Matthias, Phys. Rev. Letters 5, 52 (I960). 

34 J. M. Lock, Proc. Phys. Soc. (London) B70, 566 (1957). 
35 Y. Yafet, Phys. Chem. Solids 21, 99 (1961). 
36 J. E. Hebborn, Proc. Phys. Soc. (London) 80, 1237 (1962); 

J. E. Hebborn and M. J. Stephen, ibid. 80, 991 (1962). 

netic field H parallel to the direction of y and calculate 
the free-energy F to first order in /*. The hyperfine field 
is then given by AH = — (1/iV) (dF/dy). The free energy 
was calculated in Refs. 11 and 12. We now briefly de­
scribe this result and then use it, replacing the spin-
orbit interaction by 3C' of Eq. (II.2). 

In the presence of an external field H = V x A, the 
Hamiltonian of the system described by Eq. (II. 1) is 
written as a symmetric function of the noncommuting 
variables Ka = ka-\-eAa(iVk)/fic, where k is the wave 
vector. A power series in the field is obtained, 

where 3CW
(1) is first order in H; n is the band index, 

including the spin state. To this order the free energy 
per unit volume is 

F=F0+ £ [wnV(k)g(EnJdk, (IL4) 
(2TT)3 » j 

where FQ is the field-independent part, and g(E) is the 
Fermi function. Had we not imposed the condition that 
the direction of y be fixed, the second term of (II.4) 
would have vanished on summing over the directions 
of y. The orbital hyperfine field AH is given in terms 
of JC(1) by 

-nAH=(-) £ [wnM(k)g(Enii)dk, (II.5) 
\N/(2T)* n J 

where N is the number of atoms per unit volume. 3C(1) 

itself is given by 

o^n (*0 ~" * L 2_* An w ' X TZntn-\-l\nn X Ttnn-\-h(Q)nnJ[ , 

(II.6) 

where o- is the Pauli spin operator, X is the periodic 
part of the coordinate, and TZ is the velocity times the 
electron mass, nz= (im/fi)[SC,x]; the matrix elements 
over the Bloch states, <Tnn, Xww>, ^nnf are functions of k. 
Since spin-orbit coupling is neglected, vnn is a constant 
matrix, independent of any orbital effect and thus does 
not contribute to the hyperfine field. The first two 
terms of Eq. (II.6) represent the interaction of the 
periodic part of the electronic orbital moment induced 
by the nuclear moment with the external field. Equation 
(II.6), like Hebborn's Eq. (25), is valid not only for 
nondegenerate bands, but also for the degenerate bands 
in the transition metals, except along lines of sym­
metry where the band states are degenerate. Since 
these form a set of measure zero the application of 
(II.6) to the d bands is valid. 

We now transform Eq. (II.6) into an expression which 
is very similar to that of the orbital hyperfine inter­
action of an isolated atom with one difference in that 
it has a contribution from the surface of the atomic cell. 
This is small in the tight binding approximation. The 
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details of the transformation, which essentially eliminates X and replaces it by the ordinary coordinate r, 
have been given elsewhere37 and here we give only the result: 

pHi r 
•ypxtyndr+l-J / \pn*{%Ayr-~yAJ)$ndT 

""]/ dun dun\ 
/ Un*p,+ (p,Un)*+2Un*[hk,+ [-)Aw') \( X y )dS 

JsL \ \c/ / J \ dky dkj 

Jdky rrfyn* fyn / fyn\*d$n-] dEn/dkx /• T # „ * fyn / dfn\* # „ " ] 1 
/ W, + 7C, \dS+ / 7T„ + ( T, J \dS\. (II.7) 

n/dkJsldkX dkX \ dkj dkj ^dEjdkyJ Sldky dky \ dky/ Sky} J 

dEn/dky 

AdE 

The magnetic field has been assumed to lie in the z 
direction; A' is the periodic part of the vector potential 
due to the nuclear moment and is defined in (II.2); 
the Bloch state \pnk is normalized over the unit cell and 
unk is its cell-periodic part. \pn^ is assumed known to 
first order in the hyperfine interaction 3C'; i.e., 

^ n k = (fnk~\~^2 (3£')n'n<Pn'k/(En — En>) , 

where the <pWk's are the eigenfunctions of 3Co. The last 
three terms of Eq. (II.7) are integrals over the surface 
of the unit cell; the first one originates from the first 
term in Eq. (II.6) and the other two from the terms in 
Xnn of the same equation. 

