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Three oscillator sum rules are evaluated for neon from available experimental cross-section data. Recent
data of Ederer and Tomboulian are used for the region from threshold to 13 Ry, and standard power-law ex-
pressions are fitted for the region from 13 Ry to the K edge. Beyond the K edge the Stobbe law and Born
approximation are utilized. An independent value for the polarizability is utilized to determine the discrete
contribution to the polarizability sum rule. This discrete contribution is used to determine the discrete con-
tributions to the remaining sum rules. Hartree-Fock wave functions are used in evaluation of terms such as
0| i 1ior;]0) and (0D s« pip;|0). (1) The diamagnetic susceptibility by sum rule is (—7.054-0.50)
X 1078 versus a directly measured value of (—7.652-0.1)X 1075, (2) The neon binding energy by sum rule of
276213 Ry contrasts with 257.88::0.01 Ry otherwise. (3) The sum rule using the squared energy yields
(11.2-£0.6) X 10* Ry? versus (10.421.0) X 10* Ry? by Hartree-Fock calculation of the electron density at the

nucleus.

I. INTRODUCTION

ECENTLY, Ederer and Tomboulian® have deter-
mined the absorption cross section of neon from
80 to 600 A, and have been able to verify the Thomas-
Reiche-Kuhn and polarizability sum rules for neon.
Utilizing the Ederer-Tomboulian data and previous
cross-section data for neon in other energy ranges, it is
possible to extend oscillator sum calculations for neon
to all of the standard nonrelativistic sum rules.
If energies are expressed in rydbergs, and all other
quantities in atomic units, the oscillator strength fn is

defined as ‘
fno=(W/3)[<”lZ r;[0)]2. (1)

Here r; is the position of the ith electron, Ey and E,
being the binding energies of the ground and nth excited
states, W= E,— Ey, and the summation runs over all
electrons of the atom.

The oscillator sum rules u, in these units are?

poa=3 fulW =4, @)
b= fua== (0] (Z 1?|0)/3, 3)
= fu=2, @)

m=2 frW=%{Eot+3 Z_(O‘Pi'pjm)} ,  (9)

n i#]

pa=2_ fanoW?= (167rZ/3)Z (0]5(r:)|0). (6)

Here « is the polarizability; p; is the momentum of th_e
ith electron, and Z is the atomic number. The sum is
over all excited states # of the atom.
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Equation (2) may readily be proved by a first-order
perturbation applied to an atom in an electric field.3 u_;
may be related to the diamagnetic susceptibility x since
x~{0]%:7.:2|0), by means of the formula* (for a mole)

x=—T7.92X10"[3u_1— ¥ O|r;r;|0)].  (7)
%k

o is the well-known Thomas-Reiche-Kuhn rule.

For u; we express (0|(X:p:)?[0) as (0|3 :p:2|0)
~+(0| X pi-p;|0). From the virial theorem, the first
term is twice the binding energy.

w2 may be determined by noting that?

Z fn0W2=% Z (Vi'VjV)OO (8)

and setting V=31 Z/r+> r<: 1/|tx—1:|. A stand-
ard calculation yields Eq. (6): The first term gives the
&(r.), and the second term gives zero.

II. EXPERIMENTAL DATA

For calculations of uy,=3", f.o/'? we need knowledge
of the oscillator strength for discrete transitions and the
oscillator density for the continuum. At present there
are no neon measurements available for the cross section
due to discrete transitions. The oscillator density is
proportional to the cross section for photoionization.

The data of Ederer and Tomboulian® in the region
1.6-13 Ry are available in this region, and the experi-
mental cross section curves were numerically integrated
to determine the contribution from this region (Table I).
For 13 to 228 Ry, measurements of the cross section are
available.” In this region the cross section may be repre-
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TasLE I. Contributions to oscillator sum rules, neon (a.u.).

Region M2 M1 M fh2
(Ry) Form Ry)™ Ry)™ Ko Ry Ry)?
Discrete Mean energy 0.13 0.19 0.26 0.4
determination
1.6-13.0 Average of two 0.54 1.68 6.89 37.1 300
experimental
curves (Ederer)
13.0-63.7 1.39X 102 2.5 0.07 1.36 314 1000
63.7-227.8 4.02X10% 2.1 0.02 1.63 167.0 19 600
227.8-911.3 1.37X10t W28 e 0.17 64.5 26 800
911.3-7353 Stobbe formula 0.01 16.7 31900
7353- 1.37X108 W—3.50 e e e 1.4 32 000
Sum 0.67 1.96 10.32 318.5 111 600

sented by a pair of power laws, the first in the region
from 13 Ry to K edge, and the second from the K edge
to 228 Ry. Analytic integrations give the contributions
to u, in the region 13-228 Ry.

The behavior in the region from 228 to 911 Ry was
obtained by fitting a power law to the experimental data
of Allen.?

The region from 911 to 7353 Ry was treated using
data from the Stobble formula calculated by Bearden®
for the neon atom.

Figure 1 shows that the experimental photoeffect
cross sections of Allen for 911-2200 Ry confirm the
Bearden calculation. We have subtracted Compton
scattering from Allen’s total cross sections by means of
the Klein-Nishina formula.

