
P H Y S I C A L R E V I E W V O L U M E 1 3 4 , N U M B E R 6A 15 J U N E 1 9 6 4 

Stability of Longitudinal Oscillations in a Uniform Magnetized 
Plasma with Anisotropic Velocity Distribution* 

LAURENCE S. HALL AND WARREN HECKROTTE 

Lawrence Radiation Laboratory, University of California, Livermore, California 
(Received 13 January 1964) 

We consider the longitudinal oscillations of a uniform magnetized plasma in which the particles are 
allowed to have anisotropic distributions in velocity space, corresponding to the two temperatures Ti and 
T\\ perpendicular and parallel to the magnetic field. It is shown that no instabilities can exist unless Ti>Tu 
for at least one of the species of plasma particles. An additional theorem, of use in surveying for possible 
unstable roots to the dispersion equation when Tx>Tu, is also proved. 

TH E stability of longitudinal oscillations of a 
uniform plasma with anisotropic velocity dis

tribution in the presence of a uniform magnetic field 
has been studied by a number of authors1-3 in various 
approximations. We consider here a multicomponent 
nonrelativistic plasma in which the zeroth-order dis
tribution function may be written as a bi-Maxwellian, 

viz., 

foj = faicTij/nij)-1 (2TTKTI \j/m3)~
l /2 

Xexp 
2KTU 2KTUJJ 

(i) 

and show that no instability exists unless Tij>Tuj for 
at least one species. (Here || and JL, respectively, denote 
directions parallel and perpendicular to the magnetic 
field Bo; j denotes the species of particle; and m, T, 
and K are, respectively, mass, temperature, and Boltz-
mann's constant.) An additional theorem of use in 
locating possible instabilities when TXj>TUj is also 
proved. 

Assuming that all perturbations vary in space and 
time according to the form expp(k»r—oot)~], where k 
is real and co complex, and Im(co)>0, one can follow step 
by step the prescription of Bernstein4 in obtaining the 
dispersion relation for longitudinal oscillations. After a 
straightforward but laborious computation, one may 
write 

l+E;cV%-^=0, (2) 

where copy= (4xZ/e2%/Mj)1/2=plasma frequency, % 
= [ Z3-e | BO/MJC= cyclotron frequency, and the sum is 
over particle species. If we write coy=co/12y; yj=k(2icTij/ 
mfilf)ll2 = k • (radius of gyration); tj2=TUj/Tij; and take 
fin and nx, respectively, to be the direction cosines of 
the propagation vector parallel and perpendicular to 
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the magnetic field, so that nn
2-\-ni2= 1, we have 

r 
Fj= I dxexp{ioojX~lyj2tj2nn2x2—^yj2nL

2(l — cosx)} 
Jo 

X[^n2x+nj .2 sinofj. (3) 

We now drop the subscript j as understood, and con
sider the integral in (3) noting that it may be rewritten 
after an integration by parts of the first term to read 

F= 2y-H-2+27-H-2FA+ (1 - t~2WFB, 

where 

FA = io> I dx exp{io)X~iJLX2—X(l — cos#)}, 
Jo 

/.oo 

FB= j dx exp{icox—\ix2—X(l — cosx)} sinx, 

(4) 

(5) 

and we have set ix = \yH2ft[? and A = | Y 2 % 2 . All of the 
parameters are real except co which is complex and which, 
for an instability, has positive imaginary part. We 
propose to show that, when lm(co)>0, 

R e ( o J ) - I m ( ^ ) > 0 , Re(co)-Im(/^)>0. (6) 

Since both Im^F^) and Im(FjB) are antisymmetric in 
Re(o?), it is only necessary to prove (6) for co in the first 
quadrant of its complex plane. We then use the fact 
that if f(u>) is an analytic function of co in the region of 
consideration, the map of any closed contour C in the 
co plane onto the / plane encircles all values of / at
tained by letting co assume values within C. We choose 
C as in Fig. 1, and note that FA and FB both vanish on 
the infinite quarter circle. Further, for co on the imagi
nary axis both Im(F^) and I m ^ ^ ) vanish. Thus, we 
need only show that I m ( ^ ) and Im(FB) are sign-
definite for co real and positive in order to show they 
are sign-definite for co anywhere in the first quadrant. 