I t is to be expected that in transition metals where 
the Van Vleck paramagnetism is likely to be important 
the surface terms will be small because of the localiza­
tion of the d functions. In this limit the two volume 
terms in Eq. (II.7) acquire simple physical meanings 
as will be more apparent if we first give an alternative 
expression for the interaction 3C'. 

The summation over Km in Eq. (II.2) is rather incon­
venient. I t can be eliminated and converted into a 
summation over lattice points Rs by using the theta 
function transformation of Ewald.38 We obtain 

e (r-R.) 
w'=— v - E - — — X P , 

mc a r— Rs r 

(11.8) 

where the summation over s (which would be condi­
tionally convergent if the order were not specified) is 
to be effected in the order of increasing distance from 
the origin. The summation converges rapidly. Thus the 
term from Rs = 0 is of order r~HZ while in a cubic metal 
the contribution from the nearest neighbors is of order 
v(r2/ab)lz, a being the distance and v the number of 
nearest neighbors. In the case of vanadium, a is about 
5 au while calculated values27 of (rn) in the free ion are: 
for the ds configuration, (r~sY = 2.747; (r2)/ = 2.07; and 
for the d5 configuration, < r ^ / = 1.835; (r2 / = 4.576. 
These figures suggest that only the contribution from 
the central cell is of importance in Eq. (II.8) [when 
A' occurs in the surface terms of Eq. (II.7), the con-

37 Y. Yafet, Phys. Rev. 106, 679 (1957). 
38 M. Born and K. Huang, Dynamical Theory of Crystal Lattices 

(Oxford University Press, London, 1954), p. 248. 

tribution from the nearest neighbors can of course not 
be neglected]. 

Returning now to the volume terms in Eq. (II.7), 
and using Eq. (II.8) and the perturbation expansion of 
^»k, we see that if only the central cell contribution to 
3Cr is retained, the first term becomes 

^n^(xpy—ypx)\l/ndr 

= E (n| , / \eix lz\ \ 1 1 

M«')[ n'\ \n J+c.c. \——— . 
V Ucr3! / \{En-En,) (II.9) 

Except for the 1/V3 factor this expression is identical, 
within a proportionality factor, with the contribution 
of the electron in the state <pnk to the Van Vleck sus­
ceptibility of the material; this can be seen from Eq. 
(103) in Ref. 12 and the discussion following it, provided 
the spin-orbit interaction is neglected. If the further 
approximation is made that the radial functions of the 
states <pnk and <̂ Vk are identical and Eq. (II.5) is used, 
we find for the Knight shift arising from this term: 

Kvv= (AH/H)vv = 2Xvv(l/r*)tt. (11.10) 

This was to be expected by continuity from Ramsey's39 

result for molecules. 
Similarly, the second volume term of Eq. (II.7) 

can be seen to give the diamagnetic contribution to the 
Knight shift. In the tight-binding limit this can be 
related, in analogy to (11.10), to the atomic diamag-
netism Xdia of the material, and we find 

^dia=(ir) = 

V • " ' dia 

2Xdia(r-
1>fi 

(r2) 
(11.11) 

Whenever the d shell is partly filled the paramagnetic 
contribution exceeds the diamagnetic contribution be­
cause XFF^>Xdia. In the beginning of this section it was 
stated that under the same condition the long-range 
contribution is small compared to the short-range con-
tribution. From (11.10) it is seen that the ratio of the 
two is of order (ft/7r)(l/V3) and since 12—102 au, the 
short-range term dominates. 