The % power law was then assumed to hold above
7353 Ry with constants determined theoretically by the
Born approximation for the 1s2 shell!0:

o=0o[ Z%/(137):14V2(mc? /W )7/2

=1.37X10W-""2 au., (9)

where oy is the Thomson cross section.

While Eq. (9) gives a cross section appreciably greater
than the experimental one at lower energies, the result
is accurate enough in the region we are now concerned
with. Figure 1 gives the data of Bearden, Allen, and the
% power law in the region considered. Of course, the
experimental photoeffect cross sections do not follow a
I power law at very high energies (=20 000 Ry=mc?)
due to relativistic effects. We have forced the data to
follow a nonrelativistic W—7/2 expression so that we can
compare with the nonrelativistic sum rules (2)-(6). We
do not know of rigorous relativistic analogs! to Eq.
(4), and Egs. (5) and (6) diverge in relativistic calcula-
tions. We are attempting to neglect relativistic effects
in a consistent manner.
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Table I describes the form of the contribution in each
region of the continuum and its magnitude. The deter-
mination of values for discrete transitions is discussed
in the next section.

III. COMPARISON WITH INDEPENDENT
EXPERIMENTAL DATA

In Sec. I relations between the quantities u,
(p==£2,£1,0), the polarizability «, the diamagnetic
susceptibility x, and the atomic binding energy E,,
were given.

In work with u_,, the polarizability a was taken to be
that measured by Cuthbertson and Cuthbertson,!?
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F16. 1. Comparison of theoretical and experimental photoeffect
cross sections for neon: The points are from Allen, Ref. 8; the
solid line is the Stobbe formula evaluated by Bearden; the dashed
line is the W72 Born-approximation result.
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TaBLE II. Comparison of sum-rule results with other data.

Rule Sum-rule Other
? photoeffect calculation experiment
-1 x — (7.0540.50) X 10~¢ — (7.6540.1) X10~¢
0 Z 10.3+0.5 10-0.000
1 E 27613 Ry 257.88 Ry
2 e (11.240.6) X 10* Ry? (10.44:1.0) X 10* Ry?

a=0.398X1072* cm?. The diamagnetic susceptibility is
given by Havens'® as x = — (7.65:£0.1) X 10~¢. The non-
relativistic binding energy F, is given by Scherr ef al.!4
as Fy=257.88 Ry with an error of less than 0.01 Ry.

In order to relate the sum rules' to experimental
data it is necessary to calculate Y ;.;{0|r; 1;|0),
S iwi {0]ps+p;|0) and (0| V2V |0). The wave functions
of Duncanson!® were used in the determination of
Y ini O]1:-1;]0) and 3. (0| ps-p;|0). For (0|V2V(0)
the wave functions determined by Worsley!” were used.
The results (in a.u.) are

Z <0] r,--rj]0)= —3.01 s
%]
2 (0]ps-p;|0)=—75.2,
i

(0| v27|0)=10.4X 10*.

Since u_; and « are directly related by Eq. (2), and
the only significant contributions to u_s are those of the
discrete region and the 1.6-13 Ry region, it is possible
to determine the discrete contribution from a knowledge
of the other two quantities.

The discrete contributions to the other sum rules
were determined by assigning 1.4 Ry as a mean energy
W for the discrete region. Since the actual W’s range
only from 1.22 to 1.58 Ry, the above approximation
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4. C. W. Scherr, J. N. Silverman, and F. A. Matsen, Phys. Rev.
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and Two-Electron Atoms (Springer-Verlag, Berlin, 1957), p. 153.
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contributes little error. The oscillator strength u_,
(discrete) is then found by fitting the experimental value
of a. Then u_; (discrete) = Wu_, (discrete); uo (discrete)
=W2u_, (discrete)=0.26. Cooper’s calculation’® of
2p—mnd, 2p—mns contributions to u, gives 0.26. 2s—np
transitions contribute® roughly 0.1 to the sum, with
1s—mnp transitions negligible. Thus there is reasonable
agreement between the two estimates of the discrete
contribution to u.

Similarly, u: (discrete)=W3u_, (discrete)=0.4 Ry,
and p_, (discrete) is negligible.

Dalgarno and Kingston!® have used measurements of
the index of refraction and the Verdet constant for neon
to obtain values for u_, and u_;. Our result for u_, is
identical with theirs, since both are based on the same
experimental data. They obtain u_;=1.925 a.u., while
our value is u_;=1.9 with an error of about 5%,.

The removal of 3 ;.4 (0| r;-1;|0) from the sum total
[see Eq. (7)] gives a diamagnetic susceptibility as com-
puted from the sum rule of —(7.0540.50)X10~¢, as
against Havens’ value of —(7.654-0.1)X 105,

The value of 10.340.5 for the Thomas-Reiche-Kuhn
rule agrees well with the expected theoretical value,
Z=10. (This result was obtained earlier! by Ederer and
Tomboulian.)

Using the value given above for ¥ ;.; (O|ps:-p;|0),
Eq. (5) gives a sum rule value of Ey=276+13 Ry
for the binding energy. The independent value is
257.88+0.01 Ry.

The p. value of (11.24-0.6) X 10 agrees with the value
of (10.441.0)X10* calculated from the Hartree-Fock
wave functions.

The above results are summarized in Table II. We
find reasonably good agreement between the quantities
calculated from photoeffect data and those calculated
from other experiments.
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