First, consider Im(F^) and use the identity 

eXco*x= Y, h(S)eilx, (7) 

where the Ii(\) are Bessel functions of the first kind 
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and imaginary argument, obtaining f or co > 0 

I m ( ^ ) = o;(7r/4Ju)1/2 £ e~x/z(X) 

Xexp{-(co+02/4M}>0. (8) 

Similarly, with the use of (7) together with the funda
mental relation Ii-i(k)—Ii+i(k) — 2Hi(\)/\, one can 
also write that for co>0 

I m ( ^ ) = X-1(7r/M)1/2 L e-H^X) 

Xexp{- (co2+/2)/4/x}/ sinh(/co/2M)>0. (9) 

According to our previous discussion, (8) and (9) 
establish (6). Now consider the dispersion relation (2) 
which can be satisfied only if either (a) Im(jP) vanishes 
for all species or (b) Re(co)-Im(F)<0 for at least one 
species.5 Condition (a) can be satisfied in general only 
when Re(co) = 0, which, if unstable, corresponds to 
purely growing waves. However, as pointed out by 
Kammash and Heckrotte,3 Re (F) is positive definite in 
this limit and no purely growing modes can exist. Hence, 
an instability can only occur if Re(o?)-Im(F)<0 for 
at least one species. From (4) and (6), then, we have the 
result that no instability exists unless t2=Tu/Tx<l 
for at least one species in the plasma. 

It is also of interest to be able to determine whether 
or not roots to the dispersion relation occur when t2< 1, 
and if they exist, where they lie. In this connection, the 
labor involved in exploring the co plane can often be re
duced by utilization of the theorem, which we refer to as 
(10): 

5 We consider that the plasma has at least two species of 
particles. If one species only is principally responsible for the 
motion, we always consider here that the small but vanishing 
contribution from the neglected particles is in the stabilizing sense, 
as will almost always correspond to the physical situation. This 
means that any instability arising as a limiting case of (b) must 
be such that Im (F) —»Q~ for the active species, 

/ / Re(cd)'Im[F(o))2 is non-negative for co real 
and lying in the interval l<co </+-/, where I is an 
integer, it is also non-negative in the entire strip 
l<Re(<a)<l+l, lm(a))>0. (10) 

Hence, if one can show that Re(co)-Im(F)>0 for some 
integral range of co on the real axis, one also can eliminate 
the possibility of unstable roots appearing anywhere in 
the strip above that range. 

In order to prove (10), we rewrite (3) in the form6 

F=nu
2Fc+nl

2FB, (11) 
where 

Fc— i xdxexp{ioox—\xx2—X(l — cos#)} , (12) 
Jo 

and investigate F along the contours Re(co) = /. We have 
already proved Re(co) 'Im(FB)>0y and so we need only 
prove l'Im(Fc)>0 when Re(to) = Z to establish (10). 
Setting co — l+ia and again using the expansion (7), 
we can rewrite (12) after a little manipulation to read 

I m ( F c ) = i : e-^Ik^(\)-Ik+l(\)-] 

X xdxe-^-^sinkx. (13) 
Jo 

Consider the integral K(uf)= So° %dx exp{ico'#—fix2}, 
Im(co/)>0, whose imaginary part is antisymmetric in 
Re (a/). Evaluating K along the contour C in Fig. 1, 
again we find lm(i£) = 0 along the imaginary axis 
and the infinite quarter circle. Along the real axis 
k'Im[K(k)^ = lTrli2k2^2 exp(-*V4/0>0. Hence k 
times the integral in (13), which is just Im[K{k-\-io)~], 
is non-negative. Moreover, the Bessel function /^(X) 
is a monotonically decreasing function of the absolute 
value of its order, so that [7V_z(A) — lk+i(\)~]'>0. Hence 
Re(co)-ImCFc)>0 and (10) is proved. 

In conclusion, we have shown that in a uniform 
magnetized plasma whose particles are distributed 
anisotropically in velocity space in zero order according 
to the bi-Maxwellian form (1), no unstable longitudinal 
oscillations exist unless TX>TU for at least one species. 
In addition, instabilities can exist when Ti>Tu only 
for complex frequencies lying in the strip lm(co)>0, 
/<Re(co)<H-l, where / is an integer, and where 
co Im (F) < 0 for some real co lying in the range / < co < 1+1. 

6 We may note in passing that since F may be written in either 
of the forms (4) and (11), the inequalities (6) show that there can 
be no instabilities whenever either nn = 0 or wj. = 0. This is an 
extension of the result noted by Harris (Ref. 1) for the special 
case r n = 0 . 