39 N. Ramsey, Phys. Rev. 78, 699 (1950). 
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2. Effect of Spin-Orbit Coupling 

We now turn to the effect of spin-orbit coupling, and, 
more generally, to the relativistic effects, assuming the 

nuclear moment to be concentrated at a point. «(£) 
is the solution of the Dirac equation, it is convenient 
to eliminate the small component part ^2 and to express 
the result in terms of the large component spinor ^ i . 
The energy of interaction40 to first order in the nuclear 
moment is then given by the expectation value over \pi 
of the operator 5C ,̂ 

oC, .= ( 1 + J 
\ 2mc2 / 

X 
•8TT 

L3 
-jff<F*y5(r)+j8cr-VyV Ov] 

+ H (1+ ) . 
\ 2mc2 / L4wV 

-or-v(—ecp)X 
e(u*ry 

cr 
(11.12) 

Here W=E— mc2, E is the energy, and <p is the electro­
static potential. Of the three terms in the first square 
bracket, the first (which nonrelativistically is the con­
tact interaction) gives a vanishing result because of the 
e<p/mc2 term in the first factor, the second is the dipole-
dipole interaction with the electron spin, and the third 
is the orbital interaction. The term in the second 
square bracket is a part of the spin-orbit interaction 
(h/4m2c2)a x V (— e<p) • (p+eA'/c), where A '= y. x r/V3 is 
the vector potential of the nuclear moment. This term 
by itself is of order r~2 and hence it would diverge for 
s states. The factor [_l+(W+e<p)/2tnc2~]~2 makes it 
finite, which restores the contact interaction. For an 
s state only this term contributes; for /?^0, the other 
two terms of (11.12) contribute as well. 

We do not intend to give a formal relativistic treat­
ment and so we consider the large component of 
the Bloch function ^i , t t k to be decomposed into eigen-
states of the angular momentum. Especially in heavy 
metals, the largest relativistic effects are those for s and 
pi/2 states, and their contributions to the energy are to 
be calculated by the usual methods22,40 used in atomic 
hyperfine calculations. For the j ^ J part of the wave 
function the relativistic corrections are less important 
and can be treated in the lowest approximation, i.e., 
by including the spin-orbit coupling into the Schrodinger 
Hamiltonian. We will consider in turn the hyperfine-
orbital and the hyperfine-spin interactions. 

(a) Orbital Interaction 

The Hamiltonian of Eq. (II. 1) is modified as follows: 
3Co includes the spin-orbit interaction 

3CS0= (h/4m2c2)(T x V ( - e<p) • p ; 
40 H. Kopferman, Nuclear Moments (Academic Press Inc., New 

York, 1958), English translation, p. 199. 

30/ includes (for non-s states only) the last term of 
(11.12) but without the convergence factor, i.e., 

3C' = — A'-
mc Ante2 

~cr x y ( ~ ^ ) (11.13) 

Again we only treat the short-range part of the inter­
action in which case X ' is periodic. I t is assumed that 
the energy levels and wave functions of 3C have been 
found to the first order in fx. We note that as a result 
of the spin-orbit coupling the Bloch states now have an 
additional energy fiEnkp;/ proportional to /x, which 
depends on the relative direction of a and y, 

flEnkp;/= (^nkp,3CVnkp') , (H.14) 

where p is the spin index of the Bloch state. Both terms 
of 3C' contribute to (11.14) and it is likely, as is the case 
when A' is the vector potential of an externally applied 
field, that the contribution from the first term is by far 
the most important. In the presence of a magnetic 
field Eqs. (IL4)-(IL6) are valid, but because of the 
dependence of the energy on the spin, the Fermi func­
tion in Eq. (II.5) is no longer symmetric in the two spin 
directions. Let us assume that the spin states p, p have 
been chosen such that the energy (11.14) is diagonal 
in p, and let Enkp=ENkp

m-\rixpen^ where £nkP
(0) is the 

energy in the absence of hyperfine interactions; p has 
the two values ± 1 corresponding to the spin directions 
t and | . We rewrite Eq. (II.5), making the summation 
over p explicit, as follows: 

1 1 r 
-/*(Aff1+Aff2) = - — — E E /3CnP

(1)(k) 
N (2TT)3 » P J 

Xl g[£.kp(0)]+MP€nk-
( 

dg 

aEnkP
(0) 

dk. (11.15) 

The field A#i , from the first term on the right is 
formally given by the same expression as in the no 
spin-orbit case, i.e., using Eq. (II.7), but with the 
Bloch states modified by spin-orbit coupling. Let 
3CMnp(1)(k) denote the part of 3Cwp

(1)(k) that is linear 
in /x. From the fact that for fixed y, 3C' changes sign 
under time reversal, it can easily be shown that 
3CMnt(1)00 = 3CMni(1)(""k). ^ the crystal has a center of 
inversion, it is also true that 3 0 ^ ( 1 ) ( + k) = 5CMn^

(1) (— k). 
I t then follows that 3CM

(1) cannot have a term that is 
linear in the spin-orbit interaction because, such a 
term being proportional to az, it would have to be of 
opposite signs for \pnkt and ypnhi. Thus the spin-orbit 
corrections to A # i are of second and higher orders. In 
contrast, AH2 is of first order in the spin-orbit inter­
action because enk= en-k. Thus for small spin-orbit 
coupling, it is sufficient in calculating AH to first com­
pute the contribution from the filled states, ignoring 
spin-orbit interaction and then to calculate the ex­
pectation value of 3C' [Eq. (11.14)] at the Fermi 
surface. Using (II.IS) and (II.6), we find in this 
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approximation: 

AH* 2/3i2 

II (2TT)3 

dSk 
Cnk" 

I Vk-^nk 
(11.16) 

the integral being over the Fermi surface. 
Because the spin-orbit coupling in the d shells is 

small compared to the bandwidth, even in the heaviest 
transition metals, the major part of the effect of spin-
orbit interaction will be given by (11.16). 

(b) Spin-Spin Interaction 

The periodic part of the electron-nucleus spin-spin 
interaction is 

3C" = Ej8'«r-VtrV-
Rs 

(11.17) 

where, as in (II.8), the summation is to be made over 
lattice points within spherical concentric shells. 

In absence of spin-orbit interaction only the electrons 
with unpaired spin at the Fermi surface contribute. 
The hyperfine field is then given by an expression 
identical to (11.16), except that eWk is now calculated 
using 3C" instead of 3C' in Eq. (11.14). In cubic sym­
metry, as is well known, this term vanishes; in lower 
symmetry it is finite but usually small compared to the 
orbital interaction term. 

When spin-orbit interaction is taken into account 
3C" contributes a hyperfine field even in cubic metals. 
As in the case of the orbital interaction, this is given by 
Eq. (II.7), but with the Bloch states determined to 
first order in the spin-spin interaction. I t is informative 
to examine the character of this contribution in the 
case of small spin-orbit coupling. To first order in 3CS0 

the expectation value of 3C" over a Bloch state is id<rzenk 
and arises from the <r+ and <r_ terms in 3CS0 and 3C", re­
spectively, according to \^a+,aS\=az. The order of mag­
nitude of enk is /3(l/r3)(5Cso/A£) where AE is an 
interband energy and, from (11.16), the corresponding 
Knight shift is of order 

A# 2
( s ) / l\5CSo 

witm -)—. (n.18) 
H VrVAE 

In addition the filled part of the band also con­
tributes in this order. Since 3C" and 3C' behave in the 
same way under time-reversal, the argument following 
Eq. (11.15) is applicable to 3C" and hence 3CM»t(1)(— k) 
= 3C/m*(1)(k). However, in contrast with the orbital 
case, there is no reason why this should vanish because 
it includes a term that is even in az. In the case of a 
paramagnetic ion this would be written as \i*zlz where 
X is of the order of enk given above. I t arises as a cross 
term in the elimination of the az components of 3C" 
and 3Cso. (h) vanishes in the absence of an external 
field but in its presence it gives rise to a Knight shift, 

AH^/H^Pil/r^WjiAEY. (11.19) 

This is of the same order as (11.18), except when the 
density of states at the Fermi surface is large. 

III. SPIN SUSCEPTIBILITY AND SUPER­
CONDUCTIVITY OF AN ELECTRON GAS 

The Pauli spin susceptibility of a noninteracting 
electron gas is given by the well-known formula 
X=ig2/32N(Ef), where 0 is the Bohr magneton and 
N(Ef) is the density of states at the Fermi surface. 
In the case of Coulomb interaction between the elec­
trons the susceptibility is enhanced by exchange. In 
this case a useful approximation to % has been obtained 
by Wolff41 using the random-phase approximation. If 
the interparticle potential is G(r—r'), then the inter­
action term in the Hamiltonian is 

1 
-£*int = 2-u G\K K )Ck,<r £k'+q,<r ' 6k ' ,<rCk-{-q,crf > 

2pkk'q<nr' ( I I I . l ) 
where 

G ( k - k ' ) = f e-ikf'rG(t)eik'rdr, (III.2) 

and v is the sample volume. In this case Wolff finds for 
the uniform susceptibility 

m2N{Ef) 
X = , (IIL3) 

! - # ( £ / ) ( 1 / 4 * - ) f G(k/-k/)<fi2' 
/ • 

where k/ and k / lie on the Fermi surface and dQ! is the 
element of solid angle centered on k / . N(Ef) is now the 
density of states per unit volume corrected for the ex­
change self-energy according to the relation 

4) £k=£ok [ G(k-k')dkf, (IIT 

where EQ^ is the free electron energy. If G(r) is repre­
sented by a screened Coulomb potential 

then 
G(r)=(e2/r)e-<*r, (III.5) 

G ( k - k , ) = 4 7 r e 2 / ( | k - k , | 2 + a 2 ) . (III.6) 

The Thomas-Fermi approximation for a is a2 = 8ire2N (Ef) 
which gives 

' a \ 2 /24\^e2/a 
(III.7) 

/ a y /2^\1ie/a 

\kf/~ VTT/ Ef' 

where a is the average distance between electrons. For 
values of a and Ef encountered in a d-band metal a is 
of order 4&y. 

In the case of metals that are superconductors, the 
lattice-induced interactions introduce an attractive 
potential between the electrons. If retardation effects 
are ignored, the interaction Hamiltonian may be 
written42 

1 
Hint— XJ G(k,K )Ck,a Ck'+q.a'^k'.aCk+q.o-', (HI-8) 

2v kk'qo-cr' 

41 P. A. Wolff, Phys. Rev. 120, 814 (1960). 
42 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phvs. Rev. 

108, 1175 (1957). 
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where 

G(k,k') = 
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2g2(ftcok_k0
2 4TT62 

From Eq. (III.9) we obtain 

-. (III.9) 
( £ k - £ k 0 2 - ( ^ c o k _ k 0 2 | k - k ' | 2 + a 2 

G(k,k') is no longer solely dependent on k—k' but is 
still independent of their absolute orientation. 

A procedure exactly similar to that followed by 
Wolff41 gives for the spin susceptibility 

i£pN(Ef) 
, (111.10) 

l - t f ( E / ) ( l / 4 i r ) f G(khk/)d& 

with N(Ef) corrected for the exchange self-energy. 

£ k =£ok- ( l /87 r 3 ) [ G(k,k')<*'. ( I I I . l l ) 

Let us define a quantity Xsp.ht> = Jg2/3W(£/) which is a 
measure, in susceptibility units, of the density of states 
for the interacting gas, as would be determined by an 
experimental measurement of specific heat. The sus­
ceptibility will then be given by 

XSp.ht. 
X = . (IIL12) 

l-N(Ef)— f G(kf,k/)dQf 

AT J 

If we represent the phonon spectrum by the ionic-
plasma frequency screened by the electron dielectric 
constant, we get g2=2we2/(\k—k'|2+o:2). Then from 
Eq. (III.9) we find 

1 /* ire2 r / & D \ 2 ~ | 
— / G(kf,kfW= In l + ( — J 
4TT J kf

2 L V a / J 

ire2 r /2kf\2l 

kf
2L \ a ) J 

where ~kn is the Debye cutoff for the phonons. Com­
pared to Xap.ht.> * is thus reduced by the electron-
phonon interaction and increased by the electron-
electron interaction. 

Since the density of states at the Fermi level can be 
written as N(Ef)= (kf

2/2ir2)(dk/dE)E/, we have 

/ N N0(Ef) 
N(Ef) = . 

/dEQk\ 

\ dk 
' ( I I I . 14) 

If we define Xo=%g2/32No(Ef) to be the susceptibility of 
the noninteracting electron gas, we have 

/dEoA-'/d 1 

(III.13) 

/EfldkS^J JEf 

r /dEoA^/d 1 r \ 
H l - ( J ( / G(k,k')A') 

L \ dk /Ef\dkSwzJ ) i 

-No(Ef)— f G(kf,k/)dti' 1 X0. (111.15) 
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If Eqs. (III. 16) and (III. 13) are substituted into 
Eq. (III. 15) we obtain 

x=(1^.(«^(1-(0l{1+(^)'][)"x„. 
(111.17) 

Thus the electron-phonon interaction does not change 
the susceptibility of the noninteracting gas, as noted by 
Quinn.43 X however is always enhanced above X0 by the 
electron-electron interaction. 

If the susceptibility of the interacting electron gas is 
calculated thermodynamically taking account of the 
exchange self-energy, Eq. ( I I I . l l ) , one easily obtains 

d r 1 
; c(k, 

„87T3 / 
(III.18) 

As must necessarily be the case this is identical with 
Eq. (III. 15). 

In the BCS theory of superconductivity42 the tem­
perature-dependent energy gap Ak is given by the 
integral equation 

1 rG(k ,k ' ) ( l -2 / k , )A k , 
A* = / - I J - (111.19) 

16TT3 J ek> 

where / ^ [ e x p f e / ^ ^ + l ] - 1 and ek= (Ek
2+Ak

2y2. 
In the simplest form of the theory, G(k,k') is re­
placed by its average value over the Fermi surface. If 
7 = _ (l/47r)y ,G(k/,k/)^12' and the integral is carried 
over an energy range fia>D above and below the Fermi 
level, one finds the BCS formulas, 

= ( ! _ ( ) _ J _ / G{khk')dk'\) X0. 
V \ dk )ES d£/L87r3 J J / 

sinh-
1 

N(Ef)V 

tlO>D 

A 
and 

Restating Eq. (III. 12) in terms of V we have 

Xgp.ht. 

l+N(Ef)V 

(111.20) 

(111.21) 

(111.22) 

so that the same quantity N(E/)V appears in both 
Eqs. (111.20) and (IIL21), and Eq. (111.22). 

Recognizing the shortcomings of the simple BCS 
theory which neglects retardation effects, and over­
looking the crude treatment of the gap equation which 
leads to Eqs. (111.20) and (111.21), it is still interesting 

43 J. J. Quinn in The Fermi Surface, edited by W. A. Harrison 
and M. B. Webb (J. Wiley & Sons, Inc., New York, 1960). 
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to see if any experimental relations exist between the 
susceptibilities and superconducting transition tem­
peratures such as those suggested by Eqs. (111.21) and 
(III.22). We have, in fact, evidence1 which shows that 
X for the intermetallic compounds VsSi and VsGa, and 
the metal vanadium, is less than Xsp.ht. in approxi­
mately the degree predicted by Eq. (III.22) and the 
observed transition temperatures. In the case of 
P t metal discussed in this paper for which we find 
X>Xsp.ht., w e conclude that N(E/)V is negative. 
According to Eq. (III.20), no energy gap would then 
exist at absolute zero and we would conclude that Pt 
would not be a superconductor at any temperature. 
Thus if superconductivity exists it must arise from 
considerations not included in the simple BCS theory.44 

CONCLUSIONS 

I t has been shown that a consistent interpretation 
of the Knight shift and susceptibility in platinum metal 
may be given and that the contributions to each from 
spin and orbit may be separated. The dominant con­
tribution to K is that of core polarization resulting from 
the spins of d-band electrons. Both the orbital and s-
electron paramagnetism are small as a result of the 
small number of s electrons and d holes. To construct 
our K versus % diagram (Fig. 2) we have used a free-
electron estimate for the ^-electron susceptibility neg­
lecting s-s and s-d interactions. Since both XVv and 

44 L. P. Gor'kov, Zh. Eksperim. i Teor. Fiz. 34, 735 (1958), 
[English transl: Soviet Physics—JETP 7, 505 (1958)]. G. M. 
Eliashberg, Zh. Eksperim. i Teor. Fiz. 38, 966 (1960), [English 
transl.: Soviet Physics—JETP 11, 696 (I960)]. P. Morel and 
P. W. Anderson, Phys. Rev. 125, 1263 (1962). 

XP
S are positive, our graphical procedure puts an upper 

bound on both, from which we conclude that neither 
one can be increased by more than a factor of 2 from 
the values given. The relative value of orbital and spin 
contributions in platinum as compared with those in 
vanadium is clearly consistent with the position of the 
Fermi level in the d band in each case. 

Spin-orbit coupling, which might be thought to be 
important for the heavy transition metals, has been 
seen to have a minor effect on the band parameters 
determined from an analysis of the susceptibility and 
electronic specific heat. 

In Sec. I I we have given a formal treatment of the 
orbital and dipolar hyperflne fields in transition metals 
including the effects of spin-orbit coupling. The result 
is obtained in a form particularly suitable for calcula­
tions in the tight binding approximation which should 
be adequate for the d electrons in these metals. 

The last section shows that the quantity N(Ef)V, 
which determines the energy gap and transition tem­
perature in the BCS theory, also determines, in the 
random phase approximation the relation between the 
measured density of states N(Ef), and the measured 
spin paramagnetism. Within these approximations, for 
V positive, a finite energy gap exists and X<X s p .h t . , 
whereas, for V negative, no energy gap exists and 
X> Xsp.ht.. Since, for Pt X^2Xsp>ht. our theory predicts 
it not to be superconducting. 
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A large rotatory power for Eu2+ in cubic fluoride lattices has been observed in the visible range. At fre­
quencies sufficiently removed from the absorption bands, the rotation is proportional to the magnetization. 
This suggests that the upper levels in the allowed optical transitions are of the Pj character. Measurements 
on CaF2 and SrF2 crystals doped with very low concentrations of Eu (^0.005%) also suggest some possible 
structure for the strong, sharp characteristic line of Eu2+ near 4000 A. The rotatory powers of several other 
divalent rare-earth ions in fluorides have also been measured. 

I N a previous paper,1 we reported results of rotation 
measurements on several rare-earth ions in CaF2. In 

particular, we found that the divalent europium ion 
(Eu2+) in CaF2 has enormous rotatory power, which 
appears proportional to the magnetization at frequen­
cies sufficiently removed from the absorption bands. 

* This research is supported by Advanced Research Projects 
Agency. 

1 Y. R. Shen and N. Bloembergen, Phys. Rev. 133, A515 (1964). 

These facts are well explained theoretically.2 Van Vleck 
and Penney3 first suggested that for 5-state ions in a 
cubic field, both Sj and Pj> levels in the allowed 
SJ—>PJ' transitions are only slightly perturbed, and 
hence the rotation should be proportional to the 
magnetization. 

2 Y. R. Shen, Phys. Rev. 133, A511 (1964). 
3 J. H, Van Vleck and W. G. Penney, Phil. Mag. 17, 961 (1934). 


